
OPTIMIZATION MODELS FOR SOURCING DECISIONS
IN SUPPLY CHAIN MANAGEMENT

By

WEI HUANG

A DISSERTATION PRESENTED TO THE GRADUATE SCHOOL
OF THE UNIVERSITY OF FLORIDA IN PARTIAL FULFILLMENT

OF THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

UNIVERSITY OF FLORIDA

2004



Copyright 2004

by

Wei Huang



This work is dedicated to my family.



ACKNOWLEDGMENTS

Many people have helped me to complete the work in this dissertation and I

would like to thank them all. Many thanks go to my advisor H. Edwin Romeijn.

For 4 years, he supervised and guided my research work. This dissertation would

not have been possible without his help. I am in debt for his insightful thoughts

and detailed suggestions. I learned many things from him, about research and

about life. Special thanks go to Ravindra K. Ahuja, Joseph Geunes, and Dolores

Romero Morales. Their research inspired much of the work in this dissertation.

They offered many helpful suggestions and much advice about my research. With

them, I have shared many wonderful discussions and memories. Finally, I would

like to thank the faculty and my colleagues at the Department of Industrial and

Systems Engineering, University of Florida, for their help and support.

4



TABLE OF CONTENTS
page

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

CHAPTER

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.1 Supply Chain Management and Operations Research . . . . . . . 13
1.2 Logistic Networks and Coordination . . . . . . . . . . . . . . . . . 14
1.3 Applications and Algorithms . . . . . . . . . . . . . . . . . . . . . 16

2 CLASS OF ASSIGNMENT PROBLEMS . . . . . . . . . . . . . . . . . . 20

2.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 Greedy Heuristic . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3 Very Large-Scale Neighborhood Search (VLSN) . . . . . . . . . . 23

2.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3.2 VLSN Algorithm . . . . . . . . . . . . . . . . . . . . . . . 24
2.3.3 Penalized VLSN . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4 Branch-and-Price Algorithm . . . . . . . . . . . . . . . . . . . . . 30
2.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.4.2 Reformulation of the Assignment Problem . . . . . . . . . 30
2.4.3 Column Generation . . . . . . . . . . . . . . . . . . . . . . 33
2.4.4 Branching . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 MULTI-PERIOD SINGLE-SOURCING PROBLEM (MPSSP) . . . . . . 41

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 Problem and Formulation . . . . . . . . . . . . . . . . . . . . . . 44

3.2.1 Traditional Formulation . . . . . . . . . . . . . . . . . . . . 44
3.2.2 Assignment Formulation . . . . . . . . . . . . . . . . . . . 47

3.3 Subproblems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.3.1 Domain of the Subproblem . . . . . . . . . . . . . . . . . . 49
3.3.2 Acyclic Case . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.3 Cyclic Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5



3.4 Greedy Heuristic . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4.1 Outline of the Greedy Heuristic . . . . . . . . . . . . . . . 58
3.4.2 Pseudo-Cost Functions . . . . . . . . . . . . . . . . . . . . 59
3.4.3 Stochastic Model for the Problem Data . . . . . . . . . . . 60
3.4.4 Feasibility Condition . . . . . . . . . . . . . . . . . . . . . 61
3.4.5 Asymptotic feasibility and optimality . . . . . . . . . . . . 63

3.5 Computational Results . . . . . . . . . . . . . . . . . . . . . . . . 65
3.5.1 Generation of Problem Instances . . . . . . . . . . . . . . . 65
3.5.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4 CONTINUOUS-TIME SINGLE-SOURCING PROBLEM (CSSP) . . . . 81

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.2 Continuous-Time Single-Sourcing Problem . . . . . . . . . . . . . 82

4.2.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.2.2 Pricing Problem for LP(SP) . . . . . . . . . . . . . . . . . 86
4.2.3 The CSSP-U revisited . . . . . . . . . . . . . . . . . . . . . 90

4.3 Extensions of the CSSP-U . . . . . . . . . . . . . . . . . . . . . . 92
4.3.1 Production Capacity Constraints . . . . . . . . . . . . . . . 93
4.3.2 The CSSP with Production Capacity Expansion . . . . . . 94
4.3.3 The CSSP with Inventory Capacity . . . . . . . . . . . . . 95
4.3.4 The CSSP with Inventory Capacity Expansion . . . . . . . 96

4.4 Greedy Heuristic . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
4.5 Computational Results . . . . . . . . . . . . . . . . . . . . . . . . 103
4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5 MULTI-PERIOD FLEXIBLE DEMAND ASSIGNMENT PROBLEM (MPFDA)111

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.2 The MPFDA with Plate Inventory . . . . . . . . . . . . . . . . . . 113

5.2.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2.2 Subproblem and Greedy Heuristic . . . . . . . . . . . . . . 115
5.2.3 Knapsack Problem with Expandable Items . . . . . . . . . 118

5.3 The MPFDA with Slab Inventory . . . . . . . . . . . . . . . . . . 126
5.3.1 Basic Formulation . . . . . . . . . . . . . . . . . . . . . . . 126
5.3.2 Model Expansions . . . . . . . . . . . . . . . . . . . . . . . 129

5.4 The MPFDA with Plate and Slab Inventory . . . . . . . . . . . . 139
5.4.1 Basic Formulation . . . . . . . . . . . . . . . . . . . . . . . 139
5.4.2 Expansion: Recycle and Purchase in Any Period . . . . . . 142

5.5 Computational Results . . . . . . . . . . . . . . . . . . . . . . . . 144
5.5.1 Generation of Problem Instances . . . . . . . . . . . . . . . 144
5.5.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

6 CONCLUSIONS AND FUTURE RESEARCH DIRECTIONS . . . . . . 153

6



REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

BIOGRAPHICAL SKETCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7



LIST OF TABLES
Table page

3–1 Basic case, acyclic, seasonal demands . . . . . . . . . . . . . . . . . . 73

3–2 Basic case, cyclic, seasonal demands . . . . . . . . . . . . . . . . . . . 74

3–3 Throughput constraints, acyclic, seasonal demands, δ ′ = 1.3 . . . . . . 74

3–4 Throughput constraints, cyclic, seasonal demands, δ ′ = 1.3 . . . . . . . 74

3–5 Inventory capacities, acyclic, seasonal demands, δ′′ = 1.1 . . . . . . . 75

3–6 Inventory capacities, acyclic, seasonal demands, δ′′ = 1.5 . . . . . . . . 75

3–7 Inventory capacities, acyclic, seasonal demands, δ′′ = 2 . . . . . . . . . 75

3–8 Inventory capacities, cyclic, seasonal demands, δ′′ = 1.1 . . . . . . . . 76

3–9 Inventory capacities, cyclic, seasonal demands, δ′′ = 1.5 . . . . . . . . 76

3–10 Inventory capacities, cyclic, seasonal demands, δ′′ = 2 . . . . . . . . . 76

3–11 Perishability constraints, acyclic, seasonal demands, k = 1 . . . . . . . 77

3–12 Perishability constraints, acyclic, seasonal demands, k = 2 . . . . . . . 77

3–13 Perishability constraints, cyclic, seasonal demands, k = 1 . . . . . . . 77

3–14 Perishability Constraints, cyclic, seasonal demands, k = 2 . . . . . . . 78

3–15 Basic case, acyclic, general demands . . . . . . . . . . . . . . . . . . . 78

3–16 Basic case, cyclic, general demands . . . . . . . . . . . . . . . . . . . . 78

3–17 Inventory capacities, acyclic, general demands, δ = 1.1, δ ′′ = 1.5 . . . . 79

3–18 Inventory capacities, cyclic, general demands, δ = 1.1, δ ′′ = 1.5 . . . . 79

3–19 Basic case, acyclic, general demands, m = 10 . . . . . . . . . . . . . . 79

3–20 Basic case, cyclic, general demands, m = 10 . . . . . . . . . . . . . . . 80

3–21 Inventory capacities, acyclic, seasonal demands, m = 10, δ ′′ = 1.1 . . . 80

3–22 Inventory capacities, cyclic, seasonal demands, m = 10, δ ′′ = 1.1 . . . . 80

4–1 Results for M = 5 facilities . . . . . . . . . . . . . . . . . . . . . . . . 105

8



4–2 Results for M = 10 facilities . . . . . . . . . . . . . . . . . . . . . . . 106

4–3 Results for n = 100 retailers, with fi ∈ [100, 500] . . . . . . . . . . . . 107

5–1 Seasonal factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5–2 Results for MPFDA-P . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5–3 Results for MPFDA-S . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5–4 Results of GRASP for MPFDA-S . . . . . . . . . . . . . . . . . . . . . 151

9



LIST OF FIGURES
Figure page

2–1 Cyclic exchange . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2–2 Path exchange . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3–1 Acyclic case, T = 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3–2 Cyclic case, T = 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4–1 Approximation algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 100

10



Abstract of Dissertation Presented to the Graduate School
of the University of Florida in Partial Fulfillment of the
Requirements for the Degree of Doctor of Philosophy

OPTIMIZATION MODELS FOR SOURCING DECISIONS
IN SUPPLY CHAIN MANAGEMENT

By

Wei Huang

August 2004

Chair: H. Edwin Romeijn
Major Department: Industrial and Systems Engineering

In this dissertation, we developed optimization models and algorithms for

sourcing problems arising in supply chain management. We focused on problems in

which a set of retailer demands needs to be assigned to either a set of production

or storage facilities or a set of production resources in a dynamic environment.

However, we first studied a much more general class of assignment problems

(AP) in which we assume that the cost functions associated with assignments

are separable in the agents, but otherwise arbitrary. We developed three solution

methodologies for solving (AP), including a greedy heuristic, a very large-scale

neighborhood search improvement algorithm, and a branch-and-price algorithm.

We next studied three specific applications of (AP). In the first application, we

considered the assignment of retailers to facilities over a discrete time horizon

under dynamic demands and with a linear cost structure in the presence of

constraints such as production capacity, throughput capacity, inventory capacity,

and perishability. In the second application, we considered a continuous-time

model in which the retailers face a constant demand rate, while each facility faces

fixed-charge production costs. We derived a decreasing net revenue property that



is satisfied by the optimal solution to (the linear relaxation of) an important

subproblem, called the pricing problem, for a particular class of (AP). This class

encompasses many variants of this application, including cases with production

and inventory capacities, and cases with capacity expansion opportunities. In the

third application we considered a manufacturer that has flexibility in meeting

its demands, that is, each of its customers will accept product quantities within

a specified range. We considered three different kinds of strategies, where we

can stock raw materials only but produce just-in-time; stock only end products

but acquire raw materials just-in-time; or stock both raw materials and end

products. The pricing problem for this application is closely related to the so-called

knapsack problem with expandable items, which we studied in detail and for

which we developed new solution approaches. We performed extensive tests for all

applications, and concluded that the developed heuristics usually produce very high

quality solutions in limited time.



CHAPTER 1
INTRODUCTION

1.1 Supply Chain Management and Operations Research

The study of supply chain management (SCM) started in the late 1980s and

has gained a growing level of interest from both companies and researchers over the

past 2 decades. There are many definitions of supply chain management. Hau Lee,

the head of the Stanford Global Supply Chain Management Forum (1999), gives a

simple and straightforward definition at the forum website as follows:

Supply chain management deals with the management of materials,

information and financial flows in a network consisting of suppliers,

manufacturers, distributors, and customers.

From this definition, we can see that SCM is not only an important issue to

manufacturing companies, but is also relevant to service and financial firms. We

can even say that almost every company will face SCM problems and the decisions

made regarding SCM will impact the operation of the entire business. More and

more companies have realized the importance of SCM and are putting forward

efforts to improve the performance of their supply chains.

With the globalization of economics, the boundary between nations are becom-

ing less visible in the view of many international companies, which usually operate

a supply chain at a global level. Since suppliers, manufacturers, distributors, and

customers are usually located in different nations in a global supply chain, the com-

panies can take advantage of the differences in characteristics of various countries

when designing their production and sourcing strategies. For example, Walmart

plans to import $15 billion in goods from China in 2004 because developing coun-

tries such as China usually have significantly smaller labor and material costs than

13
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countries like the U.S.A. Another similar example is the trend of outsourcing call

centers and software development from the U.S.A. to India. This trend of global-

ization forces companies to (re)design their logistic networks and (re)consider their

sourcing strategies. An example can be found in the paper on supply chain design

at the Digital Equipment Corporation (see Arntzen et al. [10]).

To design an efficient supply chain, we need to consider problems at the

strategic, tactical, and operational levels. For example, we need to choose suppliers,

decide on the location of production, and choose the shipment modality from the

suppliers and to the customers. We also need to consider the production, storage,

and transportation requirements for different products. In general, these problems

are large scale problems that are complex in nature. It is almost impossible to

solve these problems using only past experience and intuitive rules-of-thumb.

Operations Research has long proved to provide a powerful tool for supporting

real-world decision making in many areas. Thus, the study of SCM has naturally

utilized Operations Research techniques from the first day. By using mathematical

models and scientific approaches, we can usually improve the performance of

the supply chain by improving both costs and the level of customer satisfaction.

With the help of Operations Research techniques and the advance of computer

technologies during the past years, software and consultant firms in area of supply

chain management are commonplace now.

1.2 Logistic Networks and Coordination

In this dissertation we focused our study on efficient material flow, that is,

we studied the logistic or distribution network in which the material flows take

place. The physical nodes of this network usually consist of suppliers, production

facilities, warehouses, retailers, and end customers. The links among these physical

nodes are the routes through which the material flows pass, such as highways

or railroads. In addition, activities can take place in each of the nodes, usually
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requiring a set of decisions to be made. For example, in production facilities we

need to provide a production planning method that guides the production process.

In a warehouse, we need to manage the inventories using a certain inventory control

method.

The problems that we need to deal with in a logistic network can be divided

into strategic, tactical, and operational level problems. At the strategic level,

we, for example, face the problem of locating facilities. At the tactical level, we

may consider transportation modality choice and sourcing decisions. Finally, at

the operational level two classic models for production and inventory control are

Economic Lot Sizing (ELS) model in discrete time and Economic Order Quantity

(EOQ) model in continuous time. By solving these problems, we can expect that

a better performing logistics network will be obtained. However, a basic principle

in Operations Research is that the individual optimization of subproblems will

usually yield solutions that are suboptimal with respect to the entire system. This

tells us that even if we solve the optimization problems at each level mentioned

above, in general the performance of the logistic network thus obtained will not

be the best possible. Hence, an important topic in SCM is that of supply chain

coordination. The reason behind the importance of supply chain coordination is

that the decisions made at the strategic and tactical levels can influence the options

available at the operational level (and vice versa). For example, the location of

facilities will certainly limit the types of shipping methods that can be considered,

which is usually a consideration at the tactical level. On the other hand, the desire

to control transportation costs that are faced at the operational level, has an

impact on the choice of the location of facilities. Thus, decisions having impact on

each other must be coordinated in the supply chain to ensure maximal effectiveness

and efficiency. Such coordination will exist among not only different levels of the

planning process, but also among different stages of the planning process, such
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as production, storage, and distribution. The models that we studied in this

dissertation will integrate several types of coordinated decisions in the supply chain

into account.

1.3 Applications and Algorithms

The goal of this dissertation is to obtain insight into several applications in

supply chain management and logistic network design and develop efficient algo-

rithms for solving them. For these problems, we considered not only the strategic

and tactical decisions of selection of facilities and the assignment of retailers to

facilities, but also the operational level decisions on production and inventory

planning. Thus, with these models we aimed at improving the performance of a

logistics network using coordination.

We can formulate all applications considered in this dissertation as special

cases of a general class of assignment problems. In order to obtain generally

applicable results and obtain a better understanding of the applications studied

in this dissertation, we started the dissertation with the study of this class of

assignment problems. In this general class of assignment problems, a set of tasks

needs to be assigned to a set of agents. As is often the case in practice, we assume

that the costs associated with such assignments is separable in the agents, that

is, the cost of a given agent only depends on the tasks assigned to it, but not

on the way the remaining tasks are assigned to the remaining agents. Such cost

often requires the solution to a so-called subproblem. In addition, we assume

that each task can be assigned to a unique agent only, which is often referred to

as single-sourcing. Such a strategy is widely used in practice since it generally

reduces cross-coordination planning complexities in facilitates improved ordering,

shipping, and receiving coordination between each retailer and its source facility.

We analyzed the structure of this class of assignment problems and proposed three

solution methodologies for solving it, including a greedy heuristic, a very large-scale
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neighborhood (VLSN) search algorithm and a branch-and-price algorithm. All

three algorithms were then specialized and worked out in detail for each application

studied. By rigorously studying the subproblems (needed to evaluate the costs of

a given solution) and the pricing problem (which is a part of the branch-and-price

method), we can develop efficient implementations of these algorithms. We can also

adapt these algorithms to solve many other problems that can be formulated as a

special case of the class of assignment problems.

The logistics network setting in the first two applications is very similar.

In both cases, we considered a logistics network with a set of facilities and a set

of retailers. There is a single type of product and the order of each retailer can

only be fulfilled by exactly one facility. The main difference between the two

applications is that in the first application, the Multi-Period Single-Sourcing

Problem (MPSSP), we considered a discrete time horizon and assume linear

production and holding costs, while in the second application, the Continuous-

Time Single-Sourcing Problem (CSSP), the problem will be set in continuous-time

horizon and we consider fixed setup costs in production. Usually we considered

several variants of each application in the presence of various types of constraints.

In the absence of capacities, the MPSSP can be viewed as a cooperative multi-

supplier and multi-retailer version of the classical ELS model. Similarly, the

uncapacitated CSSP can be viewed as a cooperative multi-supplier and multi-

retailer version of the classical EOQ model.

In the context of the MPSSP, we considered two type of models: the acyclic

model for short term production planning and the cyclic model for long term

production planning. We incorporated several types of constraints to the model

including production capacity constraints, throughput capacity constraints,

inventory capacity constraints, and perishability constraints. We studied the

domain of the subproblem, and used this to propose a random data generation
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model under which a greedy heuristic is provably asymptotically feasible and

optimal. We furthermore developed efficient polynomial-time algorithms for solving

the subproblems in both models and thus an efficient implementation of our greedy

heuristic and VLSN search algorithm.

For the CSSP, we first studied a special subclass of assignment problems,

which in turn generalizes all variants of CSSP that we consider. In general, the

CSSP is a large-scale non-linear integer programming problem. However, we

showed that for this class of problems the optimal solution to (the relaxation of)

the pricing problem satisfies a so-called decreasing net revenue property (DNRS).

Using this property, we were able to solve the pricing problem or its relaxation in

polynomial time in some cases. Even in cases where no polynomial-time algorithm

exists for the pricing problem, the DNRS property may lead to an efficient heuristic

approach. In particular, we developed such a heuristic for the CSSP with inventory

capacity expansion opportunities and proved that it is asymptotically optimal

for solving the relaxed pricing problem. The DNRS property also motivates the

development of a greedy heuristic for the CSSP itself, as well as algorithms for

solving the pricing problem in all variants of CSSP studied. These variants include

a basic uncapacitated CSSP model, as well as models accounting for production or

inventory capacities and models with production or inventory capacity expansion

opportunities.

The third application, the multi-period flexible demand assignment (MPFDA)

problem, was inspired by a problem faced by a manufacturer in the steel industry.

We considered a manufacturer that has flexibility in meeting its demands, that

is, each of its customers specifies a range of demands, and will accept product

quantities within that range. We considered three different kinds of production and

inventory holding strategies, where we can stock raw materials only but produce

just-in-time, stock only end products but acquire raw materials just-in-time, or
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stock both. In the MPFDA the pricing problem can be solved by solving a (set of)

knapsack problem(s) with expandable items (KPEI), which was previously studied

by Balakrishnan and Geunes [11]. We further studied the KPEI problem and

showed that the optimal solution to the linear relaxation of KPEI satisfies some

interesting properties. We then used these properties to develop a polynomial-time

algorithm for the relaxed KPEI, and an efficient heuristic approach for KPEI. We

further showed that this heuristic is asymptotically optimal when the problem data

are randomly generated with finite expectation.

For all three applications, we performed extensive tests on sets of randomly

generated problem instances. These tests indicate that the branch-and-price

algorithm can be effectively used for smaller problem instances and/or to obtain a

good bound on the quality of a heuristic solution for intermediate size problems.

For larger problem instances, our heuristic algorithms can usually obtain very high

quality results in limited time.

The outline of this dissertation is as follows. In Chapter 2 we studied a general

class of assignment problems and proposed three solution methodologies for solving

it, including a greedy heuristic approach, a VLSN search algorithm, and the

branch-and-price method. The next three chapters, Chapters 3-5 dealt with the

three supply chain optimization applications described above: the MPSSP, the

CSSP, and the MPFDA, respectively. Finally, we concluded this dissertation in

Chapter 6 with some concluding remarks and directions for future research.



CHAPTER 2
CLASS OF ASSIGNMENT PROBLEMS

All applications that we studied in this dissertation are special cases of a

class of assignment problems. In this chapter, we give the formulation of this class

of assignment problems, generalizing the class of convex capacitated assignment

problems (CCAP) that was studied by Romero Morales [44]. We then discuss

three types of algorithms for solving such problems, including a greedy heuristic

approach, a very large-scale neighborhood search algorithm, and a branch-and-price

methodology. In the next chapters, we then specialize each of these approaches to

particular assignment problems encountered in supply chain applications.

2.1 Formulation

Consider an assignment problem in which we need to partition a set of tasks

{1, . . . , N} into M agents at minimum cost. In many applications, the costs are

separable in the agents, that is, the cost of an agent can be determined when the

set of tasks assigned to that agent is known, and thus is independent of the way in

witch the remaining tasks are assigned to the remaining agents. We also assume

that there is a single-sourcing constraint, that is, each task can only be assigned

to exactly one agent. We therefore consider the following class of assignment

problems:

minimize
M
∑

i=1

Hi(xi·)

subject to (AP)

M
∑

i=1

xij = 1 j = 1, . . . , N

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N

20
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xi· ∈ Xi i = 1, . . . ,M.

In this formulation, xij denotes a binary decision variable that takes the value 1 if

task j is assigned to agent i and 0 otherwise, and xi· = (xi1, . . . , xiN ). Furthermore,

the function Hi : Xi → R is the cost of agent i as a function of the tasks assigned

to agent i. Finally, sets Xi represent the feasibility of subsets of tasks for agent i

and are assumed to be convex. As shown in later chapters, evaluating a function

Hi often involves solving an optimization subproblem. If functions Hi are linear

and sets Xi are each formed by a single knapsack constraint, this special case of

(AP) becomes the well-known generalized assignment problem (GAP). It thus

follows that (AP) is a NP-Hard problem in general, since the GAP is known to be

NP-Hard.

We next identify a special case of (AP) in which we can relax the binary

constraints to nonnegativity constraints:

Lemma 1 When the functions Hi are concave and Xi = R
N for i = 1, . . . ,M ,

(AP) is equivalent to the following problem:

minimize
M
∑

i=1

Hi(xi·)

subject to

M
∑

i=1

xij = 1 j = 1, . . . , N

xij ≥ 0 i = 1, . . . ,M ; j = 1, . . . , N.

Proof: The transpose of the matrix of coefficients of the first constraint set of

(AP) forms what Nemhauser and Wolsey [38] (Section III.1) refer to as an interval

matrix, that is, a (0, 1) matrix in which all ones occur consecutively within each

a column. Nemhauser and Wolsey [38] also show that such a matrix (along with

its transpose) is totally unimodular (TU). It combined with the fact that if a
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matrix A is TU, then the polyhedron
{

x ∈ R
n
+ : Ax = 1

}

(if non-empty) only has

integral extreme points (Nemhauser and Wolsey [38]). This implies that R(AP)

contains all integral extreme points. Because a concave minimization problem on a

closed convex set has an optimal extreme point solution, we know that the relaxed

problem has a binary optimal solution, which is thus also an optimal solution to

(AP).

In the remainder of this chapter we will describe different solution approaches

to solving (AP).

2.2 Greedy Heuristic

Since in general (AP) is NP-Hard, one approach that we pursued is a heuristic

approach to solve problems from this class. Martello and Toth [34] proposed a

greedy heuristic for the GAP, which is a special case of (AP). In the Bin Packing

Problem, which is also a special case of (AP), there is a widely used heuristic

approach, namely the best fit heuristic, which is also a type of greedy heuristic.

Similar to these approaches we will consider a greedy heuristic for (AP). In the

greedy heuristic we will assign tasks to agents one by one. In each step of the

algorithm, we make an assignment according to a certain rule. This rule should be

defined in such a way that it exploits properties of functions Hi. Because functions

Hi are not specified in (AP), we will only give a outline of the greedy heuristic

here and develop more detailed algorithms for each application considered in later

chapters.

We define a function G(I, J) that represents a rule for choosing a pair consist-

ing of an agent from set I and a task from set J . This assignment is then made,

and the corresponding task is eliminated from further consideration. More formally,

the outline of the greedy heuristic is:



23

Greedy heuristic

Step 0. Set I = {1, . . . ,M}, J = {1, . . . , N} and xG = 0.

Step 1. Let (i, j) = G(I, J), set xG
ij = 1, and set J = \{j}.

Step 2. If J = ∅ stop and we have a solution xG. If I = ∅ stop and we have a

partial solution xG. Otherwise return to step 1.

2.3 Very Large-Scale Neighborhood Search (VLSN)

2.3.1 Introduction

Using the greedy heuristic we can, in many cases, find a reasonable solution of

(AP) very rapidly. But there may also be cases in which the greedy heuristic can

only find a low quality feasible solution, or cannot even find a feasible solution at

all. So it is very natural to pursue an improvement heuristic approach to improve

the solution of (AP) obtained by using the greedy heuristic, and also to obtain a

feasible solution of (AP) when the greedy heuristic fails to find a feasible solution.

We will pursue a widely used improvement approach, namely local search, to

improve the initial (full or partial) solution obtained by the greedy heuristic. In the

discussion below, we will first focus, for ease of exposition, on the case where we

have a feasible solution to the (AP) available.

Generally, a local search algorithm starts with an initial solution and repeat-

edly replaces it by an improved solution within a so-called neighborhood of the

current solution until some termination criterion is satisfied. To start a neighbor-

hood search algorithm we need to define a neighborhood structure of the solution

space. One of the most widely used neighborhoods is the 2-exchange neighborhood,

in which the neighborhood of a given solution contains all solutions that can be

obtained by interchanging the assignment of exactly two tasks currently assigned

to two distinct agents while retaining feasibility. In particular, if task j1 is assigned

to agent i1 and task j2 is assigned to agent i2, we may check if assigning task j2 to

agent i1 and task j1 to agent i2 improves the quality of the solution and maintains
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the feasibility of the solution. If no improvement is found for any of the possible

exchanges of this type, the current solution is locally optimal. The 2-exchange

neighborhood is simple and efficient in many cases. However, to obtain even better

solutions we will pursue a generalization of the 2-exchange neighborhood search,

called very large-scale neighborhood (VLSN) search, instead.

The choice of neighborhood structure determines the quality of the final

solution obtained. In general, disregarding computational effort, the larger the

neighborhoods, the better the final solution is expected to be. However, this will

generally come at the expense of an increase in computation time. Thus, the

use of larger neighborhoods can not guarantee a more effective algorithm unless

the neighborhood can be searched in a very efficient manner. Thompson [48],

Thompson and Orlin [49], Thompson and Psaraftis [50] first proposed the idea of

VLSN search by implicitly (rather than explicitly) enumerating and evaluating all

the neighbors in a very large neighborhood. Ahuja et al. [1, 5] have refined this

algorithm by developing fast network-based algorithm that significantly speed

up the neighborhood search. They have applied this algorithm successfully to

various problems, such as the capacitated minimum spanning tree problem [6], the

quadratic assignment problem [3], the combined through-fleet assignment problem

[2]. The same technique has been used to solve set partitioning problems such as

vehicle routing problems [50, 27, 22], minimum makespan machine scheduling [24]

and other scheduling problems [50]. Next we introduce the basic idea of VLSN

algorithm for the set partitioning problem based on (AP).

2.3.2 VLSN Algorithm

In its original form, VLSN considers a very large-scale neighborhood in which

the neighbors of a solution are all solutions that can be reached through a so-

called cyclic exchange. Let x be a feasible solution of (AP). Suppose that we have

2 ≤ R ≤ M tasks j1,. . . , jR, each of which is assigned to a distinct agent, that
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is, task jr is assigned to agent ir or xirjr = 1 for r = 1, . . . , R. A cyclic exchange

is a multi-task exchange that reassigns task jr to agent ir+1 for r = 1, . . . , R − 1

and task jR to agent i1 (Figure 2–1) and leaves the assignment of all other tasks

unchanged. We say that agents i1, . . . , iR belong to this cyclic exchange. Let x′ be

the solution after the cyclic exchange. Then we have
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Figure 2–1: Cyclic exchange

x′ir · =











xir · − ejr + ejR for r = 1

xir · − ejr + ejr−1
for r = 2, . . . , R

where ej ∈ R
N is the j-th unit vector. If x′ is feasible for (AP) we call this cyclic

exchange feasible. The difference in total cost between x and x′ is equal to:

R
∑

r=1

[Hir(x
′
ir·)−Hir(xir ·)].

