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In this dissertation we address the unsettled issue of how long-range magnetic order 

in band ferromagnetic metals like iron or cobalt is affected by localization of itinerant 

conduction electrons due to increasing disorder. We study a series of polycrystalline iron 

films in the thickness range of 2nm to 10nm. The sheet resistances of the films at T=5K is 

considered to be a measure of disorder and varies over a wide range from 100Ω to 

1,000,000Ω. To protect these ultra-thin air sensitive films from oxidation, the 

experiments were performed in a special homemade high vacuum system, capable of in- 

situ magnetotransport measurement on thin films at low temperatures. To characterize the 

magnetism in the films, we monitor the anomalous Hall (AH) effect, which refers to the 

transverse electric potential that develops in magnetic materials in response to an applied 

charge current, proportional to the volume magnetization. 

Our experiments reveal a crossover in the magneto-transport properties for film 

resistances on the order of Ω≈ ke 1.4/ 2h . Surprisingly, in the high resistance regime 
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where the samples were found to systematically cross over from a weakly disordered 

metal to a Mott insulator, the magnitude and temperature dependence of AH resistance 

does not show a pronounced change. We attribute this so called “anomalous Hall 

insulating” behavior to the granular morphology of the films, where inter-grain tunneling 

processes dominate the longitudinal resistance, and the anomalous Hall resistance is 

determined by the intrinsic ferromagnetic nature of the grains. In the insulating phase 

long-range ferromagnetic order appears to be absent in the films and we demonstrate the 

existence of a new resistance scale much greater than 2/ eh  where correlation between 

localized magnetic moments as measured by AH effect, disappears. We also demonstrate 

how the granular morphology of the films allows the two different quantum transport 

mechanisms in metals, namely weak localization and the Coulomb anomaly, to be 

distinguished from each other as they have a different effect on the longitudinal and 

anomalous Hall conductivity.  We present a preliminary understanding of the results on 

the basis of existing theories and some new calculations done in collaboration with 

theorists. 
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CHAPTER 1 
INTRODUCTION 

Recently there has been considerable activity in the field of spintronic devices 1, 

which rely on the manipulation of spin of conduction electrons in solids and promise to 

revolutionize microelectronics once spin-polarized electrons can be injected efficiently 

into semiconductors at room temperatures. Currently, the most widely used spintronic 

device based on metallic multilayers is the giant magnetoresistive (GMR) spin-valve 

head for magnetic hard-disk drives.  The GMR effect is based on large changes in 

electrical resistance due to variations in the relative magnetic orientation of layers on 

either side of a thin spacer layer. Spintronic structures are also at the heart of the 

proposed magnetic random access memory (MRAM), a fast non-volatile new generation 

of memory. From a more fundamental point, spintronics studies involve understanding 

spin transport and spin interaction with the solid-state environment under the influence of 

applied electromagnetic fields and rely heavily on the results obtained in other branches 

of physics including magnetism, semiconductor physics, optics and mesoscopic physics. 

However, there are several major challenges in building a useful spintronic device. These 

challenges include finding an effective way to polarize a spin system, understanding how 

long the spins are able to remember their orientation and finding a way for spins to be 

detected. 

 Perhaps the simplest way to generate a spin-polarized current is to apply an electric 

field to the ferromagnetic transition metals, namely iron, cobalt or nickel. The 

spontaneous magnetization in these band ferromagnets is due to the unequal population 
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of up (majority) and down (minority) spin electrons in the conduction band. The 

difference in the spin population results in a spin current coupled with the charge current 

that flows in response to an applied electric field. This spin current generates a transverse 

voltage due to spin-dependent asymmetric scattering of electrons from impurities or 

phonons, a phenomenon known as the anomalous Hall (AH) effect 2 as shown 

schematically in Fig. 1-1 .  The AH effect (AHE) is observed in all ferromagnetic 

materials regardless of the nature of the exchange mechanism and also in 

superparamagnetic systems comprising weakly-coupled localized moments. Unlike the 

ordinary or normal Hall effect, which depends only on the effective carrier density in the 

material, the AH effect is a transport process that couples the volume magnetization in 

the material to motion of the itinerant carriers via the spin-orbit interaction. The 

transverse AH voltage relies on itinerant charge carriers and is directly proportional to the 

volume magnetization. Thus a thorough characterization of the AH effect is useful for 

studying magnetic properties in materials especially when direct magnetization 

measurements via SQUID are not possible. 

 

Figure 1-1: A cartoon describing the origin of the anomalous Hall effect in an itinerant 
ferromagnet with unequal number of spin-up and spin down conduction 
electrons due to spin dependent scattering of electrons from an impurity X. A 
transverse electric potential VH is developed due to accumulation of charges at 
the edge of the sample. 
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A related phenomenon, which recently has generated considerable interest, is the 

spin Hall effect (SHE) 3 where an electric field applied across a doped semiconductor 

generates a transverse spin current that in equilibrium leads to an accumulation of 

opposite spins at the film boundaries 4 as shown schematically in Fig. 1-2. This 

accumulation of spins results in a gradient of spin population in the transverse direction 

and is not associated with an electric potential because the total number of electrons 

irrespective of spin orientation remains the same along the transverse direction. Since 

there is no electronic device that can directly detect spin accumulation potential, it is not 

possible to directly determine the spin conductivity from any simple scheme analogous to 

that of the normal or anomalous Hall effect. 

 

Figure 1-2: A cartoon describing the origin of the spin Hall effect in a paramagnetic 
conductor due to spin dependent scattering of electrons from an impurity X. 
There is a gradient of spin potential in the transverse direction but no net 
electric potential. 

The importance of the AH effect and the SH effect lies in the fact that both effects 

provide a unique way of manipulating electron spins with external electric fields and 

hence have potential for application in the development of novel spintronic devices. Both 

the AH effect and the SH effect in itinerant systems result from similar spin dependent 
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microscopic scattering mechanisms due to the presence of spin-orbit coupling. 

Phenomenologically, the two effects are complements of each other: in the AHE an 

electric potential due to the separation of electric charge develops transverse to a spin 

polarized current, while in the SHE a spin potential due to spin accumulation develops 

transverse to a charge current with equal spin populations.   Quantitatively, the AH effect 

will be similar to the inverse spin Hall effect (ISHE) in which a longitudinal spin current 

carrying no net charge generates a transverse polarization voltage. In other words there is 

no electric field associated with static spin accumulation but a real electric field 

associated with spin currents. Recently it was shown theoretically that by redefining the 

spin current 5, one can demonstrate an Onsager relation that relates the spin Hall 

conductivity to the anomalous Hall conductivity. Thus the AH effect can provide an 

important route for making quantitative estimates of spin dependent transport coefficients 

in magnetic materials. 

In this dissertation we study the AH effect by addressing a fundamental and 

unsettled question regarding magnetism in the transition metal elements (iron, cobalt and 

nickel).  Ferromagnetsim in these materials is known to be due to mobile (itinerant) 

electrons that are also responsible for electrical conduction. The balance between the 

kinetic energy and exchange interaction energy of the conduction electrons determines 

whether a metal with a spin-split band becomes a ferromagnet with long rang order or a 

paramagnet with enhanced susceptibility. If an inequality known as Stoner criterion 6 is 

satisfied, then the material is a band ferromagnet. Band structure calculations for the 

transition metals show that indeed the conditions are favorable for ferromagnetism with 

the magnetic properties determined by spin polarized itinerant carriers. We are 
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investigating whether quenching the itinerancy of the conduction electrons with 

increasing disorder can violate the Stoner criterion. In this regard we grow a series of Fe, 

Co and Fe/C60 films in a very clean environment and systematically reduce the film 

thickness, thereby increasing resistance. The air-sensitive nature of these films rules out 

the possibility of a magnetization measurement using a SQUID magnetometer. As we 

will show in the following chapters, the AH effect is an alternative and effective tool to 

probe magnetic ordering in conducting materials. We will show that with decreasing 

thickness, long range ferromagnetic order in thicker films gradually disappears and 

passes over to a system of weakly coupled magnetic clusters. Eventually at very high 

resistances there is an unexpected and pronounced disappearance of magnetic ordering as 

measured by the AH effect. We also demonstrate that morphology plays an important 

role in governing the magnetic and electrical properties in thin films. Our experiments 

also shed light on another unsettled issue concerning the extent to which weak 

localization corrections are important in ferromagnetic films. 

In chapter 2, we describe in detail the SHIVA apparatus capable of in situ 

magnetotransport measurements, which proved to be indispensable for this project. In 

chapter 3 we demonstrate the usefulness of the SHIVA apparatus by describing a short 

project that studies the effect of low energy ion beam irradiation on the conductivity of 

metal films. In chapter 4 we describe the phenomenology of the AH effect and discuss 

various microscopic mechanisms that are responsible for this effect. Chapter 5 provides a 

brief review of the various quantum corrections to the transport properties in disordered 

metals. A detailed account of our experimental result and discussions based on the 
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existing theoretical understanding is provided in chapter 6. Finally, in chapter 7 we 

summarize and discuss some possible future experiments related to this dissertation..
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CHAPTER 2 
EXPERIMENTAL SETUP: SHIVA APPARATUS 

In this section we describe a unique custom built high vacuum system that was 

designed for in situ characterization of air sensitive films. This apparatus, shown 

schematically in Fig. 2-1,was given a pet name SHIVA, which is the acronym for Sample 

Handling In VAcuum. SHIVA has a clever design that combines a growth chamber, a 

cryostat and a load lock into one single vacuum system and has mechanical “arms” for 

transferring samples between the compartments without breaking vacuum. The load lock 

LL is a small chamber used to mount and unmount samples from the system and is 

separated from the growth chamber and cryostat by gate valves V1 and V2 respectively. 

This arrangement allows the growth chamber and the cryostat to be under high vacuum 

all the time, and the sample is introduced by opening the gate valves only when the load 

lock is pumped down to a suitable base pressure. 

The mechanical “arms” A1, A2 and A3 consist of a strong magnet sliding on the 

outside of a long hollow stainless steel tube attached to the vacuum chamber, and another 

solid rod inside the tube magnetically coupled. Hence by sliding the outside magnet, one 

can translate and rotate the rod with a thruster attached to its end, inside the vacuum 

chamber. Sample holders or pucks are specially designed such that substrates are loaded 

on one of its faces and slots on other faces where the thruster on the “arms” can be 

inserted and locked onto the puck by a twisting motion. The puck is first mounted on A3 

inside the load lock and then pushed inside the growth chamber. Thruster A1 then comes  
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Figure 2-1:Schematic representation of the SHIVA apparatus and a blowup (in color) of 
the receiver platform showing how a puck can be locked in with the help of 
thruster. LL: Load lock; A1,A2,A3: transfer arms with thruster mounted at 
each end; V1,V2: gate valves separating the growth chamber from load lock 
and load lock from cryostat respectively; E: Optical ports for ellipsometry.  

down and locks into the puck so that A3 can be disconnected from the puck by untwisting 

and taken out of the chamber. The puck, which is now secured on A1, is then delivered to 

a receiver platform, and the design is such that the puck engages in the receiver and 

disengages from A1 in one twist, so that A1 can be taken out of the way. Once the sample 

is grown on the substrate, A1 comes down and locks into the puck and disengages it from 

the receiver. The next step is to bring A3 back into the growth chamber , lock into the 

puck, and then disengage A1. The puck is then brought back into the load lock where 

thruster A2 engages on it and then A3 is disengaged.  Now the sample can be pushed 
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inside the cryostat and delivered to a receiver platform similar to that in the growth 

chamber. If necessary, the sample can be transferred back to the growth chamber from 

the cryostat for further processing, by reversing the steps described above.  The point to 

note here is that during the whole procedure, there is no need to break vacuum, the 

importance of which cannot be overemphasized.   

Samples are usually grown through shadow masks on a set of electrodes made of 

thick films of gold pre deposited on the substrate. Inside the body of the pucks a set of 

wires are soldered from inside on to small hemispherical copper “heads” attached firmly 

on the outside of the puck. The other ends of the wires emerge from the sample side of 

the puck and are connected to the electrodes on the substrate before the puck is loaded in 

the vacuum chamber. Thus the electrodes on the substrate are electrically connected to 

different copper heads. The receiver also has a set of spring loaded copper heads on the 

inside, such that when the puck is placed inside the receiver and engaged, the two sets of 

heads press firmly against each other and make good electrical contact. Another set of 

wires connect each of the copper heads on the receiver, run via vacuum feed-throughs out 

of the vacuum chamber to a break-out panel. Thus when a puck is engaged properly in 

the receiver, each of the electrodes on the substrate is electrically accessible outside the 

chamber at the break out panel. This allows us to monitor the resistance of the sample 

during deposition in the growth chamber and also after the puck is delivered into the 

cryostat and engaged with an identical receiver in the cryostat. 

The growth chamber can be pumped down to a base pressure ~10-9 Torr and is 

equipped with a variety of deposition sources, namely two AJA magnetron sputter guns, 

two RADAK thermal evaporation furnaces and an ion beam gun. The receiver in the 
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growth chamber is mounted on a manipulator that allows us to position the substrate so 

that it faces the appropriate deposition source. The thickness of the films can be 

monitored with a quartz crystal oscillator firmly attached on the receiver close to the 

sample.  The growth chamber also has two optical ports specially designed for attaching a 

Woolam M44 fixed angle ellipsometer, which adds the capability of in situ monitoring of 

the optical constants and/or thickness of the thin films during deposition. 

The cryostat is housed inside a CRYOFAB liquid helium dewar with a liquid 

nitrogen outer jacket. When the dewar is cold the cryostat can reach a base pressure ~10-8 

Torr. The cryostat has an AMI superconducting magnet, which allows magnetotransport 

measurement at low temperatures down to 4.5K and magnetic field upto 7T. The 

temperature of the sample is measured accurately with a Cernox thermometer glued on 

the puck right underneath the substrate. The temperature of the sample is controlled 

within a fraction of a Kelvin by a Lakeshore 332 temperature controller connected to a 

second Cernox thermometer and resistive heater mounted on the receiver. 
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CHAPTER 3 
NANO SMOOTHENING DUE TO ION IRRADIATION 

Ion-assisted deposition refers to the technique in which a beam of noble gas ions, 

usually argon, with energies less than 1 keV, is simultaneously incident on a thin film 

during growth. The most prominent consequences of ion-assisted film growth include 

densification, modification of nucleation and growth, interface mixing, defect generation, 

and changes in topography and surface roughness 7. In contrast to this general technique 

of ion-assisted deposition, some investigators have reported on the use of a sequential 

technique in which thin films are first deposited and then, after deposition, exposed to an 

ion beam. Results of this approach include ion bombardment induced nanostructuring of 

Cu(001) surfaces 8, the formation of reproducible ripple structures on Si(001) and 

Ag(110) and (001) surfaces 9 and the roughening or smoothing of Si(001) and  SiO2 

surfaces 10, 11 where the result depends on ion type, energy and angle of incidence. At the 

moderately higher energies of a few keV, interlayer exchange coupling in Fe/Cr/Fe 

trilayers can be controlled with He ion bombardment 12, and microscopic holes can be 

filled using pulsed Ar ion beams in a process called “ion-beam sculpting” 13. Many of 

these experiments thus provide strong evidence of ion beam induced nanoscale matter 

transport on solid-state surfaces, a process that promises to be useful in applications 

requiring nano-textured surfaces and interfaces. We are going to present a systematic 

study of the effect of low energy (~200eV) ion beam exposure on the room temperature 

resistance of polycrystalline metallic films.  
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Experimental Details 

Sample Fabrication 

Using the SHIVA apparatus described in chapter 2, we have grown a series of iron 

films on glass substrates at room temperature, using r.f. magnetron sputtering source. We 

used an r.f. power of 35W and Ar gas flow of 10sccm that resulted in a chamber pressure 

~10-4 Torr and a d.c. bias in the sputter gun ~145V. Under these conditions the Iron films 

grows at a rate of 4Å/minute. We have also grown a few copper films by thermal 

evaporation using a RADAK source at a temperature of 1100oC. Film thickness was 

measured by a calibrated quartz crystal thickness monitor placed in close proximity to the 

sample and varies from 15-45Å for the Fe films and 75-130Å for the Cu films. The 

samples were grown on square substrates with pre deposited gold leads at the four 

corners and used van der Pauw technique 14 to measure sheet resistances of these films. 

The use of van der Pauw technique on square shaped samples allowed us to avoid using 

any shadow mask during growth, thus eliminating the possibility of contamination due to 

re-sputtering from the mask during subsequent ion beam exposure. Immediately after 

growth, the samples were exposed to a beam of Ar+ ion beam generated by 8cm 

Advanced Energy Kauffman type broad beam ion source. Following are the parameters 

used to run the ion gun: Ar gas flow ~10sccm, beam voltage =200V, beam current =2mA, 

accelerator voltage= 45V.   

The experiments are performed in ultra high vacuum (UHV) conditions, and the 

sheet resistance of the films is monitored in situ without breaking vacuum between the 

film growth and subsequent ion beam exposure steps. The incident noble gas ions are 

chemically unreactive and simply transfer a fraction of their kinetic energy to the atoms 

in the film, a process which, as discussed above 8-13, can result in a significant 
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modification of the surface morphology of the film and hence its physical properties. 

Using atomic force microscopy (AFM) we confirm an ion beam induced smoothening of 

our films and find that there is a reproducible correlation of the reduction in sheet 

resistance with ion beam parameters (beam voltage and current density) and initial 

starting sheet resistance.   

Measurement Setup 

In a classic paper published in Phillips Technical Review (1958), van der Pauw 14 

proposed a novel method based on a mapping theorem for measuring sheet resistance and 

Hall constant of an arbitrary shaped uniform film. Consider a flat lamellar square film 

free of holes with four small contacts A, B, C and D at its corners (see Fig. 3-1). Apply a 

current IAB at contact A and take it off at contact B. Measure the potential difference 

between C and D and define  

AB

CD

I
VV

R
−

=1       (3-1) 

Similarly, apply a current ICB and measure the potential difference between D and A 

define  

CB

DA

I
VV

R
−

=2       (3-2) 

The sheet resistance R is determined from a mathematical relation between the above 

measurements as given by 

1)exp()exp( 21 =−+−
R
R

R
R

ππ    (3-3) 

The solution of the above equation can be written in a simplified form 

)(
22ln 2

121

R
RfRRR +

=
π     (3-4) 
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where f is a numerical factor that depends only on the ratio R1/R2 and is given by the 

following transcendental equation 

)2lnexp(
2
1)2ln

1/
1/cosh(

21

21

ffRR
RR

=
+
−     (3-5) 

which can be easily estimated to any degree of accuracy  by numerical methods. Thus the 

van der Pauw method involves two independent measurements in different electrical 

configurations. A closer look reveal that the two configurations for measuring R1 and R2 

can be switched from one to other by simply interchanging any one of the diagonal 

contacts keeping the other fixed. Usually one uses a mechanical or electronic switching 

system to change the electrical configuration for the two measurements.  

 

Figure 3-1: A setup for non-switching van der Pauw technique to measure sheet 
resistance of a sample (shaded square ABCD) using two SR830 lock-in 
amplifiers operating at different frequencies f1 and f2. Different colors are 
used to represent electrical connections for each lock-in.  



15 

 

We have used a nonswitching technique 15 where the two measurements can be 

made simultaneously without changing configurations, by using a.c. excitations instead 

of d.c. currents as described above. With contact B of the sample connected to ground, 

we apply two independent ac currents IAB and ICB with different modulating frequencies. 