Since up to M tasks can belong to a cyclic exchange, the neighborhood of any

feasible solution will usually be very large and we can not explicitly enumerate

all neighbors. Instead we use the concept of improvement graph [49] to implicitly

search the neighborhood.

The improvement graph is defined with respect to a feasible solution x and

denoted by G(x). The graph G(x) has N nodes, each corresponding to a task.
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Suppose task j1 is assigned to agent i1 and task j2 is assigned to agent i2. A

directed arc (j1, j2) represents that task j1 is assigned to i2, the agent which

currently performs the task j2, while simultaneously the task j2 is deassigned from

i2. We define the cost of arc (j1, j2) as the change in costs of agent i2 due to these

changes, that is,

a(j1, j2) = Hi2(xi2· − ej2 + ej1)−Hi2(xi2·).

We include arc (j1, j2) in the improvement graph only when tasks j1 and j2 belong

to two distinct agents and the assignment to agent i2 after the change is feasible.

We call a directed cycle in the improvement graph G(x) subset-disjoint if the

tasks corresponding to the nodes in the directed cycle belong to different agents.

It has been shown that (i) there is a one-to-one correspondence between cyclic

exchange with respect to x and subset-disjoint directed cycles in the improvement

graph G(x), and (ii) the cost of such a cycle is equal to the cost difference between

the two corresponding solutions [49]. Thus if we can find a negative-cost subset-

disjoint cycle in G(x), we find an improved solution in the neighborhood of x.

Since the problem of finding a negative-cost subset-disjoint cycle is an NP-complete

problem [49], we will use an efficient heuristic to solve it approximately. One very

efficient heuristic method has been developed by Ahuja et al. [6]. This heuristic is

a modification of the well-known label-correction algorithm for the shortest path

problem, where each directed path maintained by the algorithm is a subset-disjoint

path.

Once a negative-cost subset-disjoint cycle is found, we will perform the cyclic

exchange and replace the original solution x by the modified solution x′. Then we

need to update the improvement graph so that it corresponds to the neighborhood

of x′. Note that arcs from or to all nodes corresponding to items assigned to those

agents that belong to the cyclic exchange need to be updated. Based on feasibility

checks and arc cost computations with respect to the new solution x′, such updates
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may change arc costs, add arcs, and delete arcs. Then, based on this updated

improvement graph, we can further improve our solution until some stopping

criterion is satisfied.

By adding additional nodes and arcs to the improvement graph, the neighbor-

hood can be expanded even further by also including so-called path exchanges. A

path exchange is similar to a cyclic exchange except that after task jR is deassigned

from agent iR it is assigned to an agent other than i1 (Figure 2–2). The improve-
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Figure 2–2: Path exchange

ment graph is expanded by adding a pseudo node p as well as an agent node, say

[i], for each agent. Then, arcs of the form (p, j) are added; such an arc corresponds

to deassigning task j from the agent to which it is currently assigned, say i, and is

only included in the improvement graph if this deassignment is feasible. The costs

of this arc are

a(p, j) = Hi(xi· − ej)−Hi(xi·).

In addition, arcs of the form ([i], p) are added with arc cost 0. Finally, arcs of

the form (j, [i]) are added between a task node j and agent node i; such an arc

corresponds to assigning task j to agent i, and is only included in the improvement

graph if task j is not currently assigned to agent i and this assignment is feasible.
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The costs of this arc are

a(j, [i]) = Hi(xi· + ej)−Hi(xi·).

It has been shown that in such an improvement graph whenever we find a negative-

cost subset-disjoint cycle containing pseudo node p, it means that we find a

negative cost path exchange (see Ahuja et al. [5]). Then we can apply such a path

exchange to improve our current solution and decrease the total cost.

Above, we discussed how to update the improvement graph when there are

only cyclic exchanges. When both cyclic and path exchanges are considered, we

can again speed up the updating process by only updating some of the arcs and

arc costs of the improvement graph instead of constructing the improvement graph

from scratch. However, the updating process when both types of exchanges are

considered is more complex. Note that the arcs between those tasks assigned to

agents which are not affected by the performed exchange remain unchanged. All

agents to which tasks that occur in the negative-cost subset-disjoint cycle are

assigned are affected, and all tasks assigned to these affected subsets are affected

as well. It then follows that only the costs of arcs in the following three categories

need to be changed:

• Arcs from the pseudo node p to the affected task nodes.

• Arcs from all task nodes to the affected agent nodes.

• Arcs between all task nodes and the affected task nodes.

Now we can summarize the above discussion and give the outline of the VLSN

algorithm:

VLSN

Step 0. Initialize the improvement graph G(x) based on an initial feasible

solution x.
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Step 1. If a negative-cost subset-disjoint cycle can not be found in the improve-

ment graph G(x), stop. Otherwise go to next step.

Step 2. Obtain a better solution x′ by performing the exchange. Update the

improvement graph to G(x′) and set x = x′. Return to step 1.

Each time when some arc costs need to be computed in the VLSN algorithm,

either when we construct the initial improvement graph or during the subsequent

updates, we will need to repeatedly evaluate the functions Hi. Although this seems

a relatively easy task since the assignment vectors are given, this evaluation often

involves the solution of an optimization subproblem. It is therefore critical to be

able to solve these subproblems efficiently. We will develop efficient algorithms for

solving these subproblems for each of the applications studied in this dissertation.

2.3.3 Penalized VLSN

In the first step of the VLSN algorithm an initial feasible solution is needed to

start the algorithm. Such a solution can, for example, be provided by a heuristic

such as the one described in Section 2.2. But in some cases a heuristic only

provides a partial assignment, that is, a solution in which some tasks are not

assigned to agents due to the constraints. We can construct an infeasible solution

from this partial solution by assigning those unassigned tasks to arbitrary agents

without considering the constraints, or in such a way that the constraint violations

are minimized. Then we can use a first phase VLSN algorithm called the penalized

VLSN algorithm to convert this infeasible assignment to a feasible solution by

making all assignments feasible but penalizing the infeasibility of the assignments

to agents.

In particular, suppose that the assignment xi· to agent i is infeasible and

the violation of the constraints can be measured by ∆i(xi·). For example, when

a knapsack constraint is violated, ∆i(xi·) will be the amount of the assigned

volume over the knapsack capacity. Then we penalize the cost of subset i by
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adding L∆i(xi·) to Hi where L is a very large number. If no neighbor of the

current solution is feasible, an iteration of the penalized VLSN algorithm should

find a solution with reduced infeasibility. If, however, one of the neighbors of the

current solution is feasible, it is very likely that the cycle in the improvement graph

corresponding to this neighbor will be detected since this cycle has a negative cost

of very large magnitude. Thus we may expect to eliminate the infeasibility using

the penalized VLSN algorithm. Then, the resulting feasible solution may be used as

a starting point for the regular VLSN algorithm.

2.4 Branch-and-Price Algorithm

2.4.1 Introduction

We have proposed heuristics including a greedy heuristic and a VLSN algo-

rithm for (AP). For many cases of the applications studied in this dissertation these

heuristics, especially the VLSN algorithm, will give us a high quality solution. But

still there are situations, for example, when the quality of the solutions obtained

by using these heuristics are not satisfactory, or when a precise gap need to be ob-

tained, we want to solve (AP) to optimality. We know that the branch-and-bound

method can solve integer problems including (AP) to optimality. However, this

requires an efficient algorithm to solve the relaxed problem obtained by relaxing the

integrality constraints to optimality. For (AP), this relaxation is still very hard to

solve since in general the objective function of this problem is not linear. Thus the

traditional branch-and-bound method can not solve (AP) efficiently. In the next

subsection, we therefore reformulate (AP) as a set partitioning problem. In the

remainder of this section, we then discuss a branch-and-price algorithm for (AP)

based on this reformulation.

2.4.2 Reformulation of the Assignment Problem

Similar to the GAP [14] [47], the CCAP [44], and the MPSSP [25], we can

formulate the (AP) as a set partitioning problem. Let Ki be the number of subsets
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of tasks that can be feasibly assigned to agent i for i = 1, . . . ,M . Let vector

yki· = (yki1, . . . , y
k
iN) denote the k-th feasible subset of tasks for agent i, that is, yk

ij

is 1 if task j is an element of the k-th feasible subset for agent i and 0 otherwise.

We call yki· the k-th column for agent i. Then we can reformulate the (AP) to a set

partitioning problem as follows:

minimize
M
∑

i=1

Ki
∑

k=1

Hi(y
k
i·)λ

k
i

subject to (SP)

M
∑

i=1

Ki
∑

k=1

ykijλ
k
i = 1 j = 1, . . . , N

Ki
∑

k=1

λk
i = 1 i = 1, . . . ,M

λk
i ∈ {0, 1} i = 1, . . . ,M ; k = 1, . . . , Ki .

Variable λk
i is equal to 1 if column k is chosen for agent i and 0 otherwise. The

advantage of this formulation is that it is an integer linear programming problem,

while in general the original formulation is an integer nonlinear programming

problem, which will be hard to solve even after relaxing the integrality constraints

unless the functions Hi are convex.

It is clear that there is a one-to-one correspondence between feasible solutions

to (AP) and (SP). We denote the problem obtained by relaxing the integrality

constraints in (AP) by R(AP), and denote the linear programming relaxation of

(SP) by LP(SP). Each feasible solution to LP(SP) can be transformed to a feasible

solution of R(AP) through the relationship:

xij =

Ki
∑

k=1

ykijλ
k
i .

However, the reverse is generally not true. That is, not every feasible solution to

R(AP) corresponds to a feasible solution to LP(SP).
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Let VR(AP ) and VLP (SP ) be the optimal objective values of R(AP) and LP(SP)

respectively. Romero Morales [44] shows that if the functions Hi are all convex the

optimal solution value of the LP relaxation of (SP) is never worse than the optimal

solution value of the continuous relaxation of (AP), that is,

VR(AP ) ≤ VLP (SP ).

The following proposition shows that the opposite relationship between these values

holds in case all functions Hi are concave:

Proposition 2 If the functions Hi are all concave we have

VR(AP ) ≥ VLP (SP ).

Proof: We have seen that each feasible solution of LP(SP) can be transformed to a

feasible solution to R(AP). If the functions Hi are concave, we thus have that

VR(AP ) =
M
∑

i=1

Hi(xi·) =
M
∑

i=1

Hi

(

Ki
∑

k=1

yki·λ
k
i

)

≥
M
∑

i=1

Ki
∑

k=1

Hi

(

yki·
)

λk
i = VLP (SP ).

These results imply that, when the functions Hi are all convex, a tighter lower

bound to (AP) can be obtained from the optimal solution of LP(SP) than directly

from the optimal solution of R(AP). In contrast, when the functions Hi are all

concave the lower bound obtained from LP(SP) will never be better than that

of R(AP). Despite this seemingly negative result, it may still be very attractive

to use the set partitioning formulation (SP) rather than the original formulation

(AP) due to the abovementioned difficulty in solving even the relaxation R(AP)

to optimality. By using the reformulation we transfer the nonlinear problem to

a linear problem, which may be much easier to solve as long as we can efficiently

evaluate the functions Hi for any given assignment.
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Based on the reformulation (SP) and by combining the branch-and-bound

method with a column generation approach to solving LP(SP) we can develop a

so-called branch-and-price algorithm that can solve the (AP) efficiently for many

cases of the applications studied in this dissertation. This approach has been

reviewed by Barnhart et al. [12]. The branch-and-price method solves the relaxed

problem using the column generation method. In this method, sets of columns

are omitted from the relaxed problem if there are too many variables to handle

explicitly and efficiently and if it can be expected that most of them will have

value equal to zero in an optimal solution. After solving such a reduced relaxed

problem, called the master problem, we need to check the optimality of the solution

with respect to the full problem. A subproblem, called the pricing problem, is then

solved to try to identify one or more columns that could enter the basis if added

to the master problem. If such columns are found, the expanded master problem

is reoptimized, and this procedure is then repeated until no more columns can be

found. Branching occurs as usual when no columns can be priced out to enter the

basis and the corresponding solution to the master problem does not satisfy the

integrality conditions.

2.4.3 Column Generation

In order to apply the standard branch-and-bound method to (SP) all columns

need to be present. However, in general the total number of columns will increase

exponentially in the size of the problem. This makes the standard branch-and-

bound method quite unattractive from a computational point of view. In contrast,

employing the column generation method to solve the relaxed problem at a

node of the branch-and-bound tree eliminates this drawback. In particular, the

column generation method usually only considers a very small subset of columns

and iteratively adds profitable columns until the optimal solution of the relaxed
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problem is achieved. The resulting algorithm is called the branch-and-price

algorithm.

The column generation method considers the problem (SP) with only a limited

set of columns, say K. To start the method, we require an initial set of columns

that contains a feasible solution to LP(SP). We may, for example, use a heuristic

such as a greedy heuristic with or without applying the VLSN method (see Section

2.2) to obtain a feasible solution to (SP). This solution then yields a set of initial

columns for (SP), say K0. (Below we will discuss how to proceed if no heuristic

solution to (SP) is available.) The idea behind column generation is then to solve

LP(SP(K0)) to optimality, and employ the dual optimal solution to verify whether

the optimal solution to LP(SP(K0)) is in fact an optimal solution to the full

problem LP(SP). If this is not the case, we generate additional columns that can

improve this solution, add these to the set K0, and repeat the procedure until the

optimal solution to LP(SP) is obtained.

The usual approach to find the new column is to consider the dual problem

D(SP) to LP(SP):

maximize
N
∑

j=1

uj −
M
∑

i=1

vi

subject to:

N
∑

j=1

ykijuj − vi ≤ Hi(y
k
i·) k = 1, . . . , Ki; i = 1, . . . ,M (2.1)

ui free j = 1, . . . , N

vi free i = 1, . . . ,M.

The dual problem of LP(SP(K)), say D(SP(K)), is similar to D(SP) except that

with respect to constraint set (2.1) it only includes the constraints corresponding to

columns in the subset K. We denote the optimal solution to problem D(SP(K)) by

{u∗(K), v∗(K)} and the optimal solution to LP(SP(K)) by λ∗(K). We say λ∗ is an
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extension of λ∗(K) if λ∗ is obtained from λ∗(K) by setting the value of all column

variables not in the set K to zero. Then if {u∗(K), v∗(K)} satisfies all constraints

in D(SP), the extension of λ∗(K) will be an optimal solution to LP(SP). Otherwise,

any violated constraint from constraint set (2.1) in D(SP) will yield a column that

is likely to improve the current solution to LP(SP) if added to K.

The remaining question is how to efficiently check the feasibility of the dual

solution {u∗(K), v∗(K)} for problem D(SP). This can be done implicitly by finding

the most violated constraints from (2.1) for each agent i by solving the following

so-called pricing problems:

minimize Hi(z)−
N
∑

j=1

u∗j(K)zj + v∗i (K)

subject to:

zj ∈ {0, 1} j = 1, . . . , N

z ∈ Xi.

We denote the pricing problem for agent i and column set K by PPi(K). Since

the structure of the pricing problem for different agents is identical, we will for

clarity of notation often ignore the index i in the pricing problem throughout this

dissertation. If the optimal solutions to all pricing problems have a nonnegative

value, then all dual constraints in D(SP) are satisfied and we have obtained an

optimal solution to LP(SP). Otherwise, any feasible solution to a pricing problem

with negative objective function value corresponds to a column that could enter

the basis if added to K (when using the simplex method starting from the solution

λ∗(K)). Put differently, if we add this column to LP(SP(K)) the reduced cost of

the corresponding variable is negative at λ∗(K)). There are several strategies for

adding new columns. We could only add the solution among all optimal solutions

to the M pricing problems whose objective function value is most negative.
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Alternatively, we could add the optimal solutions to all pricing problems whose

value is negative, or we may even add all or some of the solutions with negative

objective function value found during the solution of the pricing problems. There is

no theoretical result concerning the performance of different strategies for selecting

the column(s) to add, and we will decide experimentally which strategy to follow.

With new columns being generated in each iteration, the size of LP(SP(K)) may

become very large. We may therefore also include methods to delete columns from

K that do no longer seem promising. One way is to set a threshold on the reduced

cost. We may then, in each iteration, eliminate columns whose reduced cost is

larger than the preset threshold. Alternatively, we might only use that strategy for

eliminating columns whenever the total number of columns exceeds some preset

limit.

The column generation method for solving LP(SP) can be summarized as

follows:

Column Generation

Step 0. Set K = K0.

Step 1. Solve LP(SP(K)), and denote the optimal primal solution by λ∗(K) and

the corresponding optimal dual solution by {u∗(K), v∗(K)}.

Step 2. Solve PPi(K) for each agent i. If all these pricing problems have a

nonnegative optimal objective function value, stop and extend λ∗(K) to

obtain an optimal solution to LP(SP). Otherwise, generate a new column

(or set of columns) and add it to subset K. Eliminate some columns if

desired. Return to step 1.

From the above discussion, we know that in the column generation method we

need to very frequently solve a pricing problem: M pricing problems need to be

solved in each iteration, and it may take many iterations for the method to obtain

the optimal solution to LP(SP). Thus, the effectiveness of the column generation
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method relies heavily on our ability to solve the pricing problem efficiently. We will

develop efficient solution methods for solving the pricing problems associated with

several applications of (AP) in the remainder of this dissertation.

As we have stated before, the initial set of columns K0 can be obtained from

solution of the greedy heuristic or VLSN method. In case the greedy heuristic only

finds a partial solution, the penalized VLSN may help us to find a feasible solution.

However, there will still exist cases in which even the penalized VLSN cannot find

a feasible solution. In such cases, we may further apply the idea of penalization to

the column generation method, yielding a penalized column generation method. In

particular, we will create an initial set of columns K0 from an infeasible solution

in the same way as a starting solution for the penalized VLSN was obtained. We

may then let the function value Hi(y
k
i·) = −∞ for every infeasible column yki· ∈ K0.

Since the column generation method is an exact method and it will reach an

optimal solution if one exists, it is certain that after some iterations all variables

corresponding to the infeasible columns will be 0 in the optimal solution for the

master problem, that is, a feasible solution for LP(SP) is obtained.

2.4.4 Branching

The general outline of the branch-and-price method for (AP) is the same

as the well-known branch-and-bound method. However, there are two major

differences. First, the branch-and-price method applies to the (SP) where the

column generation method is used to solve the relaxation of (SP). Second, when

the optimal solution of LP(SP) is fractional and branching is therefore needed to

obtain an optimal integer solution, we branch according to the original variables

xij instead of the column variables λk
i [12]. In the remainder of this section, we will

discuss the details of the branching and bounding steps of the branch-and-price in

details.
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Applying the standard branch-and-bound method we would set some fractional

λk
i to 0 or 1 to create two branches of the current node in the branch-and-bound

tree. Since λk
i represents a particular column, this means that this column is either

excluded or fixed in the solution. However, in the former case it is quite possible

that the optimal solution to the i-th pricing problem is given by this column. In

that case, in order to solve the relaxation of the subproblem, we need to find the

second best solution to this pricing problem. At a depth of n in the branch-and-

bound tree we may even need to find the n-th best solution. Although this is no

problem in theory, efficient algorithms for finding the n-th best solution to the

pricing problem are unlikely to exist. Therefore, we instead choose to branch on

fractional values of the original variables xij instead of the set partitioning variables

λk
i [12].

After solving the relaxed problem and transforming λ to x, we can branch on

fractional variables xij. For example, we could branch on the variable whose value

is closest to 0.5 or some other suitably chosen value. As there are no theoretical re-

sults concerning the choice of branching strategy, we will decide on the appropriate

value by experimentation. If we branch by setting xij = 1, all existing columns in

the master problem that do not assign task j to agent i are deleted and we fix vari-

able zj = 1 in the i-th pricing problem. On the other hand, if xij = 0 all existing

columns in the master problem that assign task j to subset i are deleted and we fix

variable zj = 0 in the i-th pricing problem. Note that, in general, the structure of

the pricing pricing problem will remain (virtually) the same throughout the branch-

and-bound tree, perhaps at the expense of a slight modification of the functions Hi.

It is easy to see that when some zj = 0 the pricing problem will remain the same

since we can simply ignore the variable. In the case some zj = 1, however, some

modification of the function Hi may be needed, especially when the function Hi is

nonlinear since otherwise only some constant terms will be added to the function.
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But for the applications discussed in this dissertation these modifications will not

change the structure of the pricing problem, even in the second case when functions

Hi are nonlinear since the structure of the pricing problem exists in a broad class of

problems.

When computational time is limited so that it is undesirable for the branch-

and-price algorithm to explore the child nodes of the search tree, we may choose to

terminate the algorithm after finding the optimal solution to LP(SP) at the root

node. In order to find an integral solution to LP(SP) we can resolve the master

problem with the integrality constraints enforced to obtain a heuristic solution

for (SP) and thus (AP). This heuristic algorithm will be very useful especially

when the objective function of (AP) is nonlinear and both the greedy heuristic

and VLSN algorithm cannot provide a feasible solution. Although this heuristic

algorithm does not guarantee that a feasible solution is found, it still is a very

promising approach in general since if it finds a feasible solution, this solution

will be at least as good as the solution obtained by the greedy or VLSN heuristics

(assuming that none of the columns corresponding to an initial feasible solution

were deleted by the column generation method).

2.5 Summary

In this chapter, we have discussed a general class of assignment problems

(AP) as well as a set partitioning reformulation (SP) of such problems. We have

proposed three approaches for solving such problems, including a greedy heuristic,

a VLSN improvement method, and a branch-and-price algorithm. However, due

to the generality of the problems discussed in this chapter these descriptions only

provide a general framework for solving particular instances of (AP). Therefore,

in the next chapters we will discuss several types of problems from the class (AP),

and study the issues related to the structure and properties of the functions Hi

that remain. In particular, we will construct specific greedy heuristics, algorithms
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for efficient evaluation of the functions Hi, and solution approaches for the pricing

problems for various applications of assignment problems occurring in supply chain

optimization.



CHAPTER 3
MULTI-PERIOD SINGLE-SOURCING PROBLEM (MPSSP)

3.1 Introduction

This chapter (as well as the next one) explores a class of tactical production

and distribution network design problems for improving cross-facility planning

in supply chains. In this problem class, multiple production facilities produce a

single item, which subsequently must be transported from each facility to a set of

retailers to satisfy customer demands. The goal is allocate each retailer’s demand

to a server facility while minimizing system-wide average production, holding, and

assignment costs per unit time. Typical single-item production planning problems

consider only a single production facility and a single retailer whose demand needs

to be satisfied. The two most widely studied and applied models in this area are

the Economic Lot Sizing (ELS) problem [53], and the Economic Order Quantity

(EOQ) model [30]. The former models the production planning and distribution

problem in discrete time, and allows for a time-varying demand stream at the

retailer. The latter is a continuous-time model that assumes that the retailer

faces a constant demand rate. In both models the goal is to find a production

plan that minimizes total production and inventory holding costs. In the EOQ

model, variable production costs are assumed to be constant over time, and can

thus be ignored since they are independent of the production planning decisions.

Similarly, many single-facility, single-retailer models ignore costs related to shipping

items to the retailer, although certain extensions of the basic models that include

transportation costs have recently been studied [15, 16, 31, 33].

This chapter considers a more broadly applicable setting where multiple

upstream or production facilities can produce an item, and collectively need

41
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to meet the demands of multiple downstream facilities or retailers. For this

problem class, we need to simultaneously plan production in each of the facilities

to minimize total production and inventory holding costs, as well as any additional

costs (such as transportation costs) associated with satisfying retailer demand.

In particular, we will study generalizations of the multi-period single-sourcing

problem (MPSSP), a model that can be viewed as a generalization of the single-

item, single-facility ELS model and was introduced as a tool for evaluating logistics

distribution network designs with respect to costs in a dynamic environment by

Romeijn and Romero Morales [43, 42, 41] and Romero Morales [44]. Moreover, this

model is a special case of the general class of assignment problems (AP) that we

studied in Chapter 2 (as well as of the class of CCAP studied in Romero Morales

[44]. In this problem, we consider a logistics distribution network consisting of

facilities and retailers. Production and storage takes place at the facilities, and the

retailers’ demand patterns for a single product are assumed known. This model

is suitable for tactical use, with a fixed starting period and horizon, as well as

for more strategic purposes, by assuming that the planning period is a typical

future one, and will repeat itself over time. In the latter case, this means that the

model is cyclic in nature. We assume that there is no transportation between the

facilities. In addition, we do not allow for inventories at the retailers. This situation

is typical in, for instance, the food and beverage industry, where the retailers often

are supermarkets and restaurants, which usually have very limited storage capacity.

Although in practice a given retailer may occasionally receive shipments

from multiple production facilities, practical distribution systems often employ

a single-sourcing strategy, that is, a strategy in which retailers are delivered by

a single facility. The single-sourcing strategy offers several practical advantages,

including reduced managerial coordination complexity and a decreased need

for information systems integration between source facilities. We thus consider
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contexts in which this single-sourcing strategy is explicitly imposed based on

managerial and administrative requirements, as well as service considerations.

The decisions that need to be made are (i) the assignment of retailers to

facilities, (ii) the timing of production, and (iii) the location and size of inventories.

As in the basic MPSSP introduced before, we assume that each facility has known,

finite, and possibly time-varying, production capacity. However, in contrast to

earlier models, we allow various additional types of constraints. To account for

the fact that warehouse capacities are limited, we include physical inventory

capacity constraints. Throughput capacity constraints are included to account for

situations in which operational constraints limit the amount of products that can

flow through a facility in a particular period. Finally, many goods are perishable,

either due to a physically limited lifetime, or due to fashion considerations. To

account for this, we allow for a constraint on the number of periods that a good is

stored at a facility before being transported to the retailer.

Since even the problem of determining whether there exists a feasible solution

to the basic MPSSP with production capacities only is NP-complete [35, 45], we

focus on heuristic approaches to this problem. That is, we will develop a greedy

heuristic and apply the VLSN algorithm. Freling et al. [25] studied the branch-and-

price algorithm for MPSSP. We will propose a stochastic model on the problem

data, and derive explicit asymptotic feasibility conditions for the case where the

retailer demands exhibit a common seasonality pattern. In addition to suggesting

an approach for randomly generating problem instances, we also present a greedy

heuristic, and prove that it is asymptotically feasible and optimal in a probabilistic

sense when the number of retailers grows large, under this stochastic data model.

We next employ the Very Large-Scale Neighborhood (VLSN) Search heuristic to

improve the quality of the greedy solution for finite problem sizes. We also present

efficient solution methods for the subproblems.
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Related literature to date has focused mainly on static models [28, 13, 23].

Duran [20] studies a dynamic model for the planning of production, bottling, and

distribution of beer, but focuses on the production process, and Chan, Muriel and

Simchi-Levi [18] study a dynamic, but uncapacitated, distribution problem in an

operational setting.

3.2 Problem and Formulation

3.2.1 Traditional Formulation

Let M denote the number of facilities, N the number of retailers, and T be

the given planning horizon. The facilities perform both a storage and a production

task. With respect to the latter, they face finite production capacities in each

period, given by bit (i = 1, . . . ,M ; t = 1, . . . , T ). The demand of retailer j in period

t for a single product is given by djt (j = 1, . . . , N ; t = 1, . . . , T ). The production

costs are assumed linear, with the unit production costs at facility i in period t

denoted by pit (i = 1, . . . ,M ; t = 1, . . . , T ). The single-sourcing aspect of the model

requires that the demand of a retailer is satisfied by a single facility only. The total

transportation costs for supplying retailer j by facility i throughout the planning

horizon is given by cij ≡
∑T

t=1 cijt(djt), where cijt is an arbitrary transportation cost

function (i = 1, . . . ,M ; j = 1, . . . , N ; t = 1, . . . , T ). The unit inventory holding

costs at facility i in period t are given by hit (i = 1, . . . ,M ; t = 1, . . . , T ). All

parameters are nonnegative by definition.

The decisions to be made are the assignment of retailers to facilities, as well as

the production quantities and inventory levels at the facilities. To this end, let xij

be equal to 1 if retailer j is assigned to facility i and 0 otherwise. In addition, let

yit represent the production quantity at facility i in period t, and Iit the quantity

in storage at facility i at the end of period t. Hereafter x ∈ R
M×N will denote the

vector with components xij and similarly for y, I ∈ R
M×T .
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The basic MPSSP can now be formulated as follows:

minimize
T
∑

t=1

M
∑

i=1

pityit +
M
∑

i=1

N
∑

j=1

cijxij +
T
∑

t=1

M
∑

i=1

hitIit

subject to

yit ≤ bit i = 1, . . . ,M ; t = 1, . . . , T (3.1)
N
∑

j=1

djtxij + Iit = yit + Ii,t−1 i = 1, . . . ,M ; t = 1, . . . , T (3.2)

M
∑

i=1

xij = 1 j = 1, . . . , N (3.3)

Ii0 = 0 i = 1, . . . ,M (3.4)

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N (3.5)

yit, Iit ≥ 0 i = 1, . . . ,M ; t = 1, . . . , T.

The constraints (3.1) model the production capacity constraints, and (3.2) model

the inventory balance constraints. Constraints (3.3) (together with (3.5)) enforce

the single-sourcing constraints, that is, that each retailer is assigned to exactly one

facility. Constraints (3.4) model the presence of initial inventory, which is generally

assumed to be zero. A positive inventory can of course easily be incorporated.

Note that the nonnegativity of the inventory holding costs implies that,

without loss of optimality, the ending inventories will be equal to zero: IiT = 0

for i = 1, . . . ,M , as is common in standard economic lot sizing problems. Despite

the undesirable end-of-study effect, this may be an adequate modeling of a short-

term, operational system. However, in longer-term, tactical or strategic, studies

evaluating the performance of a logistics network, it may be undesirable to fix in

advance the starting and ending inventories. We therefore consider a variant of our

models that assumes that the planning horizon of T periods represents a typical

future planning cycle that will repeat itself. In that case, it is reasonable to impose
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the following constraints, replacing (3.4):

Ii0 = IiT i = 1, . . . ,M. (3.4′)

The models using constraints (3.4) will be called acyclic, whereas we will call the

models using constraint (3.4′) cyclic. In the remainder of this chapter, we will

assume that there are no speculative motives in the production and inventory costs,

that is, pi[t+1] ≤ pit + hit for all i = 1, . . . ,M ; t = 1, . . . , T − 1 in the acyclic

case, and in addition for t = T in the cyclic case, where [t] ≡ (t − 1) mod T + 1.

In particular, this means that, capacities permitting, demand should always be

satisfied by production in recent periods, avoiding holding inventories as much as

possible.

In contrast with earlier models, we will allow for various additional types of

capacity constraints that often play a role in practice.

(i) Throughput constraints

Operational limitations often constrain the quantity of goods that can be

handled at a particular facility during a given time period. Assuming that the

finite throughput capacity at facility i in period t is given by rit, we can model

the corresponding constraints as

N
∑

j=1

djtxij ≤ rit i = 1, . . . ,M ; t = 1, . . . , T. (3.6)

(ii) Physical inventory constraints

A finite storage capacity of I it at facility i in period t can easily be modeled

by including the following constraints:

Iit ≤ I it i = 1, . . . ,M ; t = 1, . . . , T. (3.7)

It will be convenient to define I i0 = 0 for i = 1, . . . ,M .

(iii) Perishability constraints
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To account for the perishable nature of goods, we may constrain the number

of periods that a good is stored at a facility. In particular, denoting the

maximum number of periods that a product can be stored by k, we obtain

the following constraints in the acyclic case:

Iit ≤
min(T,t+k)
∑

τ=t+1

N
∑

j=1

djτxij i = 1, . . . ,M ; t = 1, . . . , T. (3.8)

In the cyclic case, these constraints become:

Iit ≤
t+k
∑

τ=t+1

N
∑

j=1

dj[τ ]xij i = 1, . . . ,M ; t = 1, . . . , T. (3.8′)

Perishability constraints have been considered in inventory control, but

they can hardly be found in the literature on integrated production and

distribution planning. A notable exception is Myers [37] who proposes

a linear programming model to determine the maximum demand that a

company dealing with perishability issues can accommodate.

We will refer to the MPSSP with all capacity constraints added as (P), and denote

its LP-relaxation by (LP).

3.2.2 Assignment Formulation

We can reformulate the MPSSP as an assignment problem as follows [43, 42]:

minimize
M
∑

i=1

Hi(xi·)

subject to (AP1)

N
∑

j=1

djtxij ≤ rit i = 1, . . . ,M ; t = 1, . . . , T (3.9)

M
∑

i=1

xij = 1 j = 1, . . . , N

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N
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where Hi(z), for z ∈ R
N
+ , is the optimal solution value of the following subproblem

in the acyclic case:

minimize
N
∑

j=1

cijzj +
T
∑

t=1

pityt +
T
∑

t=1

hitIt

subject to (HA
i )

yt ≤ bit t = 1, . . . , T
N
∑

j=1

dj1zj + I1 = y1 (3.10)

N
∑

j=1

djtzj + It = yt + It−1 t = 2, . . . , T (3.11)

It ≤ min



I it,

min(T,t+k)
∑

τ=t+1

n
∑

j=1

djτzj



 t = 1, . . . , T (3.12)

yt, It ≥ 0 t = 1, . . . , T.

In the cyclic case, we obtain the subproblem (HC
i ) by replacing (3.10)–(3.12) by

N
∑

j=1

djtzj + It = yt + I[t−1] t = 1, . . . , T

It ≤ min

(

I it,

t+k
∑

τ=t+1

n
∑

j=1

dj[τ ]zj

)

t = 1, . . . , T.

Notice that for any given assignment z the first term of the objective function is

constant and thus can be eliminated from the objective function. We will often

simply refer to the subproblem (Hi), where the context dictates whether this

denotes (HA
i ) or (H

C
i ) (or both). Clearly, the subproblem (Hi) may be infeasible

for some z ∈ R
N
+ , which would yield Hi(z) = ∞. Alternatively, we may impose

additional constraints on (AP1) to ensure that the corresponding subproblem

(Hi) is feasible for all feasible assignments x. As we will see later, it often turns

out to be computationally more efficient to deal with the infeasibility of (Hi) in

the former way. However, it nevertheless is of independent interest to explicitly
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characterize the feasible assignment vectors. These characterizations will help us

design a probabilistic model for the problem parameters for computational testing.

In addition, some of the characterizations will suggest efficient solution approaches

for the subproblems. In the remainder of this section, we will study such feasibility

conditions for both the acyclic and the cyclic variants of MPSSP. We will refer to

the set of vectors z ∈ R
N
+ for which Hi(z) <∞ (or, equivalently, (Hi) is feasible), as

the domain of Hi.

3.3 Subproblems

3.3.1 Domain of the Subproblem

The subproblems (Hi) are actually capacitated minimum cost network flow

problems after eliminate the first constant term when the assignment z is given.

The corresponding graphs contain a single supply node (denoted by S), as well

as T demand nodes (denoted by 1, . . . , T ). Demand node t has demand equal

to the total demand in period t of all retailers assigned to facility i, that is,
∑N

j=1 djtzj, and the supply node has supply equal to the sum of all demands:
∑T

t=1

∑N

j=1 djtzj. There are (production) arcs of the form (0, t) for all t = 1, . . . , T ,

with costs pit and capacities bit. In addition, in the acyclic case there are (in-

ventory) arcs of the form (t, t + 1) for all t = 1, . . . , T − 1, with costs hit and

capacities min
(

I it,
∑min(T,t+k)

τ=t+1

∑N

j=1 djτzj

)

. In the cyclic case, there are inven-

tory arcs of the form (t, [t + 1]) for all t = 1, . . . , T , with costs hit and capacities

min
(

I it,
∑t+k

τ=t+1

∑N

j=1 dj[τ ]zj

)

. Figures 3–1 and 3–2 illustrate the graphs cor-

responding to both variants of the problem, where the arc labels denote the

capacities (using the notation of Theorems 3 and 4), and the arc costs are omit-

ted. The following theorems characterize the domain of the function Hi for both

the acyclic and cyclic case. The results of these theorems were already proven by

Romero Morales [44]; however, our alternative proofs are more concise due to the

fact that the network flow structure of the subproblems is employed.
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Theorem 3 In the acyclic case, the domain of the function Hi consists of all

z ∈ R
n
+ satisfying

τ+r
∑

t=τ

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit + I i,τ−1 τ = 1, . . . , T ; r = 0, . . . , T − τ (3.13)

τ+r
∑

t=τ+k

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit τ = 2, . . . , T − k; r = k, . . . , T − τ. (3.14)

Proof: For convenience, we will define

Dt =
N
∑

j=1

djtzj t = 1, . . . , T

It = min



I it,

min(T,t+k)
∑

τ=t+1

N
∑

j=1

djτzj



 t = 1, . . . , T.

Theorem 6.12 in Ahuja et al. [4] gives a general necessary and sufficient condition

for feasibility of capacitated network flow problems. For our problem, these

conditions reduce to:

∑

t∈S

Dt ≤
∑

t∈S

bit +
∑

t: t6∈S, t+1∈S

It for all S ⊆ {1, . . . , T} (3.15)

−
∑

t∈S

Dt ≤
∑

t: t∈S, t+1 6∈S

It for all S ⊆ {1, . . . , T}. (3.16)

It is clear that (3.16) is redundant. With respect to (3.15), note that we can

restrict ourselves to subsets S containing consecutive integers, since all other

conditions can be obtained by adding the conditions for such subsets. This means

that (HA
i ) is feasible if and only if

τ+r
∑

t=τ

Dt ≤
τ+r
∑

t=τ

bit + Iτ−1 τ = 1, . . . , T ; r = 0, . . . , T − τ.

Returning to the original notation, this yields the condition

τ+r
∑

t=τ

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit +min



I i,τ−1,

min(T,τ+k−1)
∑

t=τ

N
∑

j=1

djtzj





τ = 1, . . . , T ;

r = 0, . . . , T − τ
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which is equivalent to the pair of conditions

τ+r
∑

t=τ

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit + I i,τ−1 τ = 1, . . . , T ; r = 0, . . . , T − τ (3.17)

τ+r
∑

t=τ

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit +

min(T,τ+k−1)
∑

t=τ

N
∑

j=1

djtzj τ = 1, . . . , T ; r = 0, . . . , T − τ. (3.18)

Now note that conditions (3.17) are precisely conditions (3.13). For τ = 1, . . . , T −k

and r = k, . . . , T − τ condition (3.18) can be rewritten as

τ+r
∑

t=τ+k

N
∑

j=1

djtzj ≤
τ+r
∑

t=τ

bit (3.19)

while for τ > T − k or r < k it can easily be seen to be redundant. Finally, for

τ = 1 (3.19) is implied by condition (3.17) for τ = 1. This completes the proof.

A similar result holds for the domain of the function Hi in the cyclic case.

Theorem 4 In the cyclic case, the domain of the function Hi consists of all

z ∈ R
n
+ satisfying

τ+r
∑

t=τ

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] + I i[τ−1] τ = 1, . . . , T ; r = 0, . . . , T − 2 (3.20)

T
∑

t=1

N
∑

j=1

djtzj ≤
T
∑

t=1

bit (3.21)

τ+r
∑

t=τ+k

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] τ = 1, . . . , T ; r = k, . . . , T − 2. (3.22)

Proof: The proof is analogous to the proof of Theorem 3, where we interpret the

term consecutive in a cyclic manner. Similarly to Theorem 3, define

Dt =
N
∑

j=1

djtzj t = 1, . . . , T

It = min

(

I it,
t+k
∑

τ=t+1

N
∑

j=1

dj[τ ]zj

)

t = 1, . . . , T.
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Using again Theorem 6.12 in Ahuja et al. [4], the necessary and sufficient condi-

tions for feasibility for (HC
i ) reduce to:

∑

t∈S

Dt ≤
∑

t∈S

bit +
∑

t: t6∈S, [t+1]∈S

It for all S ⊆ {1, . . . , T} (3.23)

−
∑

t∈S

Dt ≤
∑

t: t∈S, [t+1] 6∈S

It for all S ⊆ {1, . . . , T}. (3.24)

It is clear that (3.24) is redundant. With respect to (3.23), note that we can

restrict ourselves to subsets S containing integers that are consecutive in a cyclic

manner, since all other conditions can be obtained by adding the conditions for

such subsets. Consecutive in a cyclic manner means that 1 follows T , so that, for

instance, {T − 1, T, 1, 2, 3} is a set of consecutive integers. This means that (HC
i ) is

feasible if and only if

T
∑

t=1

Dt ≤
T
∑

t=1

bit

τ+r
∑

t=τ

D[t] ≤
τ+r
∑

t=τ

bi[t] + I[τ−1] τ = 1, . . . , T ; r = 0, . . . , T − 2.

Returning to the original notation, the first condition coincides with (3.21). The

second set of conditions yield

τ+r
∑

t=τ

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] +min

(

I i[τ−1],

τ+k−1
∑

t=τ

N
∑

j=1

dj[t]zj

)

τ = 1, . . . , T ;

r = 0, . . . , T − 2

which is equivalent to the pair of conditions

τ+r
∑

t=τ

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] + I i[τ−1] τ = 1, . . . , T ; r = 0, . . . , T − 2 (3.25)

τ+r
∑

t=τ

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] +
τ+k−1
∑

t=τ

N
∑

j=1

dj[t]zj τ = 1, . . . , T ; r = 0, . . . , T − 2. (3.26)
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Now note that conditions (3.25) are precisely conditions (3.20). For τ = 1, . . . , T

and r = k, . . . , T − 2 condition (3.26) can be rewritten as

τ+r
∑

t=τ+k

N
∑

j=1

dj[t]zj ≤
τ+r
∑

t=τ

bi[t] (3.27)

while for r < k it can easily be seen to be redundant. This completes the proof.

We have characterized the domain of the subproblems for both acyclic and cyclic

cases. Next we will describe how these subproblems can be solved efficiently since

we need to solve a large amount of the subproblems in VLSN to compute the arc

costs in the improvement graph.

3.3.2 Acyclic Case

As shown in Section 3.2.2, the problem (HA
i ) is actually a capacitated mini-

mum cost network flow problem in a directed acyclic graph. By the assumption

that there are no speculative motives in the production and inventory costs, the

optimal solution will avoid using the inventory arcs as much as possible. Therefore,

we will produce the demand of each demand node as late as possible, thereby

using as little inventory as possible. The optimal candidate inventories, for now

disregarding the inventory capacity constraints, can then be found recursively as

follows:

It =











0 for t = T

max
(

0,
∑N

j=1 dj,t+1zj + It+1 − bi,t+1

)

for t = T − 1, . . . , 0.
(3.28)

If all inventory levels satisfy the capacity constraints (including I0 = 0), this

solution is feasible and therefore optimal. On the other hand, if one or more

inventory capacities are violated, the problem does not have a feasible solution.

This follows directly from the fact that, by construction, the solution given above

uses as little inventory as possible. (Note that the flows on the arcs of the form

(0, t) are simply equal to
∑N

j=1 djtzj+It−It−1, which satisfy the capacity constraints
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by construction.) The running time of this procedure is O(T ). Note that, in the

case with production capacities only, we may check feasibility of the assignments xi·

for facility i in O(T ) time by observing that only T of the constraints (3.13)-(3.14)

are relevant. In the presence of other capacities, checking feasibility directly is

computationally more expensive than applying the recursion (3.28) and checking

for feasibility of the candidate solution.

In addition to the running time of the procedure, we also need to compute the

demands, which takes O(NT ) time when computed from scratch to initialize the

improvement graph. However, after finding an improved neighbor by using VLSN,

updating all demands for facility i takes only O(T ) time, since at most one retailer

leaves the facility, and at most one retailer enters the facility.

3.3.3 Cyclic Case

In the cyclic case, note that without loss of optimality we can assume that

min
t=1,...,T

It = 0.

We propose to solve the problems (HC
i ) by, for each t = 1, . . . , T , fixing It = 0

and treating period t as the ‘last’ planning period. We can then use the backward

recursion from Section 3.3.2 to obtain T candidate solutions. If at least one of

these is feasible for (HC
i ), the cheapest one among these is the optimal solution.

Otherwise, (HC
i ) is infeasible. The complexity of this procedure is O(T 2).

In the remainder of this section, we will show that in the absence of physical

inventory and perishability constraints, we can actually improve this complexity

result, and solve the problem (HC
i ) in O(T ) time. For ease of exposition, we will

always consider periods in a cyclic manner, that is, 1, . . . , T, 1, . . . etc. For example,

t = 5, . . . , 2 will mean that t takes on the values 5, 6, . . . , T, 1, 2.
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As in Theorem 4, define

Dt =
N
∑

j=1

djtxij t = 1, . . . , T.

Then define the partial sums of residual capacity, starting at the base period 1, as

follows:

∆t =
t
∑

τ=1

bτ −
t
∑

τ=1

Dτ t = 1, . . . , T.

It is clear that the problem (HC
i ) is feasible if and only if ∆T ≥ 0, that is, total

supply is no smaller than total demand. The following lemma finds a different base

period, with respect to which all residual capacities are nonnegative.

Lemma 5 Let s ∈ argmint=1,...,T ∆t. Define

∆′
t =

t
∑

τ=s+1

bτ −
t
∑

τ=s+1

Dτ t = 1, . . . , T.

Then ∆′
t ≥ 0 for all t = 1, . . . , T .

Proof: It is easy to see that

∆′
t = ∆t +∆T −∆s ≥ 0 for t = 1, . . . , s

∆′
t = ∆t −∆s ≥ 0 for t = s+ 1, . . . , T.

The following theorem now shows that, without loss of optimality, we can

choose period s as defined in Lemma 5 to be the ‘last’ planning period.

Theorem 6 Let s ∈ argmint=1,...,T ∆t. Then, without loss of optimality, we can

assume that Is = 0.

Proof: We will show the result by contradiction. Let (y∗, I∗) be an optimal

solution to the problem (HC
i ). Without loss of optimality, we may assume that

there exists at least one t such that I∗t = 0. Now suppose that I∗s = ε > 0. Let t1 be

the last period before period s such that I∗t1 = 0, and let t2 be the first period after
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period s such that I∗t2 = 0 (it may be that t1 = t2). Since I
∗
t1

= 0 and I∗s = ε, we

know that
s
∑

t=t1+1

y∗t =
s
∑

t=t1+1

Dt + ε

that is, the total production in periods t1 + 1, . . . , s exceeds the total demand in

these periods by ε. Similarly, since I∗t2 = 0, we know that

t2
∑

t=s+1

y∗t =

t2
∑

t=s+1

Dt − ε

that is, the total production in periods s + 1, . . . , t2 falls short of the total demand

in these periods by ε.

Now note that, by Lemma 5,

t
∑

τ=s+1

bτ ≥
t
∑

τ=s+1

Dτ for all t = s+ 1, . . . , t2

that is, the total production capacity in periods s + 1, . . . , t is at least equal to the

demand in these periods for all t = s+ 1, . . . , t2.

We can now conclude that we can find another feasible solution by decreasing

the aggregate production in the periods t1 + 1, . . . , s by ε, decreasing I∗s to zero,

and increasing the aggregate production in periods s + 1, . . . , t2 by ε. Since the

production and inventory costs exhibit no speculative motives, the cost of this

modified solution is no worse than the solution we started with. Thus, we can

assume without loss of optimality that Is = 0.

Since the value of s in Theorem 6 can be computed in O(T ) time, and since the

optimal solution to (HC
i ) given that Is = 0 can be computed in O(T ) time, (HC

i )

can be solved in O(T ) time. Note that, in the case with production capacities

only, we may check feasibility of the assignments xi· for facility i in O(1) time

by observing that only the constraint (3.21) is relevant. In the presence of other
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capacities, checking feasibility directly is computationally more expensive than

applying the O(T ) method outlined above.

3.4 Greedy Heuristic

3.4.1 Outline of the Greedy Heuristic

Martello and Toth [34] proposed a greedy heuristic for the Generalized As-

signment Problem. This greedy heuristic was improved by Romeijn and Romero

Morales [40], who also showed that their improvement of the heuristic is asymp-

totically feasible and optimal with probability one under a very general stochastic

model for the problem instances. Romeijn and Romero Morales [43, 42] subse-

quently generalized this heuristic and the analysis to the basic MPSSP as well as

some extensions thereof. In this section we will describe a further generalization

of the greedy heuristic to the MPSSP with the additional capacity constraints

described above. In addition, we will generalize results by Romero Morales [44]

and provide an asymptotic performance guarantee for particular stochastic models

for the problem data. Using the assignment formulation (AP1) of the MPSSP, the

idea of the heuristic is to evaluate each possible assignment using some pseudo-

cost function f(i, j), which should measure the actual assignment costs, as well

as the cost of using the limited capacities. For each assignment to be made, the

difference between the second smallest and the smallest values of f(i, j) (called the

desirability of making the cheapest assignment with respect to the pseudo-cost) is

computed, and assignments are made in decreasing order of this difference. Along

the way the values of the desirabilities are updated to take into account the fact

that the reduction in capacities caused by earlier assignments makes certain other

assignments infeasible.

Greedy Heuristic

Step 0. Set L = {1, . . . , N} and xG = 0.
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Step 1. For all j ∈ L, let

Fj = {i : retailer j can feasibly be assigned to facility i given xG}.

If Fj = Ø for some j ∈ L: let L = L\{j} and repeat Step 1. Otherwise,

let

ij ∈ argmin
i∈Fj

f(i, j) for j ∈ L

ρj = min
s ∈ Fj

s 6= ij

f(s, j)− f(ij, j) for j ∈ L.

Step 2. Let ̂ ∈ argmaxj∈L ρj, and set

xGî ̂ = 1

L = L \ {̂}.

Step 3. If L = Ø: STOP, xG is a (partial) solution to (AP1). Otherwise, go to

Step 1.

The output of this greedy heuristic is a vector of assignments xG, which

is either a full or a partial solution of the reformulated problem (AP1). In the

following section, we generalize the pseudo-cost functions proposed earlier for the

basic version of the MPSSP to the case with additional capacity constraints.

3.4.2 Pseudo-Cost Functions

Following Romeijn and Romero Morales [43, 42] and Romero Morales [44], we

employ the following pseudo-cost function for (P):

f(i, j) =











cij +
∑T

t=1

(

λ∗it + ξ∗it −
∑min(k,t−1)

`=1 α∗i,t−`

)

djt for the acyclic case

cij +
∑T

t=1

(

λ∗it + ξ∗it −
∑k

`=1 α
∗
i[t−`]

)

djt for the cyclic case

where λ∗, ξ∗, and α∗ are, respectively, the vectors of optimal dual multipliers for

the production capacity constraints (equation (3.1)), the throughput capacity

constraints (equation (3.6)), and the perishability constraints (equation (3.8) or
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(3.8′)) in the LP-relaxation of (P). Note that all capacity constraints have been

rewritten as “≥”-constraints, so that the multipliers are all nonnegative.

Romeijn and Romero Morales [43, 42] analyzed the greedy heuristic with the

pseudo-cost function given above in the presence of production capacity constraints

only. Under a very general stochastic model for the data that yields feasible

problem instances with probability one, the greedy heuristic has been shown to

produce solutions that are asymptotically feasible and optimal with probability one

for the cyclic case. The same performance guarantee holds in the acyclic case if the

retailer demands share a common seasonality pattern. This result can be extended

to the MPSSP with throughput and physical inventory capacities and perishability

constraints, again when the retailer demands share a common seasonality pattern.

Next we will derive a suitable stochastic model for this case, that is then also used

to generate problem instances for testing purposes.

3.4.3 Stochastic Model for the Problem Data

We will follow Romeijn and Romero Morales [43, 42, 41] and Romero Morales

[44], and discuss a stochastic model for the problem data of the capacitated

MPSSP1 . For each j = 1, . . . , N , let (Dj·, C·j) be i.i.d. random vectors in [D,D]T ×

[C,C]M (with D > 0), where Dj· = (Djt)t=1,...,T and C·j = (Cij)i=1,...,M . We assume

that the vectors (Dj·, C·j) (j = 1, . . . , N) are i.i.d. according to an absolutely

continuous probability distribution for each j = 1, . . . , N . Note that the demands

and costs for a particular retailer are allowed to be dependent. We will often

assume that the demands of all retailers share some common seasonality pattern,

that is, Djt = σtDj for a fixed vector of seasonality factors σ, such that σt ≥ 0

1 In the remainder of this dissertation, random variables will be denoted by cap-
ital letters, and their realizations by the corresponding lowercase letters. In addi-
tion, the symbol E will be used to denote expectation.
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for all t = 1, . . . , T , and
∑T

t=1 σt = 1. The production and inventory holding costs

pit and hit are assumed to be fixed nonnegative constants. For convenience, let

p = mini,t pit, p = maxi,t pit, h = mini,t hit, and h = maxi,t hit.

To allow for sufficient capacity as the number of retailers grows, we let all

capacities bit, rit, and I it depend linearly on N :

bit = βitN

rit = ρitN

I it = ηitN

where βit, ρit, and ηit are positive constants. This way of modelling the capacities

is customary in probabilistic models for assignment problems [21, 51, 39]. Observe

that M and T are fixed, thus the size of (P) only depends on the number of

retailers N .

3.4.4 Feasibility Condition

In the presence of production capacities only, Romeijn and Romero Morales

[43] show that acyclic instances of (P) generated using this model are feasible with

probability one if

τ
∑

t=1

E(D1t) <
τ
∑

t=1

M
∑

i=1

βit for τ = 1, . . . , T

and infeasible with probability one if at least one of the inequalities is reversed.

Similarly, Romeijn and Romero Morales [42] show that the corresponding condition

is
T
∑

t=1

E(D1t) <
T
∑

t=1

M
∑

i=1

βit

for the cyclic case. These conditions are closely related to the inequalities charac-

terizing the domain of Hi.

In the presence of throughput, physical inventory, and perishability con-

straints, feasibility conditions can be derived for the case where the retailer
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demands share a common seasonality pattern. In this case, the capacity constraints

(3.9) and the additional constraints ensuring that the objective function is finite, or

the domain of Hi, then reduce to

N
∑

j=1

djxij ≤ BiN i = 1, . . . ,M

where

Bi = min

{

min
t=1,...,T

(

ρit
σt

)

, min
τ = 1, . . . , T

r = 0, . . . , T − τ

(∑τ+r

t=τ βit + ηi,τ−1
∑τ+r

t=τ σt

)

,

min
τ = 2, . . . , T − k
r = k, . . . , T − τ

(∑τ+r

t=τ βit
∑τ+r

t=τ σt

)

}

in the acyclic case, and

Bi = min

{

∑T

t=1 βit
∑T

t=1 σt

, min
t=1,...,T

(

ρit
σt

)

, min
τ = 1, . . . , T

r = 0, . . . , T − 2

(

∑τ+r

t=τ βi[t] + ηi[τ−1]
∑τ+r

t=τ σ[t]

)

,

min
τ = 1, . . . , T

r = k, . . . , T − 2

(

∑τ+r

t=τ βi[t]
∑τ+r

t=τ σ[t]

)}

in the cyclic case. This means that the feasible region of (AP1) is in fact the

feasible region of a Generalized Assignment Problem with agent-independent

requirements. The feasibility of this problem was studied by Romeijn and Piersma

[39]. The following assumption ensures that problem instances generated according

to the probabilistic model given above are asymptotically (as N →∞) feasible with

probability one.

Assumption 7 The normalized aggregate capacity exceeds the expected demand per

retailer, that is,

E(D1) <
M
∑

i=1

Bi.

In addition, Romeijn and Piersma [39] show that asymptotic infeasibility is

guaranteed with probability one if the inequality in the assumption is reversed.
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Myers [37] analyzes the effect of perishability on the maximum demand that

a company can accommodate. He takes into account production capacity and

perishability constraints. The demands are aggregated over all retailers, and

the capacities are aggregated over all facilities. For each period, a seasonality

factor similar to our constant σt is known, which represents the fraction of the

total retailer demand in period t. He proposes a linear programming model to

forecast the maximum total demand that the facility can satisfy. Note that this

model resembles the one-facility acyclic MPSSP with production capacity and

perishability constraints, where the retailer demands share a common seasonality

pattern. In the MPSSP, the demands are known for each retailer and we are

interested in conditions under which we can satisfy this demand, while Myers

knows the proportion of total demand that will be consumed in each period and

is interested in the total demand that can be satisfied. The upper bound on the

maximal demand derived by Myers coincides with B1N where ρ1t = η1t =∞ for all

t = 1, . . . , T and M = 1.

3.4.5 Asymptotic feasibility and optimality

In this section we prove asymptotic feasibility and optimality of the greedy

heuristic with the pseudo-cost function proposed in Section 3.4.2 when the re-

tailer demands exhibit a common seasonality pattern. We denote the optimal

assignments in the LP-relaxation of (P) by xLP, and its objective value by zLP.

Furthermore, let xG denote the (partial) solution to (AP1) given by the greedy

heuristic, and zG be its objective value. Note that the integral assignments in xLP

as well as xG are (partial) solutions to (AP1). Let AN be the set of assignments for

which xG and xLP do not coincide. The following result shows that the number of

differences for which xLP and xG do not coincide can be bounded from above by a

constant independent of N .
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Theorem 8 (cf. Romero Morales [44]) There exists some constant R, inde-

pendent of n, such that |AN | ≤ R for all instances of (LP) that are feasible and

non-degenerate.

The following result ensures that under the stochastic model proposed in Section

3.4.3, (LP) is non-degenerate with probability one.