This can be achieved by using lockin amplifiers, which can be used as a constant current 

source by using a ballast resistor at the voltage source. The same lock in amplifiers can 

also be used to measure the corresponding voltages VDC and VAD.  We have operated two 

SR830 lock-in amplifiers at frequencies of f1=17Hz and f2=27Hz, and using 1MΩ ballast 

resistors, we were able to source 1µA of a.c. current into our samples.  This arrangement, 

shown schematically in Fig. 3-1, allows us to simultaneously measure both components, 

R1 and R2, of the resistance and assess film homogeneity (|R1-R2|) during growth and 

subsequent ion exposure. We also simultaneously measured the reading of a quartz 

crystal monitor as a measure of film thickness. However, due to lack of calibration of 

crystal monitor output as a ion beam is incident on it, we quote our thickness in arbitrary 

units.  

Experimental Results 

We report 16 on an additional and unexpected effect of ion milling on the resistance 

of ultra thin films. As shown in Fig.3-2 the resistance of a Cu (top panel) and Fe (bottom 

panel) film undergoes a pronounced decrease which is initiated at time t = 0 when the 

beam is first directed onto the sample. The resistance reaches a broad minimum and then 

begins to rise after about 50 s. The initial resistance decreases have been measured to be 

as large as a factor of ~25 for Cu and ~2 for Fe. This is an unusual result because the ion 

beam is expected to erode the film at a constant rate, as indicated by the linear decrease 
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of the accumulated thickness of the material deposited onto the thickness monitor (right 

hand axes). Apparently, during initial stages of milling, the resistance decreases as 

material is being removed. As discussed later, we attribute this decrease to an ion beam 

induced smoothening of the film.  

 

 

 

 

 

 

 

 

 

 

 

Figure 3-2: Plot of sheet resistance (left hand axis) and thickness (right hand axis) as a 
function of time for an ultra thin Cu (upper panel) and Fe (lower panel) film. 
At time t =0 the ion beam is turned on. The resistance and thickness, measured 
simultaneously, show that as material is being steadily removed the resistance 
initially decreases to a minimum and then increases. 

We checked the stability of the minimum resistances achieved due to ion exposure 

is stable and is not an experimental artifact. We turned off the ion beam when the 

resistance is near the broad minimum (Fig. 3-3). The resistance remains stable with no 

significant drift at the minimum value during the time ion beam was off. The resistance 

starts to rise as soon as the ion beam exposure is started again.  
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Figure 3-3:Check of stability of the reduced resistance due to ion beam irradiation. 
START and STOP refers to ion beam exposure. During the time the ion beam 
is off the resistance remains stable and does not show any significant drift. 

 

 
Figure 3-4:AFM surface topography of two 120 Å thick Cu films with Ri ≈ 2 kΩ. The 

unmilled film (left panel) has a rms average roughness of 30 Å compared to 
the 10 Å roughness of the film (right panel) which was milled to its minimum 
resistance R = Rm. 
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Auger electron spectroscopy of an ion-milled film compared with that of a pure 

film does not show the presence of impurity contaminants that might be inadvertently 

sputtered on the film by the ion beam and thus lower its resistance. 

The relative decrease in the resistance of our ultra-thin films due to ion milling is 

strongly correlated with their initial surface roughness. Fig. 3-2 shows that for a Cu and a 

Fe film with similar initial sheet resistances near 5 kΩ, the minimum resistance reached 

during the ion milling process is more than a factor of ten lower for Cu (~200 Ω) than it 

is for Fe (~2.5 kΩ). An important insight into the cause of this difference is provided by 

our ex situ AFM studies, which show that Cu films grown by thermal sublimation have 

an rms roughness larger by a factor of ~3 than Fe films grown by sputtering. We have 

also compared the roughness of films not exposed to an ion beam with films ion milled 

close to the resistance minimum. As shown in Fig. 3-4, this comparison for a typical Cu 

film reveals that the ion-milled film (right panel) has an rms roughness of 10 Å compared 

to 30 Å for an unmilled film (left panel). The smoothening effect is also confirmed in 

AFM images of Fe films, which, with their initially smoother topography, exhibit a 

smaller reduction (factor of 1.2) in rms roughness. For even smoother films such as Gd 

and Pd, which become conducting almost immediately after deposition begins, we do not 

observe an initial resistance decrease.    

There is also a pronounced increase in homogeneity associated with ion milling. If 

the films are homogeneous, then R1 and R2 should both show the same time dependence 

and have similar magnitudes. However, a thin film grows through various stages, starting 

with nucleation of isolated grains, then coalescence of the grains and finally formation of 

a homogeneous system of well-connected grains. At the early stages of growth the local 
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resistance is extremely sensitive to local variations in temperature, incident flux and 

pressure. Any gradients in these quantities can give rise to long length scale anisotropies 

in the electrical resistance and hence significant differences in R1 and R2. In our 

experiments, R1 and R2 can differ by factors as large as 3 for Fe and 20 for Cu films. 

However, when these “inhomogeneous” films are exposed to the ion beam, both R1 and 

R2 individually decrease to approximately the same minimum. Thus the anisotropy 

measured by |R1 - R2| and the total sheet resistance as measured by the van der Pauw 

combination of R1 and R2 
15 simultaneously decrease.  

 

 

 

 

 

 

 

 

 

Figure 3-5: The two van der Pauw component R1 and R2 plotted separately for the copper 
film shown in Fig. 3-2.  

We model the ion beam induced decrease in sheet resistance from an initial value 

R = Ri to a minimum value R = Rm as equivalent to connecting a shunt resistance Rs in 

parallel with Ri. We use the parallel resistance formula to calculate Rs as follows: 
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Figure 3-6: Plot of the shunting resistance Rs (panel a) and the time ∆t required for the 
ion beam to mill the film to its resistance minimum Rm (panel b) as a function 
of the initial resistance Ri.. The horizontal dashed lines represent the 
nominally constant values of Rs and ∆t over the indicated ranges of Ri. The 
crossover to different plateaus near Ri = 1500 Ω represents a change in film 
morphology in which a smaller ion dose (∝ ∆t) gives rise to a larger shunt 
resistance.   

In Fig. 3-6(a) we plot the calculated values of Rs versus Ri for twenty-two different 

Fe films. We note the interesting result that Rs (indicated by the horizontal dashed lines) 

is constant and on the order of 4500 Ω for ultra thin films with Ri > 1500 Ω and constant 

and on the order of 1400 Ω for thicker films with Ri < 1500 Ω. Fig. 3-6(b) shows the 

dependence on Ri of the ion exposure time ∆t, needed to reach the minimum resistance 

Rm. Since the beam flux is constant for all the experiments, ∆t is proportional to the total 

number of ions incident on the films or, equivalently, the ion dose. We find that ∆t 

behaves similarly to Rs. The crossover in both plots near Ri = 1500 Ω, corresponding to a 

thickness of around 25Å, most likely reflects a change in film morphology in which a 
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smaller ion dose (∝ ∆t) gives rise to a larger shunt resistance. Thus for ultra thin films 

with Ri > 1500 Ω the shunt resistance increases by a factor of ~3 and the dose needed to 

achieve the resistance minimum decreases by a factor of ~2. The relative constancy of the 

shunt resistance values for a wide range of initial resistances implies that the ion milling 

is primarily a surface modification effect in which the rearranged surface atoms can be 

thought of as providing a shunting resistance that is independent of film thickness. 

Similar data are found for the Cu films where ∆t ~75 s and the shunting path resistance Rs 

= 200 Ω is more than an order of magnitude lower than for Fe. If the initial film is very 

thick, then its conductance dominates and Ri << Rs. Under these conditions the resistance 

decrease, i mR R−  ≈ ( / )i i sR R R , due to nano smoothening is negligible as is in fact 

verified for iron films of thickness greater than 50Å (Ri > 200 Ω) when the resistance 

decrease is not observed as shown in Fig. 3-7. 

 

 

 

 

 

 

 

 

Figure 3-7: Effect of ion-beam exposure on thicker iron films (d>50Å). Note that 
resistance does not go below its initial value at t=0, when the beam was 
started. 
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The minimum resistance reached during ion milling is not sensitive to small 

variations in the incident ion energy. The resistance minima of Fe films, having almost 

identical initial sheet resistances, separately exposed to beam energies varying from 

50 eV to 250 eV do not show any pronounced dependence on beam energy. However at 

50 eV, ∆t was larger by a factor of 10 and the resistance minimum was broader.  

Discussion 

We surmise that two competing processes are occurring during the ion irradiation 

process: (1) sputter erosion by the impinging ions preferentially removes atoms from the 

film at high points where they have less coordination with neighbors and hence less 

binding energy and (2) the nanoscale transport of material from high points (peaks) near 

grain centers to low points (valleys) between adjacent grains. The resulting nano 

smoothening process dominates in the initial stages of the ion exposure, resulting in a 

decrease in resistance and an increase in homogeneity. From a microscopic point of view, 

the decrease in resistance can be attributed to a variety of mechanisms including: a 

transition from the diffuse surface scattering of rough films to specular surface scattering 

of smooth surfaces 17, 18, the removal of foreign surface absorbates 19 and the filling in of 

high resistivity weak spots at grain boundaries. Equivalently, one can interpret the results 

in terms of percolation where the ion milling gives rise to a restructuring of the grains and 

a concomitantly lower critical thickness for the onset of conductivity. Ion beam induced 

grain growth 20 is probably not relevant because our incident ion energies are too low. At 

all stages of milling, the erosion of the film at a constant rate is occurring and, as shown 

in Fig. 3-2, this process eventually dominates over the smoothening process when the 

resistance starts to rise. 
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Our results for Fe and Cu films are reminiscent of experiments in which it was 

found that C60 monolayers deposited onto thin Cu films give rise to a shunting path with 

Rs independent of Ri over a similar range 21. In this case the physics is different, since the 

charge transferred across the Cu/C60 interface begins to fill the lowest unoccupied band in 

the C60 monolayer, thus causing the monolayer to become conducting. 

In conclusion, we have shown that post deposition ion milling of ultra thin Fe and 

Cu films gives rise to a pronounced initial decrease in resistance and a concomitant 

improvement of electrical homogeneity and film smoothness. The observation of a 

constant shunt resistance that is independent of the underlying film implies that the initial 

resistance decrease is due primarily to surface modification. In the initial stages of ion 

bombardment, in which pronounced resistance decreases are observed, the lateral 

transport of material and the associated nano-smoothening dominates over the removal of 

material. With continued milling the film is uniformly etched away and the resistance 

increases. While these techniques are clearly applicable to fundamental studies of thin 

films where the resistance can advantageously be externally tuned with an ion beam, they 

may also have applicability to the preparation of polycrystalline surfaces prior to the 

formation of tunnel barriers or the improvement of interfaces in metallic bilayers or 

superlattices. 
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CHAPTER 4 
THE ANOMALOUS HALL EFFECT IN MAGNETIC MATERIALS 

Itinerant Ferromagnetism 

Ferromagnetism in metals arises from unpaired d- or f-electrons in the atoms. The 

experimentally observed values of the magnetic moment per atom for the ferromagnetic 

transition elements iron, cobalt and nickel are 2.22,1.78 and 0.60 respectively in units of 

Bohr magneton 22, 23, that is the magnetic moment of one electron. These non-integral 

values cannot be explained in terms of models where the magnetic electrons are localized 

at the core of the atoms forming the lattice. Instead, the magnetic electrons are believed 

to be itinerant, and are free to move within the crystal and participate in conduction. The 

magnetization in this case is due to spontaneously spin-split bands. In 1934, Stoner 

derived a condition 6 under which a gas of electrons with exchange interaction between 

them becomes a ferromagnet. 

In a normal metal, in the absence of a magnetic field, there are equal numbers of up 

and down spins in the conduction band. Imagine a situation when spin-down electrons 

within an energy range δE of the Fermi energy EF are placed in the spin-up band. The 

number of electrons moved is g(EF)δE/2, where g(EF) is the density of states at the Fermi 

level and the increase in energy is δE. Hence the change in kinetic energy is  

2
. )()(

2
1 EEgE FEK δ⋅=∆     (4-1) 
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This increase in energy is compensated if there is an exchange interaction J between 

electrons that lowers the energy if two spins are parallel. This will lead to a potential 

energy given by 

2
.. ))((

2
1 EEgJE FEP δ−=∆     (4-2) 

Thus the total change in energy is given by 

))(1()(
2
1 2

FF EJgEEgE −=∆ δ    (4-3) 

and spontaneous ferromagnetism is possible if 0<∆E which implies : 

1)( ≥FEJg       (4-4) 

This inequality is the Stoner criterion for ferromagnetic instability that requires the 

exchange energy to be strong and the density of states at Fermi level to be large. This 

theory is very successful in explaining the ferromagnetic behavior of the three transition 

metal elements iron, cobalt and nickel. Band structure calculations for crystals of the 

transition elements show that the Fermi energy crosses the unoccupied d-bands, which 

has an imbalance of spins. The calculated values of magnetic moment per atom from 

band structure are in good agreement with experimental values. If the Stoner criterion is 

not satisfied, there will not be any spontaneous long range magnetic order but rather a 

paramagnet with renormalized susceptibility given by. 

)(1 F

P

EgJH
M

⋅−
≈=

χ
χ     (4-5) 

where χP is the Pauli paramagnetic susceptibility. Thus there will be a large increase in 

magnetic susceptibility is known as Stoner enhancement as is experimentally observed 

for Pd and Pt which are materials where Jg(EF) is close to but less than unity.  
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Anomalous Hall Effect 

The anomalous Hall (AH) effect 2 in magnetic materials refers to the phenomenon 

when a transverse electric potential proportional to the volume magnetization develops in 

response to an applied charge current. This transverse electric potential is different from 

that due to the normal Hall effect, which is a result of Lorentz force acting on the charge 

carriers due to an applied magnetic field leading to accumulation of charges at the 

transverse edges. The AH effect results from spin-dependent scattering of the conduction 

electrons due to spin-orbit coupling with scattering centers. In principle the AH effect can 

manifest itself in the absence of any external magnetic field if the sample is a single 

magnetic domain. However macroscopic ferromagnetic samples in zero magnetic fields 

consist of randomly oriented multiple magnetic moments with net moment of zero.  An 

external magnetic field has to be applied to line up domains along its direction, in order 

to observe a finite AH effect. The magnitude of the AH potential due to a certain applied 

magnetic field is at least 102-103 times higher than that of the normal Hall effect, in most 

ferromagnetic materials, which makes it easier to separate the two effects. A typical Hall 

curve for a ferromagnetic sample of iron is shown in Fig. 4-1. The initial steep increase in 

the hall resistance at low fields is due to the increasing alignment of magnetic domains 

along the field direction until some characteristic field when all the moments are lined up. 

Thereafter, the Hall resistance rises with a much smaller rate that is due to normal Hall 

effect. This typical behavior can be described using a phenomenological expression 2 

BRMR nsxy +=ρ      (4-6) 

where the Hall resistivity is described as the sum of the anomalous Hall resistivity 

proportional to magnetization and the normal Hall resistivity proportional to the magnetic 
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field. Ro is the normal Hall coefficient and depends only on the effective carrier density in 

the material. Rs is the AH coefficient and depends on the microscopic parameters that 

describe the scattering mechanism. For years, theoretical studies of the AH effect has 

generated considerable debate and controversy. We present here a brief account of 

theoretical understandings, which are relevant to our experimental work. 

 

 

 

 

 

 

 

 

Figure 4-1:The Hall curve for a 20Å thick iron film of resistance Ro=2700Ω at T=5K, 
showing anomalous behavior. 

Anomalous Hall Effect for Itinerant Carriers 

We consider models where a transverse voltage arises due to spin-orbit interaction 

of the spin polarized current carriers in itinerant ferromagnets with the non-magnetic 

periodic lattice and or impurities. An electron in a solid experiences a net electric field 

say E due to the ionic core in the lattice, other electrons or impurities. In the rest frame of 

the electron there is a magnetic field B as a result of relativistic transformation as given 

by 
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where pr  is the momentum of the electron. This magnetic field interacts with the spin of 

the electron and favors anti-parallel orientation of orbital and spin angular momentum of 

the electron. This describes the intrinsic spin orbit interaction, and results in an additional 

term in the Hamiltonian given by24: 

)(
4

1
22 pV

cm
H SO

rt
×∇⋅= σ     (4-8) 

where ),,( zyx σσσσ ≡
t   are the Pauli matrices and VE −∇=

r
, where V is the local 

potential that the electron experiences. At low temperatures when the dominant scattreing 

is due to impurities, V is the potential due to a single impurity. The Hamiltonian for such 

a disordered ferromagnetic metal including spin-orbit interaction as given by: 

)()](
4

)(
2

)[(
22

*3
' rViMrV

m
rrdH o

z ψσ
λ

σψ ∇×∇⋅−−+
∇

−= ∫
t   (4-9) 

where λo is effective of spin-orbit scattering strength and has the dimension of length, 

)()( ∑ −=
j

jRrvrV
rrr is a random potential due to impurities at positions jR

r
, M is a strong 

exchange interaction in the z-direction and ψ≡(ψ↑ , ψ↓) are spinor fields corresponding to 

spin-up and spin-down electrons. The Hamiltonian in momentum representation can be 

written as24: 

''
'
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2
0

,

*
2

*
kkk

kk
kkz

k
k kk

i
VM

m
kH ψσ

λ
ψψσψ trr

×++−=
−∑∑   (4-10) 

 

Skew Scattering Mechanism 

In 1955 Smit proposed a mechanism 25, 26 for AH effect in ferromagnets which is 

referred to as Skew Scattering. This mechanism is based on the fact that the scattering 

amplitude of an electron wave packet from an impurity due to spin-orbit coupling is 
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asymmetric in the sense that it depends on the relative directions of the scattered and 

incident waves and of the spin. Consider a Gaussian wave packet with average wave 

vector 0k
r

 incident on an impurity site at the origin at time t=0, resulting in a scattered 

wave given as the sum of normal and spin-orbit scattering, 

∑=+=
k

kksov c ψψψψ     (4-11) 

For a short range impurity potential V(r) it can be shown that scattered wave function 

from the spin-orbit term far from the origin is given by 

krrkkrhqc
k

kso /]))(([ 11 σψ rrr
⋅×−= ∑     (4-12) 

where ]/1)/([)( 2
1 krkriekrh ikr +−=  and the scattering wave from the normal potential 

scattering part is given by 

]/))(()()[exp( 11 krrkkrhbkrhbrkic oo
k

kv
rrrr
⋅++⋅= ∑ψ   (4-13) 

with krieh ikr /0 −= . 

Thus for the normal case, the scattering amplitude depends on the angle between 

the incident and scattered direction and does not depend on the spin of the electron. To 

understand the “skewness” that arises from spin-orbit interaction, imagine a plane 

containing the incident direction k
r

and the direction of the spin of the electron σ assumed 

to be polarized along a fixed z-direction. It follows from above, the scattered 

wavefunction for a given spin, the wave function has different sign on both sides of the 

plane. The signs are reversed when the spin of the electron is reversed. This results in a 

separation of scattered electrons depending on its spin as depicted in Fig. 4-2a. Thus for 

an itinerant ferromagnet with an unequal number of up and down spin electron, a 
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transverse potential develops as the up/down spins are scattered in opposite directions. 

Detail calculation for a simple parabolic band and short range random impurity potential 

shows that the AH conductivity is proportional to longitudinal conductivity. 

xxooo
SS
xy nnNV σλσ )(2

↓↑ −=     (4-14) 

where M is the magnetization, impurity strength ovkkv =′− )(
rr

 independent of 

momentum for, and No is the spin averaged density of states at the Fermi energy. In 

general it can be shown that for skew scattering, the AH conductivity is directly 

proportional to conductivity.  Using the inversion relation between conductivity and 

resistivity, it follows that the anomalous hall resistivity due to skew scattering is directly 

proportional to the longitudinal resistivity. 