Lemma 9 (cf. Romero Morales [44]) (LP) is non-degenerate with probability

one, under the stochastic model proposed.

We will use the following lemma to prove the asymptotic feasibility result in

Theorem 11.

Lemma 10 (cf. Romeijn and Piersma [39]) Under Assumption 7,

M
∑

i=1

Bi −
1

N

M
∑

i=1

N
∑

j=1

DjX
LP
ij > 0

with probability one when n goes to infinity.

We are now ready to prove that the greedy heuristic yields a solution that is

asymptotically feasible and optimal with probability one when the retailer demands

follow a common seasonality pattern.

Theorem 11 Under Assumption 7, the greedy heuristic is asymptotically feasible

and optimal with probability one when the retailer demands follow a common

seasonality pattern.

Proof: (LP) is non-degenerate with probability one (see Lemma 9) and feasible

with probability one when N → ∞ by using Assumption 7. From Theorem 8, we

then know that the number of assignments that differ between the optimal solution

of the relaxation of (P) and the solution given by the greedy heuristic is bounded

from above by a constant independent of N . Moreover, Lemma 10 ensures us that

the remaining capacity in the optimal solution for the relaxation of (AP1) grows

linearly with N . Thus, when N grows to infinity, the solution found by the greedy

heuristic is a feasible solution to (AP1).
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It remains to be shown that the greedy solution is asymptotically optimal. It

suffices to show that | 1
N
ZLP

N − 1
N
ZG

N | → 0 with probability one as n→∞. It is easy

to show that

∣

∣

∣

∣

1

N
ZLP

N − 1

N
ZG

N

∣

∣

∣

∣

≤
(

C − C +
(

p− p+ Th
)

D
) |AN |

N
.

The desired result then follows directly from Theorem 8.

The generalization of Theorem 11 to the case of general demands is an open

issue. It is fairly straightforward to generalize the result of Theorem 8. However,

the main obstacle to proving asymptotic feasibility (and optimality) for the general

case is the fact that the constraints can, unlike in the seasonal demand case, not be

summarized in a single constraint for each facility [43].

3.5 Computational Results

3.5.1 Generation of Problem Instances

We have tested our solution approach on problem instances generated accord-

ing to the stochastic model presented in Section 3.4.3. For each problem instance,

we have generated a set of facilities and a set of retailers uniformly in the square

[0, 10]× [0, 10]. For the case where all retailers exhibit the same seasonality pattern,

we have generated an aggregate demand Dj from the uniform distribution on [5, 25]

for each retailer j, and set Djt = σtDj (t = 1, . . . , T ). For the more general case, we

have generated a demand Djt from the uniform distribution on [5σt, 25σt] for each

retailer in each time period. We have fixed the number of time periods T = 6, and,

in most cases, chosen the vector of seasonal factors to be σ = ( 19 ,
3
18 ,

2
9 ,

2
9 ,

3
18 ,

1
9)
>.

However, in this case perishability constraints, even with k = 1, 2, often turn

out to be non-binding. To obtain more illustrative results, we have used a more

extreme (albeit less realistic from a practical point of view) vector of seasonal coef-

ficients when perishability constraints are present; in particular: σt =
6t2

T (T+1)(2T+1)
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(t = 1, . . . , T ) for the acyclic case, and σ1 = 6T 2

T (T+1)(2T+1)
and σt = 6(t−1)2

T (T+1)(2T+1)

(t = 2, . . . , T ) for the cyclic case.

The costs Cij are assumed to be proportional to demand and distance, that is,

Cij = distij
∑T

t=1Djt, where distij denotes the Euclidean distance between facility

i and retailer j. Finally, we have generated inventory holding costs hit uniformly in

the interval [10, 30] and, without loss of generality due to the absence of speculative

motives, chosen the production costs equal to zero.

We have assumed that the capacities are equal for all facilities and all periods,

that is, bit = βN , rit = ρN , and I it = ηN . When all retailers demands have the

same seasonal behavior, we can make the feasibility conditions given in Section

3.4.4 more explicit for the following types of problem instances:

1. The basic MPSSP

In this case, we choose

β = δ · E(D1)

M
· max
t=1,...,T

(

1

t

t
∑

τ=1

στ

)

in the acyclic case, and

β = δ · E(D1)

M
· 1
T

T
∑

t=1

σt

in the cyclic case. The feasibility condition for this model is then equivalent

to δ > 1. In fact, it can be shown that the same feasibility conditions are

valid for the general demand case discussed above.

2. The MPSSP with throughput constraints

In this case, we choose β the same as in the basic case, and

ρ = δ′ · E(D1)

M

(

max
t=1,...,T

σt

)

for both the acyclic and the cyclic case. The feasibility condition for this

model is then equivalent to δ > 1 and δ′ > 1.
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3. The MPSSP with physical inventory constraints

In this case, we have the following theorem:

Theorem 12 If β is the same as in the basic case, and

η = δ′′ · max
r=0,...,T−2

(

E(D1)

M
· max
τ=2,...,T−r

τ+r
∑

t=τ

σt − β(1 + r)

)

in the acyclic case, and

η = δ′′ · max
r=0,...,T−2

(

E(D1)

M
· max
τ=1,...,T

τ+r
∑

t=τ

σ[t] − β(1 + r)

)

in the cyclic case, The feasibility condition for this model is then equivalent to

δ > 1 and δ′′ > 1.

Proof: We know that the this model is asymptotically feasible when As-

sumption 7 is satisfied. Since Bi is the same for all i = 1, . . . ,M , the

feasibility conditions then can be rewrite as

Bi >
E(D1)

M
.

Romero Morales [44] has shown that in this model we have

Bi = min
τ = 1, . . . , T

r = 0, . . . , T − τ

(∑τ+r

t=τ βit + ηi,τ−1
∑τ+r

t=τ σt

)

in acyclic case and

Bi = min

{

min
τ = 1, . . . , T

r = 0, . . . , T − 1

(

∑τ+r

t=τ+1 βi[t] + ηi[τ−1]
∑τ+r

t=τ+1 σ[t]

)

,

∑T

t=1 βit
∑T

t=1 σt

}

in cyclic case. It follows that in the acyclic case the model is feasible when

(r + 1)β + η
∑τ+r

t=τ σt

>
E(D1)

M
τ = 1, . . . , T ; r = 0, . . . , T − τ

or equivalently

η >
E(D1)

M

τ+r
∑

t=τ

σt − (r + 1)β τ = 1, . . . , T − r; r = 0, . . . , T − 1.
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If we choose β the same as in the basic case with δ > 1, It is easy to see that

the above inequality is redundant when r = T − 1 and τ = 1. Thus we have

η > max
r=0,...,T−2

(

E(D1)

M
· max
τ=2,...,T−r

τ+r
∑

t=τ

σt − β(1 + r)

)

and this prove the conditions for acyclic case. The conditions for cyclic case

can be obtained in a similar manner.

4. The MPSSP with perishability constraints

In this case, we have chosen

β = δ · E(D1)

M
· max
τ = 2, . . . , T − k
r = k, . . . , T − τ

(

1

r + 1

τ+r
∑

t=τ

σt

)

in the acyclic case, and

β = δ · E(D1)

M
· max

τ = 1, . . . , T
r = k, . . . , T − 2

(

1

r + 1

τ+r
∑

t=τ

σ[t]

)

.

The feasibility condition for this model is then equivalent to δ > 1.

3.5.2 Results

We have mainly considered cases with M = 5 facilities, and N = 15, 25,

50, 100, 150, 200, 250, and 300 retailers. For the production capacities, we have

mainly used a multiplier of δ = 1.1. Note that δ > 1 ensures asymptotic feasibility.

Our value of δ provides relatively tight (thus relatively hard) problem instances,

while still allowing for a reasonable fraction of feasible instances for small numbers

of retailers. For the throughput and physical inventory constraints, choosing

the tightness parameter too small would yield instances (and solutions) that are

impractical, since they would allow for too little variety in the types of feasible

solutions. Therefore, for the throughput constraints, we have used δ ′ = 1.3, and for

the physical inventory constraints we have used δ′′ = 1.1, 1.5, 2. Finally, we have

considered perishability constraints with k = 1, 2.
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For most experiments we have used demand data that exhibits the same

seasonality pattern for all retailers, since the feasibility analysis for the data model

as well as the asymptotic performance guarantee are valid in this case.

To evaluate the quality of the greedy heuristic and VLSN, we compare the

solution value to the LP-lower bound for instances with M ≥ 50, and with the

exact integer solution value for M = 15, 25.

When the greedy heuristic does not find a feasible solution, we employ the

penalized VLSN to find a feasible solution (see Section 2.3). We measure the

infeasibility of the problem instance (HA
i ) by combining the maximal violation of

constraints as follows:

∆A
i (xi·) =

T
∑

t=1

max

{

0,
N
∑

j=1

djtxij − rit

}

+

T
∑

t=0

max







0, Iit −min



I it,

min(T,t+k)
∑

τ=t+1

N
∑

j=1

djτxij











and of the problem instance (HC
i ) as follows:

∆C
i (xi·) =

T
∑

t=1

max

{

0,
N
∑

j=1

djtxij − rit

}

+

min
τ=1,...,T

T
∑

t=0

max

{

0, Iτit −min

(

I it,

t+k
∑

τ=t+1

N
∑

j=1

dj[τ ]xij

)}

where the values of Iit and Iτit are computed using the recursion (3.28), in the latter

case treating τ as the last period by setting I τiτ = 0 and performing the backwards

recursion in a cyclic manner from there. Using these measures of infeasibility, we

then add the term
M
∑

i=1

L∆i(xi·)

to the objective function of (AP1). We initially set L = 1000, and multiply it by a

factor of 10 when VLSN does not find an improving or feasible solution. As soon as

VLSN does find a feasible solution, we disregard the penalty term in the objective
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function, and retain feasibility for the remainder of the algorithm. If no feasible

solution is obtained with L = 1011, we stop the procedure without a solution to the

problem.

For each class of problem instances we have generated and solved 25 instances.

Tables 3–1-3–22 report the test results. The default number of facilities is M = 5 in

the tables. The tables show, for both the greedy heuristic and VLSN, the number

of instances for which the heuristic found a feasible solution, the computation

time, and the error (averaged over all instances for which a feasible solution

was found). For VLSN the average number of iterations, that is, the number of

improving solutions, is given. VLSN was able to find a feasible solution to almost

all instances that were in fact feasible. A superscript on the number of instances for

which VLSN found a feasible solution indicates the number of instances that were

feasible, but for which VLSN was not successful. In most cases, the error shown

is an upper bound on the actual error, computed using the optimal solution value

of the LP-relaxation. In Tables 3–1 and 3–2, as well as for N = 15, 25 in all other

tables, the error was computed using the optimal solution, or the best lower bound

obtained by CPLEX within 15 minutes of CPU time. Finally, in Tables 3–1 and

3–2 the average solution times using CPLEX are shown. The upper bound on the

solution time was 15 minutes, and a superscript indicates the number of instances

for which this limit was reached.

All tests were performed on a PC with a 667 MHz Pentium III processor with

128 MB RAM. All LP-problems and MIP problems were solved using CPLEX 7.0.

Main results.

Tables 3–1-3–14 show results using the parameter choices indicated above.

In most cases, VLSN was able to find a feasible solution whenever the problem

instance was feasible, so the corresponding column in the tables actually indicates

the number of feasible instances (out of the 25 generated). Only in 4.3% of the
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instances with N = 15 and 0.3% of the instances with N = 25 was VLSN

unsuccessful in finding a feasible solution to the problem.

Most tables clearly illustrate the asymptotic feasibility and optimality of the

greedy heuristic. In Tables 3–5 and 3–8, we see significantly fewer feasible instances

than for all other cases. Additional experiments have shown that the asymptotic

nature of the feasibility result are more prominent here, and only for N ≥ 2000

do we stop seeing any infeasible instances. However, the ratio N/M between the

number of retailers and facilities often needs to be quite large to obtain acceptable

solution quality. VLSN, however, is able to find good solutions to the problem

in little time even for these apparently harder instances where the ratio N/M is

small. The greedy heuristic and VLSN seem to be complementary, in the sense that

the problem instances for which the time required to obtain a good solution using

VLSN gets large, often allow for a good solution using the greedy heuristic only

in far less time. In comparison, the time used by CPLEX to solve the problems

to optimality is very problem dependent, and increases quite rapidly in the size of

the problem. For N = 15, CPLEX takes, on average, 4-230 times as much time

as VLSN. For N = 25, this increases to 8-270. The time used by CPLEX for

problem instances with N = 15 are anywhere from less than a second to about half

a minute. This indicates that for the smallest problems, CPLEX could be a viable

alternative to VLSN. Combining these observations, it seems that CPLEX should

be used for the smallest instances, up to N = 15, VLSN for the larger instances, up

to say N = 300, and the greedy heuristic for the largest instances.

The tables show that the computation times and solution quality for VLSN are

remarkably insensitive to the types of capacity constraints present, as well as the

particular tightness parameters chosen.

Another interesting result is that apparently very few iterations of VLSN yield

a dramatic improvement in solution quality. As for the computation time involved,
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the operation that currently takes the most time is finding the negative cycle.

Generally, around 50% of the time of VLSN is spent there.

General demands in basic case and with physical inventory capacities.

Tables 3–15-3–18 show results obtained using the general demand model, for

the basic MPSSP as well as the case with physical inventory capacities. In the

latter case the feasibility condition for general demands is an open issue, but in the

former the feasibility condition for seasonal and general demands coincide. We have

therefore decided to use the same capacities as in the seasonal case for the model

including inventory capacities as well. Apart from somewhat larger errors and a

lower success rate for instances with a small ratio between the number of retailers

and suppliers, the similarity of the results for both demand models shows that

the results in Section 3.5.2 do not depend significantly on that particular choice

of demand model. The difference for small N is likely to be caused by apparently

tighter capacities in case of general demands.

More facilities in basic case and with physical inventory capacities.

To study the impact of the number of facilities M , we have tested the per-

formance of the algorithms for the basic case, as well as the case with physical

inventory capacities when M = 10. To avoid memory problems in the negative

cycle detection procedure of VLSN, we have here limited the cycle length to 3

retailers. The results in Tables 3–19-3–22 indicate that, with this setting, the

main difference between M = 5 and M = 10 is the error experienced by VLSN.

Recall that the errors are with respect to the best bound found by CPLEX within

at most 15 minutes for N = 25, and with respect to the LP bound for all other

instances, explaining the jump in error from N = 25 to N = 50 for Tables 3–19 and

3–21-3–22. In Table 3–20, CPLEX was rarely able to find an optimal solution even

within a 30 minute time limit, and the errors are with respect to a probably weak
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Table 3–1: Basic case, acyclic, seasonal demands

Greedy heuristic Including VLSN search CPLEX
N Feas. Time Error feas. Time Error Iter. Time

(sec) (%) (sec) (%) (sec)

15 18 0.001 11.29 21(1) 0.09 2.07 2.1 4.09
25 18 0.006 13.62 21 0.15 1.56 2.8 21.22
50 24 0.018 6.23 24 0.41 0.58 3.4 45.59(1)

100 25 0.061 3.87 25 1.93 0.24 4.7 16.69
150 25 0.132 3.03 25 5.22 0.12 5.1 131.02(1)

200 25 0.244 2.31 25 10.03 0.09 4.7 224.38(3)

250 25 0.374 1.55 25 20.20 0.08 5.2 171.68(1)

300 25 0.546 1.31 25 28.66 0.06 5.3 378.22(8)

lower bound. We conclude that problems with very small ratio between the number

of retailers and the number of facilities are particularly hard problems.

3.6 Summary

In this chapter we have considered the MPSSP for evaluating a logistics

network design in a dynamic environment in the presence of production, inventory,

and throughput capacities and perishability constraints. We have developed

efficiently implementable greedy heuristic and VLSN algorithm. In particular,

we have proposed a greedy heuristic approach which enjoys attractive theoretical

properties, a VLSN algorithm with an efficient subproblems solving approaches,

and shown that these algorithms are very successful at obtaining high quality

solutions to the problem in limited time. We are currently investigating extensions

of the approach to nonlinear production cost structures, as well as cases that allow

for inventories at the retailer level.
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Table 3–2: Basic case, cyclic, seasonal demands

Greedy heuristic Including VLSN search CPLEX
N Feas. Time Error feas. Time Error Iter. Time

(sec) (%) (sec) (%) (sec)
15 19 0.001 10.61 22 0.08 1.69 2.1 3.99
25 16 0.006 16.49 21 0.16 0.95 3.0 30.93
50 21 0.012 8.73 24 0.41 0.89 3.5 12.85

100 25 0.046 3.06 25 1.79 0.37 4.0 26.00
150 25 0.098 2.27 25 5.55 0.21 4.7 115.95
200 25 0.171 1.63 25 10.78 0.15 4.3 329.62(5)

250 25 0.268 1.45 25 22.80 0.12 5.1 280.56(4)

300 25 0.389 1.17 25 34.50 0.08 4.7 325.43(5)

Table 3–3: Throughput constraints, acyclic, seasonal demands, δ ′ = 1.3

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 13 0.005 21.69 16(2) 0.10 3.42 2.2
25 20 0.001 13.33 24 0.17 1.20 3.2
50 22 0.016 9.92 22 0.44 1.27 3.9

100 25 0.060 3.11 25 1.67 0.40 4.0
150 25 0.134 2.65 25 4.92 0.29 4.6
200 25 0.239 2.25 25 9.96 0.19 4.4
250 25 0.374 1.45 25 18.70 0.15 4.8
300 25 0.532 1.57 25 36.95 0.13 6.0

Table 3–4: Throughput constraints, cyclic, seasonal demands, δ′ = 1.3

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 13 0.005 12.35 16(2) 0.10 1.70 2.4
25 21 0.001 8.74 24 0.15 1.34 2.9
50 22 0.010 6.17 22 0.42 0.89 3.7

100 25 0.048 3.19 25 1.72 0.32 3.9
150 25 0.101 2.27 25 5.32 0.20 4.6
200 25 0.177 1.50 25 12.48 0.12 5.2
250 25 0.275 1.27 25 20.89 0.10 4.9
300 25 0.394 1.08 25 39.23 0.09 5.7
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Table 3–5: Inventory capacities, acyclic, seasonal demands, δ′′ = 1.1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 9 0.000 11.45 13(1) 0.09 2.40 2.1
25 10 0.007 7.97 15 0.15 2.51 2.4
50 10 0.036 3.58 12 0.33 1.47 2.7

100 10 0.175 2.68 12 1.66 0.57 3.3
150 8 0.495 1.36 10 4.21 0.29 3.6
200 9 1.052 0.77 12 9.00 0.17 4.1
250 13 1.935 0.63 14 18.00 0.15 4.6
300 11 3.214 0.56 14 32.77 0.10 4.8

Table 3–6: Inventory capacities, acyclic, seasonal demands, δ′′ = 1.5

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 12 0.007 12.27 19(1) 0.12 3.88 2.4
25 11 0.008 9.89 15 0.19 2.14 3.0
50 18 0.034 4.74 20 0.37 1.43 3.2

100 24 0.176 2.87 25 1.63 0.54 3.6
150 24 0.494 2.44 24 4.50 0.27 4.2
200 24 1.054 1.93 24 10.20 0.20 4.9
250 25 1.928 1.50 25 18.71 0.15 4.8
300 25 3.195 1.08 25 28.52 0.10 4.3

Table 3–7: Inventory capacities, acyclic, seasonal demands, δ′′ = 2

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 15 0.005 16.46 18(2) 0.10 2.96 2.3
25 22 0.005 14.11 25 0.15 0.94 3.0
50 24 0.033 7.07 24 0.36 1.37 3.4

100 25 0.176 4.15 25 1.84 0.51 4.7
150 25 0.493 3.16 25 4.99 0.25 5.1
200 25 1.054 2.40 25 9.61 0.17 4.7
250 25 1.931 1.61 25 19.43 0.13 5.2
300 25 3.202 1.35 25 27.76 0.10 4.3
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Table 3–8: Inventory capacities, cyclic, seasonal demands, δ′′ = 1.1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 12 0.006 8.51 17(2) 0.11 2.41 2.5
25 9 0.009 12.62 11 0.19 2.79 3.0
50 15 0.033 3.99 18 0.48 1.27 3.5

100 13 0.176 1.70 16 1.76 0.48 3.8
150 20 0.498 1.43 20 4.53 0.21 4.3
200 22 1.056 0.70 23 10.07 0.17 4.5
250 19 1.929 0.70 20 18.13 0.11 4.3
300 16 3.205 0.50 20 31.30 0.08 4.3

Table 3–9: Inventory capacities, cyclic, seasonal demands, δ′′ = 1.5

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 18 0.003 11.44 20(1) 0.09 2.85 2.3
25 17 0.008 9.77 19 0.14 1.51 2.7
50 21 0.034 5.88 22 0.42 0.89 3.6

100 24 0.178 3.40 24 1.84 0.33 4.2
150 25 0.497 2.17 25 5.37 0.22 4.8
200 25 1.060 1.59 25 12.51 0.12 5.3
250 25 1.929 1.23 25 21.00 0.09 5.1
300 25 3.190 1.06 25 35.73 0.09 5.3

Table 3–10: Inventory capacities, cyclic, seasonal demands, δ′′ = 2

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 15 0.003 12.61 20(1) 0.10 2.61 2.0
25 19 0.003 13.81 21 0.15 0.62 2.8
50 22 0.033 6.17 22 0.43 0.87 3.7

100 25 0.175 3.19 25 1.76 0.32 3.9
150 25 0.498 2.27 25 5.33 0.20 4.6
200 25 1.058 1.50 25 12.42 0.12 5.2
250 25 1.930 1.27 25 20.80 0.10 4.9
300 25 3.213 1.08 25 40.10 0.08 5.8
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Table 3–11: Perishability constraints, acyclic, seasonal demands, k = 1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
15 16 0.002 9.88 23 0.11 1.47 2.4
25 18 0.008 4.06 22 0.17 0.91 2.7
50 24 0.039 2.96 24 0.46 0.58 3.9

100 25 0.198 2.90 25 2.11 0.24 4.6
150 25 0.544 1.47 25 5.75 0.13 4.9
200 25 1.147 1.20 25 12.93 0.10 5.3
250 25 2.070 1.15 25 22.45 0.07 5.0
300 25 3.385 0.72 25 39.43 0.05 5.5

Table 3–12: Perishability constraints, acyclic, seasonal demands, k = 2

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 13 0.002 6.18 17(1) 0.10 0.70 2.1
25 19 0.009 4.38 23 0.19 0.44 3.5
50 24 0.041 2.31 24 0.50 0.31 4.3

100 25 0.201 1.41 25 2.00 0.18 4.4
150 25 0.549 0.66 25 5.53 0.08 4.6
200 25 1.153 0.60 25 12.03 0.06 4.9
250 25 2.090 0.54 25 23.39 0.04 5.3
300 25 3.393 0.41 25 37.55 0.03 5.1

Table 3–13: Perishability constraints, cyclic, seasonal demands, k = 1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 15 0.001 4.64 18(1) 0.10 1.26 2.2
25 21 0.008 6.54 23 0.18 0.67 3.3
50 21 0.038 4.09 24 0.41 0.75 4.7

100 25 0.194 2.12 25 1.38 0.31 5.5
150 25 0.531 1.59 25 2.96 0.15 5.0
200 25 1.118 1.42 25 6.67 0.11 6.3
250 25 2.024 1.10 25 11.43 0.08 6.5
300 25 3.331 0.89 25 15.43 0.07 5.4
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Table 3–14: Perishability Constraints, cyclic, seasonal demands, k = 2

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
15 18 0.003 8.94 22 0.11 0.66 2.6
25 19 0.008 3.72 21(1) 0.18 0.29 3.5
50 21 0.032 2.71 24 0.41 0.44 4.7

100 25 0.194 1.13 25 1.28 0.18 5.2
150 25 0.533 0.77 25 2.98 0.09 5.3
200 25 1.122 0.50 25 5.94 0.06 5.8
250 25 2.033 0.46 25 9.41 0.04 5.2
300 25 3.346 0.37 25 16.14 0.04 6.0

Table 3–15: Basic case, acyclic, general demands

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
15 15 0.005 11.70 23 0.12 2.40 2.5
25 23 0.001 13.20 25 0.18 1.38 3.5
50 25 0.015 11.80 25 0.57 0.72 4.4

100 25 0.058 7.26 25 2.11 0.87 5.1
150 25 0.131 4.80 25 5.15 0.47 5.3
200 25 0.230 3.13 25 10.30 0.30 5.2
250 25 0.358 2.46 25 18.48 0.21 5.7
300 25 0.518 1.61 25 26.97 0.15 5.0

Table 3–16: Basic case, cyclic, general demands

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 15 0.005 17.09 21(4) 0.13 2.41 3.2
25 25 0.000 12.62 25 0.16 0.98 3.4
50 25 0.012 7.33 25 0.42 0.45 4.0

100 25 0.044 5.19 25 1.94 0.43 5.1
150 25 0.097 3.99 25 5.23 0.29 5.5
200 25 0.172 2.59 25 10.37 0.19 5.3
250 25 0.266 2.25 25 19.97 0.15 5.7
300 25 0.383 1.50 25 35.31 0.11 6.0
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Table 3–17: Inventory capacities, acyclic, general demands, δ = 1.1, δ ′′ = 1.5

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 8 0.003 8.81 13(2) 0.11 5.52 2.1
25 9 0.010 8.92 21 0.19 3.65 2.6
50 20 0.036 10.48 24 0.44 2.71 3.8

100 24 0.192 5.41 25 1.79 0.99 4.7
150 25 0.528 3.89 25 4.97 0.48 5.4
200 24 1.115 2.80 25 9.89 0.34 5.2
250 25 2.019 1.96 25 15.97 0.24 5.0
300 25 3.306 1.46 25 30.97 0.19 5.8

Table 3–18: Inventory capacities, cyclic, general demands, δ = 1.1, δ ′′ = 1.5

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

15 6 0.003 15.70 16(3) 0.16 3.64 2.8
25 12 0.010 7.69 24 0.19 2.97 2.7
50 22 0.038 9.01 25 0.45 2.17 3.9

100 25 0.190 5.57 25 2.17 0.69 5.5
150 25 0.526 3.45 25 5.41 0.31 5.4
200 25 1.114 2.88 25 12.55 0.20 6.1
250 25 2.015 2.03 25 20.72 0.18 5.9
300 25 3.302 1.81 25 35.04 0.11 6.2

Table 3–19: Basic case, acyclic, general demands, m = 10

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
25 4 0.010 24.53 12 0.63 5.27 5.3
50 22 0.024 24.23 25 0.57 9.15 8.8

100 25 0.091 19.90 25 1.86 4.84 12.3
150 25 0.205 13.80 25 4.52 2.83 14.6
200 25 0.364 9.38 25 7.93 1.46 14.0
250 25 0.580 7.78 25 13.50 1.16 14.5
300 25 0.861 5.61 25 20.01 0.80 13.9
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Table 3–20: Basic case, cyclic, general demands, m = 10

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.

25 5 0.020 47.28 11(2) 0.61 28.69 6.1
50 24 0.019 18.92 25 1.89 4.77 8.0

100 25 0.082 11.45 25 2.68 1.71 10.6
150 25 0.171 10.59 25 4.61 1.64 14.8
200 25 0.301 7.41 25 8.11 1.18 13.8
250 25 0.478 5.59 25 14.38 0.78 15.0
300 25 0.683 5.14 25 22.82 0.62 16.0

Table 3–21: Inventory capacities, acyclic, seasonal demands, m = 10, δ ′′ = 1.1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
25 4 0.015 10.56 11 0.30 5.98 3.8
50 10 0.046 14.13 16 0.46 7.13 5.1

100 13 0.218 7.43 19 1.59 2.12 8.3
150 10 0.579 3.93 15 3.61 1.33 8.5
200 16 1.193 3.12 19 5.90 0.73 9.5
250 12 2.138 2.64 18 11.21 0.69 8.7
300 17 3.469 2.27 19 16.47 0.44 10.5

Table 3–22: Inventory capacities, cyclic, seasonal demands, m = 10, δ ′′ = 1.1

Greedy heuristic Including VLSN search
N Feas. Time (sec) Error (%) Feas. Time (sec) Error (%) Iter.
25 5 0.006 10.47 12 0.39 5.45 4.2
50 11 0.045 14.14 17 0.52 4.95 5.8

100 16 0.214 4.96 20 1.71 1.45 9.9
150 11 0.576 3.08 18 4.44 1.06 11.2
200 17 1.192 1.97 20 6.73 0.60 10.4
250 17 2.132 1.73 21 11.03 0.47 9.4
300 19 3.463 1.42 20 15.71 0.33 10.8



CHAPTER 4
CONTINUOUS-TIME SINGLE-SOURCING PROBLEM (CSSP)

4.1 Introduction

All variants of the MPSSP studied to date, including the variants studied

in Chapter 3 of this dissertation, have made the simplifying assumption that the

production and inventory holding costs are linear in production volume. In this

chapter, we consider a continuous-time analog of the MPSSP, which allows us

to account for the fixed-charge structure of production costs often found within

production facilities in practice. Thus, unlike the MPSSP, the model we develop

addresses the critical challenge of allocating retailer demands across multiple

facilities in order to optimally exploit production economies of scale throughout the

production and distribution network.