Mxx
SS
xy ρρ ~      (4-15) 

 

 

Figure 4-2:Schematic representation of (a) skew scattering and (b) side jump mechanism 
of AH effect.  and  represents spin up and spin down electron. 
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Side Jump Mechanism 

In 1970, Berger proposed a new mechanism that can contribute to the AH effect 

called the Side Jump mechanism 27. It is based on a quantum mechanical effect where the 

trajectory of the scattered electron is shifted sidewise due to spin orbit scattering from 

impurities. The quantum mechanical velocity operator for the Hamiltonian with spin-

orbit interaction is given by, 

V
m
pHriv o ∇×+=−= σλ t
r

rr 2],[     (4-16) 

Thus there is an additional term in the velocity operator, transverse to spin polarization 

which has a sign depending on the spin orientation. This corresponds to lateral 

displacement of the center of the scattered wavepacket with given spin as shown in Fig. 

4-2b. The magnitude of the side-jump displacement δ is proportional to spin-orbit 

coupling and is expected to be small. We note that for a bare electron in vacuum, the 

spin-orbit scattering parameter is simply the normalized Compton wavelength i.e 

mco /h=λ . However, Berger has shown that the spin orbit coupling is renormalized by 

the band structures by factors α~104 which results in side-jump displacements 

mkFo
11104/ −≈= αλδ  and is independent of disorder.  The characteristic length scale 

that replaces the mean free path is δ, hence this contribution is small compared to skew 

scattering, except in the case of short mean free path i.e. high resistivity. Detail 

calculation reveals that in this mechanism the AH conductivity is independent of impurity 

concentration and depends only on the side jump displacement. 

)(
2

2
2

↓↑ −= nne
o

SJ
xy λσ

h
    (4-17) 
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This implies that the AH resistance due to side jump scattering is proportional to the 

square of the longitudinal resistivity as given by 

Mxx
SJ
xy

2~ ρρ      (4-18) 

Berry Phase Mechanism  

We now discuss a mechanism for AH effect that has drawn considerable attention 

in the recent times. In a pioneering work in 1958, Karplus and Luttinger 28 pointed out the 

existence of an additional term in the velocity operator in ferromagnetic materials, that 

can give rise to AH effect. Later, this contribution was identified as the effect of Berry 

phase 29, 30 acquired by Bloch electrons moving in a periodic potential of a crystal with 

spin-orbit interaction with the lattice. The semi-classical dynamics of Bloch electrons 

including the Berry phase may be derived from the Bloch Hamiltonian 

VkH nk += )(
r

σε     (4-19) 

where )(kn

r
ε  are energy bands including the effect of spin-orbit interaction and 

ferromagnetic polarization, and V is the applied external potential such that EeV
r

−=∇ . 

The semi-classical equations of motion are  

Ω×−∇=

×+=
rr

&r

r
&r

r&r

r Eer

BreEek

knkε
    (4-20) 

where B
r

is the applied magnetic field and Ω
r

is an effective magnetic field in k
r

space 

arising from the Berry phase. 

)()( kXk k

rrrrr
×∇=Ω     (4-21) 
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where )()(* ruirurdX kn
cell

kn

rrrr
rr ∇⋅= ∫  the Berry vector potential and knu r are the Wannier 

functions for the unit cell of the crystal. The additional term in the velocity operator in 

equation (4-20) leads to a Hall current given by 

EnejH

rrr
×Ω−= 2     (4-22) 

implying an AH conductivity given by 

z
AH
xy ne Ω= 2σ     (4-23) 

where )()(1
σσ σ ε kk

fkn rr

rrr
∑ Ω=Ω − is the average of Berry magnetic field over all 

occupied states in k-space. The average is zero unless time reversal symmetry is broken 

as it is in a ferromagnet where there is spin-orbit coupling between the spin-polarization 

and orbital motion. The important point is that the AH conductivity due to the Berry 

phase does not require any impurity scattering and is independent of mean free path and 

hence conductivity. Thus we have the Berry phase contribution to the AH resistivity 

proportional to square of the longitudinal resistivity. 

Mxx
B
xy

2~ ρρ      (4-24) 

which is the same dependence found for side jump scattering (equation 4-18). 

Anomalous Hall Effect in Ferromagnets with Localized Moments 

For the sake of completeness we discuss models where the magnetic electrons 

(either d or f electrons) are not itinerant but rather localized at the ions and the charge 

carriers (s electrons) are equally distributed between states of opposite spins. The electron 

scattering is by thermal disorder in the localized spin system through direct spin–spin 

interaction also known as s-d interaction. Although the s-d interaction explains the 

resistivity of rare earth metals 31, it does not give rise to an AH effect. It was shown by 
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Kondo 32 that the s-d interaction is anisotropic, but it gives no skew scattering if the 

orbital ground state of the d or f magnetic electrons is degenerate. On the other hand, the 

anisotropy disappears when the ground state is non-degenerate. Thus a s-d interaction 

between the spin of a conduction electron and a spin angular momentum of an incomplete 

d or f shell cannot give rise to skew scattering and hence AH effect. To explain the AH 

effect in these systems, Kondo introduced an intrinsic spin-orbit interaction, which is a 

relativistic effect arising from a magnetic field appearing in the rest frame of the electron 

as the electron moves past the nucleus (equation 4-7). This kind of spin-orbit interaction 

favors anti-parallel alignment of orbital angular momentum and the spin. The intrinsic 

spin-orbit interaction allows odd powers of spin-spin interaction appropriate to a 

degenerate ground state to appear in transition probabilities and gives rise to skew 

scattering. Kondo 32 obtained an expression for Hall resistivity in this situation 

proportional to third moment of magnetization fluctuation as follows: 

3)(~ MMxy −ρ      (4-25) 

This fluctuation function can be evaluated only under special conditions. At T=0, the spin 

fluctuations are zero and hence AH resistivity will be zero. In the paramagnetic region 

(above Curie temperature), the correlation function can be evaluated exactly 32 and the 

Hall resistivity is given by: 

HJJxy χρ )122(~ 2 ±+     (4-26) 

where J is the orbital angular momentum and χ is the magnetic susceptibility. Thus the 

temperature dependence of Hall resistivity comes only from χ. In the ferromagnetic 

regime, the spin correlation function in the molecular field approximation was found to 

vary as the second derivative of the Brillouin function. Although this theory has had 
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some success especially for paramagnetic substances, it has some major drawbacks. For 

example gadolinium, a rare earth metal is known to be in an S state and hence zero orbital 

angular momentum. Thus in this case the intrinsic spin-orbit interaction will be zero, and 

hence skew scattering is not expected. However gadolinium is known to exhibit a 

particularly large AH effect. 

Another spin-orbit interaction discussed in the context of AH effect is the 

interaction between the magnetic field produced by the localized moments and that due to 

the itinerant s electrons temporarily localized in the vicinity of the ions. Imagine a 

localized moment M
r

 at the origin of a rectangular coordinate. It sets up a vector 

potential at a position vector rr  given by 3/)( rrMA rrr
×= . The vector potential interacts 

with a charge carrier with momentum pr as given by the term 

Ap
mc
epAAp

mc
eH so

rrrrrr .)..(
2

−=+−=    (4-27) 

using 0. =∇ A
r

. Introducing the angular momentum of the charge carrier about the origin 

prL rrr
×= , the spin-orbit term can be expressed as 

LM
mcr

eH so

rr
.3−=      (4-28) 

Clearly, the Hamiltonian changes sign when the position vector of the charge carrier is 

reflected in the plane defined by M
r

and the primary current direction, thus giving rise to 

Skew Scattering. 

Maranzana 33 has carried out calculation using mixed spin orbit interaction and scattering 

by thermal disorder and for the ferromagnetic case obtained the same expression found 

with intrinsic spin-orbit interaction by Kondo. For the mixed s-orbit/d-spin interaction, 
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while evaluating the three spin correlation function in molecular field approximation, the 

magnetization can be factored out to leave a two spin function giving the following 

expression for Hall resistivity, 

Mmxy ρρ ~      (4-29) 

where ρm is the magnetic spin disorder contribution to conductivity. 

Superparamagnetism 

We now consider a unique magnetic behavior, namely superparamagnetism, which 

is relevant for high resistance samples near percolation threshold. The following is a brief 

account  based on a discussion due to Cullity 23. Consider an assembly of uniaxial single 

domain ferromagnetic particles with an anisotropy energy )(sin 2
1 θKE = , where K1 is 

the anisotropy energy and θ is the angle between the easy axis and the saturation 

magnetization Ms. Thus if a single domain particle of volume V becomes small enough in 

size, the energy fluctuation due to finite temperature becomes comparable with 

VKE 1=∆ , the energy barrier associated with the reversal of magnetization. In this 

situation the magnetization of a particle given by VM s=µ  can be reversed 

spontaneously even in the absence of an applied magnetic field. Thus we have a situation 

similar to that of paramagnetic material where thermal energy tend to disalign the 

magnetic ordering and an applied field will tend to align them. However an important 

distinction is that each ferromagnetic particle can carry an enormous magnetic moment 

compared to the case of paramagnetism due to atoms or ions, and hence the name 

superparamagnetsim. This also leads to the saturation of magnetic moments in realistic 

magnetic fields even at room temperatures, which is impossible in ordinary paramagnetic 

materials. 
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If K1=0, so that each particle in the assembly can point in any direction and the 

classical theory of paramagnetism will apply. The magnetization of a superparamagnetic 

system is thus given by  

)/( TkBLnM Bµµ=      (4-30) 

where n is the number of particles per unit volume, and L  is the Langevin function given 

by xxxL /1)coth()( −= . Thus magnetization curves measured at different temperatures 

will superimpose when plotted as a fuction of B/T and there will be no hysterisis.  

 We note that superparamagnetism as described above, will disappear and 

hysterisis will appear when magnetic particles of certain sizes are cooled below a 

particular temperature or for a given temperature the particle sizes are increases beyond a 

particular diameter. These critical values of temperature and size are determined by rate 

at which thermal equilibrium is approached. For uniaxial particles, detailed analysis 

predicts the critical volume and temperature as given by 

1

25
K

Tk
V B

c =      (4-31) 

B
B k

VK
T

25
1=      (4-32) 

TB is known as the blocking temperature, below which magnetization will be stable.  
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CHAPTER 5 
QUANTUM CORRECTIONS TO TRANSPORT PROPERTIES IN METALS 

Transport properties of metals at low temperatures are drastically modified due to 

presence of disorder 34, 35, which leads to nontrivial quantum mechanical effects that 

cannot be described in terms of classical Boltzmann transport theory. To fully understand 

the nature of disordered conductors, two new concepts were introduced and have been 

studied extensively for the last five decades. The first concept is that of Anderson 

localization, which deals with the nature of a single electron wavefunction in the presence 

of a random potential. The second concept deals with the interaction among the electrons 

in the presence of a random potential. These quantum effects become manifest 

experimentally in the temperature dependence of conductivity, magnetoresistance and 

Hall effect measurements and are more pronounced in low dimensional systems like 

films and wires. 

 

Figure 5-1: Typical wave functions of conduction electrons in presence of disorder;(a) 
extended state with mean free path l; (b) localized state with localization 
length ξ. 

In the presence of a distribution of random impurity potentials, a conduction 

electron looses phase coherence at each elastic scattering event on the length scale of the 

ξ 
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mean free path l but the wave function remains extended throughout the sample (Fig.5-

1a). This is the definition of weak disorder. In 1958 Anderson pointed out that if the 

disorder is sufficiently strong, the wavefunction of the electron may be localized and can 

be described as a bound state arising because of deep fluctuations in the random 

potential. This is the strong disorder limit when the envelope of the electronic 

wavefunction decays exponentially from some point in space on a lengthscale ξ, (the 

localization length) (Fig.5-1b). An important point to note here is that a linear 

combinations of infinitely many localized orbitals will not produce an extended state as 

in the weakly disordered case.  Thus entirely different quantum mechanical processes 

govern two limits of weak and strong disorder and the understanding of what happens in 

the intermediate region where the cross over occurs has lead to one of the most debated 

and extensively studied topic in condensed matter physics, namely the metal-insulator 

transition.  We present below a brief account of how transport properties are modified 

due to quantum properties of conduction electrons in the presence of varying degree of 

disorder.  

Weak Localization Effects 

A conduction electron in a metal can be treated as a classical particle only in the 

limit 1>>lkF , where kF  is the Fermi momentum and l is the elastic mean free path. At 

low temperatures when all inelastic processes like phonon scattering are quenched, the 

conductivity of a metal is dominated elastic scattering of electrons from impurities and is 

expressed by the Drude expression which in 2d is given by,  

)(
2

2 lk
h
e

Fd =σ      (5-1) 
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where e2/h is a universal number of the order of 25kΩ and kFl is a dimensionless quantity 

that determines the degree of disorder. Following is a simple and elegant reasoning 35 to 

obtain an order of magnitude estimate of the quantum corrections to the above classical 

Drude expression for the conductivity for non-interacting electrons and are known as 

weak localization corrections.  

 

Figure 5-2: Motion of electrons in presence of impurities represented by X (a) Two 
different paths for an electron to move from point A to B (b) A self 
intersecting path with two possibilities of traversing the loop.  

Consider an electron moving from point A to point B along various paths while 

being scattered from impurities (Fig. 5-2a). Quantum mechanically the total probability 

for the particle to reach from one point to another is the square of the modulus for the 

sum of the amplitudes Ai of individual paths: 

*2
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The first term describes the sum of probabilities of traveling each path, and the second 

term represents interference of various paths. Associated with each path of amplitude Ai 

there is a phase given by ∫ ⋅=∆ −
B

A

ldk
rr

h 1ϕ , which depends on the length of each 

trajectory. Hence while calculating the total probability W, if we consider many distinct 

trajectories, the net interference term in W will be zero because of the wide distribution of 

the individual phases. 

The above argument for neglecting the interference term does not hold for certain 

special trajectories that are self-intersecting trajectories that contain loops (Fig. 5-2b). For 

each loop there are two amplitudes A1 and A2 corresponding to opposite direction of 

traversal of the loop. However the phase does not depend of the direction of traversal of 

loop and remains same the same, hence for the two amplitudes A1 and A2 are coherent. 

Thus for a loop trajectory, the quantum mechanical probability to find the electron at the 

point O is given by, 

2
1

*
12

*
21

2
2

2
1

2
21 4 AAAAAAAAA =+++=+    (5-3) 

which is twice as large if interference is neglected (classical situation). This simple 

example demonstrates that due to quantum mechanical nature of electron paths, 

interference effect for self-intersecting paths increases. Thus the probability of an 

electron leaving point A and reaching point B decreases, which leads to an increase in 

resistivity. The relative magnitude of this correction due to interference effect is 

determined by the probability of self-intersecting trajectories, which can be estimated as 

follows. The quantum mechanical path of an electron can be visualized as a tube of 

diameter of the order of its wavelength Fk/1~λ . The mean distance traveled by an 
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electron diffusing through a configuration of impurities for a certain amount of time t, 

which is much larger than mean collision time τ  from impurities, is given by 

2/12 )(Dtx = , where the diffusion constant lvD ~ . For a strictly two-dimensional metal 

film, the area accessible to an electron is Dt . In order for self-intersection to occur 

during a time dt it is required that the final point of the electron path enters the area 

element λtvd . The probability of this event is the ratio of the two volumes. The total 

probability of self-intersecting paths is found by integrating over the entire time t. The 

lower limit of the integration is τ, which is the shortest time for the concept of diffusion 

to apply. To put an upper limit to the integral one assumes that there are inelastic 

processes like electron-phonon and electron-electron interaction that lead to phase 

relaxation and hence break down the amplitude coherence. Lets denote this time scale as 

phase relaxation time τϕ.. The relative change in conductivity for the 2d case is given by 

∫−
∆ ϕτ

τ

λ
σ
σ

Dt
tv

d

d d~
2

2      (5-4) 

The negative sign illustrates that conductivity decreases due to interference. The change 

in conductivity due to quantum corrections for a thin film is given by 35, 

)ln(~)ln(~
22

2 l
Lee

d
ϕϕ

τ
τ

σ
hh

−−∆    (5-5) 

where ϕϕ τDL ~ . Equation (5-5), although derived for a strictly 2D case, is applicable 

for thin films of thickness ϕLd < .  

The phase-relaxation time ϕτ  has a strong temperature dependence of the form 

pT −~ϕτ , where p in an integer that depends on the exact phase relaxation mechanism. 
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For example p=1 for electron-electron interaction with small energy transfer 36, which is 

the dominant phase relaxation mechanism in low dimensions. Thus in general for a 

metallic film, the conductivity will have logarithmic temperature dependence due to 

interference corrections and is given by, 

.)ln(~
2

2 constTpe
d ++

h
σ      (5-6) 

Magnetoresistance due to Weak Localization 

The above correction is drastically modified if one places the sample in a 

magnetic field. For a vector potential A
r

 describing the magnetic field, one should replace 

the momentum pr by the canonical momentum A
c
ep
rr

− . This results in a phase difference 

in the amplitudes A1 and A2, for traversing loops (Figure 5-2b) in opposite directions as 

given by 

0

22
Φ

Φ
=⋅=∆ ∫ πϕ ldA

c
e

H

rr

h
    (5- 7) 

where Φ is the magnetic flux enclosed by the loop and Φ0=hc/2e is the flux quantum. 

The appearance of a phase difference results in the destruction of the interference and 

hence a decrease in resistivity. To estimate this negative magneto-resistance due to an 

applied magnetic field, we introduce a new time scale Hτ .  Since the average diffusion 

length is (Dt)1/2 and using it as a characteristic size of loops, the magnetic flux through 

such loops is HDt~Φ . We define Hτ  so that πϕ 2~H∆  that gives 

HDH
0~

Φ
τ       (5-8) 

The characteristic magnetic fields are determined by the condition ϕττ ~H , so that 
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ϕτD
H 0~

Φ
     (5- 9) 

Substituting mElvD F /~~ τ , and using mceHB /=ω , we find that 1<<τωB . This 

means that one needs small magnetic fields. 

The asymptotic formula for quantum corrections in presence of magnetic field 

)(2 Hdσ∆ , for H is much larger than characteristic field given in equation (5-9), is 

obtained by replacing ϕτ  by Hτ  in equation (5-5). Thus for the 2d case the magneto-

conductance is given by 35, 

)ln()0()()0()(
2

22 c
eHDeHHH dd
hh

ϕτσσσσ ≈=∆−∆=−    (5-10) 

In the above formula H refers to the component perpendicular to the film. The component 

of applied field parallel to the film does not affect the weak localization correction in a 2d 

sample as the magnetic flux does not penetrate through any closed electron paths. 

Weak Localization in Presence of Spin-Orbit Interaction 

Quantum interference depends significantly on electron spin if there exists a 

scattering mechanism leading to a flip of electron spin. The following is a brief 

description of an estimate of the interference correction in the presence of spin-orbit 

scattering. Since the spin is not conserved and can flip while the electron moves from one 

point to another, one needs to consider all possibilities of initial and final spin while 

calculating the interference term of the self-intersecting loops (Figure 5-2b). If the initial 

and final states are given by the wave functions αϕ  and βϕ respectively, the interference 

term is given by 

∑==
'

)2(*)1(*)2()1(*
21 2

1

σσ
αββα ϕϕϕϕAAC    (5-11) 
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where the sum is taken over the final spin β  and the average is taken over the initial spin 

state α. To simplify the expression, instead of assuming two possible trajectories along 

the loop (Figure 5-2b) for a single particle, we assume two particles moving 

simultaneously in opposite directions. The interference term can be written in terms of 

eigenfunctions of total spin denoted by 0ψ for total spin zero and m,1ψ for spin1 and 

projections m=1,2,3 as given by 
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   (5-12) 

Thus the interference term in equation 5-11 can be expressed as follows, 
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2
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0
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,1 ψψ −= ∑
m

mC     (5-13) 

In the presence of spin-orbit scattering with characteristic times ϕττ <<so , the states m,1ψ  

that carry spin information are damped with a characteristic time soτ , while 0ψ is damped 

with time ϕτ . Therefore for the 2d case it was shown 37, 
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Thus depending on the spin-orbit scattering time soτ  relative to ϕτ  we have the following 

two cases for 2d samples 37, 
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 for ϕττ <<so   (5-16) 

thus it follows from equation (5-16)  that the spin-orbit correction reverses the sign of the 

temperature dependence of conductivity due to ϕτ . In weak magnetic fields and under 

strong spin-orbit, the magnetoresistance becomes positive. For sufficiently strong 

magnetic field such that soH ττ < , the magneto-resistance changes sign and becomes 

negative. The combined effect of positive quantum correction to conductivity and 

positive magnetoresistance is known as ‘weak anti-localization’. If however, scattering 

occurs from paramagnetic impurities, then both the singlet and the triplet wavefunctions 

in equation (5-13) decay with time of the order of sτ , so that for ϕττ <<s  the corrections 

to conductivity are no longer temperature dependent. 

Weak Localization in Ferromagnetic Films 

We now review the weak localization corrections in ferromagnetic materials with 

strong spin-orbit scattering based on a theoretical treatment by Dugaev et.al 38. The 

relevant Hamiltonian considered in this case is given by  
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−= ∫    (5-17) 

where ),( ↑↑≡ ψψψ  is a spinor field , ),,( zyx σσσσ =
t are the Pauli matrices, M is the 

magnetization assumed to be along z-direction and V is the random impurity potential, 

and λ0 is the spin-orbit scattering strength. The exchange term Mσz acts only on the spins 

and has no direct effect on the orbital motion.  

In the language of many-body theory, weak localization corrections arise from the 

particle-particle channel with two propagators describing electrons with vanishing total 
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momentum and with very close energy (Cooper channel). Physically, the so-called 

“Cooperon” propagator represents two electrons traversing a self intersecting loop 

(Figure 5-2b) in opposite directions. There are two possible situations depending on the 

relative spin orientation of the two electrons.  In a ferromagnet the exchange energy is 

strong so that 11 , −
↓

−
↑>> ττM , where ↑τ  and ↑τ are momentum relaxation times for spin up 

and spin down conduction electrons. Physically, this condition implies that spin-flip 

processes are suppressed due to the exchange field M, and it was shown that for a bulk 3d 

ferromagnetic sample, the contribution to the “Cooperon” from the singlet pairs i.e. 

electrons with opposite spins is small compared to that of triplet pairs of electrons with 

parallel spins by the factor )(/1 ↓↑τM . The exclusion of the singlet channel is crucial and 

leads to the absence of weak antilocalization in ferromagnets and the weak localization 

correction to the conductivity is found to be a direct generalization of the non magnetic 

case with two bands of electrons of opposite spin polarization. We are interested in the 

two dimensional ferromagnetic samples and quote the final result in two dimensions 38 as 

follows, 
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where )(↓↑ϕτ is the temperature dependent phase breaking time. )(↓↑τ  is the momentum 

relaxation time and )(
~

↓↑SOτ  is the effective spin-orbit scattering time for spin up (down) 

electrons and depends on the relative orientation of the magnetization M with respect to 

the plane of the film. The important point is that for ϕτττ ,~
SO<< , the above correction to 

conductivity is negative just like the nonmagnetic case. 



48 

 

Electron Interaction Effects 

In this section we discuss the corrections to conductivity due to interactions 

between conduction electrons. We note that within the Boltzmann transport equation, 

electron-electron collisions cannot affect the conductivity in the case of a single band 

structure and in the absence of Umklapp processes. This is because electron-electron 

collisions conserve the total momentum. Inclusion of the Fermi liquid corrections that 

takes into account a finite inter electron interaction potential, renormalizes the residual 

conductivity but does not introduce any essential temperature dependence. However, 

taking into account the interference of elastic scattering by impurities with electron-

electron interaction produces nontrivial temperature dependence of the conductivity and 

the one particle density of states. The following is brief account of some simple physical 

ideas that illustrates the origin of quantum corrections to transport properties due to 

electron-electron interaction. 

Scattering by Friedel Oscillations 

We now discuss a very important concept of the Friedel oscillations that arise due 

to standing waves formed as a result of interference between incoming and backscattered 

electron waves. To illustrate this we consider a simple situation in 1D with an infinitely 

high barrier at x=0. For each wave vector k, the wavefunction is a superposition of the 

incoming plane wave Likx /)exp( and a reflected wave Likx /)exp(− and is given by 

Lkxi /)sin(2=ψ . Accordingly, the probability density is given by Lkx /)(sin4 22 =ψ  

and oscillates in space. The probability that a state with momentum k is occupied is given 

by the Fermi function fk. The electron density is described by 
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where π/2 Fo kn =  is the density of the homogeneous electron gas, is oscillatory and 

damps from the origin as x-1. 

 

Figure 5-3: Schematic diagram of Friedel oscillation due to a single impurity due to 
backscattering described by path C. Interference between two paths A and B 
contributes mostly to backscattering. 

A single impurity at the origin with a general potential )(rU r also induces a 

modulation of electron density close to the impurity. The oscillating part of the 

modulation in 2D(shown schematically in Fig. 5-3) is given by 39, 

)2sin(
2

)( 2 rk
r

r F⋅
−=

π
νλδρ r      (5-20) 

where r is the distance from the impurity, which has a potential treated in the Born 

approximation ∫= rdrU rr)(λ , and 2/ hπν m= is the density of states in 2D. Taking into 

account the electron-electron interaction )( 21 rrVo
rr

− one finds additional scattering due to 
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the Friedel oscillation. This potential can be presentation as a sum of the direct (Hartree) 

and exchange (Fock) terms 39: 
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where )(rrρ  is the diagonal element of the one electron density matrix n given by, 

)()(),( 21
*

21 rrrrn
k

kk
rrrr ∑ ΨΨ=      (5-22) 

The factor ½ indicates that only electrons with the same spin participate in exchange 

interaction. As a function of the distance from the impurity, the Hartree-Fock energy 

oscillates similarly to the Friedel oscillation. 

The leading correction to conductivity is a result of interference between two 

semiclassical paths as shown in Fig.5-3. If an electron follows path A, it scatters off the 

Friedel oscillation created by the impurity and path B corresponds to scattering by the 

impurity itself. Interference is most important for scattering angles close to π 

(backscattering), since the extra phase factor on path A is cancelled by the phase of 

Friedel oscillation )2exp( Rki F− , so that the amplitudes corresponding to the two paths 

are coherent and interfere constructively. This interference persists to large distances R 

and is limited only by temperature, TkvkkR BFF //1 h≤−≈ . At finite temperature the 

amplitude of the Friedel oscillation assumes temperature dependence. Explicit 

calculations for the scattering amplitude as function of scattering angle exhibit a sharp 

peak for back scattering with a width and height proportional to T . The correction to 

conductivity with respect to the classical Drude conductivity is given by 39, 
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where the first term is the exchange correction and the second term is the Hartree 

correction. The above is the conductivity correction in the ballistic limit defined by 

.1<<τT  We note some important points in the above expression. Firstly, the sign of the 

Hartree and exchange corrections are opposite. Secondly, the leading temperature 

correction comes from the Fourier component at q=0 and q=2kF for the exchange and 

Hartree term respectively. The sign of the total correction is not universal and depends on 

the details of the electron-electron scattering. 

 

Figure 5-4: Friedel oscillation due to two impurities created by the self-intersecting path 
C. Scattering at all angles are affected by interference. 

So far we have considered the effect of single impurity. For the case of multiple 

impurities, the Friedel oscillations can occur from self-intersecting paths of electrons. In 

Fig. 5-4 we show scattering process that involves two impurities and the resulting Friedel 

oscillation due to path C shown in dashed lines. In this case the scattering amplitude at all 

angles and not just the back scattering are affected. Scattering by multiple Friedel 
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oscillations have been calculated in the framework of many body theory and is known as 

the Altshuler-Aronov 35 correction. Although interaction between two electrons is 

independent of spin, summation of terms in the perturbation theory depends on the spin 

state of the two electrons involved. The total number of channels is 4. These channels are 

classified by the total spin of the two electrons; one state with total spin zero (singlet 

channel) and three states with total spin 1(triplet channel) differing by the projection of 

the spin. For long range interaction the perturbation theory for the Hartree corrections 

singlet and triplet channels is different.   

The singlet channel contribution combined with exchange corrections as a 

renormalization of coupling constant and the final result is still universal. The triplet 

channel contribution depends on the Fermi-liquid constant σ
0F . The total conductivity 

correction in 2D is given by 35, 39 : 
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The above equation was derived for the so-called “Diffusive regime” characterized by 

1<<τT . The sign and magnitude of the correction is non-universal and depends on the 

competition between the universal and positive exchange term and the coupling 

dependent and negative Hartree contribution. For short-range electron-electron 

interactions due to screened Coulomb interactions in good metals, the Hartree term is 

neglected and one has a universal correction to conductivity due to the exchange term. 

 The above result is obtained by treating interaction in lowest order perturbation 

theory and in weak impurity scattering regime. Now we quote some results of scaling 

theory of interaction problem that goes beyond the perturbation theory. For a two 
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dimensional conductor with spin-split bands like in ferromagnet and long range Coulomb 

interaction, the scaling theory predicts a universal correction 40 given by 

)ln()2ln22(
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The above results were obtained for the case when weak localization corrections are 

completely suppressed. For short range electron interaction the logarithmic coefficient is 

found to be non-universal 40. 

Moreover, for 2d conductors with strong spin-orbit or spin-flip scattering, with 

long range Coulomb interaction, it was argued 41 that the triplet channel is suppressed and 

only the exchange term survives, predicting a universal correction given by, 
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Magnetoresistance due to Electron Interaction 

We have discussed earlier how even a weak magnetic field can suppress the 

localization effects resulting in a negative magnetoresistance. In the language of many-

body theory, weak localization effects arise from the particle-particle channel and are 

supposed to be sensitive to magnetic flux. The electron interaction effects arise from the 

particle-hole diffusion channel and do not have similar sensitivity to magnetic field. The 

dominant effect of magnetic field in this case is the splitting of the spin up and spin down 

bands 34.  This physical idea is most simply illustrated for the self-energy correction, 

where the singular correction is due to the correlation between the wavefunction of the 

added electron and the wavefunctions of the occupied electrons that are nearby in energy. 

In the presence of a magnetic field, the triplet term is divided into an Sz=0 and two 

1=zS terms. The exchange (singlet) and the Sz=0 triplet terms involve correlation with 
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electrons with the same spin and are unaffected by the spin splitting. For the 1±=zS  

terms, the spin splitting  produces a gap Hg Bµ between the lowest unoccupied spin-up 

and the highest occupied spin-down electron. The singularity of that term is cut off for 

Hg Bµ greater than kBT. In a magnetic field, the correction to the conductivity can be 

written as a sum of two terms, 

),()(),( THTTH SC δσδσδσ +=      (5-27) 

The first term is the field independent “charge channel” contribution which is the sum of 

exchange and Sz=0 Hartree contribution, is same as equation (5-21). The second term is 

the 1=zS triplet contribution or the “spin channel”, with a field dependence for the 2d 

case given by 34, 
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where TkHgh BB /µ= . The quantity in the parenthesis is the Hartree contribution to 

conductivity and is non-universal in both sign and magnitude and depends on the details 

of the potential describing electron-electron interaction. 

 

Transport Properties of Granular Metals 

So far we have discussed quantum transport properties of homogeneous systems with a 

uniform distribution of impurities that determine the mean free path. In this section we 

discuss the transport properties of granular metals with Coulomb interaction between 

electrons. The motion of electrons inside each grain is diffusive and they can tunnel from 

one grain to another. In principle the grains can be clean so that electron scattering is 

mainly from surfaces. In this limit the tunnel conductance is smaller than the grain 
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conductance and inter-granular transport can be distinguished from intra-granular 

transport. The process of electron tunneling from grain to grain that governs the transport 

properties are accompanied by charging of grains. This may lead to Coulomb blockade 

especially in the limit of weak coupling between grains. A step towards formulating a 

theory on transport in granular medium was due to Beloborodov et. al.42. It was shown 

that depending on the dimensionless tunneling conductance gT one observes exponential 

(at gT<<1) or logarithmic (at gT>>1) temperature dependence of conductivity. This 

theoretical approach was based on an earlier paper by Ambegaokar 43, which however 

was applicable only at temperatures δTgT > , where δ is the mean energy level spacing 

in a single grain. In this regime the electron coherence does not extend beyond the grain 

size. The low temperature regime δTgT ≤ , where the electron moves coherently over 

distances exceeding the single grain size, was discussed in a later paper by Beloborodov 

et.al 42 for large tunneling conductance gT. The following Hamiltonian describes a system 

of weakly coupled metallic grains,  

)]()()()([ **
ijji

ij
ijCo rrrrtHHH ΨΨ+ΨΨ++= ∑    (5-29) 

where tij is the tunneling matrix element between i-th and j-th grain, Ho is the Hamiltonian 

for non-interacting isolated grains, and Hc describes the Coulomb interaction inside (i=j)  

and between grains (i≠j) as described by 

jij
ij

ic nCneH ˆˆ
2

1
2

−∑=      (5-30) 

where Cij is the capacitance matrix and in̂  is the operator of electron number in the i-th 

grain.       
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Beloborodov et. al. 42 show that in the low temperature regime, properties of the 

granular metal depend on dimensionality and corrections to conductivity and density of 

states due to Coulomb interaction are similar to those obtained for homogeneous metals. 

The critical grain size in 3D where a metal to insulator transition occurs is estimated to 

be, 

)ln(
6
1

δπ
Cc

T
E

g =     (5-31) 

 where EC is the charging energy of an isolated grain. The conductivity of a granular 

metal is given by 

21 δσδσσσ ++= o      (5-32) 

The classical Drude conductivity for a granular metal in a general dimension d, with 

grain size a is given by 

d
To age −= 2

2

2
h

σ      (5-33) 

The correction to conductivity due to large energy scales δε Tg>  is given by 

]
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ln[
2
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δπσ
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T

CT

To gT
Eg

dg
−=     (5-34) 

We note that the dimensionality in this case appears only as a coefficient but the 

logarithmic temperature dependence remains same for all dimensions. This means 

tunneling of electrons with energies δε Tg>  can be considered as incoherent. 

On the other hand corrections from low energy scale δε Tg≤  arises from coherent 

electron motion on the scales larger than grain size, and is given by 
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where α and β are numerical constants. We summarize the results for a 2D granular 

system for δTgT < as follows, 
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and for δTgT >  
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For samples with weak inter grain coupling 1<<Tg  at low temperatures CET << , the 

conductivity was shown to be 42, 

)/exp(2 TECo −= σσ     (5-38) 

where EC is the charging energy. However this behavior is usually not observed 

experimentally because of the distribution of grain sizes in real samples, as discussed in 

the next section. 

 

Transport in Weakly Coupled Granular Metals 

A theory of transport in granular metallic films was developed by Sheng et.al 44 in 

the limit of weak coupling between grains. They proposed a picture of granular metal 

represented by a conductance network in which the metal grains are interconnected by 

conductances of the form: 
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)2/2exp(~ TkEs B
o
cs −− χσ     (5-39) 

where s is the tunnel-barrier thickness and 2/12 )/2( hϕχ m=  for a barrier height of ϕ . 

The calculations are simplified by assuming the grains to be spherical with a distribution 

of grain diameters d and the charging energy dEC /1~ , such that the product sEc is 

constant for a given film: CsEC =χ , where C and χ are constants that depend only on 

the volume fraction of the metal. The second assumption was to include only tunneling 

between nearest neighbors, which are nearly equal in size. This implies that for a given 

temperature there is an optimum tunnel-barrier thickness given by χ2/)/( 2/1TkCs Bm =  

for which the inter grain conductivity is maximum. The final assumption is that the 

temperature dependence of the conductivity network is given by that of the maximum 

inter-grain conductivity so that, 

])/(2exp[~)( 2/1TkCT B−σ     (5-40) 

The constant C is proportional to the charging energy EC, which is inversely related to the 

mean grain diameter <d>. Thus, the dominant contribution to conductivity at high 

temperatures is due to tunneling between small grains (large Ec) separated by thin tunnel 

barriers, while at low temperatures the dominant contribution is due to large grains 

separated by thick tunnel barriers. 

Now we consider the case for ferromagnetic metallic grains so that in addition to 

the charging energy EC there is a magnetic exchange energy EM associated with a 

tunneling event. The exchange energy arises when the magnetic moments of the 

participating grains are not parallel and electron energy is conserved during tunneling. 

The intergrain conductance in this case is given by 45, 
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                (5-41) 

Here P is the polarization of tunneling electrons, so that the coefficients (1+P)/2 and (1-

P)/2 are the probabilities that an electron tunneling from one grain to another has its spin 

parallel and anti-parallel, respectively, to that of the initial grain. Using the same 

assumptions for the non-magnetic grains discussed earlier, the magneto-conductivity is 

given by 45,  

)]/sinh()/)[cosh(,0(),( TkEPTkETTH BMBM −= σσ   (5-42) 

The magnetic exchange energy can be expressed in terms of spin correlations of two 

neighboring grains and is given by 45, 

]/1[
2
1 2

21 SSSJEM

rr
⋅−=      (5-43) 

An important point to note is that by applying a magnetic field strong enough to align all 

the moments, the exchange energy is zero, and the temperature dependence of 

conductivity reduces to that of the non-magnetic case shown in equation (5-40). 

 

Quantum Corrections to Hall Conductivity 

The normal Hall coefficient defined as HJER xyn /= , is another quantity in 

addition to magnetoresistance that behaves differently for weak localization and electron 

interaction effects. The quantum correction to the Hall conductivity due to weak 

localization effects was first calculated by Fukuyama 46 and it was shown that the Hall 

resistance given by BRR n
n
xy = remains unchanged so that  

0/ =n
xy

n
xy RRδ      (5-44) 
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Thus in a disordered conductor subject solely to weak localization effects, the normal 

Hall resistance at given magnetic field will remain constant as temperature is varied. The 

longitudinal resistance Rxx will have the usual logarithmic temperature dependence due to 

interference effects. The normal Hall conductivity has logarithmic temperature 

dependence and has a slope twice that of longitudinal conductivity. This is easily deduced 

using the fact that 2/ xx
n
xy

n
xy RR≈σ  and taking logarithmic derivative we have  

xx

xx
n
xy

n
xy

n
xy

n
xy

R
R

R
R δδ

σ
δσ

2−=     (5-45) 

Thus it follows from equation (5-44) that the normal Hall conductivity has logarithmic 

temperature dependence with a slope twice that of longitudinal conductivity as shown by 

the relation, 
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xx
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R
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δσδ

σ
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22 =−=    (5-46) 

For the case of only electron interaction effect (no weak localization) in the 

diffusion channel it was shown by Altshuler et. al.35 that the normal Hall conductivity has 

zero quantum correction and hence remains independent of temperature so that, 

0/ =n
xy

n
xy σδσ       (5-47) 

Thus it follows from equation (5-45) the effect of only electron interaction implies that  

xx

xx
n
xy

n
xy

R
R

R
R δδ

2=  .    (5-48) 

This means that both Rxx and n
xyR  will exhibit logarithmic temperature dependence due to 

electron interaction, and the slope of n
xyR will be twice that of Rxx. 
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Quantum corrections to the anomalous Hall conductivity have not been studied as 

extensively as the normal Hall conductivity. The effect of short-range electron 

interactions to the AH conductivity within the framework of the skew scattering 

mechanism were first studied by Langenfeld et. al. 47 who showed that there is no finite 

correction due to the exchange(Fock) part of interaction, so that  

xx

xx
AH
xy

AH
xyAH

xy R
R

R
R

20 =⇒=
δ

σ      (5-49) 

Thus the AH effect was found to have a behavior similar to that of the normal Hall effect. 