While the MPSSP allows for time-varying demands and costs, to maintain

analytical tractability in the presence of fixed setup costs our analysis requires

a constant demand rate with time-invariant costs at each retailer. This allows

us to develop effective solution methods for these large-scale and challenging

problems, permitting application of these solution methods to contexts in which

these assumptions hold approximately. We call this problem the continuous-time

single-sourcing problem (CSSP), and study a basic uncapacitated version of the

problem, as well as extensions that deal with production and inventory capacities.

Finally, we will incorporate opportunities for expanding these capacities.

Similarly to the fact that the MPSSP can be viewed as a generalization of the

ELS problem, the CSSP can be viewed as a generalization of the EOQ problem.

81
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A substantial body of past research has considered a number of variants of multi-

stage EOQ models with setup costs at each stage, applying so-called “power-of-

two” policies that provide good quality solutions in reasonable computing times

[32, 36, 46]. Additional past work considers multi-level replenishment frequency

and vehicle routing (or direct delivery) transportation decisions under constant

and deterministic retailer demand rates [8, 9, 7, 26, 52, 17, 19]. In each of these

papers, the assignment of retailers to warehouses is predetermined and the focus is

on the operational-level replenishment frequency and delivery scheduling problems.

In contrast, the CSSP considers the tactical-level problem of optimally assigning

retailer demands to warehouses, assuming direct delivery from warehouse to retailer

and a single-sourcing strategy.

The remainder of this chapter is organized as follows. In Section 4.2.1 we

introduce the basic uncapacitated model. We the specialize the pricing problem

as developed for the general class (AP) to the CSSP in Section 4.2.2, which

then completely specifies the column generation and corresponding branch-

and-price algorithm for solving the CSSP. In Section 4.3 we then show how this

methodology can be applied to several variants of the CSSP. Since the branch-and-

price procedure becomes very time-consuming as problem sizes become very large,

Section 4.4 presents two greedy heuristic algorithms, as well as an implementation

of the VLSN search improvement algorithm (see Section 2.3). Finally, we present

extensive computational results in Section 4.5, and conclude the chapter in Section

4.6 by discussing topics for future research.

4.2 Continuous-Time Single-Sourcing Problem

In this section we study solution approaches for a general class of assignment

problems that encompasses all variants of the CSSP that we will discuss in this

chapter. However, to motivate studying this class of problems, we will start by

introducing our basic, uncapacitated variant of the CSSP.
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4.2.1 Formulation

We consider a distribution network with N retailers and M production

facilities. Following the EOQ model, we assume that the demand rate of retailer

j is constant and deterministic and is denoted by dj (j = 1, . . . , N), and a fixed

charge of fi is associated with each production batch at facility i (i = 1, . . . ,M).

Let aij denote the total cost (per unit time) associated with satisfying retailer j

demand using facility i, including, but not necessarily limited to, a measure of the

transportation cost, as well as a facility-dependent variable production cost. The

per-unit holding cost (per unit time) for an item produced at facility i is denoted

by hi.

We define decision variables xij having the value 1 if retailer j is served by

facility i and 0 otherwise. In addition, we let Ti denote the time between two

consecutive production setups at facility i. In our basic model we assume that the

production rate is infinite, that is, products are available immediately. Geunes

et al. [29] studied a related model, in which a single facility faces the problem of

choosing the set of retailers whose demands should be satisfied to maximize profit.

This problem, called the EOQ problem with market choice (EOQMC), as well

as several variants thereof, will appear in this chapter as subproblems in solving

retailer assignment problems.

In a similar way as was done for the EOQMC, we can find the optimal

production frequencies at the facilities easily from a basic EOQ analysis if the

assignment variables are fixed. In that case, the average annual setup and holding

costs at facility i are equal to

Ci(xi·, Ti) =
fi
Ti

+ 1
2hiTi

N
∑

j=1

djxij.

Clearly, the cost function Ci is convex in Ti for any fixed xi·. We obtain the

optimal value of Ti (i.e., the value minimizing the cost function Ci(xi·, Ti) for fixed
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xi·) by setting ∂Ci(xi·, Ti)/∂Ti = 0:

T ∗i (xi·) =

√

2fi

hi

∑N

j=1 djxij

and the corresponding minimal average annual setup and holding costs are then

equal to:

C∗i (xi·) = Ci(xi·, T
∗
i (xi·)) =

√

√

√

√2fihi

N
∑

j=1

djxij.

The uncapacitated CSSP, or CSSP-U, is the problem of finding an assignment of

retailers to facilities that minimizes the total costs:

minimize
M
∑

i=1





N
∑

j=1

aijxij +

√

√

√

√2fihi

N
∑

j=1

djxij





subject to

M
∑

i=1

xij = 1 j = 1, . . . , N

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N.

Since the objective function of CSSP-U model is concave, according to Lemma 1

we can obtain an equivalent problem by relaxing the binary constraints on xij to

nonnegative constraints. However because the objective function is a nonlinear

function, the problem is still hard to solve even without binary constraints.

Although whether the problem is NP-Hard is an open issue, we believe that it is so.

Observe that our cost model lends itself to at least three distinct interpreta-

tions with respect to applications contexts. In the first interpretation, production

batches are produced instantaneously at each setup occurrence at the facilities

(observing the infinite production rate EOQ assumption), and items are depleted

from facility i inventory at a continuous rate equal to the sum of the demand rates

of retailers assigned to facility i. This interpretation corresponds to applications

contexts in which downstream retailers (or customers), for example, receive direct
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package deliveries (rather than batch deliveries) from a facility in response to

individual orders (i.e., retailer or customer demands are “shipped to order” at a

continuous rate and inventory is held only at the facilities). In the second interpre-

tation, facility production batches are both produced and shipped instantaneously

to retailers with identical holding costs, and inventory is depleted continuously in

time at the retailers, that is, the retailers hold inventory and the facilities do not.

In this case we replace hi with hR in the objective function (for all i = 1, . . . ,M),

where the single parameter hR denotes the holding cost at every (identical) retailer.

Identical retailer holding costs may apply, for example, when the retailers are

actually different retail stores from the same retail chain.

In our third and final interpretation of the model, inventory is held both at

the facilities and at retail locations, and the production rate at each facility is

exactly matched to the demand rate assigned to the facility. That is, each facility

produces and builds inventory continuously in time in every production cycle (at

a rate equal to the total demand rate assigned to the facility1 ), and every Ti time

units, the facility ships inventory in batches to retail sites. In this context, since

production is continuous in time at each facility, the parameter fi now denotes a

fixed dispatch cost for deliveries at the end of every dispatch cycle (any variable

dispatch costs may be absorbed by the aij term). Moreover, the parameter hi is set

equal to h′i + hR, where hR is the holding cost at every (identical) retailer, and h′i

is the local holding cost at facility i. Our cost model is insensitive to these three

potential applications context interpretations, and the model therefore provides a

fair approximation to a variety of potential practical settings.

1 Observe that in steady state, on average, a facility’s production rate must equal
its assigned demand rate to ensure both that continuous inventory accumulation
does not occur, and that shortages do not occur.
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In the CSPP-U, we can even generalize our model further under the second

and third interpretations above, to account for retailer-dependent holding costs (see

Section 4.2.3 for details). However, we will mainly restrict ourselves in this chapter

to the case of retailer-independent holding costs, which will allow us to extend our

algorithmic approach to several generalizations of the CSSP-U.

If we define the function Hi to represent the total costs incurred by facility

i and represent the sets of retailers that may be assigned to facility i by Xi, we

obtain that the CSSP is a special case of the (AP). In particular, if we choose

Hi(xi·) =
N
∑

j=1

aijxij +

√

√

√

√2fihi

N
∑

j=1

djxij

we obtain the CSSP-U discussed in the previous section. As we will show in

Section 4.3, many variants of the CSSP share a common structure for the objective

functions Hi or, equivalently, the pricing problem. This structure allows for the

development of an efficient polynomial-time algorithm for solving the pricing

problem, or for the development of an efficient branch-and-bound algorithm. In the

next subsection, we will study pricing problems having this structure in detail.

4.2.2 Pricing Problem for LP(SP)

In our column generation implementation, we solve a pricing problem for each

of the facilities at each iteration, and add at least one column for each facility when

one that prices out exists. The pricing problem for LP(SP) and facility i reads:

minimize φi

(

N
∑

j=1

djzj

)

−
N
∑

j=1

(u∗j − aij)zj + v∗i

subject to (PPi)

zj ∈ {0, 1} j = 1, . . . , N

where u∗j and v∗i are optimal dual vectors corresponding to the constraints in

LP(SP).
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The general pricing problem that we consider in this section is of the form

maximize f(z) ≡
N
∑

j=1

αjzj − φ

(

N
∑

j=1

djzj

)

subject to (Q)

zj ∈ {0, 1} j = 1, . . . , N

where φ : R
+ → R ∪ {+∞} is an extended real-valued function, and we will call αj

the revenue associated with retailer j. For convenience, we will denote the objective

function of (Q) by f . Note that any additional constraints that only depend on

z = (z1, . . . , zN )
> ∈ [0, 1]N through

∑N

j=1 djzj can be incorporated by modifying the

function φ to have value +∞ for all infeasible solutions. Without loss of generality,

we will assume that the retailers j are ordered in nonincreasing order of the ratio

αj/dj, that is, α1/d1 ≥ α2/d2 ≥ · · · ≥ αN/dN . The following lemma establishes a

property of optimal solutions to the relaxation of (Q), denoted R(Q), obtained by

replacing the binary constraints on the variables zj by

0 ≤ zj ≤ 1 j = 1, . . . , N.

Lemma 13 If R(Q) has an optimal solution, it will have an optimal solution

z∗ with the property such that if z∗k > 0 for any k = 1, . . . , N , then z∗` = 1 for

` = 1, . . . , k − 1.

Proof: Suppose such an optimal solution does not exist. Then there will be

integers k and ` such that z∗k > 0, z∗` < 1, and ` < k. Let

0 < ε ≤ min

{

z∗k,
d`
dk

(1− z∗` )

}

.
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Then consider the following solution to R(Q):

z′j =























z∗k − ε j = k

z∗` + εdk
d`

j = `

z∗j otherwise.

Since
N
∑

j=1

djz
∗
j =

N
∑

j=1

djz
′
j

we can see that

f(z∗)− f(z′) =

[

N
∑

j=1

αjz
∗
j − φ

(

N
∑

j=1

djz
∗
j

)]

−
[

N
∑

j=1

αjz
′
j − φ

(

N
∑

j=1

djz
′
j

)]

= αk(z
∗
k − z′k) + α`(z

∗
` − z′`)

= −αkε+ α`

(

dk
d`

)

ε

= dk

(

α`

d`
− αk

dk

)

ε.

Since dk > 0, ε > 0, and α`/d` ≤ αk/dk, we have

f(z∗) ≤ f(z′).

This means we can increase the value of x∗` and decrease the value of x∗k until the

former is equal to 1 or the latter is equal to 0 without making the solution value

any worse. Repeating the argument as necessary now proves the result.

We can use this property to develop a branch-and-bound algorithm for solving

the pricing problem, assuming that we can efficiently find the best fraction of re-

tailer k + 1 to include in a solution, given that retailers 1, . . . , k have been included.

For example, if the function φ is piecewise concave, all candidate fractional values

are determined by the breakpoints of the piecewise concave function.

This result forms the basis of the algorithms to most of the (sub)problems

discussed in this chapter. The following theorem, generalizing a result in Geunes et
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al. [29], shows that Lemma 13 implies that R(Q) has an integral optimal solution if

the function φ is concave. This solution is then clearly also an optimal solution for

(Q).

Theorem 14 For any concave function φ, the problem R(Q) will have at least one

optimal solution z∗ satisfying the property that x∗` = 1 for ` = 1, . . . , k and z∗` = 0

for ` = k + 1, . . . , N for some k = 1, . . . , N . Moreover, if φ is strictly concave, all

optimal solutions to R(Q) are of that form.

Proof: By Lemma 13 the problem (Q) will have an optimal solution z∗ of the

following form:

z∗j =























1 j = 1, . . . , k − 1

δ j = k

0 j = k + 1, . . . , N

where 0 < δ ≤ 1. The result immediately follows if δ = 1, so in the remainder of

the proof we will assume δ < 1. It is obvious that the following two solutions are

feasible solutions to the problem (Q):

z′j =











1 j = 1, . . . , k − 1

0 j = k, . . . , N

z′′j =











1 j = 1, . . . , k

0 j = k + 1, . . . , N

and f(z∗) ≥ f(z′) and f(z∗) ≥ f(z′′) by the optimality of z∗. Since 0 < δ ≤ 1 we

have:

f(z∗) ≥ (1− δ)f(z′) + δf(z′′). (4.1)

Since the function φ is concave we have:

(1− δ)f(z′) + δf(z′′)

= (1− δ)
N
∑

j=1

αjz
′
j − (1− δ)φ

(

N
∑

j=1

djz
′
j

)

+ δ
N
∑

j=1

αjx
′′
j − δφ

(

N
∑

j=1

djz
′′
j

)
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≥
k−1
∑

j=1

αj + αkδ − φ

(

k−1
∑

j=1

dj + dkδ

)

= f(z∗).

It follows that f(z∗) = f(z′) = f(z′′), which means that there exists an integral

optimal solution z∗ to (Q) with the property that z∗j = 1 for j = 1, . . . , k and z∗j = 0

for j = k + 1, . . . , N .

If φ is strictly concave, we will have strict inequality in (4.1), contradicting

that δ < 1. This implies that any optimal solution is of the desired form.

The following Decreasing Net Revenue Selection (DNRS) algorithm can now

be used to efficiently solve (Q) to optimality in O(N logN) time for the case where

φ is concave.

DNRS algorithm

Step 0. Sort the retailers in decreasing order of αj/dj.

Step 1. Let k = 1, j∗ = 0, and f̄ = f(0). Let z1 = 1 and zj = 0 for j = 2, . . . , N .

Step 2. If f̄ > f(z), set f̄ = f(z) and let j∗ = k.

Step 3. If k = N , stop with optimal solution value f̄ . Otherwise, let k = k + 1,

set zk = 1 and return to Step 2.

The optimal solution to the problem has z∗j = 1 for j = 1, . . . , j∗, and zj = 0

otherwise.

4.2.3 The CSSP-U revisited

We now apply the results obtained so far to the CSSP-U. Recall that, in the

CSSP-U, we have

Hi(z) =
N
∑

j=1

aijzj +

√

√

√

√2fihi

N
∑

j=1

djzj.

Since these functions are concave, we may conclude from the fact that R(AP)

contains all integral extreme points, that the single-sourcing constraints are not
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necessary in this variant of the CSSP. In other words, a single-sourcing optimal

solution automatically exists, even if the single-sourcing constraints are not

imposed explicitly. This choice of cost function leads to a pricing problem of the

form (Q), with (for fixed facility i)

αj = u∗j − aij

φ(d) =
√

2fihid.

Since φ is a concave function, the optimal solution of (Q) can be found efficiently

by the DNRS algorithm.

Due to the absence of capacity constraints in the CSSP-U, it is possible in

this model to account for holding costs that depend on both the facility and the

retailer, denoted by say hij. In terms of the last two of the three interpretations

of our model described in Section 4.2.1, this means that the holding costs either

depend on the retailer only, or are equal to the sum of the facility and retailer

holding costs. In this case, we obtain

Hi(z) =
N
∑

j=1

aijzj +

√

√

√

√2fi

N
∑

j=1

hijdjzj.

Defining

αj = u∗j − aij

φ(d) =
√

2fid

we then obtain a pricing problem of the form

maximize f(z) ≡
N
∑

j=1

αjzj − φ

(

N
∑

j=1

hijdjzj

)

subject to

zj ∈ {0, 1} j = 1, . . . , N
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which can be solved to optimality using the DNRS algorithm, with hijdj replacing

dj.

4.3 Extensions of the CSSP-U

This section discusses several generalizations of the basic CSSP. In our

uncapacitated CSSP, we have implicitly assumed that any production facility

may be assigned any subset of the retailers, including, for example, the entire

set of retailers. It seems unlikely that this is indeed possible in many practical

settings. Instead, there may be a limit to the supply rate of raw materials that

precludes a given facility from producing extremely large quantities of the product.

Furthermore, the availability of production equipment or labor may dictate a finite

throughput rate. Our first extension (Section 4.3.1) deals with these situations by

allowing for a limit on the total demand rate of all retailers assigned to a given

facility.

In some situations, such capacity constraints may exist in principle, but we

have the option to expand the capacity at a certain cost. Our second extension

(Section 4.3.2) incorporates such expansion opportunities in the problem.

If the production facility has limited storage capacity, it may then face a

bound on the production batch size. This means that, for a given assignment of

retailers to a facility, that facility may not be able to choose the EOQ batch size

if it exceeds the storage capacity. We address this issue in Section 4.3.3. If we are

able to expand the storage capacity by renting additional storage space, we can

apply the model discussed Section 4.3.4. This model extends the previous model by

allowing for inventory capacity expansion opportunities at a cost.

We will derive the cost functions for all of these extensions, and show that the

corresponding variants of the CSSP fall in the class of assignment problems (AP).

This means that their associated pricing problem is of the form (Q). In addition,

we show that the structure of the cost functions is such that either (Q) or its
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relaxation can be solved efficiently. Lemma 13 says that, in general, the relaxation

of (Q) has an optimal solution in which only a single variable has a fractional

value. Similar solution methods as have been derived for the knapsack problem

[35] can then be applied to solve (Q) to optimality relatively efficiently, even if its

relaxation does not possess an integral optimal solution. Note that in all cases that

we will discuss below we will have

αj = u∗j − aij

in the pricing problem. However, the function φ will be different for each variant.

4.3.1 Production Capacity Constraints

In this section we extend the CSSP-U to include production capacity limits,

and denote the corresponding problem by CSSP-P. The capacity constraints we

consider limit the total demand rate of all retailers that can be assigned to facility

i. This leads to the following additional constraints in the CSSP:

N
∑

j=1

djxij ≤ bi i = 1, . . . ,M.

Alternatively, we may incorporate the constraint in the objective function as

follows:

Hi(z) =











∑N

j=1 aijzj +
√

2fihi

∑N

j=1 djzj if
∑N

j=1 djzj ≤ bi

+∞ otherwise

which leads to a pricing problem of the form (Q) with (for fixed facility i)

φ(d) =











√
2fihid if d ≤ bi

+∞ otherwise.

Note that adding the capacity constraint destroys the concavity of the function

Hi, and therefore that of the functions φ in the pricing problems. However, we

still know by Lemma 13 that the optimal solution to the relaxation of the pricing
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problem contains at most one fractional value. Moreover, we only have a fractional

value if the capacity constraint is binding. This observation means that the

relaxation of the pricing problem can be solved efficiently using a modification of

the DNRS algorithm, where we consider retailers in order of decreasing net revenue

(ratio αj/dj) until the capacity constraint is binding. The last considered solution

will then, in general, contain a single fractional value. The pricing problem in this

case is in fact the Economic Order Quantity Problem with Market Choice and total

production capacity constraint (EOQMC2), studied by Geunes et al. [29].

4.3.2 The CSSP with Production Capacity Expansion

In this section we consider the case where a particular production capacity is

installed, but we have the opportunity to expand the capacity at some cost. This

version of the problem is called CSSP-PE.

For facility i, the cost function associated with capacity expansion is denoted

by gi. We assume that the functions gi are monotone increasing on R
+, and

without loss of generality that gi(0) = 0. Clearly, the capacity will then only be

expanded by as much as is necessary for a given retailer assignment, so that

Hi(z) =
N
∑

j=1

aijzj +

√

√

√

√2fihi

N
∑

j=1

djzj + gi

(

max

{

0,
N
∑

j=1

djzj − bi

})

.

This leads to a pricing problem of the form (Q) with (for fixed facility i)

φ(d) =
√

2fihid+ gi(max{0, d− bi}).

If the function gi is concave, the function φ will be piecewise concave. In addition,

the relaxation of the corresponding pricing problem can then be solved efficiently

by noting that this problem has an integral optimal solution that can be found

using the DNRS algorithm unless the original capacity constraint is binding. If the

original capacity constraint is binding, the optimal solution to the relaxation of
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the pricing problem may have a single fractional variable, and this solution can be

found in the same way as the solution to the CSSP-P studied in Section 4.3.1.

4.3.3 The CSSP with Inventory Capacity

So far, we have assumed that the facilities have unlimited storage capacity. If

facility i faces an inventory capacity of Īi units (yielding the CSSP-I), this capacity

limits the batch size at that facility. In particular, the optimal batch size is the

smaller of the optimal unconstrained EOQ production quantity and the inventory

capacity. This means that the optimal batch size and corresponding time between

setups are equal to:

Q∗i = min



Īi,

√

2fi
∑N

j=1 djxij

hi





T ∗i = min

(

Īi
∑n

j=1 djxij

,

√

2fi

hi

∑N

j=1 djxij

)

.

When the assignment variables xi· are fixed, the optimal costs for facility i are

given by:

Hi(xi·) =
N
∑

j=1

aijzj +
fi

min

(

Īi
∑N

j=1
djxij

,
√

2fi
hi

∑N
j=1

djxij

) +

1
2hi

N
∑

j=1

djxij min

(

Īi
∑N

j=1 djxij

,

√

2fi

hi

∑N

j=1 djxij

)

=
N
∑

j=1

aijzj +
1
2 max



2fi

N
∑

j=1

djxij/Īi,

√

√

√

√2fihi

N
∑

j=1

djxij



+

1
2 min



hiĪi,

√

√

√

√2fihi

N
∑

j=1

djxij



 .

Alternatively, this cost function can be written as:

Hi(xi·) =











∑N

j=1 aijzj +
1
2hiĪi + fi

∑N

j=1 djxij/Īi if
∑N

j=1 djxij >
1
2hiĪ

2
i /fi

∑N

j=1 aijzj +
√

2fihi

∑N

j=1 djxij otherwise.



96

This leads to a pricing problem of the form (Q) with (for fixed facility i)

φ(d) =











1
2hiĪi + dfi/Īi if d > 1

2hiĪ
2
i /fi

√
2fihid otherwise.

The function φ is clearly piecewise concave, since the two segments are concave

functions of d. However, also note that the left and right derivatives of φ at

d = 1
2hiĪ

2
i /fi are both equal to fi/Īi, which means that φ is a concave function

of d. Thus we know that there exists an optimal solution to the pricing problem

satisfying the DNRS property.

4.3.4 The CSSP with Inventory Capacity Expansion

Finally, we will consider the case in which a given inventory capacity can be

expanded at some cost. As above, let Īi be the inventory capacity at facility i.

We denote the cost function associated with expanding the capacity at facility i

by gi. As in the case of production capacity expansion, we again assume that the

functions gi are monotone increasing and concave functions on R
+, and gi(y) = 0 if

y < 0.

If the inventory capacities after expansion are known, it is easy to see that

the problem reduces to the CSSP-I, and the pricing problem has an optimal DNRS

solution. Clearly, this also holds for the optimal capacity expansion values, which

implies that the pricing problems for CSSP-IE have optimal DNRS solutions as

well. If we can find optimal inventory capacity expansion values for any given

assignment of retailers to a facility, we can solve the pricing problem again by

simply considering each DNRS solution. So suppose we consider assignments

where xij = 1 for j = 1, . . . , k, and xij = 0 otherwise (for k = 0, . . . , N). The

optimal inventory capacity expansion for facility i and a given k is then given by
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the solution to the following optimization problem:

min
y≥0







max





fi
∑k

j=1 dj

Īi + y
,
1

2

√

√

√

√2fihi

k
∑

j=1

dj



+

1

2
min



hi(Īi + y),

√

√

√

√2fihi

k
∑

j=1

dj



+ gi(y)







.

If
√

2fi
∑k

j=1 dj/hi ≤ Īi, that is, the EOQ solution satisfies the original capacity

constraint, we have that the optimal capacity expansion is y∗ = 0. Otherwise, we

need to solve the problem

min
y≥0

θi(y)

where

θi(y) =











1
2θi(Īi + y) + fi

Īi+y

∑k

j=1 dj + gi(y) if 0 ≤ y <
√

2fi
∑k

j=1 dj/hi − Īi
√

2fihi

∑k

j=1 dj + gi(y) if y ≥
√

2fi
∑k

j=1 dj/hi − Īi.

Note that the fact that gi is monotone increasing and that θi is continuous implies

that we only need to consider values 0 ≤ y ≤
√

2fi
∑k

j=1 dj/hi − Īi, so that we need

to solve the problem

minimize 1
2θi(Īi + y) +

fi
Īi + y

k
∑

j=1

dj + gi(y)

subject to

0 ≤ y ≤

√

√

√

√2fi

k
∑

j=1

dj/hi − Īi.

The complicating factor here is that

pi(y) ≡ 1
2θi(Īi + y) +

fi
Īi + y

k
∑

j=1

dj

is a convex function of y, whereas gi(y) is a concave function of y, which in general

leads to a global optimization problem.



98

In the special case where gi is linear, the problem is a convex optimization

problem, and is easily solved. In the more general case where gi is a piecewise

linear concave function with a finite number of segments (which commonly oc-

curs in practice), we can solve the problem by solving a number of easy convex

optimization problems. Note that, in this case, we may write

gi(y) = min
s
q
(s)
i (y)

where q
(s)
i are all so-called fixed-charge cost functions, that is, functions that are

linear apart from a fixed cost that is only charged when y > 0. Then let

y∗s = argmin







pi(y) + q
(s)
i (y) : 0 ≤ y ≤

√

√

√

√2fi

k
∑

j=1

dj/hi − Īi







s∗ = argmin
s

(

pi(y
∗
s) + q

(s)
i (y∗s)

)

.

We then have

pi(y
∗
s∗) + qs

∗

i (y∗s∗) ≤ pi(y
∗
s) + qsi (y

∗
s) ≤ pi(y

∗
s∗) + qsi (y

∗
s∗) for s 6= s∗ ⇒

qs
∗

i (y∗s∗) ≤ qsi (y
∗
s∗) for s 6= s∗ ⇒

qs
∗

i (y∗s∗) = min
s
{qsi (y∗s∗)} = gi(y

∗
s∗).

Thus the optimal solution of the problem is y∗ = y∗s∗ .

For a general concave cost function gi the problem is harder. In that case, we

iteratively approximate the function gi from below by a piecewise linear concave

cost function, where gi and its approximation coincide at the breakpoints of the

piecewise linear approximations. The algorithm is based on the observation that, if

the solution obtained using the approximating function is attained at a breakpoint,

that solution is optimal for the original problem as well. If the solution obtained

using the approximating function is not attained at a breakpoint, we improve



99

the approximating function by creating a new breakpoint at that solution. The

following describes this scheme.

Step 0. Set S = 1. Let 0 = y(0) < y(S) =
√

2fi
∑k

j=1 dj/hi − Īi.

Step 1. Construct an approximating function g
(S)
i by connecting points

(y(s), gi(y
(s))) and (y(s+1), gi(y

(s+1))) for s = 0, . . . , S − 1.

Step 2. Solve the problem with respect to the cost function g
(S)
i . Denote the

solution by ŷ(S) and let fS = pi(ŷ
(S)) + g

(S)
i (ŷ(S)).

Step 3. If ŷ(S) = y(s) for some s = 0, . . . , S, stop and ŷ(S) is the optimal solution

to the problem with respect to the original cost function gi. Otherwise

there exists an integer 0 ≤ ` ≤ S − 1 such that ŷ(S) ∈ (y(`), y(`+1)). Let

y(s+1) = y(s) for s = S, . . . , ` + 1 and set y(`+1) = ŷ(S). Set S = S + 1 and

and return to Step 1.

Theorem 15 Suppose y∗ is the optimal solution to the problem (CP) with general

concave cost function gi. The sequence {fs} generated by the above algorithm will

converge to f ∗ = pi(y
∗) + gi(y

∗), that is,

lim
s→∞

fs = f ∗.

Proof: If the algorithm terminates in a finite number of iterations, we immediately

see that the optimal solution y∗ is obtained. Thus we only need to consider the

case in which the algorithm does not terminate finitely and thus generates an

infinite sequence of solutions.

Since gi is concave, we know that gi(y) ≥ g
(s)
i (y) and g

(s+1)
i (y) ≥ g

(s)
i (y) for any

feasible y and integer k ≥ 0. It follows that

f ∗ = pi(y
∗) + gi(y

∗) ≥ pi(y
∗) + g

(s)
i (y∗) ≥ pi(ŷ

(s)) + g
(s)
i (ŷ(s)) = fs

and

fs+1 = pi(ŷ
(s+1)) + g

(s+1)
i (ŷ(s+1)) ≥ pi(ŷ

(s+1)) + g
(s)
i (ŷ(s+1)) ≥ pi(ŷ

(s)) + g
(s)
i (ŷ(s)) = fs.
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This implies that the sequence {fs} is nondecreasing and bounded from above.

Thus it must converge to a limit, say F , and fk ≤ F ≤ f ∗. It now remains to be

shown that F = f ∗. We will prove this by contradiction.

Suppose F 6= f ∗. We know then that F < f ∗ and

gi(ŷ
(s))−g(s)i (ŷ(s)) = pi(ŷ

(s))+gi(ŷ
(s))−pi(ŷ(s))−g(s)i (ŷ(s)) ≥ f ∗−f (s) ≥ f ∗−F ≡ ε > 0.
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Figure 4–1: Approximation algorithm

As shown in Figure 4–1, in iteration s we have |AD| ≥ ε and line segment BC

is replaced by BA and AC. Let (y0, gi(y0)) be a point on function gi such that the

line segment from it to (0, gi(0) has length ε, that is,
√

y20 + (gi(y0)− gi(0))2 = ε.

Let Γ be the slope of this segment. Since the function gi is a nondecreasing

concave function, it follows that tanα ≤ Γ < ∞ for any choice of ŷ(s+1), and

|BC| ≥ |AB| ≥ |AD| ≥ ε. Suppose AE is the height of the triangle ABC. Then the

area of the triangle ABC is then

BC · AE
2

=
BC · AD · cosα

2
≥ ε2

2
√
1 + tan2 α

≥ ε2

1 + Γ2
≡ ∆ > 0.
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This means that at each iteration the algorithm cuts an area of at least ∆. Let Vk

be the area between curves gi and g
(s)
i for any integer s ≥ 1. Then

0 ≤ Vs+1 ≤ Vs −∆ ≤ Vs−1 − 2∆ ≤ · · · ≤ V1 − s∆.

It follows that V1 ≥ s∆. When s goes to infinity we have S1 ≥ lims→∞ s∆ = ∞.

Thus we have a contradiction and we can conclude that F = f ∗.

4.4 Greedy Heuristic

In this section we propose two greedy heuristic algorithms that can be used to

obtain an initial solution.

The idea of our first greedy heuristic is to iteratively add retailers to facilities

based on minimizing the incremental cost associated with doing so. In particular,

this heuristic uses a “best first” strategy for assigning retailers to facilities, and will

therefore be referred to as the best first (BF) greedy heuristic. For each unassigned

retailer j and facility i, the best first strategy determines the increase in total cost

incurred if the associated assignment were to be made. The least costly assignment

is then made, and new incremental costs are determined for all remaining retailers

until all retailers are assigned. Note that the cost of the solution thus obtained

may be +∞, which usually corresponds to a hard constraint that is violated. This

heuristic has a running time of O(MN 2).

The second greedy heuristic, which we will call the DNRS greedy heuristic,

is inspired by the DNRS property. Note that the pricing problem can be viewed

as an instance of the CSSP with two facilities, one of which is a virtual facility

representing the fact that we are selecting only a subset of the retailers (i.e., the

retailers not selected are assigned to the virtual facility). Using this interpretation,

−aij represents the (negative) revenue associated with assigning retailer j to

facility i, whereas the costs are a function of
∑N

j=1 djxij. In the spirit of the DNRS

property, we now determine, for each of the facilities, an ordering of the retailers
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according to decreasing desirability, that is, according to decreasing value of

−aij/dj or, equivalently, according to increasing value of aij/dj. For each facility

i, we then denote the set containing the ` most desirable retailers by Ri(`). The

average cost associated with assigning the retailers in Ri(`) to facility i is equal to

Ki(Ri(`)) =

∑

j∈Ri(`)
aij + φi

(

∑

j∈Ri(`)
dj

)

|Ri(`)|

or

Ki(Ri(`)) =

∑

j∈Ri(`)
aij + φi

(

∑

j∈Ri(`)
dj

)

∑

j∈Ri(`)
dj

.

The heuristic now proceeds by finding the pair (i, `) with smallest average cost, and

assigns all retailers in set Ri(`) to facility i. The average costs are then recalculated

after discarding these retailers and this facility, and the procedure is repeated

until all facilities are considered. Note that this procedure may only yield a partial

solution, in which a subset of retailers is identified for each facility, but not all

retailers are assigned to a facility. Any retailers that are not assigned by the DNRS

greedy heuristic are assigned according to the BF greedy heuristic described earlier

in this section.

DNRS greedy heuristic

Step 0. Let F = {1, . . . ,m}, R = {1, . . . , N} and xij = 0 for all i ∈ P and j ∈ R.

Step 1. For all i ∈ F and ` = 1, . . . , N , determine Ki(Ri(`)∩R). For all i ∈ F , let

`∗i = argmin`=1,...,N{Ki(Ri(`) ∩R)}. Let i∗ = argmini∈F Ki(Ri(`
∗
i ) ∩R).

Step 2. Set

xi∗j =











1 for j ∈ Ri∗(`
∗
i∗)

0 otherwise.

Set F = F\{i∗} and R = R\Ri∗(`
∗
i∗).

Step 3. If R = Ø then stop. Otherwise, if P 6= Ø then return to Step 1.
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Step 4. If R 6= Ø, fix the assignments in x and apply the BF heuristic to assign

the remaining retailers in R. Denote the resulting solution by x.

This heuristic has the same running time as the BF heuristic, that is, it will run

in O(MN 2) time. But since this algorithm exploits the DNRS property we expect

that this algorithm will generally provide a higher quality solution to the CSSP.

4.5 Computational Results

In this section, we present the results of computational tests of our exact

branch-and-price algorithms as well as our heuristics on the basic uncapacitated

case (CSSP-U), the case with production capacities (CSSP-P), and the case with

production capacity expansion (CSSP-PE). In order to create a manageable scope

of test problems, we focused on testing uncapacitated instances as well as instances

with production capacity limits. Because of the similar problem structures, we

expect our algorithms to perform similarly on the problem classes with inventory

capacities and inventory capacity expansion. We tested the algorithms on a

randomly generated set of problem instances that are representative of a wide

range of practical scenarios. In particular, we considered problem instances with

M = 5 and M = 10 facilities, and mainly focused on problems with N = 15, 25,

and 50 retailers. These problem sizes are sufficiently large, but can still be solved

in reasonable time using branch-and-price. Our experiments therefore enables us to

effectively gauge the performance of our heuristics against the true optimal values.

In addition, we performed limited tests on instances with N = 100 retailers, to

illustrate that the computational time required for the branch-and-price algorithm

increases dramatically when the number of retailers is increased. The heuristics,

in contrast, are still able to find a very high quality solution in very limited time

for these large instances. For each problem size, we generated facility and retailer

locations uniformly in the square [0, 50]2, with retailer demands dj generated

independently from a uniform distribution on the interval [500, 2500]. The unit
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holding costs were generated i.i.d. uniformly in the interval [1, 4]. The assignment

costs aij were chosen to include variable production costs (generated i.i.d. uniformly

in [5, 20]), as well as linear transportation costs (with the unit transportation costs

equal to the Euclidean distance between a facility and a retailer). Finally, the

setup costs were generated i.i.d. uniformly as well. To study the impact of varying

the magnitude of the setup costs, we considered 3 different intervals: [20, 100],

[100, 500], and [500, 2500]. For the CSSP-P, we generated the production capacity

limits bi uniformly in the interval [D, 1.5D], where D is the expected total demand

faced per facility when the retailers are assigned randomly:

D =
(d+ d)N

2M
=

15

M

where d = 5 and d = 25 are the lower and upper bound of the interval used

to generate the retailer demands. Finally, for the CSSP-PE we chose tighter

production capacities: uniform in the interval [0.9D, 1.1D]. The capacity expansion

costs were chosen to be the concave function

gi(y) = 30
√
y.

The results of the tests are shown in Tables 4–1, 4–2, and 4–3. For all

scenarios, we generated 25 random instances for each choice of parameter settings,

and provide the average results over these instances. For the branch-and-price

algorithm, we report (i) the average computation time for finding the optimal

solution to the root problem as well as the number of columns generated (reported

in the column labelled “B&P root” under the subheadings “Time” and “Cols.”);

and (ii) the average computation time for finding the optimal solution to the

assignment problem, the average number of columns generated, and the average

number of nodes in the branch-and-price tree that were examined; note that this

latter metric is only reported (in the column labelled simply “B&P” under the



105

Table 4–1: Results for M = 5 facilities

B&P root B&P DNRS VLSN
Model fi N Time Cols. Time Cols. Nodes Feas. Opt. Time Error Feas. Opt. Time Error

(sec) (sec) (sec) (%) (sec) (%)

15 1.3 172 3 0.001 11.4 25 0.165 0.0
[20, 100] 25 4.0 462 7 0.001 0.8 25 0.104 0.0

50 139.7 5169 9 0.003 0.7 25 0.212 0.0
15 1.2 158 3 0.001 4.7 25 0.138 0.0

CSSP-U [100, 500] 25 4.2 515 6 0.001 1.7 25 0.137 0.0
50 81.5 4543 12 0.002 0.2 24 0.151 0.0
15 1.3 171 1 0.001 8.4 25 0.181 0.0

[500, 2500] 25 4.0 465 6 0.002 3.4 25 0.153 0.0
50 73.7 4322 11 0.003 0.6 25 0.198 0.0

15 1.1 117 1.5 158 1.3 18 1 0.000 9.0 ∗24 10 0.188 1.8
[20, 100] 25 4.6 375 6.2 499 1.4 23 0 0.001 7.8 25 8 0.220 1.6

50 194.3 4946 223.7 5895 1.2 25 0 0.002 5.0 25 5 0.433 1.1
15 1.1 122 1.3 139 1.1 16 0 0.000 9.2 ∗24 8 0.179 2.7

CSSP-P [100, 500] 25 4.4 375 5.0 426 1.2 24 2 0.001 5.4 25 9 0.192 1.0
50 309.3 4971 344.0 6017 1.4 25 1 0.002 6.3 25 6 0.476 1.7
15 1.0 117 4.0 460 4.3 21 2 0.000 10.1 25 8 0.164 1.7

[500, 2500] 25 4.6 390 5.8 485 1.3 24 1 0.001 7.4 25 8 0.212 1.4
50 148.1 4066 207.9 6221 2.6 25 0 0.003 5.5 25 3 0.441 1.1

15 1.2 138 7 0.000 2.7 25 0.112 0.0
[20, 100] 25 5.8 481 10 0.002 2.3 25 0.144 0.0

50 196.9 6360 7 0.003 0.4 24 0.199 0.0
15 1.3 147 3 0.001 5.9 25 0.138 0.0

CSSP-PE [100, 500] 25 6.0 502 3 0.002 1.6 25 0.160 0.0
50 194.3 6592 10 0.004 0.8 25 0.213 0.0
15 1.1 146 5 0.001 4.4 25 0.130 0.0

[500, 2500] 25 4.9 467 4 0.001 1.7 24 0.167 0.0
50 267.1 7626 7 0.007 0.6 23 0.234 0.0

∗ The remaining instance was infeasible.
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Table 4–2: Results for M = 10 facilities
B&P root B&P DNRS VLSN

Model fi N Time Cols time Cols Nodes Feas. Opt. Time Error Feas. Opt. Time Error
(sec) (sec) (sec) (%) (sec) (%)

15 1.2 164 0 0.002 29.6 25 0.270 0.0
[20, 100] 25 3.8 456 0 0.002 11.4 25 0.274 0.0

50 32.5 2076 1 0.006 2.9 25 0.301 0.0
15 1.1 170 0 0.001 34.7 25 0.260 0.0

CSSP-U [100, 500] 25 3.8 493 0 0.000 15.1 25 0.375 0.0
50 28.4 1948 0 0.006 3.3 25 0.349 0.0
15 1.1 177 0 0.000 20.3 25 0.255 0.0

[500, 2500] 25 3.6 498 0 0.000 13.8 24 0.327 0.0
50 30.7 2094 0 0.003 3.6 25 0.388 0.0

15 2.6 91 2.6 319 3.0 8 0 0.000 15.5 ∗24 3 0.293 3.9
[20, 100] 25 4.0 260 4.0 433 1.6 19 0 0.001 12.1 25 5 0.395 2.1

50 81.5 1545 81.5 4174 3.4 25 0 0.004 9.0 25 4 0.790 1.1
15 2.0 93 2.0 172 1.7 9 0 0.000 12.1 ∗∗22 4 0.285 3.2

CSSP-P [100, 500] 25 8.3 256 8.3 911 4.0 16 0 0.002 13.3 ∗24 7 0.373 1.5
50 58.6 1438 58.6 2830 2.2 24 0 0.003 9.8 ∗24 3 0.804 2.0
15 1.7 104 1.7 218 2.2 11 0 0.001 16.9 ∗∗∗22 2 0.315 3.7

[500, 2500] 25 9.7 269 9.7 1051 4.6 14 0 0.001 12.3 25 4 0.356 2.4
50 67.7 1473 67.7 3288 2.6 24 0 0.002 8.4 25 2 0.819 1.6

15 1.1 138 0 0.001 34.0 25 0.274 0.0
[20, 100] 25 3.3 355 0 0.003 10.3 25 0.286 0.0

50 52.6 2372 0 0.009 3.8 25 0.405 0.0
15 1.1 147 0 0.001 22.5 25 0.272 0.0

CSSP-PE [100, 500] 25 3.3 365 0 0.002 13.3 25 0.332 0.0
50 61.7 2716 0 0.009 4.1 24 0.336 0.0
15 1.1 142 0 0.002 28.5 25 0.281 0.0

[500, 2500] 25 3.1 342 0 0.004 13.1 24 0.264 0.0
50 42.7 2090 0 0.008 3.0 25 0.370 0.0

∗ The remaining instance was infeasible. ∗∗ 2 of the 3 remaining instances were infeasible. ∗∗∗ 1 of the 3 remaining instances was infeasible.
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Table 4–3: Results for n = 100 retailers, with fi ∈ [100, 500]

B&P root B&P DNRS VLSN
Model M Time Cols. Time cols Nodes Feas. Opt. Time Error Feas. Opt. Time Error

(sec) (sec) (sec) (%) (sec) (%)

CSSP-U 5 7,510 25,337 11 0.011 0.1 25 0.196 0.0
CSSP-U 10 707 11,043 2 0.020 1.0 25 0.714 0.0
CSSP-P 10 5,433 17,086 10,557 47,117 6.0 25 0 0.018 6.4 25 5 2.363 1.3
CSSP-PE 10 11,865 17,978 0 0.037 0.6 25 24 0.748 0.0
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subheadings “Time”, “Cols.”, and “Nodes”) for the problem classes for which

the optimal integral solution was not found at the root node for any of the 25

instances.

For the DNRS and VLSN heuristics, we considered three primary performance

metrics: (i) the number of problem instances (out of 25) in each category in which

our heuristic methods provided a provably optimal solution (reported under the

subheading “Opt.”); (ii) average computation time for obtaining the heuristic

solution (reported under the subheading “Time”); and (iii) percent optimality gap

(reported under the subheading “Error”), computed as the relative amount by

which the heuristic solution value exceeds the optimal solution value found using

the branch-and-price algorithm. In addition to these metrics, for the CSSP-P we

also considered the number of problem instances within each problem class for

which the heuristic solution methods generated capacity feasible solutions (reported

under the subheading “Feas.”). All tests were performed on a PC with a 650 MHz

Pentium III processor and 512 MB RAM.

The results show that the branch-and-price algorithm is able to find the

optimal solution to problems with up to 25 retailers in seconds of computation

time. However, when the number of retailers grows to 50, the computation times

increase to 1-4 minutes. While this increase is fairly dramatic, these problems are

still solved in acceptable computing time. As Table 4–3 indicates, branch-and-price

solution time can extend to several hours with 100 retailers (in fact, the column

generation algorithm was not able to find the solution at the root node within days

of computation time for CSSP-P and CSSP-PE for any of the instances tested).

For all cases, however, the DNRS and VLSN heuristic solutions are obtained in

seconds. The DNRS heuristic exhibits relatively large errors when the number of

retailers is small or in the presence of capacities. However, applying the VLSN local

search heuristic always yields the optimal solution for the cases without capacities
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and with capacity expansion, and very high-quality solutions in the presence of

capacities. Thus the VLSN heuristic has proved extremely effective in quickly

finding high quality solutions, while the DNRS heuristic can quickly find a feasible

solution when the number of retailers is large.

It is interesting to note that, for the uncapacitated case as well as the case

allowing for capacity expansion, the optimal integral solution is always found at the

root of the branch-and-price tree, indicating that the set partitioning formulation

generally provides excellent bounds. Note also that the number of nodes required

in the branch-and-price algorithm (for those problems not solved at the root node)

is apparently insensitive to the number of retailers. The tables also indicate that

the solution time, number of columns, and number of nodes required are apparently

insensitive to the magnitude of the fixed costs (across the ranges we tested),

although the solution time and number of columns are of course strongly correlated

with the number of retailers.

4.6 Summary

In this chapter we studied a logistics network design problem involving

the allocation of the demands of each of a set of retailers to a number of server

facilities. As is often the case in practice, we apply a single-sourcing restriction,

which ensures that each retailer will order and receive shipments from a unique

source facility. Such arrangements reduce cross-coordination planning complexity,

and facilitate improved ordering, shipping, and receiving coordination between

each retailer and its source facility. Our model allows us to account for production

economies of scale in a multi-facility context, and leads to a large-scale nonlinear,

binary integer programming problem. The special assignment structure of this

problem allowed us to cater exact branch-and-price algorithms to this problem

class. To enable the successful application of these algorithms, we developed

efficient algorithms for solving the associated pricing problems. We also developed
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a greedy heuristic algorithm, which was then augmented with very large-scale

neighborhood search methods that seek further solution improvements.

In addition to the basic uncapacitated version of the model, we also considered

several applicable types of capacity constraints, along with the possibility of capac-

ity expansion under general capacity-expansion cost functions. Our experimental

results showed that the solutions provided by our specialized exact algorithms are

obtained in reasonable computation time when the number of retailers is no more

than about 50. However, our heuristic and neighborhood search methods are able

to find very high quality solutions in negligible computation time.

In our analysis, we have employed an assumption of constant deterministic

demand rates at each retailer, while this is clearly an approximation for practical

contexts. Future research might therefore focus on a dynamic discrete-time version

of the model, which also generalizes the MPSSP to allow for production setup

costs at facilities. Future work on the special assignment structure of the model

might also consider more general cost function structures, as well as accounting for

different types of production and assignment constraints in conjunction with these

cost functions.



CHAPTER 5
MULTI-PERIOD FLEXIBLE DEMAND ASSIGNMENT PROBLEM (MPFDA)

5.1 Introduction

In this chapter, we will study a class of flexible production planning problems

over a discrete time horizon, which we call the multi-period flexible demand

assignment (MPFDA) problem. This class of problems is inspired by a production

planning problem faced by an U.S. manufacturer in the steel industry, which

produces make-to-order specialty steel plates from slabs. To produce plates,

the manufacturer will first cut each slab into smaller pieces. Next, each piece is

rolled into a steel plate. While each slab can be used to produce multiple plates

of different dimensions, the material required for producing an individual plate

should come from a single slab. It is possible that this assignment of plates to

slabs does not fully utilize each slab. The unused part of a slab, called a surplus,

can be recycled, yielding a revenue. We assume that demand specifications for

all customer orders are known in advance, and that the plates are built to order.

The key property of our problem that distinguishes it from more traditional

production planning problems is the presence of demand flexibility. That is, each

customer order is for a steel plate with dimension (weight) specified by a range,

and customers will accept any steel plate whose dimension is within that range.

To plan production, the manufacturer must not only decide on the timing of

production of each plate and the slab that is used to produce each plate, but also

the size of each plate. Since plate revenues are typically proportional to their size,

and the slab surplus can be recycled, the choice of plate sizes will not only affect

the revenue, but also the utilization of resources and thereby the cost.

111
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Balakrishnan and Geunes [11] studied a single-period variant of this problem.

In particular, they have developed a solution approach that combines model

enhancement using various strong valid inequalities, Lagrangian relaxation, and

heuristic algorithms. Although the single-period problem may be sufficient for

operational level production planning decisions, it is possible that significant cost

savings can be achieved if the manufacturer employs a tactical level model to make

longer term production planning decisions. In this chapter, we will extend the

single-period model to a multi-period setting and formulate it as a problem in the

class (AP). Although our problem is motivated by the steel industry, the model can

be applied to many other contexts when customer demands are flexible in terms

of product quantities or size. For example, customers may be willing to accept lot

sizes within a certain range, or manufacturers may have the flexibility to decide the

percentage of demands to be satisfied in each of the markets that it serves.

In our study we will discuss three different kinds of production and inventory

strategies, where we can stock only end products but acquire raw materials just-in-

time, stock raw materials only but produce just-in-time, or stock both. In the steel

industry and many other industries, the raw materials such as steel slabs are very

expensive and require a very large storage place. Thus it is often not economic to

stock the raw material. In this case the best choice will be first strategy, that is, to

stock only the end products but acquire raw material just-in-time. In some other

industries, we may face a situation where the raw materials, for example fiber rolls,

are very easy to stock and cut. If, in addition, the demands for the end products

vary dramatically over time and therefore will require high safety sock levels, we

will apply the second strategy and stock raw materials only but produce plates

just-in-time. The third strategy will be suitable when the inventory cost for slab

and plates are basically the same. It also can be applied to cases where the end
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products are fairly standard but the demands are large or vary dramatically. A

example of this case is the wood building parts industry.

In this chapter, we will develop MPFDA models for all three inventory

strategies and focus our study on efficient algorithms to solve the subproblem of

the assignment formulation as well as the pricing problem in the branch-and-price

algorithm, which is a problem called the knapsack problem with expandable items

(KPEI). The KPEI was studied previously by Balakrishnan and Geunes [11].

We will look further into this problem and its algorithms, and propose a greedy

heuristic based on structural properties of KPEI. We will show that this heuristic

is asymptotically optimal with probability one under a very general model for the

problem data. In addition, the properties of the KPEI also suggest that a branch-

and-bound algorithm will be very effective in solving this problem to optimality.

Finally, we develop greedy heuristics for the MPFDA models based on insights

obtained by studying the structure of optimal solutions to appropriate subproblems

of these models.

5.2 The MPFDA with Plate Inventory

5.2.1 Formulation

In the first MPFDA model we will assume an inventory policy in which only

end products (plates) can be stored and raw materials (slabs) are obtained just in

time and denote this problem by MPFDA-P. We assume that M slabs are available

at the beginning of each of T periods. In particular, let Wit and Cit be the weight

and production cost of slab i (i = 1, . . . ,M) in period t (t = 1, . . . , T ), and denote

the total number of plate orders over the time horizon by N . For each order j

(j = 1, . . . , N), let τj be the period in which order j is demanded, and let St denote

the set of orders whose demand period is no earlier than t: St = {j : τj ≥ t}. In

addition, let Rj, lj, and uj be the unit revenue, minimum weight, and maximum

weight for order j. The unit holding cost for order j in period t is equal to hjt.
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Finally, at the end of each period, slab surplus of partially used slabs must be

recycled, yielding a surplus revenue r per unit weight. We require that each plate

is produced from exactly one slab. Without loss of generality, we assume that all

orders are profitable, and that we cannot obtain a profit from simply recycling

unused slabs, that is, we assume that

Rj ≥ r for j = 1, . . . , N

Cit ≥ rWit for i = 1, . . . ,M ; t = 1, . . . , T.

The objective is to maximize the total profit while satisfying all customer demands.

The MPFDA-P problem can be formulated as an assignment problem in the form

of (AP) as follows:

maximize
M
∑

i=1

T
∑

t=1

Hit(xi·t)

subject to (APP
3 )

M
∑

i=1

τj
∑

t=1

xijt = 1 j = 1, . . . , N (5.1)

∑

j∈St

ljxijt ≤ Wit i = 1, . . . ,M ; t = 1, . . . , T (5.2)

xijt ∈ {0, 1} i = 1, . . . ,M ; j ∈ St; t = 1, . . . , T

where xijt = 1 if order j is produced from slab i in period t and 0 otherwise, and

xi·t = (xijt : j ∈ St). Constraints (5.1) ensure that each plate is assigned to exactly

one slab in one period, and constraints (5.2) ensure feasibility of the assignment

of plates to slabs. The function Hit : {0, 1}|St| → R represents the maximal profit

that can be obtained from slab i in period t as a function of the assignment vector

x ∈ {0, 1}|St| of plates to slab i in period t:

maximize
∑

j∈St

Rjvj + r

(

Witz −
∑

j∈St

vj

)

− Citz −
∑

j∈St

τj−1
∑

k=t

hjkvj
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=
∑

j∈St

(

Rj − r −
τj−1
∑

k=t

hjk

)

vj − (Cit − rWit)z

subject to (SPP
it)

ljxj ≤ vj ≤ ujxj for j ∈ St (5.3)

∑

j∈St

vj ≤ Witz (5.4)

vj ≥ 0 for j ∈ St

z ∈ {0, 1}.

Here z = 1 if slab i is used in period t and 0 otherwise, and vj is the weight of

plate j produced from slab i in period t. The objective function of the subproblem

includes four parts: revenue from orders, revenue from recycling slabs, cost of slabs

and inventory holding cost. In the subproblem (SPP
it), constraints (5.3) model the

demand flexibility for plate j, and constraint (5.4) is the slab capacity constraint.

The problem MPFDA-P is NP-Hard since the knapsack problem is a special

case of this problem, obtained by choosing M = T = 1 and lj = uj for j = 1, . . . , N .

Since it has been formulated as an instance of the class of the assignment problems

(AP), we can apply all methodologies developed for this class in Chapter 2 to the

MPFDA-P. As in Chapter 4, we will focus our study on the subproblem (Section

5.2.2) and the pricing problem (Section 5.2.3). In next section we will analyze the

subproblem and discuss its solution approaches, as well as the greedy heuristic.

5.2.2 Subproblem and Greedy Heuristic

In this section we will study the subproblem (SPP
it) and develop an efficient

algorithm for solving it to optimality. Then, based on the insights obtained from

the structure of the optimal solution to this problem, we develop a greedy heuristic

for MPFDA-P.

Clearly, if the assignment vector x = 0 in the subproblem, the optimal

solution value is equal to 0. Alternatively, if x 6= 0, we set z = 1 and obtain
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a linear programming problem. However, the optimal solution to this problem

can be found much more efficiently as follows. First, we sort all plates in the

set Nx = {j : xj = 1} in decreasing order of their net revenue coefficient

Rj = Rj − r −∑τj−1
s=t hjs and renumber them as j = 1, . . . , |Nx|. Then, let m

be the number of plates in Nx that have a positive net revenue coefficient, that

is, are profitable to produce, and let n be the leading number of plates from the

list 1, . . . , |Nx| that can be produced at their upper bound due to the capacity

constraint. More formally, we have

m = max
{

j ∈ Nx : Rj > 0
}

n = max







j ∈ Nx : Wit −
j
∑

k=1

uk −
|Nx|
∑

k=j+1

lk > 0







.

Note that, capacity permitting, we would like the first m plates to be produced at

their upperbound, and the remaining ones at their lowerbound. On the other hand,

the slab capacity allows the first n plates to be produced at their upperbound.

Therefore, if m ≤ n, the optimal solution of (SPp
it) is given by:

vj =











uj for j = 1, . . . ,m

lj for j = m+ 1, . . . , |Nx|.

Alternatively, if m > n, the optimal solution of (SPp
it) is given by:

vj =























uj for j = 1, . . . , n

Wit −
∑j

k=1 uk −
∑|Nx|

k=j+1 lk for j = n+ 1

lj for j = n+ 2, . . . , |Nx|.

The running time of this algorithm is dominated by the time needed to sort the

plates, that is, we can solve the subproblem in O(N logN) time, since m and n can

be computed in O(N) time and the solution can be obtained in O(N) time once m

and n are known.
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We can employ insights from the above algorithm to develop a greedy heuristic

for MPFDA-P. The general idea of this greedy heuristic is to produce the most

profitable plates using the cheapest slabs, where the profitability of producing plate

j in period t is measured by its net revenue coefficient Rjt = Rj − r −∑τj−1
s=t hjs

and the cost of a slab is defined as its production cost per unit weight, that is, the

ratio between Cit and Wit. We start assigning plates to slabs in the last period and

work backwards in time. Then, at any point in time, we assign the most profitable

unassigned plate to the least costly available slab at its upper bound whenever the

slab can accommodate it. More formally, the greedy heuristic can be described as

follows:

Greedy Heuristic

Step 0. Set xijt = vijt = 0 for i = 1, . . . ,M , j ∈ St, and t = 1, . . . , T . Set current

period s = T .