We note that the above calculation does not include the contributions from the Hartree 

terms to the interactions and also assumes the absence of weak localization corrections. 

The above theoretical prediction (equation 5-49) was found to be in good agreement with 

experimental results of Bergmann and Ye 48 where the AH conductivity in thin 

amorphous films of iron was found to independent of temperature. 

Weak localization contributions to the AH conductivity were studied by Dugaev 

et. al. 24 for the Hamiltonian given by equation (5-17). For the case of side jump (SJ) 

mechanism in a 2d ferromagnetic sample it was predicted 24 that  
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SJAH
xy

SJAH
xy

σ
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.     (5-50) 

The corresponding weak localization correction to longitudinal conductivity is given by 

1)(~/ −lkFxxxx σδσ . We note that the weak localization calculations are valid in the 

metallic regime that corresponds to 1>>lkF . Thus it was concluded that the weak 

localization correction to AH conductivity due to side jump mechanism is negligible 24, 
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The above theoretical prediction provided an alternative explanation24 to the experimental 

results of Bergmann and Ye 48. 

For the case of skew scattering(SS) mechanism, the weak localization corrections 

were shown 24 to give rise a finite correction as given by  

 )]}~
11(ln[)]~

11(ln[{
36

22
0

2
0

2
)(

↑↑↑↑

+−+−= ↓↓↓↑↑↑
SO

F
SO

F
SSAH

xy kkve
ττ

τν
ττ

τνλ
π

δσ
ϕϕh

 

               (5-52) 

The above expression was derived for the case of a random short-range impurity potential 

of the form ∑ −=
i

io RrvrV )()(
rrr δ is assumed.  Within this model, the contribution to the 

AH conductivity solely due to impurity scattering, in the absence of weak localization or 

electron interactions was shown 24 to be, 
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Using the fact that the residual longitudinal conductivity is given by  
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and assuming a parabolic band, one can simplify the expression for weak localization 

correction to the AH conductivity for each of the two bands with opposite spin 

polarization and is given by the following expression, 
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Comparing the above equation with equation (5-18) it follows that both the longitudinal 

and the AH conductivity have finite logarithmic corrections due to weak localization. 
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CHAPTER 6 
EXPERIMENTAL RESULTS AND DISCUSSION 

Experimental study of magnetism in ultrathin films of ferromagnetic transition 

elements like iron, cobalt and nickel pose a serious challenge because of their air 

sensitive nature. Previously, Bergmann and Ye 48 have reported , in situ transport 

measurements on pure amorphous iron films few monolayers thick, which were quench-

condensed on antimony substrates at liquid helium temperature. These experiments 

revealed an important finding that the Anomalous Hall effect behaves similar to that of 

normal Hall effect in non-magnetic materials and has no quantum correction at low 

temperatures due to electron-electron interactions or weak localizations effects. However, 

one might argue that the presence of a “polarizable” substrate, namely antimony, might 

dope the few atomic layers of iron on top and these might affect its properties. We 

undertook a study of magnetic properties of thin films of iron and cobalt grown on inert 

glass substrates, ordinarily used as microscope slides. Using the SHIVA apparatus 

described in chapter 2, we were able to investigate the magnetic properties of iron and 

cobalt films with polycrystalline morphology, while protecting them from oxidation, 

using the Anomalous Hall 2 measurement. The following is a detailed account of our 

experimental findings.  

Experimental Details 

Sample Fabrication 

Iron and cobalt samples were grown by r.f. magnetron sputtering techniques 

under identical growth conditions. We used r.f.  power of 35W with an argon flow of 10 
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sccm, which developed a DC bias of around -145V with respect to target. The pressure in 

the chamber is of the order of 10-4 Torr. The samples were grown in the Hall bar 

geometry through a shadow mask onto glass substrates at room temperatures. Under the 

conditions described above, films are known to grow through various stages of different 

morphology 49 rather than gradual layer by layer growth. Initially, film growth proceeds 

via nucleation of isolated grains of metals. With more arriving adatoms the grains 

continue to grow in size and at some critical thickness, the grains coalesce into several 

discrete and continuous percolating channels. As the substrates are exposed further the 

film eventually becomes homogeneous with well-connected microscopic grains, such that 

the film resistivity scales with thickness 17, 18. Such a film behaves like a good metal with 

a low temperature residual conductivity determined by impurities and imperfections. 

Even in the case of metallic grains not physically touching each other, there could be 

electrical conduction due to tunneling of electrons between grains. The polycrystalline 

films in our experiments were thicker than the quench-condensed films in the previous 

investigation 48 by Bergmann and Ye, but are outside the homogeneous regime where 

film resistance scales with thickness.  Thus resistivity is not a well-defined quantity, and 

we use sheet resistance, to characterize our films. The sheet resistance is defined as the 

resistance of a square film and is independent of the lateral dimensions of a film and 

depends only on thickness and morphology.  In the Hall-bar geometry, where the sample 

is rectangular shaped, where the current I is uniformly distributed along the width W and 

where voltage V is measured between leads separated by L. The number of squares 

involved in such a measurement is L/W. The sheet resistance is given by dividing the 

measured resistance R=V/I by the total number of squares so that )//( WLRRsq = .  
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Measurement Setup 

We have investigated films over a wide range of sheet resistances from 50Ω to 

1000000Ω.  All our samples are in the Hall bar geometry with six terminals as shown in 

Figs. 6-1and 6-2. We performed standard four terminal techniques using separate pair of 

leads for sourcing current in the sample and measuring transverse and longitudinal 

voltages, to eliminate the effect of contact resistances. We have used two different 

experimental setups to measure longitudinal and transverse resistances simultaneously, 

depending on the magnitude of the two terminal resistances of the leads.  

 

Figure 6-1: A d.c. transport measurement setup using Keithly 236 for sourcing a constant 
current and measure longitudinal voltage and Keithly 182 nano-voltmeter to 
measure transverse voltage. The sample in Hall-bar shape is shown as a 
shaded. 

 

Figure 6-1 shows the circuit diagram for d.c. measurement using a Keithley 236 

Source-Measure Unit and a Keithley 182 Nanovoltmeter. We programmed the 236 unit to 
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source a constant current through the sample and measure the voltage developed across 

the longitudinal leads. Simultaneously the Keithley182 is used to measure the voltage 

developed across the Hall leads. This setup is particularly useful for measuring high 

resistance samples as the Keithley 236 is equipped with guarding buffers which increase 

the input resistances of source/sense leads to greater than1014Ω and also reduce cable 

capacitance, thus leading to more accurate high resistance measurements with faster 

settling times. However, since the sensitivity of the Keithley 236 is only 1µV, it is not 

suitable for measuring small changes in resistance. 

 

 

Figure 6-2:An a.c. transport measurement setup using two SR830 lock-in amplifiers 
operating at same frequency to measure longitudinal and transverse resistance, 
used in samples with low contact resistances. A constant current is generated 
from the voltage source of the upper SR830 and by placing a ballast resistor 
Rb of 1MΩ in series with the sample. The sample in Hall-bar geometry is 
shown as shaded 
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 Figure 6-2 shows the circuit diagram for an a.c. measurement setup using two 

Stanford Research SR830 lockin amplifiers. Lockin amplifiers use phase sensitive 

detectors to make low noise measurement of a.c. signals of a given reference frequency 

with sensitivity of 1nV. The SR830 also has a voltage output that can be used to source 

constant current through a ballast resistor in series with the sample. Both SR830’s are 

programmed to measure signals at the same frequency and phase as the current through 

the sample, and make it possible to measure longitudinal and transverse voltages 

simultaneously. The input resistance for the SR830 is only 1MΩ, hence only samples 

with two terminal contact resistances less than 10kΩ are measured using this setup.  

 

Weak Disorder: Iron Films 

Transport Properties at B=0 

We monitor the resistances of all samples during growth, which allowed us to 

grow samples with specific sheet resistances and transfer them to the cryostat for 

magneto-transport measurements. As a measure of the disorder characteristic of each 

film, we use the sheet resistance at T=5K, which we denote by Ro. We note that in our 

polycrystalline films, the resistance of individual grains is much smaller than the inter-

grain tunneling resistance and hence the later determines the low temperature residual 

resistance Ro. We grew a series of iron films on glass substrates with Ro varying over a 

range of 50Ω to 50000Ω. We observed a crossover in the temperature dependence of 

sheet resistance Rxx(T) as Ro is systematically increased . Figure 6-3a shows Rxx(T) for an 

iron film of thickness d=100Å and Ro=70Ω. This represents typical behavior for all films 

with Ro<1000Ω, with resistance decreasing linearly with temperature and reaching a 
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minimum at some temperature Tmin that shifts towards higher temperature as Ro increases. 

This linear decrease of resistance is typical of homogeneous metallic samples and is due 

to decreased phonon scattering at low temperatures. For films with Ro<1000Ω, the grains 

are well connected and Ro is determined by impurities and lattice imperfections in the 

grains. For T<Tmin the resistance curves show a weak logarithmic increase as shown in 

the inset of Fig. 6-3a, which is a manifestation of low temperature quantum corrections 

discussed in chapter 5.  

 

 

 

 

 

 

 

 

Figure 6-3:Typical behaviors for temperature dependence of resistance for iron films in 
the absence of magnetic field for (a) Ro=70Ω showing a good metallic 
behavior with decreasing resistance with temperature and (b) Ro=8400Ω 
showing a monotonic increase in resistance with decreasing temperature. Inset 
of both graphs is a blow up of low temperature behavior showing logarithmic 
divergence of resistance in both cases. 

For samples with higher sheet resistances, Ro>1000Ω, the resistance increases 

monotonically with decreasing temperature and with no minimum.  Figure 6-3b shows 

Rxx(T) for an iron film with d=20Å and Ro=8400Ω. At high temperatures, the increase in 

resistance with decreasing temperature is due to decreased phonon assisted “hopping” 

processes of conduction electrons over the tunnel barriers between grains. At low 
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temperatures the residual resistance should be due to temperature independent inter-grain 

tunneling processes. However at low temperatures (T<15K), the resistance is found to 

increase logarithmically as shown in the inset of Fig. 6-3b, which is a manifestation of 

quantum corrections in the presence of tunneling processes. The crossover in the sign of 

temperature coefficient of resistance dR/dT in the high temperature regime, is consistent 

with the usual observation for thin metallic films described by the so called Mooij limit 

50, 51 for film resistivity around 100µΩcm. 

Thus the iron films used in our experiment with Ro in the range 50Ω to 50000Ω, 

exhibit a logarithmic increase at low temperatures and are considered to be weakly 

disordered in the context of quantum theory of transport. To compare the experimental 

data with existing theories on quantum corrections to conductivity in 2D metals, we use 

the following functional form to fit the data at low temperature (T=4.5– 15K): 

.)ln(1 constTLA
R

L ooR
xx

xx +==       (6-1) 

where 122 )81(2/ −Ω== keLoo hπ ,the quantum of conductance and AR is a numerical 

prefactor that depends on the microscopic scattering parameters that determine the 

quantum corrections.  

  Figure 6-4 shows a plot of AR as a function of Ro. We note that there is a distinct 

crossover in the value of AR as Ro is systematically increased beyond 3000Ω. For low 

resistance samples, the prefactor is constant with AR =0.95±0.03 and did not show any 

pronounced dependence on Ro. However, for samples with higher sheet resistances, AR 

systematically decreases as Ro increases. For example, for a sample with Ro=49000Ω, the 

prefactor AR=0.326±0.001. We note that the red square data points refer to films that had 
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been exposed to an Ar ion beam prior to the transport measurement, a process that 

smoothens the film surfaces 16 and results in a pronounced reduction in the resistance, as 

discussed in detail in chapter 3. However as seen from our data, the ion-milled films 

follow similar trends to those of the pristine films as far as low temperature transport 

property as measured by the value of AR is concerned. These data further justify the use of 

sheet resistance is a measure of disorder. 

 

 

 

 

 

 

 

 

 

Figure 6-4:Plot of numerical prefactor AR for logarithmic temperature dependence of 
longitudinal conductance (equation 6-1) for different iron films, as a function 
of Ro, sheet resistance at T=5K. Red square points corresponds to ion-milled 
films. 

 

Anomalous Hall Effect in Iron 

In this section we present anomalous Hall (AH) measurements on our films at 

T=5K, and discuss their dependence on Ro which is a measure of effective disorder in the 

film. In principle, ferromagnetic samples with uniform magnetization should exhibit a 

transverse Hall potential due to an applied electric field, even in the absence of an 
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external magnetic field. However, an external magnetic field is required to align the 

magnetic domains thereby maximizing the magnitude of magnetization and hence the AH 

resistance. In most samples, there may be a small unavoidable misalignment of the Hall 

leads, as a result of which a fraction of the measured potential between the Hall leads 

(Vxy) will be due to the longitudinal potential drop along the sample. Hence, to properly 

calculate the Hall potential, we scan the magnetic field in both positive and negative 

directions to measure the transverse potential Vxy(B), keeping the sample at a fixed 

temperature. The Hall potential is extracted from the raw data as the antisymmetric part 

given by .2/))()(( BVBVV xyxyH −−=  

 

 

 

 

 

Figure 6-5: The anomalous Hall curves for iron films with (a) Ro=300Ω and (b) 
Ro=2700Ω. Note decrease in Bs and simultaneous increase of Rxy as Ro 
increases. 

Typical AH curves for two different iron films are shown in Figs 6-5(a) and 6-

5(b) corresponding to Ro=300Ω and Ro=2700Ω respectively. Both Hall curves exhibit 

anomalous behavior with a steep rise in Hall resistance with increasing magnetic field B, 

due to moments lining up along the field until the saturation value at B=Bs (shown by the 

vertical arrow), followed by a much slower increase due to the normal Hall effect. An 
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important point to note is that for Ro=300Ω, the AH curve saturates at an applied field of 

Bs~1.7T to a value Rxy~8Ω, while for the sample with Ro=2700Ω, the saturation field 

Bs~1.2T and high field value Rxy~80Ω. This points out an important trend seen in our 

samples: as Ro increases, Bs decreases while the high field saturation value of Hall 

resistance increases as Ro increases. However, as we will show subsequently, this 

monotonic dependence on sheet resistance breaks down above Ro~2000Ω. We also note 

that the sign of the slopes of both anomalous and normal part of the Hall curve are 

positive, which is in agreement with experiments on bulk iron samples 22. 

We have undertaken a study of the dependence of the high field saturation value 

of AH resistance AH
xyR  on Ro, into the very high resistance regime ~1MΩ, which to the 

best of our knowledge has not been studied experimentally.  We use the following 

scheme to analyze our data and extract the saturation value of AH resistance, which 

allows us to systematically compare AH
xyR for different Ro at T=5K. As discussed earlier, 

the Hall resistance in a ferromagnet is the sum of the anomalous contribution 

proportional to M and the normal Hall effect. When the applied magnetic field exceeds 

Bs, the net magnetization along the field remains constant at Ms and the observed slow 

increase in Rxy with increasing field is due to the normal Hall effect plus any background 

susceptibility effects. So the high field part of the AH curve can be fit to the following 

phenomenological expression 2 linear in magnetic field B: 

BRMRR nssoxy += µ      (6-2) 

where Rs and Rn are the anomalous and normal Hall coefficients respectively in  two 

dimensions. Thus the intercept of such a fitted straight line is the contribution to Hall 
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resistance at zero applied field B and arises only from the spontaneous magnetization in 

the material. We identify the intercept as the AH resistance ss
AH
xy MRR 0µ= , which is the 

contribution at zero applied field and solely due to magnetization of the film. 

 

 

 

 

 

 
 
Figure 6-6:The anomalous Hall resistance at T=5K for different iron films as a function 

of Ro on a log-log scale. Red square points are ion-milled films. The dashed 
line represents the average value of the AH resistance at 80Ω. 

 Figure 6-6 shows the dependence of AH
xyR  on iron samples with different Ro using 

a log-log scale. For iron samples with sheet resistances as high as Ro=49000Ω, we 

observe the anomalous behavior in Hall resistance indicating the presence of a local finite 

magnetic moment in the films.  However we observe a distinct crossover in the 

dependence of AH
xyR  with increasing Ro. For Ro>2000Ω, the monotonic increase in AH

xyR  

seen at lower resistances, ceases to hold. Instead the AH resistance attains a constant 

value Ω±= 1080AH
xyR , independent of Ro. We point out that the crossover is observed 

around values of Ro where the zero field coefficient of logarithmic temperature 

dependence AR, starts to deviate from unity. 
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Temperature Dependence of Anomalous Hall Conductivity 

We have shown in the previous section that at low temperatures (4.5 to 15K), for 

all iron samples, Rxx(T) exhibits a logarithmic dependence at B=0. To find the quantum 

corrections to the AH conductivity a magnetic field of 4T, which is well above the 

saturation field Bs, is applied to each sample and )(TRxx and )(TR AH
xy  are simultaneously 

measured while temperature is slowly increased. We will show that AH
xyR also has 

logarithmic temperature dependence for T<20K for all the iron samples, and discuss the 

relative resistance (RR) scaling of )(TRxx and AH
xyR  for each sample with different Ro.  

In most samples there is always a misalignment in the Hall leads as result of which 

a fraction of the transverse potential has contribution from the longitudinal potential drop 

along the sample. Similarly, there may be a contribution of transverse Hall voltage 

between misaligned longitudinal leads.  Thus, for each sample we perform two sets of 

experiments, at B=+4T and B=-4T, and measure simultaneously the longitudinal 

potential Vxx(T) and transverse potential Vxy(T) for each field. Then we extract the 

symmetric response as longitudinal resistance IBTVBTVBTR xxxxxx 2/)),(),((),( +=  and 

antisymmetric response as the AH resistance IBTVBTVBTR xxxx
AH
xy 2/)),(),((),( −= , 

with B=4T. The contribution from the normal Hall effect is found to be negligible.  

To quantify our experimental results and facilitate comparison between different 

samples, we define a function )(KN∆  that we call the “normalized relative change” in a 

transport quantity, say K, with respect to some reference temperature T0 evaluated for 

temperatures T >To: 
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where 00L = (81kΩ)-1 is the quantum of conductance and Rxx(T0) is the sheet resistance at 

T0.  We note that the “relative change” is defined as: 
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Thus the normalized relative change )(KN∆  is the relative change in the quantity KK /δ , 

divided by the factor L00Rxx(T0), a dimensionless quantity  that  is a measure of the 

effective disorder in a two dimensional system. Using the above notation and keeping in 

mind the fact that the low temperature behavior of both xxR  and AH
xyR  is logarithmic, we 

employ the following equations to fit our data: 
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where AR and AAH are coefficients of the logarithmic temperature dependence of xxR and 

AH
xyR  respectively. The coefficients depend on the parameters describing the quantum 

corrections to longitudinal and AH resistance respectively. Using the approximation that 

)()()( TRTRTR xxoxxxx <<− , the longitudinal conductivity is calculated from the raw 

data as xxxx RL /1=  so that )/(/ xxxxxxxx RRLL δδ −= . Thus it follows from equations (6-5) 

that 
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The AH conductivity has contributions from both xxR and AH
xyR , and is calculated from 

raw data as ))/(( 22
xx

AH
xy

AH
xy

AH
xy RRRL += . Using the approximation )()( TRTR xx

AH
xy << , 

which is true for most materials, we have 2/ xx
AH
xy

AH
xy RRL ≈ . It follows from equations (6-5) 

and (6-6), 
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           (6-8) 

Moreover, it follows directly from equations (6-5) and (6-6), 
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     (6-9) 

Thus the coefficient of logarithmic temperature dependence of conductivity is AR and that 

of the AH conductivity is 2AR-AAH. Also it follows from equations (6-8) and (6-9) that 

AAH /AR =2 implies that 0)( =∆ AH
xy

N L . Any deviation of this ratio from 2 implies a non-

zero logarithmic temperature dependence of AH
xyL . 