Step 1. If current period s = 0, stop and a solution is found if all plates are

assigned. Otherwise, let P =
{

j :
∑M

i=1

∑T

t=s+1 xijt = 0, τj ≥ s
}

denote

the set of plates due in or after period s that have not been assigned

yet and reindex all plates in P in decreasing order of the net revenue

coefficients Rjs. Sort all slabs available in period s in increasing order

of their cost per unit weight Cis/Wis and denote the sorted set by Q.

Set the current plate p = 1, the current slab q = 1, and the remaining

capacity of the current slab w = Wqs.

Step 2. If current plate p > |P | or current slab q > |Q|, set s = s − 1 and return

to step 1. Otherwise continue to step 3.

Step 3. If up ≤ w, set xqps = 1, vqps = up, w = w − up, p = p+ 1 and go to step 2.

Step 4. If lp ≤ w, set xqps = 1, vqps = w, w = 0, p = p + 1 and return to step 2.

Otherwise continue to step 5.
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Step 5. Set q = q + 1, w = Wqs to select next slab in set Q as current slab and

return to step 2.

Note that if any plates remain unassigned at the end of the procedure, the

greedy heuristic has failed to find a feasible solution, resulting in only a partial

solution to the assignment problem. We will use the penalty VLSN algorithm to

try to transfer this partial solution to a feasible solution.

5.2.3 Knapsack Problem with Expandable Items

We know that the efficiency of the branch-and-price algorithm critically

depends on the ability to efficiently solve the pricing problem. We will formulate

the pricing problem and derive some attractive properties that will help us to

develop effective algorithms for solving it. The pricing problem can be formulated

as:

maximize
∑

j∈St

−u∗j(K)xj +
∑

j∈St

(

Rj − r −
τj−1
∑

k=t

hjk

)

vj − (Cit − rWit)z − v∗it(K)

subject to (PPP
it)

ljxj ≤ vj ≤ ujxj for j ∈ St

∑

j∈St

vj ≤ Witz

vj ≥ 0 for j ∈ St

xj ∈ {0, 1} for j ∈ St

z ∈ {0, 1}.

In this pricing problem, we can only have z = 0 if x = 0. In this case, the solution

value of the pricing problem is trivially seen to be −v∗it(K). If this value is positive,

the vector x = 0 yields a profitable column. Therefore, in the remainder we can

restrict ourselves in the pricing problem to solutions with z = 1. By setting z = 1

and eliminating the last two constant terms in the objective function, the pricing
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problem becomes the so-called knapsack problem with expandable items (KPEI).

This problem was previously studied by Balakrishnan and Geunes [11]. In this

section, we will study this problem further and propose alternative algorithms for

solving it.

In the general KPEI we need to assign items from a set S to a knapsack with

capacity W . Each item j ∈ S has a flexible volume between lj and uj, and has

a fixed revenue αj and variable revenue βj per unit volume. Our objective is to

maximize the total revenue of items in the knapsack. Thus, the KPEI can be

formulated as follows:

maximize
∑

j∈S

αjxj +
∑

j∈S

βjvj

subject to

ljxj ≤ vj ≤ ujxj for j ∈ S

∑

j∈S

vj ≤ W

vj ≥ 0 for j ∈ S

xj ∈ {0, 1} for j ∈ S.

If both αj and βj are nonpositive for an item j, we can set xj = 0 without loss of

optimality. Therefore, in the remainder we will assume that either αj > 0 or βj > 0

(or both). The KPEI is clearly an NP-Hard problem since the knapsack problem is

a special case of the KPEI, obtained when lj = uj for all j. It will be convenient to

define the maximal possible unit profit for each item j ∈ S as

β′j =
αj

lj
+ βj if αj > 0 and β ′j =

αj

uj

+ βj if αj ≤ 0.

Lemma 16 Let (x∗, v∗) be the optimal solution of the LP relaxation of KPEI.

Then

1. If β ′j ≤ 0 then x∗ = 0 and v∗ = 0.
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2. When 0 < x∗j < 1, we have























v∗j = ljx
∗
j if αj > 0 and v∗j = ujx

∗
j if αj ≤ 0

or

αjx
∗
j + βjv

∗
j = β′jv

∗
j .

3. There is at most one p ∈ S such that 0 < x∗p < 1.

4. There is at most one p ∈ S such that x∗p = 1 and lp < v∗p < up.

5. If 0 < x∗p < 1, there is no q such that lq < v∗q < uq and x
∗
q = 1.

6. If
∑

j∈S v
∗
j < W , we have

x∗j =











0 if β′j ≤ 0

1 if β′j > 0
and v∗j =











ljx
∗
j if βj ≤ 0

ujx
∗
j if βj > 0.

7. If 0 < x∗p < 1, we have

x∗j =











0 if β′j < β′p

1 if β′j > β′p

and v∗j =











ljx
∗
j if βj < β′p

ujx
∗
j if βj > β′p.

8. If x∗p = 1 and lp < v∗p < up, we have

x∗j =











0 if β′j < βp

1 if β′j > βp

and v∗j =











ljx
∗
j if βj < βp

ujx
∗
j if βj > βp.

9. Suppose
∑

j∈S v
∗
j = W , x∗j ∈ {0, 1} and v∗j ∈ {ljx∗j , ujx

∗
j} for all j ∈ S. Let

p = argmaxj{β′j : x∗j = 0} and p = argmaxj{βj : x
∗
j = 1, v∗j = lj}. We have

x∗j =











0 if β′j < β′p

1 if β′j > β′p

and v∗j =











ljx
∗
j if βj < βq

ujx
∗
j if βj > βq.

Proof:

1. When αj > 0 and β ′j ≤ 0, we have βj < 0. It follows that

αjx
∗
j + βjv

∗
j ≤ αjx

∗
j + βjljx

∗
j ≤ β′jljx

∗
j ≤ 0.
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When αj ≤ 0, we have βj > 0 from the assumption αj > 0 or βj > 0. It

follows that

αjx
∗
j + βjv

∗
j ≤ αjx

∗
j + βjujx

∗
j ≤ β′jujx

∗
j ≤ 0.

Thus we have x∗ = 0 and v∗ = 0 if β ′j ≤ 0. Notice that this property holds in

KPEI. Without loss of generality, we can assume β ′j > 0 for all j ∈ S.

2. If it is not true, we can increase (or keep) the objective function value by

increasing x∗j when αj > 0 and decreasing x∗j when αj ≤ 0. It follows that

(x∗, v∗) is not the optimal solution, which is a contradiction, or an alternate

optimal solution satisfying the property exists.

3. We can prove it by contradiction. Suppose 0 < x∗p < 1, 0 < x∗q < 1 and p 6= q.

By decreasing v∗p (or v∗q ) and increasing v∗q (or v∗p) by the same amount ,say δ,

when β ′p < β′q (or β ′p > β′q), We can increase the objective function value by

|β′q − β′p|δ. We will set x∗p and x∗q according to the property 2 in this process.

It follows that (x∗, v∗) is not the optimal solution, which is a contradiction.

When β ′p = β′q, we will have an alternate optimal solution satisfying the

property.

4. The proof is similar to the proof of the property 3 except that we compare βp

and βq.

5. The proof is similar to the proof of the property 3 except that we compare β ′p

and βq.

6. From property 1, we know x∗j = 0 if β ′j ≤ 0. From property 2 and
∑

j∈S v
∗
j <

W , we know that x∗j = 1 if β ′j > 0. If the statement about the value of v∗ is

not true, we can increase the objective function value by increasing v∗j when

βj > 0 and decreasing v∗j when βj < 0. It follows that (x∗, v∗) is not the

optimal solution, which is a contradiction. When βj = 0 we can reset v∗j = lj

without changing anything.
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7. We can prove this property by contradiction following the proof of the

property 3 and 5.

8. We can prove this property by contradiction following the proof of the

property 4 and 5.

9. We can prove this property by contradiction following the proof of the

property 3 and 4.

Thus without loss of generality, we can assume that β ′j > 0 for all j ∈ S

from property 1 in above Lemma 16. Furthermore from Lemma 16 we will have

the following theorem, which states a property of the optimal solution to the

LP-relaxation of the KPEI:

Theorem 17 There exists an optimal solution (xj, vj) of the following form to the

LP relaxation of the KPEI:

xj =











0 if β′j < β

1 if β′j > β
and vj =











ljxj if βj < β

ujxj if βj > β

where β ≤ β are two constants.

Proof: This theorem is a direct results of the properties 6, 7, 8 and 9 in Lemma

16.

Above Theorem leads to the following polynomial time algorithm for solving

the LP-relaxation of the KPEI:

Step 0. Compute β ′j for all j ∈ S. For all j such that β ′j ≤ 0, set xj = 0 and

vj = 0 and remove j from S. Set ν = |S| and add a dummy item ν + 1 to

S with αν+1 = βν+1 = 0. Sort all items in S in decreasing order of β ′j.

Step 1. Set xj = 1 and vj = uj if βj > 0, and xj = 1 and vj = lj if βj ≤ 0

for all j ∈ S. If W ≥ ∑j∈S vj , we have the optimal solution and stop.

Otherwise continue to step 2.
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Step 2. Set xj = 0 and vj = 0 for all j ∈ S. Initialize the current plate index

p = 1.

Step 3. If p > ν, stop. If αp > 0 set xp = 1 and vp = lp. Otherwise set xp = 1 and

vp = up.

Step 4. If w = W −∑j∈S vj > 0, continue to step 5. Otherwise, the current item

can only be produced partially. If αp > 0 set xp = w/lp, and if αp ≤ 0 set

xp = w/up. Furthermore, set vp = w and stop.

Step 5. Let q = argmaxj∈S{βj : vj = lj}. If β ′p+1 > βq, set p = p + 1 and return

to step 3. Otherwise continue to step 6.

Step 6. If w ≤ uq − lq, set vq = vq + w and stop. Otherwise set vq = uq,

w = w − uq + lq and return to step 5.

By solving the relaxed KPEI with above algorithm, we will have a solution

with at most one fractional item if the algorithm stop in Step 4. If there is no

fractional item, the solution is also the optimal solution of the KPEI. Otherwise we

can remove the fractional item, and add or expand some (most) profitable items to

obtain a good feasible solution for KPEI. Thus we propose a heuristic for the KPEI

by modifying step 4 of the algorithm for the relaxed KPEI as follows:

Step 4. If w = W −∑j∈S vj > 0, continue to step 5. Otherwise, the current item

can only be produced partially. If αp > 0 set xp = w/lp, and if αp ≤ 0 set

xp = w/up. Furthermore, set vp = w and return to step 3.

The following Theorem shows that our heuristic for KPEI is asymptotically

optimal when the data are randomly generated with finite expectation.

Theorem 18 Let zIn and zLP
n be the optimal objective function value of the KPEI

and the relaxed KPEI, and let zHn be the solution value of the heuristic. If all data

are randomly generated with finite expectation, we have

lim
n→∞

∣

∣

∣

∣

zHn − zIn
n

∣

∣

∣

∣

w.p. 1.
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Proof: Define n = |S|. Let αmax = maxj∈S{αj}, βmax = maxj∈S{βj} and

umax = maxj∈S{uj}. Since zHn is at least as good as the solution by removing

the fractional item p, if exists, from ZLP
n , we have zHn ≥ zLP

n − αpxp − βpvp ≥

zLP
n − αmax − βmaxumax. We also have zHn ≤ zIn ≤ zLP

n since zHn is feasible to KPEI

and zIn is feasible to relaxed KPEI. Then

zIn
n
− αmax + βmaxumax

n
≤ zHn

n
≤ zIn

n
.

Since all data have finite expectation, from the following Lemma 19 we have

lim
n→∞

αmax + βmaxumax

n
= 0 w.p. 1.

Thus zHn /n and zIn/n are asymptotic equivalent w.p. 1.

Lemma 19 Let X1, X2, . . . , Xn be i.i.d. random variables with finite expectation.

Define X(n) = maxi{Xi}. Then we have limn→∞X(n)/n = 0 w.p.1

Proof: Let Fn and F be the c.d.f. of X(n) and Xi. It is obviously Fn(x) = F (x)n ≤

F (x). Let a, b be two constants and a < b. We consider the following probability

P (a ≤ X(n)/n ≤ b) = P (na ≤ X(n) ≤ nb) = Fn(nb)− Fn(na).

When a < b < 0, we have

0 ≤ lim
n→∞

P (a ≤ X(n)/n ≤ b)

= lim
n→∞

[Fn(nb)− Fn(na)]

≤ lim
n→∞

Fn(nb)

≤ lim
n→∞

F (nb) = 0.

Since this is true for any constants a < b < 0 we have limn→∞ P (X(n)/n < 0) = 0.

When 0 < a < b, we have

0 ≤ lim
n→∞

P (a ≤ X(n)/n ≤ b)
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= lim
n→∞

[Fn(nb)− Fn(na)]

= lim
n→∞

[F (nb)n − F (na)n]

= lim
n→∞

{

[F (nb)− F (na)]
[

F (nb)n−1 + F (nb)n−2F (na) + . . .+ F (na)n−1
]}

≤ lim
n→∞

n [F (nb)− F (na)]

≤ lim
n→∞

n [1− F (na)]

=
limn→∞ na [1− F (na)]

a
= 0.

The last equality holds since the existence of E(X) or E(X) < ∞ implies

limx→∞ x(1− F (x)) = 0. 1 Similarly we have limn→∞ P (X(n)/n > 0) = 0.

Now we can conclude that the probability of random variable X(n)/n in any

interval excluding 0 is 0. Thus limn→∞X(n)/n = 0 w.p.1

Balakrishnan and Geunes [11] developed a pseudo-polynomial time dynamic

programming algorithm for solving the KPEI to optimality when all problem

data are integral. Let fj(U) denote the optimal value of KPEI for a knapsack

with remaining (integer) capacity U (U = 0, . . . ,W ) and allowing items 1, . . . , j

(j = 1, . . . , |S|). We set fj(U) = 0 if j = 0 or 0 ≤ U < min{lk : k = 1, . . . , j},

and fj(U) = −∞ if U < 0. We will have following recurrence relationship in the

dynamic programming:

fj(U) = max

{

fj−1(U); max
vj=lj ,...,uj

{αj + βjvj + fj−1(U − vj)}
}

for U = minj∈S{lj}, . . . ,W , j = 1, . . . , |S|.

1

0 = lim
a→∞

∫ ∞

a

xdF (x) ≥ lim
a→∞

a

∫ ∞

a

dF (x) = lim
a→∞

a(1− F (a)) ≥ 0
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As an alternative to this approach, which can also be used when not all prob-

lem data are integral, we can develop a branch-and-bound algorithm to solve the

KPEI exactly by employing the algorithm for solving its LP-relaxation given above.

At each node of the branch-and-bound tree, we first solve the relaxed problem,

which usually gives a good upper bound, and then branch on the fractional item (if

one exists). We can also use additional techniques to improve the performance of

this algorithm [35].

5.3 The MPFDA with Slab Inventory

5.3.1 Basic Formulation

In the second model we assume that inventory can only consist of slabs and

plates are produced just in time, and denote this problem by MPFDA-S. Unless

mentioned below, we will use the same notation as in the first model. Suppose

there are at most M slabs during the whole time horizon. Let Wi and Ci be the

initial weight and cost of slab i (i = 1, . . . ,M), and hit be the holding cost of slab i

(i = 1, . . . ,M) in period t (t = 1, . . . , T ). Similar to the first model, without loss of

generality, we can assume

Rj ≥ r j = 1, . . . , N

Ci ≥ rWi i = 1, . . . ,M.

We first restrict ourself to a basic model in which the slabs are purchased at

the beginning of the planning horizon and the surplus can only be recycled at the

end of the planning horizon. Later, we will expand this basic model to eliminate

these restrictions. As before, we can formulate the problem MPFDA-S in the form

of (AP):

maximize
M
∑

i=1

Hi(xi·)
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subject to (APS
3 )

M
∑

i=1

xij = 1 j = 1, . . . , N

N
∑

j=1

ljxij ≤ Wi i = 1, . . . ,M

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N

where xij = 1 if plate j is produced from slab i and 0 otherwise. Here the function

Hi : {0, 1}N → R represents the maximum profit that can be obtained from slab i

as a function of the assignment vector x ∈ {0, 1}N of plates to slab i:

maximize
N
∑

j=1

Rjvj + r

(

Wiz −
N
∑

j=1

vj

)

− Ciz −
T
∑

t=1

hit



Wiz −
∑

j∈St

vj





=
N
∑

j=1



Rj − r +
T
∑

t=τj

hit



 vj −
(

Ci − rWi +
T
∑

t=1

hitWi

)

z

subject to (SPS
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N
N
∑

j=1

vj ≤ Wiz

vj ≥ 0 j = 1, . . . , N

z ∈ {0, 1}

where St = {j : τj ≤ t} is the set of plates that must be produced before period

t. Here z = 1 if slab i is used and 0 otherwise, and vj is the weight of order j

produced from slab i. The objective function of the subproblem (SPS
i ) includes

four parts: revenue from orders, revenue from recycling slabs, cost of slabs and

inventory holding cost. The constraints include demand flexibility constraints and

slab capacity constraints. When the assignments x are given, we can use a similar
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algorithm as the one developed for (SPP
it) to solve the subproblems by changing the

definition of the net revenue coefficient to Rj = Rj − r +
∑T

t=τj
hit.

In the greedy heuristic, the net revenue coefficient Rij = Rj − r +
∑T

t=τj
hit will

be the profitability measurement of plate j when we consider the assignment of slab

i. Since slabs are available for the entire time horizon there is no need to go back

in time in the greedy heuristic in this model, that is, we can treat it in a similar

way as a version of (APP
3 ) with only one period. This leads to the following greedy

heuristic for (APS
3 ):

Greedy Heuristic

Step 0. Set xij = vij = 0 for i = 1, . . . ,M and j = 1, . . . , N . Let Q = {1, . . . ,M}

be the set of slabs sorted in increasing order of cost per unit weight

Ci/Wi and P = {1, . . . , N} be the set of plates. Set current slab q = 1,

the remaining capacity of the current slab w = Wq.

Step 1. If current slab q > M , stop and greedy heuristic can not find a feasible

solution. Sort and reindex all plates in P in decreasing order of the net

revenue coefficients Rqj. Set current plate p = 1.

Step 2. If current plate p > |P | stop and a feasible solution is found. Otherwise

continue to step 3.

Step 3. If up ≤ w, set xqp = 1, vqp = up, w = w − up, P = P − {p }, p = p+ 1 and

return to step 2.

Step 4. If lp ≤ w, set xqp = 1, vqp = w, w = 0, P = P − {p }, p = p+ 1 and return

to step 2.

Step 5. Set q = q + 1, w = Wq to select next slab in set Q as current slab and

return to step 1.

Next we consider the pricing problems for (APS
3 ), which can be formulated as:
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maximize

N
∑

j=1

−u∗j(K)xj +
N
∑

j=1



Rj − r +
T
∑

t=τj

hit



 vj −
(

Ci − rWi +
T
∑

t=1

hitWi

)

z − v∗i (K)

subject to (PPS
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N
N
∑

j=1

vj ≤ Wiz

vj ≥ 0 j = 1, . . . , N

xj ∈ {0, 1} j = 1, . . . , N

z ∈ {0, 1}.

As before, the only nontrivial case is the case where x 6= 0, that is, z = 1. When

z = 1, it is easy to see that this pricing problem is a KPEI by eliminating the last

two constant terms. Thus, the algorithms proposed in Section 5.2.3 can be used to

solve it.

5.3.2 Model Expansions

If, in contrast to the assumptions in the basic model presented above, we can

recycle surpluses and/or purchase slabs in any period, that is, recycle a surplus as

soon as the corresponding slab will not be used anymore and/or purchase a slab

just before it is used, we can reduce the inventory costs and improve our profit. In

this section, we will consider these expansions of the basic model. Note that since

any solution to problem (APS
3 ) will also be feasible to these expansions, we can

still apply the same greedy heuristic to obtain a feasible solution and change the

recycle periods or (and) the purchase periods of the slabs accordingly to improve

the solution. Next we will formulate these modified models, and discuss how to

solve the subproblems as well as the pricing problems.
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Recycle in any period. First, we consider the case where a surplus can be

recycled in any period. The formulation of the problem will be:

maximize
M
∑

i=1

Hi(xi·)

subject to (APSR
3 )

M
∑

i=1

xij = 1 j = 1, . . . , N

N
∑

j=1

ljxij ≤ Wi i = 1, . . . ,M

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N

where the function Hi : {0, 1}N → R is the optimal objective function value of the

following subproblem:

maximize
N
∑

j=1

Rjvj + r
T
∑

t=1

st − Ciz −
T
∑

t=1

hit



Wiz −
∑

j∈St

vj −
t
∑

k=1

sk





=
N
∑

j=1



Rj +
T
∑

t=τj

hit



 vj +
T
∑

t=1

(

r +
T
∑

k=t

hik

)

st −
(

Ci +
T
∑

t=1

hitWi

)

z

subject to (SPSR
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N
N
∑

j=1

vj +
T
∑

t=1

st ≤ Wiz (5.5)

st ≤ Wi(1− xj) j ∈ {k : τk > t}; t = 1, . . . , T (5.6)

vj ≥ 0 j = 1, . . . , N

st ≥ 0 t = 1, . . . , T

z ∈ {0, 1}

where st is the weight of the surplus of slab i recycled in period t. Constraint (5.5)

is the slab capacity constraint, and constraints (5.6) ensure st = 0 if in period t a
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order will be produced from slab i, that is, surplus of slab i will only be recycled

after all plates assigned to it have been produced.

For any given assignment variable x, let t̄ = maxj{τj : xj = 1} be the

last period in which slab i is used to produce plates. To maximize the profit, the

surplus of slab i must be recycled at the end of period t̄ since the unit surplus

revenue r is constant and thus any delay in recycling will decrease the total revenue

by increasing slab holding cost. It follows that st̄ = Wiz −
∑N

j=1 vj and st = 0 for

all t 6= t̄ in the optimal solution. Thus we can reformulate the subproblem as:

maximize
N
∑

j=1



Rj − r +
t̄−1
∑

t=τj

hit



 vj −
(

Ci − rWi +
t̄−1
∑

t=1

hitWi

)

z

subject to

ljxj ≤ vj ≤ ujxj j = 1, . . . , N
N
∑

j=1

vj ≤ Wiz

vj ≥ 0 j = 1, . . . , N

z ∈ {0, 1}.

This problem is the same as (SPP
it) and thus the subproblem (SPSR

i ) can be solved

by using the algorithm in Section 5.2.2 with Rj = Rj − r +
∑t̄−1

t=τj
hit. Notice

that for any subproblem the difference between these net revenue coefficients and

those of the model (APS
3 ) is a constant

∑T

t=t̄ hit. Thus, the ordering of the plates

for any slab will remain the same in the greedy heuristic no matter which set of

coefficients is used. In fact, this property holds for all three expansions discussed

in this section. Thus we can always use the same greedy heuristic for (APS
3 ) to

obtain a feasible solution for any of the three expansions. However, only the values

of xij and vij will remain the same in the feasible solution of the expansions. We

need to compute the value of the other variables, for example z, and the objective



132

function by using a reformulated subproblem such as the one above. Thus, in the

following discussion of the other two expansions, we will omit the discussion about

greedy heuristic and focus on the subproblems and pricing problems. But first let

us take a look at the pricing problem of this expansion, which has the following

formulation:

maximize
N
∑

j=1

−u∗j(K)xj +
N
∑

j=1



Rj +
T
∑

t=τj

hit



 vj +
T
∑

t=1

(

r +
T
∑

k=t

hik

)

st

subject to (PPSR
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N
N
∑

j=1

vj +
T
∑

t=1

st ≤ Wiz

st ≤ Wi(1− xj) j ∈ {k : τk > t}; t = 1, . . . , T

vj ≥ 0 j = 1, . . . , N

st ≥ 0 t = 1, . . . , T

xj ∈ {0, 1} j = 1, . . . , N

z ∈ {0, 1}.

Suppose that surplus is recycle in period t̄ ∈ {τj : j = 1, . . . , N}. Then we only

need to consider the plates in set S t̄. Since only st̄ can be positive and the capacity

constraint will be binding in the optimal solution, we have

st̄ = Wi −
∑

j∈S t̄

vj.

Now for each fixed t̄ ∈ {τj : j = 1, . . . , N} the pricing problem (PPSR
i ) becomes the

following KPEI problem:

maximize
∑

j∈S t̄

−u∗j(K)xj +
∑

j∈S t̄



Rj − r +
t̄−1
∑

t=τj

hit



 vj
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subject to

ljxj ≤ vj ≤ ujxj j ∈ S t̄

∑

j∈S t̄

vj ≤ Wi

vj ≥ 0 j ∈ S t̄

xj ∈ {0, 1} j ∈ S t̄.

Let h(t̄) be the optimal objective function value of the above KPEI corresponding

to a given choice of t̄. Then the optimal objective function value of the pricing

problem (PPSR
i ) will be:

min
t̄∈{τj : j=1,...,N}

{

h(t̄)−
(

Ci − rWi +
t̄−1
∑

t=1

hitWi

)

− v∗i (K)

}

.

Thus we need to solve at most T KPEI problems to obtain the optimal solution of

the pricing problem.

Purchase in any period.

Next, we consider the case that we can obtain slabs in any period. In this case,

we obtain the following assignment formulation:

maximize
M
∑

i=1

Hi(xi·)

subject to (APSP
3 )

M
∑

i=1

xij = 1 j = 1, . . . , N

N
∑

j=1

ljxij ≤ Wi i = 1, . . . ,M

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N
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where the function Hi : {0, 1}N → R represents the optimal objective function value

of the following subproblem:

maximize
N
∑

j=1

Rjvj + r

(

T
∑

k=1

Wizk −
T
∑

j=1

vj

)

−
T
∑

t=1

Cizt −
T
∑

t=1

hit





t
∑

k=1

Wizk −
∑

j∈St

vj





=
N
∑

j=1



Rj − r +
T
∑

t=τj

hit



 vj −
T
∑

t=1

(

Ci − rWi +
T
∑

k=t

hikWi

)

zt

subject to (SPSP
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N

∑

j∈St

vj ≤ Wi

t
∑

k=1

zk t = 1, . . . , T (5.7)

T
∑

t=1

zt ≤ 1

vj ≥ 0 j = 1, . . . , N (5.8)

zt ∈ {0, 1} t = 1, . . . , T

where zt is 1 if slab i is purchase in period t and 0 otherwise. Constraints (5.7)

ensure that the plates can only be made after slab i is purchased and the total

weight of plates made from slab i can not exceed the capacity of slab i. Constraint

(5.8) states that slab i can by purchased at most once during the time horizon.

For given assignments x 6= 0 let t = minj{τj : xj = 1} be the first period during

which we use slab i to produce plates. Clearly, due to the holding costs we will

have zt = 1 for t = t and 0 otherwise in the optimal solution. And from feasibility

considerations only plates in the set St can be produced. Thus we can reduce

the above subproblem to the following problem and solve it with net revenue

coefficients Rj = Rj − r +
∑T

t=τj
hit by using the algorithm developed for the
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subproblem (SPP
it) as before:

maximize
∑

j∈St



Rj − r +
T
∑

t=τj

hit



 vj −



Ci − rWi +Wi

T
∑

k=t

hik



 zt

subject to

ljxj ≤ vj ≤ ujxj j ∈ St

∑

j∈St

vj ≤ Wiz

vj ≥ 0 j ∈ St

zt ∈ {0, 1}.

Next, we will consider the pricing problem in the branch-and-price algorithm,

which has the following formulation:

maximize

−
N
∑

j=1

u∗j(K)xj +
N
∑

j=1



Rj − r +
T
∑

t=τj

hit



 vj −
T
∑

t=1

(

Ci − rWi +
T
∑

k=t

hikWi

)

zt

subject to (PPSP
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N

∑

j∈St

vj ≤ Wi

t
∑

k=1

zk t = 1, . . . , T

T
∑

t=1

zt ≤ 1

vj ≥ 0 j = 1, . . . , N

xj ∈ {0, 1} j = 1, . . . , N

zt ∈ {0, 1} t = 1, . . . , T.

When x 6= 0 we know that exactly one zt is 1, that is, we will purchase slab i in the

first period in which it is used in the optimal solution. Suppose that the purchase

period t ∈ {τj : j = 1, . . . , N} is given. It is obvious that only plates in the set St
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can be produced. Thus, for fixed t, the pricing problem (PPSP
i ) reduces to:

maximize
∑

j∈St

−u∗j(K)xj +
∑

j∈St



Rj − r +
T
∑

t=τj

hit



 vj

subject to

ljxj ≤ vj ≤ ujxj j ∈ St

∑

j∈St

vj ≤ Wi

vj ≥ 0 j ∈ St

xj ∈ {0, 1} j ∈ St.

Let h(t) be the optimal objective function value of this problem. The optimal

objective function value of the pricing problem (PPSP
i ) will then be equal to:

min
t∈{τj : j=1,...,N}







h(t)−



Ci − rWi +
T
∑

k=t

hikWi



− v∗i (K)







.

However, since the coefficients of the items in the objective function are constants

and not related to t, if we use dynamic programming to solve the pricing problem

we do not need to solve a set of KPEI problems. In order to obtain the optimal

solution of the pricing problem, only one KPEI problem with t = 1 needs to

be solved. If we order all items in set S1 in decreasing order of τj, we will have

following relations between h(t) and fj(U), which is defined in the dynamic

programming algorithm in Section 5.2.3:

h(t) = fj(t)(Wi) where j(t) = argmin
j
{τj ≥ t}.

Recycle and purchase in any period.

As the last expansion to the problem MPFDA-S we will combine the previous

two models to allow slabs to be both recycled and purchased in any period. The
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combined model reads:

maximize
M
∑

i=1

Hi(xi·)

subject to (APSA
3 )

M
∑

i=1

xij = 1 j = 1, . . . , N

N
∑

j=1

ljxij ≤ Wi i = 1, . . . ,M

xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N

where function Ht : {0, 1}N → R is the optimal objective function value of the

following subproblem:

maximize

N
∑

j=1

Rjvj + r

T
∑

t=1

st −
T
∑

t=1

Cizt −
T
∑

t=1

hit





t
∑

k=1

Wizk −
∑

j∈St

vj −
t
∑

k=1

sk





=
N
∑

j=1



Rj +
T
∑

t=τj

hit



 vj +
T
∑

t=1

(

r +
T
∑

k=t

hik

)

st −
T
∑

t=1

(

Ci +
T
∑

k=t

hikWi

)

zt

subject to (SPSA
i )

ljxj ≤ vj ≤ ujxj j = 1, . . . , N

∑

j∈St

vj +
t
∑

k=1

sk ≤ Wi

t
∑

k=1

zk t = 1, . . . , T

st ≤ Wi(1− xj) j ∈ {k : τk > t}; t = 1, . . . , T
T
∑

t=1

zt ≤ 1

vj ≥ 0 j = 1, . . . , N

st ≥ 0 t = 1, . . . , T

zt ∈ {0, 1} t = 1, . . . , T.
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For given assignment x 6= 0 of plates to slab i, it is obviously that the first period

t = min{τj : xj = 1} and the last period t̄ = max{τj : xj = 1} during which slab i

is used will be the period in which slab i is purchased and recycled, respectively, in

the optimal solution of (SPSA
i ). It follows that zt = 1 for t = t and 0 otherwise, and

st = Wizt −
∑

j∈St∩S t̄
vj for t = t̄ and 0 otherwise in the optimal solution. Thus the

subproblem (SPSA
i ) can be reduced to the following problem:

maximize
∑

j∈St∩S t̄



Rj − r +
t̄−1
∑

t=τj

hit



 vj −



Ci − rWi +
t̄−1
∑

k=t

hikWi



 zt

subject to

ljxj ≤ vj ≤ ujxj j ∈ St ∩ S t̄

∑

j∈St∩S t̄

vj ≤ Wizt

vj ≥ 0 j ∈ St ∩ S t̄

zt ∈ {0, 1}.

This problem is similar to (SPP
it) and we can solve it in polynomial time for fixed x

by setting the net revenue coefficients to Rj = Rj − r +
∑t̄−1

t=τj
hit.

A similar approach can be used to solve the pricing problem in this case by

solving a set of problems with fixed recycle period t ∈ {1, . . . , T} and purchase

period t̄ ∈ {t, . . . , T}. For given t ≤ t̄, we then need to solve the following KPEI

problem:

maximize
∑

j∈St∩S t̄

−u∗j(K)xj +
∑

j∈St∩S t̄



Rj − r +
t̄−1
∑

t=τj

hit



 vj

subject to

ljxj ≤ vj ≤ ujxj j ∈ St ∩ S t̄



139

∑

j∈St∩S t̄

vj ≤ Wi

vj ≥ 0 j ∈ St ∩ S t̄

xj ∈ {0, 1} j ∈ St ∩ S t̄.

Let h(t, t̄) be the optimal objective function value of this problem. The optimal

objective function value of the pricing problem will then be:

max
t=1,...,T ; t̄=t,...,T







h(t, t̄)−



Ci − rWi +
t̄−1
∑

k=t

hikWi



− v∗i (K)







.

To solve the pricing problem we may need to obtain the optimal solution of at

most T (T + 1)/2 KPEI problems. Notice that the coefficients of plates in above

problem are constant when t̄ is fixed. Then if all data are integral and the pseudo-

polynomial dynamic programming algorithm is applied, we can apply an approach

similar to the one for (PPSP
i ), and thus we only need to solve at most T KPEI

problems, one for each t̄ ∈ {τj : j = 1, . . . , T}.

5.4 The MPFDA with Plate and Slab Inventory

5.4.1 Basic Formulation

In this section we consider the third inventory strategy, that is, inventory can

consist of both slabs and plates. We denote this problem by MPFDA-A. Suppose

that there are at most M slabs are available during the time horizon. Let h′it and

hjt be the holding cost of slab i (i = 1, . . . ,M) and plate j (j = 1, . . . , N) in period

t (t = 1, . . . , T ). We will have the same assumption as in the second model:

Rj ≥ r j = 1, . . . , N

Ci ≥ rWi i = 1, . . . ,M.

For ease of exposition, we assume that the slabs are purchased at the begin-

ning of the time horizon and the surplus can only be recycled at the end of the

time horizon. In a similar way as was done for the MPFDA-S, we can expand the
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MPFDA-A and eliminate these restrictions. However, we will only discuss one

expansion briefly because of these similarities.

We can formulated MPFDA-A in the form of (AP) as follows:

maximize
M
∑

i=1

Hi(xi··)

subject to (APA
3 )

M
∑

i=1

τj
∑

t=1

xijt = 1 j = 1, . . . , N

N
∑

j=1

τj
∑

t=1

ljxijt ≤ Wi i = 1, . . . ,M

xijt ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N ; t = 1, . . . , τj

where xijt = 1 if order j is produced from slab i in period t and 0 otherwise. Here

the function Hi : {0, 1}N×τ → R is the maximal profit that can be obtained from

slab i as a function of the assignment vector x:

maximize
N
∑

j=1

τj
∑

t=1

Rjvjt + r

(

Wiz −
T
∑

t=1

∑

j∈St

vjt

)

− Ciz −
T
∑

t=1

h′it

(

Wiz −
t
∑

k=1

∑

j∈Sk

vjk

)

−
N
∑

j=1

τj−1
∑

t=1

(

hjt

t
∑

k=1

vjk

)

=
N
∑

j=1

τj
∑

t=1

(

Rj − r +
T
∑

k=t

h′ik −
τj−1
∑

k=t

hjk

)

vjt −
(

Ci − rWi +
T
∑

t=1

h′itWi

)

z

subject to (SPA
i )

ljxjt ≤ vjt ≤ ujxjt j = 1, . . . , N ; t = 1, . . . , τj
N
∑

j=1

τj
∑

t=1

vjt ≤ Wiz

vjt ≥ 0 j = 1, . . . , N ; t = 1, . . . , τj

z ∈ {0, 1}
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where z is 1 if slab i is used and 0 otherwise, and vjt is the weight of plate j

produced from slab i in period t. The objective function consists of five parts:

revenue from orders, revenue from recycling slabs, cost of slabs, inventory holding

cost of slabs and inventory holding cost of plates.

Let

t∗j = arg max
t=1,...,τj

{

Rj − r +
T
∑

k=t

h′ik −
τj−1
∑

k=t

hjk

}

Rj = Rj − r +
T
∑

k=t∗j

h′ik −
τj−1
∑

k=t∗j

hjk.

Suppose that plate j is produced from slab i in the optimal solution (x∗, v∗). Then

x∗ijt = 1 and v∗ijt > 0 if and only if t = t∗j , that is, the plate will be produced in the

period with maximal coefficient. Otherwise, we can always produce the plate in the

period with maximal coefficient and increase the objective function value. Based on

this observation, we can reformulate (APA
3 ) as the following problem:

maximize
M
∑

i=1

Hi(Xi·)

subject to

M
∑

i=1

Xij = 1 j = 1, . . . , N

N
∑

j=1

ljXij ≤ Wi i = 1, . . . ,M

Xij ∈ {0, 1} i = 1, . . . ,M ; j = 1, . . . , N

where Xij = 1 if order j is produced from slab i (in period t∗j) and 0 otherwise.

Here the function Hi : {0, 1}N → R is the maximal profit that can be obtained from

slab i as a function of the assignment vector X:

maximize
N
∑

j=1

RjVj −
(

Ci − rWi +
T
∑

t=1

h′itWi

)

z



142

subject to

ljXj ≤ Vj ≤ ujXj j = 1, . . . , N
N
∑

j=1

Vj ≤ Wiz

Vj ≥ 0 j = 1, . . . , N

where Vj is the weight of plate j produced from slab i (in period t∗j). Notice that

this formulation has the same form as (APS
3 ), which means that we can transfer the

basic model of MPFDA-A to the basic model of MPFDA-S. The reason behind this

equivalence is that given any pair of slab and plate we can immediately conclude

the production period by the above discussion. Thus all algorithms developed for

solving (APS
3 ) can be directly applied to the above simplified model of (APA

3 ).

5.4.2 Expansion: Recycle and Purchase in Any Period

In this section we will consider an expansion of the basic model of MPFDA-A.

We will remove the unrealistic assumptions made in above model and consider the

case in which slabs can be purchased and recycled in any period. We will have the

following subproblem in this expansion:

maximize

N
∑

j=1

τj
∑

t=1

Rjvjt + r
T
∑

t=1

st −
T
∑

t=1

Cizt −
T
∑

t=1

h′it

(

t
∑

k=1

Wizk −
t
∑

k=1

∑

j∈Sk

vjk −
t
∑

k=1

sk

)

−
N
∑

j=1

τj−1
∑

t=1

(

hjt

t
∑

k=1

vjk

)

=
N
∑

j=1

τj
∑

t=1

(

Rj +
T
∑

k=t

h′ik −
τj−1
∑

k=t

hjk

)

vjt +
T
∑

t=1

(

r +
T
∑

k=t

h′ik

)

st

−
T
∑

t=1

(

Ci +
T
∑

k=t

h′ikWi

)

zt

subject to (SPAA
i )

ljxjt ≤ vjt ≤ ujxjt j = 1, . . . , N ; t = 1, . . . , τj
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t
∑

k=1

∑

j∈Sk

vjk +
t
∑

k=1

sk ≤ Wi

t
∑

k=1

zk t = 1, . . . , T

st ≤ Wi

(

1−
τj
∑

k=t

xjk

)

j ∈ {k : τk > t}; t = 1, . . . , T

T
∑

t=1

zt ≤ 1

vjt ≥ 0 j = 1, . . . , N ; t = 1, . . . , τj

zt ∈ {0, 1} t = 1, . . . , T

where zt is 1 if slab i is purchased in period t and 0 otherwise, and st is the weight

of the surplus of slab i recycled in period t.

Let t = min{t : xjt = 1} and t = max{t : xjt = 1}. Similar to the third

expansion of MPFDA-S, we know that when slab i is used we have zt = 1 if and

only if t = t , and only plates in set St can be produced from slab i. Furthermore

we have st = Wizt −
∑t

k=t

∑

j∈Sk
vjk if t = t and 0 otherwise. Thus the subproblem

can be simplified and is equivalent to the following problem:

maximize

∑

j∈St

min{t, τj}
∑

t=t

(

Rj − r +
t−1
∑

k=t

h′ik −
τj−1
∑

k=t

hjk

)

vjt −



Ci − rWi +
t−1
∑

k=t

h′ikWi



 zt

subject to (SPA
i )

ljxjt ≤ vjt ≤ ujxjt j ∈ St ; t = t , . . . , min{t, τj}
∑

j∈St

min{t, τj}
∑

t=t

vjt ≤ Wizt

vjt ≥ 0 j ∈ St ; t = t , . . . , min{t, τj}

zt ∈ {0, 1}.
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Similar to the basic model, we can define

t∗j = arg max
t=t ,...,min{t, τj}

{

Rj − r +
t−1
∑

k=t

h′ik −
τj−1
∑

k=t

hjk

}

Rj = Rj − r +
t−1
∑

k=t∗j

h′ik −
τj−1
∑

k=t∗j

hjk

and we know that if plate j is produced from slab i in the optimal solution (x∗, v∗)

we have x∗ijt = 1 and v∗ijt > 0 if and only if t = t∗j . Thus we can further simplify the

subproblem to the following problem as in the basic model:

maximize
∑

j∈St

RjVj −



Ci − rWi +
t−1
∑

k=t

h′itWi



 z

subject to

ljXj ≤ Vj ≤ ujXj j ∈ St

∑

j∈St

Vj ≤ Wiz

Vj ≥ 0 j ∈ St

z ∈ {0, 1}

which can thus be solved in polynomial time. As in the third expansion of

MPFDA-S, we can solve the pricing problem by solving a set of KPEI problems,

one for each pair of purchase period and recycle period.

5.5 Computational Results

5.5.1 Generation of Problem Instances

We apply a similar method to Balakrishnan and Geunes [11] to generate

random data and perform the test based on two models: the MPFDA-P or

(APP
3 ), and the third expansion of MPFDA-S or (APS

3A). This random data

generation method is based on real data provided by a steel manufacturer. In

our test instances, slab cost Cit is uniformly distributed on [0.45, 0.55] $/lb, and
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plate revenue Rj is uniformly distributed on [1, 1.5] $/lb. We set slab recycling

revenue to r = 0.25 $/lb and the rate of inventory holding cost usually at 10%.

The minimum and maximum plate weights lj and uj and the slab weight Wit are

uniformly distributed on [5, 10], [10, 15], and [50, 60], respectively. We consider

cases with planning horizons T = 3, 4, 5, 6 and number of orders N = 10T, 20T, 30T .

For each problem set we generate 10 instances. The number of orders placed in

any period t is given by Nσt, where the vector of seasonal factors σ is shown in the

following table:

Table 5–1: Seasonal factor

T σ1 σ2 σ3 σ4 σ5 σ6
3 0.3 0.4 0.3
4 0.2 0.3 0.3 0.2
5 0.15 0.25 0.20 0.25 0.15
6 0.1667 0.1110 0.1667 0.2222 0.1667 0.1667

Denoting the upper bound on the plate weights by U , we ensure that most in-

stances generated are feasible by setting

M =

⌈

N maxt{σt}U
E(Wit)

⌉

in MPFDA-P and

M =

⌈

NU

E(Wit)

⌉

in MPFDA-S.

5.5.2 Main Results

We performed our tests on a PC with a 650MHz Pentium III processor and

512Mb memory, and used the CPLEX 9.0 linear programming solver to solve the

master problem in the branch-and-price algorithm.

Based on some preliminary tests, we found that the running time of the

branch-and-price algorithm even for some small instances is on the order of hours.

We thus chose to stop the branch-and-price algorithm after finding the root node
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of the branch-and-price tree, and refer to the solution of the master problem as

the B&P root solution. For small instances, that is, instances generated with

N/T = 10, we further solved the master problem obtained by CPLEX with

integrality constraints enforced (see Section 2.4.4). We will call the solution

obtained by this heuristic the root MIP solution.

Besides using the algorithms developed in this chapter to solving the instances

generated, we also attempted to use the MIP solver of CPLEX to solve the

instances to optimality, in order to accurately evaluate the quality of our heuristics.

To speed up CPLEX, we always use the solution found by VLSN as the starting

solution for CPLEX. We then tell CPLEX to stop when the MIP gap is less than

0.1% or the running time exceeds 12(T − 3)N/T seconds. Using this method, we

obtain at least an upper bound on the optimal solution value, which we will refer to

as the CPLEX bound.

Results of MPFDA-P.

Table 5–2 shows the performance of the algorithms for (APP
3 ). We report

the average running time and error for each algorithm. All errors are computed

based on the CPLEX bound. We found that B&P root bounds are always worse

than CPLEX bound and errors reported for B&P are actually the gap between

these bounds. the In addition, we report the number of columns generated in the

branch-and-price algorithm.

We found that CPLEX usually stopped because of the time limit and without

a better integer solution than the VLSN solution, except for some instances in

the problem sets with T = 3, N = 30 and T = 4, N = 40, that is, the two

smallest problem sets. Even after we increased the time limit of CPLEX by a

factor of 5, the average CPLEX bound only improved by about 0.05% in the 60

instances generated for the 6 problem sets with ratios N/T = 10 and 20. Thus,

CPLEX in general is not a good choice to solve these problems except for very
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small instances. The greedy heuristic usually gives a solution with error bounds

between 4% and 5%. But considering that the running time of the greedy heuristic

is almost negligible, it can be a good choice when we need a good solution for very

large instances in real-time. The VLSN heuristic generally yields a good solution in

short time, about only 1/5 to 1/10 of the time used by CPLEX or B&P root. Thus

it can be used to solve up to reasonably large size instances to obtain a satisfactory

solution in limited time. Since the root MIP solutions are always at least as good

as the VLSN solutions, in cases that solution quality is extremely important the

root MIP solution can be obtained in a reasonable time for small to intermediate

size instances.

Results for MPFDA-S. Next we obtained results for (APS
3A) in a similar way

as for (APP
3 ), and all results are shown in Table 5–3. From our theoretical analysis,

we expect that in general MPFDA-S will be harder to solve than MPFDA-P. The

results illustrate this conclusion: CPLEX always stopped because of the time limit,

even for the smallest instances, and quality of the solutions obtained by the greedy

heuristic is much lower, with errors larger than 10%. Meanwhile, the B&P bounds

are much worse than the CPLEX bounds, and the branch-and-price algorithm takes

hours to solve even for medium size instances. Thus we only obtained 6 sets of

results for B&P root. However, the VLSN heuristic can still produce solutions with

only 1% to 2% error in limited time for all instances tested.

Since the errors of the greedy solutions for MPFDA-S are usually more than

10% while the running time of the greedy heuristic is negligible even for large

instances of MPFDA-S, we have tried to use a Greedy Randomized Adaptive

Search Procedure (GRASP) to improve the solution of greedy heuristic. Instead

of assigning the most profitable plate to the cheapest slab according to their

measurement, we randomly choose one plate from the three most profitable plates.

We assign a probability 0.6 to the most profitable plate, 0.3 to the second most
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Table 5–2: Results for MPFDA-P
B&P root Root MIP Greedy heuristic VLSN CPLEX

T N M Time Error Cols Time Error Time Error Time Error Time
(sec) (%) (%) (sec) (%) (sec) (%) (sec) (%) (sec)

30 4 4.634 2.583 315 0.341 0.519 0.000 3.484 0.371 0.616 28.55
3 60 7 44.241 1.269 1186 0.000 4.789 15.985 1.236 240.00

90 10 358.931 0.454 2792 0.000 5.029 67.197 1.264 360.00

40 4 10.387 1.917 473 2.614 1.288 0.000 4.637 0.854 1.663 214.31
4 80 7 88.234 0.874 1694 0.001 4.991 25.965 0.926 480.00

120 10 724.498 0.267 3854 0.001 4.791 119.384 1.739 720.00

50 4 26.308 1.265 626 14.286 1.721 0.000 4.700 3.061 1.279 360.00
5 100 7 176.928 0.611 2303 0.000 5.347 43.757 1.270 720.00

150 11 1907.464 0.217 5726 0.000 4.786 226.321 1.484 1080.00

60 4 78.081 1.436 850 56.533 1.016 0.000 4.710 7.650 1.572 480.00
6 120 8 339.81 0.440 3173 0.001 4.968 71.536 1.288 960.00

180 11 3746.689 0.242 7513 0.003 4.560 409.900 1.284 1440.00



149

Table 5–3: Results for MPFDA-S
B&P root Root MIP Greedy heuristic VLSN CPLEX

T N M Time Error Cols Time Error Time Error Time Error Time
(sec) (%) (%) (sec) (%) (sec) (%) (sec) (%) (sec)

30 9 136.664 3.075 1750 93.400 2.831 0.003 10.692 0.792 2.879 120.00
3 60 17 672.039 3.585 6053 0.000 9.499 27.714 1.968 240.00

90 25 0.007 9.016 25.263 1.478 360.00

40 11 284.851 2.717 3328 138.400 2.337 0.000 12.316 1.874 2.382 240.00
4 80 22 2438.303 4.745 12268 0.000 11.189 22.894 1.530 480.00

120 33 0.008 10.041 55.365 1.846 720.00

50 14 772.566 3.884 5488 333.500 2.621 0.001 12.816 7.018 2.621 360.00
5 100 28 7754.420 6.410 24873 0.004 12.561 30.898 1.713 720.00

150 41 0.012 11.865 103.252 1.662 1080.00

60 17 1729.703 6.348 8691 480.000 1.290 0.002 15.134 15.963 2.815 480.00
6 120 33 14620.143 7.844 34071 0.007 15.020 50.936 2.009 960.00

180 50 0.016 13.786 181.873 1.730 1440.00
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profitable plate, and 0.1 to the third. We randomly choose a slab in a same way.

We then run the GRASP heuristic 100 times and choose the best solution obtained

in the 100 runs as the GRASP solution. We then use the VLSN heuristic to

improve the GRASP solution as before, which we will call the VLSN with GRASP

heuristic. Finally we run the original greedy heuristic and the VLSN heuristic on

the same instances. We report the running times and errors for all four heuristic

in Table 5–4. Notice that the errors are again computed based on the CPLEX

bounds. We found that the GRASP solutions are usually better than the greedy

solutions with a reduction in error of about 1% to 3%. However, the solutions

obtained by VLSN with GRASP do not always show an improvement. In fact, in

the majority of cases the original VLSN heuristic outperforms VLSN with GRASP.

Thus, we conclude that there is no benefit to using the GRASP heuristic if we will

use VLSN heuristic to improve the initial solution. However, in case that solution

time is critical and the VLSN heuristic can not be used, the GRASP heuristic will

be a better choice than the greedy heuristic since the running time of GRASP

heuristic is still only on the order of seconds.

5.6 Summary

In this chapter we studied a dynamic production planning model under

product specification flexibility. We investigated three different inventory strategies,

and developed polynomial-time algorithms to solve the subproblem for each of

the cases to optimality. Based on our observations about the structure of the

optimal solutions to the subproblems, we proposed greedy heuristics for the entire

problems. Furthermore, we studied the pricing problems that are encountered in

a branch-and-price solution methodology, and identified it as the KPEI problem

and extensions thereof. We proved some properties of KPEI and develop efficient

algorithms for KPEI based on these properties. By solving the subproblem and
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Table 5–4: Results of GRASP for MPFDA-S

With GRASP Without GRASP
Greedy VLSN Greedy VLSN

T N M Time Error Time Error Time Error Time Error
(sec) (%) (sec) (%) (sec) (%) (sec) (%)

30 9 0.086 7.168 0.805 2.926 0.003 10.692 0.792 2.879
3 60 17 0.365 7.226 20.926 1.611 0.000 9.499 27.714 1.968

90 25 0.880 7.955 24.404 1.484 0.007 9.016 25.263 1.478

40 11 0.159 9.795 2.108 2.626 0.000 12.316 1.874 2.382
4 80 22 0.679 9.470 22.110 1.807 0.000 11.189 22.894 1.530

120 33 1.640 9.340 55.142 1.706 0.008 10.041 55.365 1.846

50 14 0.252 10.985 8.616 2.896 0.001 12.816 7.018 2.621
5 100 28 1.104 11.189 28.876 1.538 0.004 12.561 30.898 1.713

150 41 2.645 10.789 99.441 1.731 0.012 11.865 103.252 1.662

60 17 0.374 12.756 17.289 3.021 0.002 15.134 15.963 2.815
6 120 33 1.636 12.937 52.221 1.931 0.007 15.020 50.936 2.009

180 50 4.307 12.565 191.455 1.822 0.016 13.786 181.873 1.730

pricing problem efficiently, we can implement efficient VLSN algorithm and branch-

and-price method. The computational results illustrated the efficiency of these

algorithms.

The logistics network setting in the first two applications is very similar. In

both cases, we consider a logistics network with a set of facilities and a set of retail-

ers and a single product. The main difference between the two applications is that

in the first application, the Multi-Period Single-Sourcing Problem (MPSSP), we

consider a discrete time horizon and assume linear production and holding costs,

while in the second application, the Continuous-Time Single-Sourcing Problem

(CSSP), the problem will be set in continuous-time horizon and we consider fixed

setup costs in production. In the absence of capacities, the MPSSP can be viewed

as a cooperative multi-supplier and multi-retailer version of the classical ELS

model. In this dissertation, we will study an extended MPSSP model which will

include various types of constraints, in particular, production capacity, throughput
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capacity, inventory capacity, and perishbility constraints. Similarly, the uncapaci-

tated CSSP can be viewed as a cooperative multi-supplier and multi-retailer version

of the classical EOQ model. We also extend the uncapacitated CSSP model and

consider cases with production and inventory capacity and capacity expansion op-

portunities. In the last application, the Multi-Period Flexible Demand Assignment

Problem (MPFDA), we go back to a discrete time horizon but we allow for flexible

demands, that is, retailers will accept orders within some specified range, giving

the facilities some freedom to choose the amount supplied. For the MPFDA we

will investigate the impact of three different inventory strategies. In particular, we

consider cases in which we can stock raw materials only but produce just-in-time,

stock only end products but acquire raw materials just-in-time, or stock both raw

materials and end products. Our goal is that by studying these applications we

can provide insights and develop efficient algorithms to solve a large set of real life

problems arising in logistics network design and coordination.

In the MPFDA model, we assume that there is no setup up cost when we use

a slab to produce plates in one period. However, in some situations, the cost to

setup production in one period can not be omitted. The presence of setup costs will

change the linear cost structure in current model, and will as such be an interesting

topic for future research.

In this chapter, we have assumed that there is sufficient production and

inventory capacity, so that we can produce any amount of plates or store any

amount of plates or slabs in inventory as needed. Even when in many cases this

may be a reasonable assumption, it will be interesting to explore extensions of the

MPFDA in which resource constraints are taken into account.



CHAPTER 6
CONCLUSIONS AND FUTURE RESEARCH DIRECTIONS

In this dissertation, we have studied several complex optimization problems

arising in the area of supply chain management. The solution to these problems

have the potential to significantly reduce the costs of manufacturers and logistics

service providers by appropriately redesigning the logistics network as well as im-

proving the planning of production and control of inventories. We have developed

both heuristics and exact algorithms to solve such problems. We have studied the

efficiency and efficacy of these approximate and exact algorithms by performing

extensive tests on large sets of randomly generated problem instances. All our

algorithms are based on a very general model structure. Thus, the general solution

methodologies have the potential to be adapted to solve many other real-life prob-

lems faced by companies, not only in manufacturing but also in the areas of service

and finance. And an efficient implementation can usually be obtained by a careful

study of the structure of the subproblem and the pricing problem.

In all three applications studied in this dissertation, there is a very interesting

common structure among the optimal solutions of the linear relaxation of the

pricing problems that generalizes a well-known property of the basic linear knap-

sack problem. That is, it can be shown that there exists at most one fractional

variable in an optimal solution to the relaxed problem. Naturally, some open ques-

tions remain in this area. Can we generalize this structure to a more wide class of

problems? Can we obtain any insights from this structure to build more efficient

algorithms to solve these pricing problems to optimality, or more generally, any

problem with the same structure? The answers to these questions will be an very

interesting future research topic.

153
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For each application, there also exist some unexplored areas. For the MPSSP,

Romero Morales [44] studied a three-level model with facilities, warehouses and

retailers, and considered the assignment of both warehouses to facilities and

retailers to warehouses under linear cost structures. This model can be formulated

in the form of (AP) in the absence of production capacities. Thus another future

research direction will be to consider this model in presence of various constraints

similar to MPSSP or even with capacity constraint. In both MPSSP and MPFDA,

we only consider a linear production and inventory holding cost structure. In the

future, we may study variants of these problems with fixed-charge or more general

production cost structures to capture economies of scale that are often present.

If we incorporate, for example, a fixed-charge production cost structure to these

problems, this results in a nonlinearity in the objective function of the problem.

However, as we have seen for the CSSP, if we can move this nonlinear term to the

subproblem, we can transfer the problem to a linear problem and solve it exactly

using the branch-and-price algorithm. Furthermore, if we can identify properties

of the associated subproblem that help us to solve this subproblem efficiently,

we can use the VLSN heuristic and expect high quality solutions in limited time.

In the CSSP, we now only considered a constant demand rate. But in reality

demands may vary dramatically. An interesting research topic in the future will

be to consider a dynamic or random demand rate. For example, we may consider

a model with a hybrid time horizon, or a multi-period CSSP, that is, a model in

which the demand rate varies between a discrete set of periods, while in each of

these periods a CSSP model applies. Finally, in the MPFDA there also exist some

interesting further research directions. For example, we may consider the inclusion

of various constraints, such as production capacity constraints and inventory

capacity constraints.
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