We note that the logarithmic prefactor AR, as defined in equation (6-1) and 

equation (6-5), are self consistent and always give the same value for a given data set as 

they refer to the slope of the temperature dependence of Lxx. We have already discussed 

how AR varies with changing Ro when B=0(Figure 6-4). We found that, even in the 

presence of B=4T, the magnitude of AR did not show any significant change. The reason 

is that the iron films under consideration have very small magnetoresistance(MR). In Fig. 

6-7 we show the MR for a film with Ro=300Ω is of the order of 0.15%. The 

magnetoresistance curves for all the iron samples are found to be predominantly negative 

with small hysteresis and showed a pronounced saturation at applied fields that also 



78 

 

corresponds to saturation of AH resistance (compare Figs. 6-5(a) and 6-7). The hysteretic 

behavior progressively decreases with increasing Ro, which we will argue later, is due to 

weakening of ferromagnetic coupling between grains, and for very high resistance 

samples the hysteresis disappears, as it should for a paramagnetic response. 

 

 

 

 

 

 

 

 

 

 

Figure 6-7: Magnetoresistance as a function of field for an iron film with Ro=300Ω. 

To show the relative scaling behavior of resistance and AH resistance, we have 

plotted in Fig. 6-8 on a logarithmic temperature scale the normalized relative changes 

)(TRxx
N∆ , )(TR AH

xy
N∆  and )(TLAH

xy
N∆ , with T0=5K as reference temperature and at an 

applied magnetic field of 4T, for a film with R0=2733Ω. We observe a distinct feature 

that the curves for )( AH
xy

N R∆  and )(TRxx
N∆ exactly overlap each other while obeying 

logarithmic temperature dependence at low temperatures up to T~20K. At higher 

temperatures, we observe that )( AH
xy

N R∆ deviates from logarithmic behavior and 

decreases at a faster rate than )(TRxx
N∆ . The importance of this behavior becomes 
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apparent by comparing with the results of a previous similar experiment by Bergmann 

and Ye on ultrathin amorphous iron 48, where the logarithmic slope of AH
xyR  was found to 

be a factor of two higher than that of xxR .The deviation of )( AH
xy

N R∆  from )( xx
N R∆  at 

high temperatures(Figure 6-8) is also interesting and is a possible indication that the 

dominant quantum corrections to xxR and AH
xyR are due to different mechanisms. We note 

that the quench-condensed amorphous films 48 in Bergmann’s experiments could not be 

heated above 20K without incurring irreversible morphological changes, hence we could 

not compare our high temperature data. 

 

 

 

 

 

 

 

 

 

 

Figure 6-8: Relative resistance (RR) scaling behavior at T<20K for an iron film with 
Ro=2700Ω. The uppermost (blue) curve exhibits finite logarithmic 
temperature dependence of )( AH

xy
N L∆ . 
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Figure 6-9: Plots showing dependence on Ro of the extracted transport coefficients (a) AR 

and (b) AAH/AR showing a crossover in value (shown by arrow) near 
Ro~ħ/e2=4100Ω. Values close to unity in both cases correspond to RR scaling. 
(c) 2AR-AAH is the numerical prefactor for AH conductivity showing no 
pronounced dependence on Ro. The average value of 0.8 is shown by the 
dotted line. 
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Fitting the data in Fig. 6-8 for low temperature (T=5-20K) part to equations (6-5) 

and (6-6), we find for this particular film that AR=0.897±0.001, and AAH=0.908±0.005. 

The AH conductivity AH
xyL calculated from the raw data also exhibits a logarithmic 

temperature dependence below 20K with a positive slope as shown by the blue data 

points in Figure 6-8 and the prefactor for )( xx
N L∆  is found to be 0.908±0.005 close to the 

value of 2AR-AAH =0.89±0.01 in accordance with equation (6-7).  For simplicity and 

future reference we call the low temperature scaling behavior for samples where the 

AAH/AR=1 (Figure 6-8) so that the relative changes in )(TRxx and )(TR AH
xy are equal, the 

relative resistance (RR) scaling. The RR scaling behavior is observed in all of our 

samples with Ro<3000Ω, and implies a finite temperature dependence of anomalous Hall 

conductivity. This behavior is significantly different from that reported in previous 

experiments by Bergmann and Ye on amorphous iron films 48 where AAH/AR=2 implying 

that there are no temperature dependent quantum corrections to AH
xyL  . 

In Fig. 6-9(a) we have re-plotted for reference the coefficient AR as a function of 

Ro. The plot is essentially the same as Fig. 6-4 and shows a deviation from AR~1 for 

Ro>3000Ω.  There is also a crossover in the relative scaling behavior of AH resistance 

and resistance, which is measured quantitatively by the ratio of coefficients AAH/AR as 

shown in Fig.6-9(b). All samples with Ro in the range 300-3000Ω were found to exhibit 

RR scaling behavior (Figure 6-8) with the average value for the ratio AAH/AR=1.07±0.1. 

However as Ro increases beyond 3000Ω, the ratio AAH/AR systematically decreases from 

unity, which according to equation (6-9) implies that the relative change in xxR is larger 

than the relative change in AH
xyR . For a sample with R0=50000Ω for example, which is 
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the last data point in Figure 6-9b, we found that AAH/AR=0.122±0.002. In Fig. 6-10 we 

have plotted )( xx
N R∆ and )( AH

xy
N R∆ for this sample, which clearly shows that the 

logarithmic slope for )( xx
N R∆  is much greater than )( AH

xy
N R∆ . We emphasize that even if 

the ratio AAH/AR decreases from unity in the high resistance regime, there remains a finite 

and positive quantum correction to the AH conductivity as shown by the finite value of 

2AR-AAH =0.6 (Figure 6-9c). 

 

 

 

 

 

 

 

 

 

Figure 6-10:An iron film with Ro=49000Ω showing deviation from RR scaling. The ratio 
AAH/AR =0.12 as shown in the final point in Fig. 6-9c. 

An important observation related to the high resistance regime is shown inFig. 6-
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defined in equation (6-4), for three samples with Ro varying over a wide range from 

2400Ω to 49000Ω.  In the low temperature range of T=5-20K, the curves for all three 

samples are shown to overlap each other, indicating that the AH resistance in these 

polycrystalline films is not affected by the increasing longitudinal resistance. Thus for 
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Ro>3000Ω, in addition to the fact that the magnitude of AH
xyR  at T=5K attains a constant 

value ~80Ω as shown in Fig. 6-6, the relative change in AH
xyR  over the temperature range 

of 5-20K also remains constant. 

 

 

 

 

 

 

 

 

 

Figure 6-11:The relative changes in AH resistances for three different iron films. The 
curves overlap each other even though the corresponding Ro as shown in the 
legend varies over a wide range. 

Thus for all iron films a finite positive logarithmic correction to AH
xyL is observed. 

Interestingly, the coefficient of AH conductivity 2AR-AAH as defined in equation (6-8), 

does not show any pronounced dependence on Ro and is scattered around an average 

value of 0.86±0.2(Figure 6-9c). Thus, there is a “universal” behavior in the low 

temperature logarithmic dependence of AH conductivity over the whole range of Ro, in 

comparison with the magnitude of variation of longitudinal conductivity that showed a 

crossover behavior around 2/~ eRo h . This is a strong indication that the dominant 
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mechanisms that are responsible for the temperature dependence of the longitudinal ( xxL ) 

and AH )( AH
xyL conductivity are different. 

Strong Disorder: Iron/C60 Bilayers 

So far we have presented data on iron films directly grown on glass substrates 

with Ro varying from 50-50000Ω. The transport properties of all the films showed 

logarithmic temperature dependence, which in the context of quantum theory of transport 

should be considered as ‘weakly disordered’ metals. This means that despite the granular 

morphology of the films, at low temperatures the phase coherence length extends over 

several grains 42, and the motion of the carriers can be considered as diffusive. To make 

the samples insulating where the dominant conduction process is hopping from one 

localized state to another, one needs to grow even higher sheet resistance samples where 

the inter-grain barrier separation and/or barrier height is larger compared to iron films. 

However, it is an experimental challenge to grow a sample with arbitrarily high sheet 

resistance, mainly because of resistance drifts up at room temperature even at very high 

vacuum. These drifts, which result from slow oxidation and/or thermally activated 

annealing, decrease as temperature is lowered. 

To grow films with even higher sheet resistances we used a novel technique 

where a monolayer of C60 is grown first on the glass substrate and then iron films were 

grown top. C60 in solid form is known to be an insulator with completely filled bands. 

However, C60 molecules have a high electron affinity; hence when in contact with a 

metal, electrons are transferred from the metal to the C60 and can move freely within the 

monolayer 21. Thus, the underlying C60 monolayer provides an extra shunting path for 

conduction electrons between otherwise isolated grains, as shown schematically in Fig. 6-
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12. The critical thickness at which a metal film starts to conduct is much less when grown 

on C60 than when grown directly on glass.  Using these techniques, we were able to grow 

high resistance stable ferromagnetic films.  

 

Figure 6-12:A cartoon of iron/C60 bilayer samples. Big circles represent C60 molecules 
and the small brown circles represent iron atoms. The small open circles 
represent electrons transferred from the iron film to C60 ,which can move 
freely in the monolayer. 

We grew two Fe/C60 films with sheet resistances Ro=1600Ω and 4100Ω, which 

are well within the range of iron films grown on bare glass and compared their transport 

properties with iron films having similar resistances. The AH resistance at T=5K was 

found to be AH
xyR =64Ω and 81Ω respectively, which is what one would expect from 

monolayer of iron on glass. These films also showed RR scaling behavior similar to that 

seen in low resistance iron films where both )(TRxx , and )(TR AH
xy  obeyed a logarithmic 

temperature dependence at low temperatures, with the logarithmic prefactors AR≈AAH≈1. 

These observations demonstrate that the underlying C60 layer does not alter the transport 

properties of iron. However, an important point to note is that it takes less iron to grow a 

film of certain resistance when grown on C60 rather than bare glass, because of the 

shunting path provided by the C60 monolayer. 
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Figure 6-13:Plot of conductivity showing hopping transport in a Fe/C60 sample as given 
by equation (6-10). 

We now focus our attention on iron/C60 films that are in the strongly disordered 

regime. Figure 6-13 shows Rxx(T) at B=0 for such a film with resistance at T=5K, 

Ro≈20MΩ. We observe that this film does not show the logarithmic temperature 

dependence of conductivity. Instead the longitudinal conductance fits to the following 

functional form as predicted 44 by theories of hopping conduction in granular metallic 

films: 
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where 0
xxL  and Tξ  are characteristic resistance and energy scales in a two dimensional 

system with localized electronic states. The fit in Fig. 6-13 yields Tξ=266K and 

OO
O
xx LL 754.1= . Table 6-1 summarizes the fitting results for all the strongly disordered 

films under consideration. We note that the Tξ is directly related to the Coulomb 
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energy44 deEC /~ 2  associated with the charging of grains when an electron hops from 

one grain to another, <d> being the average grain size. Our data as shown in table 6-1, 

reveal that Tξ increases with increasing Ro indicating that for high resistance samples the 

average grain size is smaller. 

 

 

 

 

 

 

 

 

Figure 6-14: The AH effect in strongly disordered Fe/C60 sample at three different 
temperatures. Legend quotes resistances at given temperatures corresponding 
to the hall curves of same color. The solid lines represent fits to the Langevin 
function. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6-15:Magnetoresistance curves at different temperatures for the Fe/C60 sample 
shown in Figs. 6-13 and 6-14. The curves do not show sharp saturation at a 
particular field as seen in iron films (Figure 6-7). 
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The resistance of the particular sample shown in Fig. 6-13 is high so that the Hall 

signal was much less than the longitudinal potential due to the misalignment of transverse 

leads. Thus for this sample we could extract Hall curve accurately only for temperatures 

at and above T=25K as shown in Fig. 6-14. The film still exhibits anomalous behavior in 

the Hall curves, indicating the presence of finite local magnetic moments at such high 

resistances. However, the AH curves do not exhibit a sharp “knee” like saturation at any 

definite applied field similar to that seen in iron films (Figure 6-5); instead there is a 

smooth and gradual cross over to a high field saturated value of Hall resistance. The 

sample also exhibits negative magnetoresistance (Figure 6-15), but in this case also we do 

not observe a sharp saturation at any characteristic field as seen for thicker iron samples 

(Figure 6-7). These are possible indications of the absence of long range ferromagnetic 

coupling between the grains comprising the films. However, an important observation is 

that for samples exhibiting hopping transport behavior, the resistance increases 

dramatically with decreasing temperature, but the corresponding AH curves do not 

change significantly. As deduced from the legend of Fig. 6-14, for the resistance 

increases by 440% while the AH resistance increases only by 33%.  

An important feature of the high resistance Fe/C60 samples is that the AH curves 

could be fitted with very high accuracy to the Langevin function  

xxxL /1)coth()( −=      (6-11) 

which describes the magnetization of a paramagnetic system consisting of non interacting 

particles or clusters of magnetic moment µ , as follows 

)/(),( TkBLMTBM Bs µ=     (6-12) 
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where Ms is the saturation magnetization and µ is the magnetic moment of an individual 

magnetic entity. The motivation behind fitting the AH curves to Langevin functions is 

based on the expectation that the magnetization response of a film consisting of weakly 

coupled isolated iron grains will be similar to that of superparamagnetic system. Since 

AH resistance is proportional to the magnetization (equation 6-2) of the film, we fit our 

data to the following functional form: 

)
).(

1))()(coth((),()(),( 0

BT
BTTRBTMTRBTR xys

AH
xy γ

γ −==         (6-13) 

whereγ  and o
xyR  are fitting parameters and are functions of temperature. The solid lines 

in Fig. 6-14 show Langevin fits to the AH curves at different temperatures.  

 For the ideal case of non-interacting magnetic grains one expects a paramagnetic 

response so that TknT BB /)( µγ =  and )()( TRnTR sB
o
xy µ= where n is the average 

number of Bohr magnetons µB in each grain.  Ideally, in a system with paramagnetic 

response, the magnetization curves at different temperatures collapse onto a single curve 

when plotted as a function of B/T. Accordingly, since AH resistance is proportional to 

magnetization, one might expect the B/T scaling to hold for the AH curves also. However 

we failed to observe the B/T scaling behavior in any of our Fe/C60 samples. Thus the 

assumption that the ferromagnetic grains are non-interacting and act independently of 

each other does not hold in our samples. We already have evidence of electrons tunneling 

between grains in the temperature dependence of resistance and expect the magnetic 

response to be modified by these transport processes. However, to the best of our 

knowledge we are not aware of any theoretical treatment of AH response to an applied 

field in the strongly disordered hopping regime.  
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Figure 6-16:Plot of γ (see equation 6-13) as a function of inverse temperature for three 
different Fe/C60 samples. Solid lines represents linear fits given by equation 6-
14. 

In Fig. 6-16 we have plotted the extracted fitting parameter γ  used in equation (6-

13), as function of corresponding inverse temperatures for three different Fe/C60 samples. 

We note that for the case of an ideal non-interacting paramagnetic response with B/T 

scaling behavior one would expect the data for γ as a function on T-1, to fit a straight line 

with positive slope going through the origin. Surprisingly our data show a negative slope 

and finite positive intercept as shown by the solid lines in Fig. 6-16. This result leads us 

to propose the following phenomenological expression: 
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where TJ and n are fitting parameters. Table 6-1 summarizes the results of the fit to 

equation (6-14) for data on the three samples shown in the Fig. 6-16.  The observed 

values of TJ indicate a new and much weaker energy scale compared to the charging 

energy of grains as measured by Tξ listed in Table 6-1, or the long range ferromagnetic 

exchange as measured by the Curie temperature Tc listed in Table 6-2. The important 

point to note is that as T approaches TJ, γ approaches zero. Thus, as JTT → from above, 

one has to apply increasingly strong enough magnetic fields B, so that the AH resistance 

reaches its saturation value o
xyR . We note here that for the ferromagnetic samples the AH 

resistance for B>Bs, is independent of the applied magnetic field. This is not true for a 

paramagnetic sample, where the magnetization and hence AH resistance depend on the 

applied field. At a particular temperature the AH resistance reaches its saturation 

value o
xyR for the argument γB>>1. However, according to the experimentally determined 

dependence of equation (6-14), extrapolation to a temperature T=TJ with corresponding 

resistance Rxx=RJ, the parameter γ=0 which in turn implies that the AH resistance 

0=AH
xyR  irrespective of the applied field. Thus, the dependence of γ as a function of 

temperature points to a phase transition at T=TJ, whre the AH effect disappears. This 

behavior is similar to that observed for the case of AH resistance with localized moment 

32, 33, when AH
xyR  approaches zero as temperature is reduced because of decreasing spin 

disorder at lower temperature.  

The fitting parameter o
xyR in equation (6-13) represents the saturation AH 

resistance at a given temperature and is considered as AH
xyR . Surprisingly, for these 

strongly disordered iron/C60 samples, AH
xyR  showed a logarithmic decrease with 
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increasing temperatures (Figure 6-17), which is a very weakly varying function compared 

to the exponential rise of longitudinal resistance.  Thus one would expect the temperature 

dependence of the AH conductivity to be same as that of the longitudinalconductivity as 

expressed by the equation: 

))(exp( 210
2 T

T
L

R
R

L xy
xx

xy
xy

ξ−≈≈     (6-15) 

Figure 6-18 shows the temperature dependence of AH conductivity for two Fe/C60 

samples with Ro =70kΩ and 300kΩ, fitted to the functional form as predicted by equation 

(6-15). The result of the fits of conductivity to equation (6-10) and AH conductivity to 

equation (6-15) are summarized in Table 6-1. 

 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6-17: Logarithmic temperature dependence of AH resistance of Fe/C60 samples in 

the strongly disordered regime. 
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Figure 6-18:Temperature dependence of AH conductivity of Fe/C60 samples. 

 

 

 

  

 

 

 

 

 

 

Figure 6-19: AH resistance for Fe/C60 samples (green square points) as a function of 
sheet resistance, superimposed on the data for iron samples shown in 
previously in Fig. 6-6. The dashed line represents the average value of AH 
resistance of 80Ω in the high resistance limit. 
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Table 6-1:Summary of the results for three different Fe/C60 samples. 
Ro Lxx

0
 Tξ Lxy

0 Tξ1 TJ RJ n 
70kΩ 5 .03L00 11K 0.025 L00 36.7K 0.34K 4.76MΩ 4 
300kΩ 5.15 L00 47K 0.019 L00 133.9K 3.7K 0.56MΩ 40 
10MΩ 5.78 L00 266K 0.014 L00 652.4K 4.6K 28MΩ 39 

 
We now discuss how the AH resistance for the strongly disordered Fe/C60 films 

compare with that of the weakly disordered iron films discussed earlier.  In Figure 6-19 

we have superimposed the AH
xyR  for several Fe/C60 films on the data on pure iron films, 

already shown in Figure 6-6. We observe that not only the dependence of AH resistance 

for the Fe/C60 samples on Ro follows the same trend as that of pure iron, but also the 

magnitudes of AH resistances AH
xyR  are within the experimentally observed scatter, 

determined for the iron films. Thus these results consolidate the argument that in the 

Fe/C60 bilayers, the underlying monolayer of C60 does not affect the magnetism due to the 

iron film as measured by AH resistance. The central and significant result of our 

investigation is that the AH resistance for iron and iron/C60 films attains a constant 

magnitude of the order of 80Ω and is unaffected by increasing resistance as seen 

experimentally up to 1MΩ. At higher resistances, extrapolations show that AH
xyR  

collapses to zero. 

Experiments on Cobalt Films 

To understand whether the results obtained for iron samples are typical of other 

itinerant ferromagnetic materials grown under similar conditions, we decided to 

investigate the behavior of AH conductivity in thin films of cobalt.  Figure 6-20 shows an 

AH curve for a cobalt film with Ro=3200Ω at T=5K, which has two important distinction 

from that of an iron film of similar resistance (Figure 6-5b). The high field saturation 
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value of AH resistance for this particular cobalt film is close to 6Ω, which is one order of 

magnitude less than that of an iron film of similar resistance that had an AH resistance 

around 80Ω. Moreover, the slope of the Hall curve in the high field region  is negative 

unlike iron, which had a positive slope. These findings are in agreement with existing 

data on bulk material 22, where iron and cobalt are known to exhibit hole-like and 

electron-like carriers respectively. The magnitude of the AH coefficient Rs 22 in bulk iron 

is about one order of magnitude higher than that of cobalt as shown in Table 6-2. 

 

 

 

 

 

 

 

 

 

Figure 6-20:AH effect in a cobalt film with Ro=3200Ω at T=5K. Inset is a magnification 
of the high field region to emphasize the negative slope for the normal Hall 
effect. 

Next we investigate the scaling behavior of xxR and AH
xyR  for a particular film with 

varying temperature. For a cobalt film with Ro=756Ω, we found RR scaling behavior 

with logarithmic temperature dependence of Rxx and AH
xyR  with slopes 1≈≈ AHR AA .  For 

another cobalt film with Ro=3185Ω, we observed deviation from RR scaling with 

69.0≈RA and 391.0≈AHA , so that the logarithmic coefficient of AH conductivity 
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985.02 ≈− AHR AA .  We note that the above behavior is in agreement with our 

observations of the high resistance iron samples, where the prefactor AR of the 

longitudinal conductivity deviates from unity as Ro increases beyond 3kΩ, but the 

prefactor (2AR-AAH) for AH conductivity does not change appreciably. 

We measured the AH resistance of several cobalt films at T=5K to find the 

dependence on Ro. Figure 6-21 shows a monotonic increase in AH
xyR  for Ro<1000Ω, 

followed by a saturation at constant average value of AH
xyR ~5.8Ω for Ro in the range of 

1000-15000Ω. This leads to the important result that for both iron and cobalt 

polycrystalline films, the AH resistance ceases to increase and attains a constant value as 

the sheet resistance increases beyond some characteristic value of the order of 

ħ/e2≈4100Ω. However, we found that the value of the AH resistance in the high 

resistance regime depends on the material itself. 

 Table 6-2 quotes some important properties of bulk samples of iron and cobalt 22. 

The anisotropy energy K1, which is related to spin-orbit coupling strength in the material 

is about one order of magnitude higher for cobalt and than iron. Interestingly, the 

observed values of saturation of AH
xyR  in our experiments in the high resistance (ultra-

thin) regime, is higher for iron(~80Ω) by about one order of magnitude than that of 

cobalt(~6Ω). The reported values of anomalous Hall coefficients Rs for bulk samples are 

also in agreement with the trend mentioned above. We note that the moments per atom 22 

in bulk iron and cobalt are very close. These data emphasizes that although the AH 

resistance is proportional to magnetization, it is a magnetotransport property that depends 
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strongly on the spin-orbit coupling which in turn depends on band structure and other 

material dependent parameters.    

 

 

 

 

 

 

 

 

 

 

 

Figure 6-21:AH resistance for cobalt films as a function of Ro. The dashed line represents 
the average value for the AH resistance in the limit of high resistances.  

 

Table 6-2:Comparison of some properties of bulk iron and cobalt. The last row quotes 
our results of AH resistance in ultra-thin films 

 Iron Cobalt 
Moments per atom, M 2.12µB 1.72µB 
Curie temperature, Tc 1043K 1404K 
Anisotropy energy, K1  4.8X105erg/cm3 41.2X105 erg/cm3 
Anomalous Hall coefficient, Rs 7.22X10-12Ωcm/G 0.24X10-12Ωcm/G 
Anomalous Hall resistance, AH

xyR 80Ω 6Ω 
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Discussion of Experimental Results 

Absence of Quantum Corrections to Hall Conductivity 

We begin with the discussion of the previous experiment 48 by Bergmann and Ye, 

which focused on the low temperature quantum corrections to AH conductivity.  The 

samples in this case are believed to have a different morphology compared to those 

grown for our experiments. Freshly grown antimony films around 10 atomic layers thick 

kept at liquid He temperature, were used as substrates, and iron films were then 

condensed on top by e-beam evaporation. The arriving adatoms on the cold substrate do 

not have enough energy to diffuse and form crystalline grains. They simply stick to the 

surface where they land. Hence, these quench-condensed films were believed to be 

amorphous, homogeneous and highly disordered. These films could not be heated above 

20K because of irreversible transformations into crystalline form. The films reported in 

the experiments were in the thickness range of 2 to 10 atomic layers with corresponding 

sheet resistances Ro varying from 1900Ω to 500Ω. The magnitude of AH resistance was 

found to be higher than what we find for our polycrystalline films of similar resistance.  

For example, a film with Ro=1910Ω the AH resistance was reported to be of the order of 

110Ω, almost double the value for our polycrystalline films with the same Ro. 

The longitudinal conductivity Lxx of the quench condensed films showed a 

logarithmic decrease with temperature with the normalized prefactor AR close to unity, in 

agreement with the results of our experiments on polycrystalline films with Ro<3000Ω. 

However, the important finding of Bergmann and Ye’s investigation was that the 

logarithmic slope for the AH resistance )(TR AH
xy  was twice the slope of the longitudinal 

resistance )(TRxx . In terms of our notation this implies AAH/AR=2. This in turn implies 
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that the AH conductivity AH
xyL , does not have a logarithmic temperature dependence 

because the prefactor (2AR-AAH)=0. This is a consequence of inverse relationship between 

conductivity and resistivity tensor and is illustrated as follows: 
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The above is a general relation, which is true under all circumstances. Thus 

experimental observation for the quench-condensed films that the slope of relative 

changes in )(TR AH
xy  is twice the slope of the relative changes in Rxx(T)  directly implies 

the absence of temperature dependence in AH
xyL  as shown below, 

02 =⇒= AH
xy
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   (6-17) 

It is known that in non-magnetic metals, the normal Hall conductivity does not 

have any finite quantum corrections due to electron interactions alone 36.  Thus, having 

ruled out the weak localization effects (explained below) it was concluded that the 

quantum corrections to the longitudinal conductivity Lxx arise due to electron interactions 

but the corresponding quantum corrections to AH
xyL  are zero. This is a surprising result that 

both the anomalous and the normal Hall effect behave similarly although they originate 

from different physical mechanisms. 

Motivated by Bergmann and Ye’s experimental results, theoretical calculations 47 

were performed to include the effect of quantum corrections to AH
xyL . The effect of weak 
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localization that arises from interference of coherent electronic wavefunctions was 

neglected in these systems because of the presence of strong spin-orbit scattering that 

destroys the phase coherence of electrons. The logarithmic temperature dependence of 

conductivity was attributed to the Coulomb anomaly that arises from interaction between 

conduction electrons in the presence of disorder.  Many body calculations were carried 

out to include the exchange corrections to AH conductivity due to the short range 

electron-electron interaction, and the sum of all contributions, turned out to be zero, in 

agreement with the experimental findings. The corresponding Hartree terms were not 

included in the calculations as they are important only for the long range interaction. 

Thus the scaling behavior observed in quench-condensed films 48 was explained within 

the framework of short range electron interactions 47. 

Finite Quantum Corrections to Hall Conductivity 

For our polycrystalline films with Ro<3000Ω, which is the range of resistance for 

the quench-condensed films, we observed the relative resistance (RR) scaling behavior 

(Figure 6-8) for T<20 K where the relative changes in Rxx(T) and )(TR AH
xy are exactly 

equal and using equation (6-16) it follows, 
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Thus we have a finite logarithmic temperature dependence of AH conductivity )(TLAH
xy  

and the relative changes in )(TLAH
xy equal in magnitude and sign to that of longitudinal 

conductivity Lxx(T) . According to present understandings of quantum theory of transport, 
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finite quantum corrections to normal Hall conductivity 36 can arise only from weak 

localization effects while the corrections due to electron interactions are zero. The weak 

localization theory predicts that the normal Hall coefficient Rn and hence the Hall 

resistance at a given field BRR nxy =  should be temperature independent. Hence, relative 

change in Hall conductivity should be twice that of the relative changes in conductivity 

itself, as explained earlier in chapter 5. The finite logarithmic slope for AH
xyL  in our 

samples raises the possibility of existence of weak localization corrections in AH effect. 

We discussed earlier the case of short range interactions between conduction 

electrons in the presence of disorder, which gives rise to a logarithmic temperature 

dependence of conductivity for weak disorder and does not lead to any corrections to 

anomalous Hall conductivity 47. We revisited the issue of effect of electron interactions to 

AH conductivity in the light of the new results obtained in our experiments, with the help 

of our theoretical collaborators 52. We realized that in the earlier calculations 47 both 

impurity scattering and electron-electron interaction strength were considered only as 

first order perturbations. In good metals like iron, impurity scatterings are considered to 

be weak due to screening effects by other electrons, and first order perturbation theory 

turned out to be a good approximation. However, in the polycrystalline samples used in 

our experiments, scattering from grain boundaries and inter-grain tunneling processes 

dominates over the ordinary impurity scattering. The AH conductivity was recalculated 53 

by treating the impurity scattering in all orders (strong scattering) with short range 

electron interactions. These calculations reveal that in the strong scattering limit, the 

coupling constants that determine the strength of potential and spin-orbit scattering are 

renormalized thus modifying the expression of AH conductivity for both skew scattering 
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and side jump mechanisms. However the surprising result52 was that by including the 

effect of a short range electron interactions in the presence of strong impurity scattering 

to calculate the temperature dependent quantum corrections to the residual values of AH 

conductance, the sum of all contributions was found to be zero, just like the weak 

scattering scenario. Although some details still have to be worked out, the calculations 

suggest the existence of a profound gauge symmetry associated with electron interactions 

that leads to zero corrections to diagonal conductivity under all conditions. The Hartree 

terms are not considered as they are important only for long range interactions that are 

ruled out in good metals like iron. This is supported by the fact that the experimentally 

observed numerical prefactor for longitudinal conductivity AR~1 over a wide range of 

resistances from 50-2000Ω, which is thought to be the universal exchange correction that 

does not depend on the details of interaction strength or sign, as discussed in chapter 5. 

The quench-condensed films of Bergmann and Ye 48 were amorphous in nature and 

considered to be highly disordered with mean free path of the order of few angstroms. 

The phase relaxation time ϕτ  due to spin-flips may be comparable to elastic scattering 

time τ ; thus completely quenching the weak localization effects. However having ruled 

out electron interactions as a source of the finite quantum corrections to AH conductivity 

we revisited the possibility of weak localization effects in our samples.  

Assuming that the grains comprising our samples are good metals with crystalline 

structure and the overall resistance is determined by the tunnel barriers between grains. 

Even in the ideal limit of no impurities inside the grains, the electrons can undergo a 

diffusive motion due to specular scattering from grain boundaries. It was shown that in 

granular media 42 at low temperatures, δTgT < , electrons can move coherently over 
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several grains where δ is the mean energy level spacing in the grains and gT is a 

dimensionless inter-grain tunnel conductance. Thus it is possible for weak localization 

effects to be important in granular films. However, our films are ferromagnetic in nature 

and hence there exists a strong internal magnetic induction Bint~104T that is responsible 

for the polarization of conduction electrons giving rise to ferromagnetism. This Bint is a 

fictitious field that aligns spins but does not affect the orbital motion of the electrons and 

therefore should not affect the weak localization effects. In fact it was shown for the case 

of homogeneous itinerant ferromagnetic systems that the presence of strong internal 

magnetic field nullifies the effect 38 of strong spin-orbit scattering responsible for spin 

flip processes that lead to the so called “weak anti-localization”. The results of these 

theoretical calculations 38 lead to weak localization corrections to conductivity similar to 

that in non-magnetic systems but modified to include two bands of up and down spin 

electrons.  

With the above picture in mind, the interference corrections are calculated for 

strong impurity scattering with spin-orbit coupling and a finite correction to AH 

conductivity is obtained 52 with the numerical prefactor of the logarithmic temperature 

dependence close to unity . The weak localization correction to AH conductivity is 

further supported by the high temperature behavior (T>20K) as shown in Fig. 6-8, where 

the AH conductivity rapidly deviates from logarithmic behavior, probably due to phase 

relaxation of electrons from inelastic processes, like phonon scattering, that destroy 

interference effects. However, the resistance Rxx(T) continues to exhibit a logarithmic 

behavior over a longer temperature range (Figure 6-8) , raising the possibility that the 
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mechanism for quantum corrections to longitudinal conductivity is different from that of 

AH conductivity.  

Theoretically it is believed that the effect of weak localization and electron 

interactions are additive 35 and since both effects predict logarithmic temperature 

dependence, the numerical prefactor is simply the sum of individual prefactors. However, 

this fact has not been established with certainty in any experimental investigation. For 

example, in a previous magneto-transport study on palladium thin films 54, the normal 

Hall resistance was found to be independent of temperature, which according to current 

understanding indicates dominance of localization effects over interaction effects. This 

observation is made over the same temperature range where the resistance varies 

logarithmically with temperature. However such a conclusion was found to be 

inconsistent with the apparent need to include interaction effects to explain the zero field 

temperature dependence of resistance as in palladium spin-orbit scattering is known to be 

strong. We note that the films used in this investigation were grown on glass substrates at 

room temperatures by e-beam evaporation. We believe that these palladium films have a 

granular morphology similar to those in our experiments and arguments regarding the 

separation of quantum corrections for longitudinal and Hall conductivity is also 

applicable in this case. 

We propose a novel mechanism to explain consistently the temperature dependence 

of both the longitudinal conductivity and the AH conductivity. We emphasize that the 

important feature of granular films is that the conductivity of each grain is much larger 

compared to tunneling conductivity between grains and hence the later dominates the 

longitudinal transport properties. However the AH conductivity is a property that arises 
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from the ferromagnetic nature of the grains and is affected by scattering processes within 

the grains and not the inter grain tunneling process. Thus if we track an electron in a 

granular film, the AH voltage is developed due to electron motion within the magnetic 

grains, while the longitudinal voltage drop that determines the resistance is 

predominantly across the tunnel barriers between the grains. The transverse Hall voltage 

in equilibrium (no current in transverse direction), is due to accumulation of static 

charges at the sample boundary and is unaffected by granular morphology. 

Thus we propose that for the samples that exhibit RR scaling behavior, so that the 

relative change in longitudinal resistance Rxx and the AH resistance AH
xyR are equal over 

the temperature range T=5-20K, the underlying mechanism responsible for the quantum 

corrections are different. The quantum corrections for longitudinal conductivity are due 

to electron interaction in granular metallic system as discussed in chapter 5, which is 

cutoff by temperature above a characteristic value on the order of gTδ. This temperature 

could be large for low resistance samples. The AH conductivity assumes quantum 

corrections that are due to weak localization effects associated with the diffusive motion 

of electrons within each grain and are destroyed either by inelastic processes like 

phonons at higher temperatures or by the inter-grain tunneling process depending on the 

tunnel resistance for that sample. For 2/ eRo h< , and at low temperatures when phonon 

scatterings are quenched, conduction electrons can move coherently over several grains 

and loose their phase information due to electron interaction processes that determine the 

quantum corrections to longitudinal, thus resulting in RR scaling behavior. As 

temperature is raised, phonons inside the crystalline grains might destroy the phase 

coherence of electrons within the grain. Hence the weak localization corrections in AH 
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resistance are cutoff at characteristic temperatures due to phonons. The correction to 

longitudinal conductivity depends on the coherence of several tunneling processes, which 

are cutoff at characteristic temperatures that depend on the average grain sizes and tunnel 

barrier height given by the product gTδ. 

The above explanation is also consistent with the data on high resistance samples 

with Ro>3000Ω. As shown in Fig. 6-11the relative change in AH resistance is unaffected 

by increasing resistance. In this situation the coherent motion of electrons that contribute 

to weak localization effects is confined to individual grains. Since the intrinsic nature of 

the iron grains does not change significantly with increasing Ro, the relative change in 

AH resistance is unaffected. However, with increasing resistance the average grain size 

<d> and the tunneling conductance becomes smaller. Thus the effect associated with 

charging of grains deEC /~ 2− becomes increasingly important for the thinner films. 

We speculate that the charging effect of grains might introduce an unscreened long range 

Coulomb force in the system and thus the Hartree term in the expression for conductivity 

35 given by )/)1ln(1( 00
σσ FF+− , becomes important, where σ

0F is the interaction 

parameter. A finite negative value of σ
0F  gives rise to a negative contribution from the 

Hartree terms and reduces the value of the coefficient from unity due to the exchange 

term 35. This is a possible explanation of the deviation of AR from unity at high 

resistances shown in Fig. 6-9a. We note that the effect of Coulomb forces due to charging 

of grains becomes prominent in the strongly disordered Fe/C60 samples where the 

conductivity rapidly diverges as given by equation (6-10) as predicted by theoretical 

calculations 44 that explicitly takes into account the effect of charging energy as an 

electron hops from one grain to another. The onset of the so called Coulomb blockade 
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happens for resistances of the order of 2/ eh and results in the decrease in the value of AR 

with increasing Ro and eventually reaches the hopping regime. However, the surprising 

observation is that even in the strongly disordered samples the AH resistance AH
xyR , 

continues to vary logarithmically with temperature (Figure 6-17) and further consolidates 

our argument for a separation of inter and intra grain mechanisms affecting the 

longitudinal and AH resistances respectively.  

We note here the results of a previous experiment on quench-condensed copper 

films 55 with resistance varying from 100Ω to 40000Ω, where the prefactor AR was found 

to be close to unity over the entire range. These films are homogeneous and amorphous 

and exhibit the universal exchange correction to conductivity. The deviation of AR from 

unity for our polycrystalline films at high resistances is probably due to granular 

morphology of the films where the Hartree terms could be important, as explained above. 

We also note here that the deviation of AAH from unity (Figure 6-9b) for the high 

resistance iron samples is due to the definition of normalized relative change in equation 

(6-6), where one divides the relative change in AH resistance by the low temperature 

resistance. Thus even though the relative change in the AH resistance does not change 

(Figure 6-11), AAH decreases with increasing Ro.  

Dependence of Anomalous Hall Conductivity on Disorder 

So far we have discussed the scaling of longitudinal conductivity Lxx and AH 

conductivity AH
xyL  with respect to varying temperatures. Next we discuss another 

surprising result shown in Fig. 6-19, which exhibits the dependence of the magnitude of 

the low temperature (T=5K) value of AH resistance in our polycrystalline films on Ro.  

We observe an important crossover behavior near Ro~2000Ω. In the low resistance 
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regime, we observed a monotonic increase in the AH resistance with increasing Ro. 

However in the high resistance regime with Ro varying over a wide range from 2000Ω to 

1MΩ, the magnitudes of the corresponding AH resistances attain a constant value 

Ω±= 1080AH
xyR . We emphasize that Fig. 6-19 is on a log-log scale and spans a 

considerably wide range of resistances starting from Ro~2000Ω where the samples are 

weakly disordered iron films with logarithmic temperature dependence to Ro~1MΩ 

where the Fe/C60 samples are strongly disordered exhibiting hopping transport behavior. 

A similar behavior was also observed in cobalt Fig. 6-20, where the AH resistance was 

found to saturate at Ω±= 16AH
xyR  as Ro varied from 1000Ω to 10000Ω.  

Our observation that AH
xyR  attains a constant value while Ro increases can be 

expressed in terms of conductivities as shown in Fig. 6-22 for iron and Fig. 6-23 for 

cobalt. In both figures we have plotted on log-log scale the AH conductivity AH
xyL  as a 

function of longitudinal conductivity Lxx in units of the quantum of conductance L00. We 

found that for both iron and cobalt films, as Lxx of the films decreases (resistance 

increases), the corresponding AH
xyL  also decreases and the data fit to a straight line as 

shown by dashed lines. The corresponding slopes (shown in inset) for both iron and 

cobalt are found to be close to 2. Thus we conclude that, in the limit of decreasing 

conductance of the sample i.e. 0→xxL , the AH conductance also decreases 0→AH
xyL , 

but the approach to zero happens at different rates so that  

.2
2 const

L
L

RLL
xx

AH
xyAH

xyxx
AH
xy ==⇒∝    (6-19) 
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The behavior described in the equation (6-19) has been discussed theoretically 56 and 

verified experimentally in two dimensional electron gas 57 in the context of quantum Hall 

effect and is known as a “Hall Insulator”. We note that in the measurement of the 

quantum Hall effect one is measuring the normal Hall effect in very high magnetic fields. 

Our AH measurements on disordered itinerant ferromagnets reflect distinctly different 

physics. We denote the behavior described by equation (6-19) as the  “anomalous Hall 

insulator”. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-22:The anomalous Hall conductivity vs longitudinal conductivity in units of 
quantum of conductance L00 for iron films on a log-log plot. Triangular data 
points represents ion-milled iron films. Green square points represents Fe/C60 
samples. The red dashed line represents the linear fit for the high resistance 
samples with slope =1.92 ±0.03 and intercept ~80±10Ω. 
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Figure 6-23: The anomalous Hall conductivity vs longitudinal conductivity in units of 
quantum of conductance L00 for cobalt films on a log-log plot. The red dashed 
line represents the linear fit for the high resistance samples with slope 
=2.0±0.03 and intercept =6±1Ω. 

The various microscopic mechanisms for AH effect discussed in chapter 4 assume 

that at low temperatures, when impurity scattering is the dominant mechanism, each 

impurity is responsible for both potential scattering and skew scattering due to spin-orbit 

scattering. These theories predict a monotonic dependence of the AH resistance on the 

sheet resistance of the form MRR xx
AH
xy

α~ , where 2,1=α . However, as we have discussed 

in the previous section, granular films provide a unique situation where the dominant 

scattering mechanism determining resistance and AH resistance are different especially at 

high resistances. The fact that AH
xyR assumes a value independent of the resistance is a 

manifestation of the fact that with increasing Ro, the average inter-grain coupling gets 

weaker, but the intrinsic ferromagnetic nature of the grains comprising the films does not 

change significantly.  
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A refined theoretical model for the residual AH conductivity 53 that might be 

relevant in granular samples would be to consider two sets of scattering centers in the 

system: one is the normal potential scattering centers that do not give rise to skew 

scattering with concentration Nn and the other is the set of scattering centers that gives 

rise to skew scattering with concentration Nm. In the limit that the skew scattering is weak 

and the normal scattering is strong and hence determines the mean free path, it was 

shown by Muttallib and Wolfle 53 that the AH conductivity for skew scattering 

mechanism is given by 

2
)( ~

n

mSSAH
xy N

N
σ       (6-20) 

and for side jump mechanism 

n

mSJAH
xy N

N
~)(σ      (6-21) 

The longitudinal conductivity in this model is not affected by the weak skew scattering 

processes and has the usual Drude kind of dependence due to the potential scattering 

centers and is given by  

nxx N/1~σ      (6-22) 

The above dependences for AH conductivity on the impurity concentrations are different 

from those obtained earlier in the framework of skew scattering 25 and side jump 

mechanism 27. In our model of granular ferromagnetic films, we assume that the 

properties of individual grain do not change with increasing resistance. This is equivalent 

to saying that Nm remains unchanged as resistance increases. Thus it follows from 

equations (6-20) and (6-21) that for skew scattering mechanism, the scaling behavior 

2~ xx
AH
xy σσ  appears naturally implying that AH

xyR  is independent of Rxx. 
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Now we briefly discuss a previous experiment by Lee et.al. 58 on metallic 

ferromagnetic copper-chromium selenide spinel CuCr2Se4 that addresses an important 

issue of whether the AH current due to the Berry phase mechanism28 is dissipationless, 

i.e. independent of impurity concentration. The magnetic moments in this spinel 

compound are localized on the chromium atoms and the coupling between the moments 

is due to superexchange along Cr-Se-Cr bonds. A series of these spinel compounds were 

grown by chemical vapor deposition and Se atoms were systematically substituted by Br 

atoms to form CuCr2Se4-xBrx, without significantly changing the saturation 

magnetization. However, as x varies from 0 to 0.85, the low temperature resistivity 

increases by factor of 270, which was attributed predominantly due to increase in 

impurity scattering rate τ/1  and partly due to a decrease in the hole density.   It was 

shown that by varying the resistivity xxρ of the samples over several decades, the AH 

resistivity AH
xyρ  at T=5K for each of the samples normalized by the hole density nH obeys 

the relation 2~/ xxH
AH
xy n ρρ , implying that the normalized AH conductivity H

AH
xy n/σ  at 

T=5K is independent of impurities and  probably has an origin of a topological nature28. 

The above result is different from our results where we find the AH conductivity 

tends to zero with increasing resistance. We note the important distinctions between Lee 

et. al. experiment and ours. The spinel compounds are not itinerant ferromagnets unlike 

our iron films. The resistance in the spinel samples was varied by changing the impurity 

concentration, whereas in our experiments we are changing the inter grain tunnel 

resistance without significantly changing the intrinsic grain properties like impurity 

concentration. Moreover we note that the resistivity of the spinel samples were less than 
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200µΩcm, which is close to the Mooij limit 50, unlike our samples where the resistivity is 

inferred to be much higher than 100µΩcm. 

Anomalous Hall Response in Fe/C60 Films 

So far we have discussed experimental evidence for a crossover in the magneto-

transport properties in granular ferromagnetic films around a sheet resistance of the order 

of 2/ eh . The crossover is a manifestation of granular morphology of our films that 

results in a separation of intra-grain mechanism that affect the AH resistance from the 

inter grain processes that affect the longitudinal resistance. This leads to the anomalous 

Hall insulating behavior, where the AH resistance AH
xyR  remains constant while the sheet 

resistance of the samples varies over a wide range from the weakly disordered regime to 

the strongly disordered hopping regime. Although the anomalous Hall insulating 

behavior is found to hold for films resistances up to 1MΩ, the question remains open 

whether this behavior holds for arbitrarily high resistances or breaks down at some 

characteristic resistance much larger than 2/ eh . This question is related to our initial 

motivation to understand the nature of magnetism in itinerant ferromagnets in the limit of 

zero conductivity. We wanted to find out if the Stoner criterion 6 for the occurrence of 

band ferromagnetism breaks down in the limit of high resistance when the conduction 

electrons are increasingly localized as in a strongly disordered samples and conduction is 

via hoping between localized states.  

The existence of a superparamagnetic response in thin ferromagnetic systems 

consisting of weakly interacting magnetic clusters has been established in several 

investigations 59-61, using SQUID measurements. The magnetization curves at a given 

temperature as a function of applied magnetic field B exhibit a Langevin dependence, 
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obey the characteristic B/T scaling behavior and show no hysteresis below a characteristic 

blocking temperature TB related to the volume of individual magnetic grains. The 

conventional view of a paramagnetic response is that lowering temperature or increasing 

the magnetic field should increase the magnetic order in the system. This is the basis of 

B/T scaling behavior in paramagnetic systems where the magnetization curves at different 

temperatures collapse onto one curve when plotted as function of B/T.  

Our high resistance (>50kΩ) Fe/C60 films consist of isolated weakly coupled 

ferromagnetic grains as supported by data on transport and magnetoresistance properties.  

In our experiments we could not measure directly the magnetization of the films using 

SQUID or any equivalent method, which are thermodynamic measurements of volume 

magnetization. Instead we have performed AH measurements, which are essentially a 

transport measurement where, by introducing a charge current through the sample and 

relying on the spin-orbit coupling between the itinerant electrons and volume 

magnetization M, we measure a transverse voltage that is proportional to M.  

The AH curves for our strongly disordered Fe/C60 samples, as a function of applied 

field fit to a high degree of accuracy to Langevin function (equation 6-12) as shown by 

the solid lines in Fig. 6-14, further supporting the picture of isolated magnetic particles 

and absence of long range ferromagnetic order. However in a strongly disordered film, as 

temperature is lowered, in addition to increasing magnetic order between isolated 

magnetic grains, there is an opposing process of the quenching of itinerancy of 

conduction electrons which leads to a rapid increase in the resistance. This manifests 

itself in the systematic analysis of the Langevin coefficient γ defined in equation (6-13), 

which is found to decrease linearly with inverse temperature as described by equation (6-
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14). As temperature is lowered and approaches a characteristic temperature TJ, the 

coefficient γ also decreases, which implies that one needs to apply a stronger magnetic 

field to saturate the AH response. However at T=TJ, the AH response will always be zero 

irrespective of the applied magnetic field, thus signaling a possible phase transition. We 

note that to demonstrate the anomalous Hall insulating behavior in the Fe/C60 samples we 

have used the AH resistance as the phenomenological fitting parameter o
xyR , which is 

independent of applied field. We emphasize that this is a valid procedure as long as T>TJ. 

Thus our results suggest that the anomalous Hall insulating behavior holds only for 

resistances lower than RJ determined by extrapolating equation (6-10) to TJ. RJ is a new 

resistance scale and as shown in Table 6-1 has values much larger than Ω≈ 4100/ 2eh . 

For higher resistances R>RJ there will be no AH effect. We note that the trend of 

decreasing γ with decreasing temperature starts at relatively high temperatures of the 

order of 100K, thus allowing us to estimate TJ even from high temperature measurement, 

where the Hall signal can be measured with greater accuracy. 
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CHAPTER 7 
SUMMARY AND FUTURE WORK 

In this dissertation we address an unsettled issue regarding itinerant ferromagnetic 

exchange known to exist in the transition metal elements (iron, cobalt, nickel) and 

investigate the nature of magnetic ordering in ultrathin films of these materials as the 

conduction electrons are progressively localized due to increasing disorder. We have 

presented a systematic in situ magnetotransport study on a series of Fe, Co and Fe/C60 

films with sheet resistances varying over a wide range of 100Ω to 1MΩ. These films are 

believed to consist of polycrystalline metallic grains of very low resistance and the sheet 

resistance in these films is a measure of average inter-grain tunneling resistance. We 

investigate the magnetic properties of these films by monitoring the anomalous Hall (AH) 

effect, which is the transverse potential proportional to the volume magnetization in 

response to a longitudinal charge current. Our results provide strong evidence that due to 

the granular morphology of the films, the microscopic scattering mechanisms that affect 

the electrical conduction and band ferromagnetism are different and lead to unusual 

properties that may seem counterintuitive in the light of existing theories on 

homogeneous systems.   

The temperature dependence of longitudinal electrical conductance in iron films 

exhibits a crossover in behavior around a sheet resistance of the order of  Ω≈ 4100/ 2eh . 

For resistances below the crossover value, the films show weakly disordered behavior 

with logarithmic temperature dependence and a universal prefactor of unity arising from 

the exchange interaction between conduction electrons. For resistances above the 
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crossover, the logarithmic prefactor was found to systematically decrease from unity. We 

propose that as the inter-grain coupling becomes progressively weaker with increasing 

resistance of the sample, the electrostatic energy associated with the charging of grains as 

an electron hops from one grain to another assumes an unscreened long-range character. 

This leads to a finite contribution from the Hartree term in the expression for conductivity 

which is opposite in sign to that of the exchange correction, thus explaining the decrease 

in the value of logarithmic prefactor from unity due to the universal exchange correction. 

The high resistance iron samples (>50kΩ) were grown on a monolayer of C60 to increase 

film stability and exhibited Coulomb blockade with an exponential of 2/1T increase in 

resistance.  

The granular morphology of the films manifests itself in the relative scaling 

behavior of the longitudinal resistance ( xxR ) and AH resistance ( AH
xyR ) as temperature is 

varied in the range 5-20K. For resistances less than 2/ eh , we find a unique scaling 

behavior in which the relative changes in xxR and AH
xyR  are equal with logarithmic 

prefactors close to unity. However for temperatures above 20K, AH
xyR  deviates from 

logarithmic behavior and decreases at a faster rate compared to xxR , which continues to 

exhibit logarithmic behavior to higher temperatures. We propose a model in which the 

AH resistance derives from quantum corrections arising from weak localization effects 

associated with the diffusive motion of electrons inside the grains. These contributions 

are suppressed at higher temperatures by inelastic process such as phonon scattering. The 

longitudinal resistance, on the other hand, is dominated by Coulomb interaction effects 
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associated with charging of grains due to inter-grain tunneling processes, which are cut 

off at relatively higher temperatures that depend on grain size and tunnel resistance42. 

For resistances higher than 2/ eh , the scaling behavior described above breaks 

down. The striking observation in this regime is that the temperature dependent relative 

changes in AH
xyR  for different samples do not show any significant differences from each 

other while the residual resistance Rxx at T=5K varies over a wide range of 3kΩ to 50kΩ 

and the corresponding relative changes in xxR systematically increase. We argue that the 

increasing residual resistance is due to the weakening of coupling between grains. While 

the grain sizes may be smaller for a thinner film with higher resistance, the intrinsic 

ferromagnetic properties of individual grains that determine the AH resistance do not 

change significantly. This argument is also consistent with our data on the dependence of 

the AH resistance on the residual resistance as discussed below. 

The AH resistance at T=5K for iron samples was found to increase monotonically 

with increasing resistance until around 2kΩ when the AH resistance ceases to increase 

any further. In the high resistance regime 2/ eRo h>>  including the strongly disordered 

Fe/C60 films, the AH resistance is found be constant with an average value near 80Ω, 

while the longitudinal residual resistance is varied over several decades from 3kΩ to 

1MΩ. Similar observations have been made in cobalt films where the AH resistance 

remains constant around 6Ω while the longitudinal resistance varies from 1kΩ to 10kΩ. 

This is the “anomalous Hall insulating” behavior where the Hall resistance remains finite 

in the limit of conductivity approaching zero. The fact that the iron and cobalt samples 

saturate at different values of the AH resistance reveals an important aspect of our AH 
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measurements, that is, although the AH effect is proportional to volume magnetization, 

the proportionality constant is a transport property depending on the strength of the spin-

orbit coupling in each material. The magnitudes of the magnetization per atom of iron 

and cobalt as measured in SQUID magnetometers are found to be very close to each 

other. However the anisotropy energy K1 for cobalt is one order of magnitude higher than 

that of iron. Both K1 and the AH effect are related to spin orbit coupling in the material 

which explains the difference in the magnitude of AH
xyR  for iron and cobalt. 

Although the Hall insulating behavior is found to hold for strongly disordered 

samples with resistances as high as 1MΩ, the question remains open whether these trends 

will continue to be obeyed for films with arbitrarily low conductance where they become 

indistinguishable from insulators. To shed some light on this possibility, we performed a 

detailed analysis of the dependence on field and temperature of the AH curves for 

strongly disordered Fe/C60 films. At each temperature, the AH curves as a function of 

magnetic applied field B, were found to obey the classical paramagnetic response 

described by the Langevin function )/1)(coth(0 BBRxy γγ − , indicating the presence of 

isolated magnetic clusters and the absence of ferromagnetic coupling between them. 

However the argument of the Langevin function γ extracted from the fits showed a linear 

decrease with inverse temperature and points toward a characteristic low temperature TJ 

where the coefficient will be zero. This trend is opposite to that expected in the 

magnetization response of a paramagnetic or superparamagnetic system, where the 

coefficient of the Langevin function is known to increase linearly with inverse 

temperature. The extrapolation of the coefficient γ to zero at some characteristic low 

temperature T = TJ implies that the AH resistance will be identically zero irrespective of 
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the applied magnetic field. Thus for a sample characterized by given grain sizes and 

tunneling resistance, there is a certain temperature and hence resistance when the 

magnetic order as measured by AH resistance is destroyed. The anomalous Hall 

insulating behavior will only hold for resistances less than an extrapolated resistance RJ 

determined by the temperature TJ. An important point is that the trend towards vanishing 

γ begins at relatively high temperature and one can therefore make an estimate of TJ and 

RJ from high temperature measurements. The existence of a sample-dependent resistance 

RJ that is orders of magnitude higher than ħ/e2 and which delineates a pronounced 

disappearance of ferromagnetism as measured by the AH effect is unexpected and to our 

knowledge has not been anticipated for highly disordered itinerant ferromagnets. 

We have presented new results on the magnetotransport properties of thin 

ferromagnetic films and provided preliminary explanation of several apparent unusual 

behaviors by taking into account the granular nature of the samples. Transport properties 

of granular media have drawn considerable attention in recent times, although a complete 

and well-established theoretical understanding is yet to be achieved. A simple way to test 

the validity of our arguments based on granularity of the sample is to perform a similar 

experiment on films that are homogeneous and reproduce the results previously reported 

by Bergmann and Ye 48. This can likely be achieved by choosing suitable substrates 

and/or different growth conditions. A popular method of growing homogeneous films is 

to maintain the substrate at very low temperatures during growth, during which the 

arriving atoms simply condense onto the substrate without having enough energy to 

diffuse and form crystalline grains. In our experimental set up it is difficult to cool down 

the sample receiver efficiently for growing samples via quench-condensation. However 
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one can also choose a different material that can be grown in both granular and 

homogeneous forms with similar properties. For example, depending on the substrate 

temperature, manganite materials 62 with ferromagnetic properties can be grown in both 

granular and homogeneous forms. The manganites have the added advantage of not being 

air sensitive like iron or cobalt; hence they can be easily measured and differences in the 

properties, if any, in the two cases can be attributed to morphology. 

In this dissertation we tried to understand how band ferromagnetism is affected by 

increasing disorder by reducing the film thickness. Another important route to address 

this question is by changing the density of charge carriers in the films by the field effect 

and monitor the changes in AH resistances. The field effect experiments are performed in 

a capacitor geometry, where conducting “gate” electrode is separated from the film under 

observation by a layer of dielectric. By applying a potential across the gate and film one 

can change the carrier density in the films, the induced charge density being limited by 

the breakdown voltage of the dielectric. Field effect experiments are prominent only in 

low conductivity systems where carrier density can be modulated significantly with 

experimentally achievable induced charges.  As a possible low carrier density material, 

we propose the use of iron/C60 bilayers that exhibit prominent magnetic ordering as 

measured by the AH effect. Using degenerately doped silicon as the gate electrode, the 

native silicon oxide as the dielectric, and the Fe/C60 bilayer as the top layer, a simple field 

effect device suitable for experiments can be realized. It will be quite interesting to 

investigate how the AH effect varies as the carriers are systematically depleted from the 

film. 
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Another interesting experiment would be to systematically study the AH effect in 

ferromagnetic metals with localized moments, e.g., gadolinium, and look for a similar 

high resistance scale where the AH resistance disappears. The exchange mechanisms for 

band ferromagnets like iron and Heisenberg ferromagnets like gadolinium are quite 

different and might yield additional results that will shed more light on the microscopic 

origin of magnetism in metals. 
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