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Ever since its conception, the mean-squared error (MSE) criterion has been the 

workhorse of optimal linear adaptive filtering. However, it is a well-known fact that the 

MSE criterion is no longer optimal in situations where the data are corrupted by noise. 

Noise, being omnipresent in most of the engineering applications, can result in severe 

errors in the solutions produced by the MSE criterion. In this dissertation, we propose 

novel error criteria and the associated learning algorithms followed by a detailed 

mathematical analysis of these algorithms. Specifically, these criteria are designed to 

solve the problem of optimal filtering with noisy data. Firstly, we discuss a new criterion 

called augmented error criterion (AEC) that can provide unbiased parameter estimates 

even in the presence of additive white noise. Then, we derive novel, online sample-by-

sample learning algorithms with varying degrees of complexity and performance that are 

tailored for real-world applications. Rigorous mathematical analysis of the new 

algorithms is presented. 



xv 

In the second half of this dissertation, we extend the AEC to handle correlated 

noise in the data. The modifications introduced will enable us to obtain optimal, unbiased 

parameter estimates of a linear system when the data are corrupted by correlated noise. 

Further, we achieve this without explicitly assuming any prior information about the 

noise statistics. The analytical solution is derived and an iterative stochastic algorithm is 

presented to estimate this optimal solution. 

The proposed criteria and the learning algorithms can be applied in many 

engineering problems. System identification and controller design problems are obvious 

areas where the proposed criteria can be efficiently used. Other applications include 

model-order estimation in the presence of noise and design of multiple local linear filters 

to characterize complicated nonlinear systems. 
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CHAPTER 1 
MEAN SQUARED ERROR BASED ADAPTIVE SIGNAL PROCESSING SYSTEMS: 

A BRIEF REVIEW 

Introduction 

Conventional signal processing techniques can be typically formulated as linear or 

non-linear operations on the input data. For example, a finite impulse response (FIR) 

filter is a linear combination of the time delayed versions of the input signal. We know 

that a linear combiner is nothing but a linear projector in the input space. Mathematically 

speaking, a projection can be defined as a linear transformation between two vector 

spaces [1]. These linear transformations can be vectors spanning 1nxℜ  or matrices 

spanning nxnℜ . For vector transformations the projections are given by the inner products 

and in case of matrix transformations the projections become rotations. Often, most of the 

design tasks in signal processing involve finding appropriate projections that perform the 

desired operation on the input. For instance, the filtering task is basically finding the 

projection that preserves only a specified part of the input information [2]. Another 

example is data compression, wherein we estimate an optimal projection matrix or 

rotation matrix that preserves most of the information in the input space. The first step in 

finding these projections is to understand the specifications of the problem. Then, the 

specifications are translated into mathematical criteria and equations that can be solved 

using various mathematical and statistical tools. The solutions thus obtained are often 

optimal with respect to the criterion used.  
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Why Do We Need Adaptive Systems? 

Depending on the problem at hand, estimating the optimal projections can be a 

daunting task. Complexities can arise due to the non-availability of a closed form solution 

or even the non-existence of a feasible analytical solution. In the latter case, we may have 

to be contented with sub-optimal solutions. On the other hand, scenarios exist where we 

have to synthesize projections that are not based on user specifications. For instance, 

suppose we are given two signals, an input and a desired signal, and the goal is to find the 

optimal projection (filter) that generates the desired signal from the input. Thus the 

specifications do not convey any explicit information regarding the type of filter we have 

to design. The conventional filter synthesis cookbook does not contain any recipes for 

these types of problems. Such problems can be solved by learning mechanisms that 

intelligently deduce the optimal projections using only the input and desired signals or at 

times using the input signal alone. These learning mechanisms form the foundation of 

adaptive systems and neural networks. All learning mechanisms have at least two major 

pieces associated with them. The first is the criterion and the second is the search 

algorithm. The search algorithm finds the best possible solution in the space of the inputs 

under some constraints. Optimization theory has provided us with a variety of search 

techniques possessing different degrees of complexity and robustness [3]. These learning-

based adaptive systems provide us with a powerful methodology that can go beyond 

conventional signal processing. The projections derived by these adaptive systems are 

called optimal adaptive projections. Another very desirable feature of adaptive systems is 

their innate ability to automatically adjust and track according to the changing statistical 

properties of signals. This can be vital in many engineering applications, viz., wireless 

data transmission, biomedical monitoring and control, echo cancellation over wired 
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telephone lines etc., wherein the underlying physical sources that generate the 

information change over time. In the next section, we will briefly review the theory 

behind the design of linear adaptive systems. 

Design of Adaptive Systems 

A block diagram of an adaptive system is shown in Figure 1-1. Assume that we are 

given a zero-mean input signal nx  and a zero-mean desired signal nd . Further, these 

signals are assumed to be corrupted by noise terms nv  and nu  respectively. Let the 

parameters of the adaptive system be denoted by the weight vector w. Note that we have 

not put any constraints on the topology of the adaptive filter. For convenience, we will 

assume a FIR topology in this chapter. The goal then is to generate an output ny  that best 

approximates the desired signal. In order to achieve that, a criterion (often referred to as 

the cost J(w)) is devised which is typically a function of the error ne  defined as the 

difference between the desired signal and the output, i.e., nnn yde −= . The most widely 

used criterion in the literature is the Mean-Squared Error (MSE) which is defined as 

)()( 2
neEJ =w  (1.1) 

The MSE cost function has some nice properties, namely, 

• Physical relevance to energy  

• The performance surface (shape of J(w)) is smooth and has continuous derivatives 

• The performance surface is a convex paraboloid with a single global minimum  

• The weight vector *w  corresponding to the global minimum is the best linear 
unbiased estimate in the absence of noise [4]  

• If the desired signal is a future sample of the input, i.e., τ+= nn xd , then the filter 
with coefficients *w  is guaranteed to be minimum phase [5]  
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Figure 1-1. Block diagram of an Adaptive System. 
 
Once the criterion is fixed, the next step is to design an algorithm to optimize the cost 

function. This forms another important element in an adaptive system. Optimization is a 

well researched topic and there is a plethora of search methods for convex cost functions. 

Specifically, we minimize the MSE cost function and since the performance surface is 

quadratic with a single global minimum, an analytical closed form optimal solution *w  

can be easily determined. The optimal solution is called the Wiener solution for MSE [6] 

(Wiener filter), which is given by 

PRw 1
*

−=  (1.2) 

In equation (1.2), R denotes the covariance matrix of the input defined as ( )T
kkE xxR =  

and the vector P denotes the cross correlation between the desired signal and the lagged 

input defined as ( )kk dE xP = . Computing the Wiener solution requires inverting the 

matrix R which requires O(N3) operations [7]. However, due to the time-delay 

embedding of the input, the matrix R can be easily shown to be symmetric and Toeplitz, 

which facilitates a computationally efficient inverse operation with complexity O(N2) [8]. 

From the point of view of an adaptive system, the Wiener solution is still not elegant 

un 
dn 

en 

- 
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vn 

 
 

Adaptive Filter 
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because one requires the knowledge of all data samples to compute equation (1.2). A 

sample-by-sample (iterative) algorithm is more desirable as it suits the framework of an 

adaptive system. The most commonly used algorithms to iteratively estimate the optimal 

Wiener solution *w  are the stochastic gradient based Least Mean Squares (LMS) and the 

fixed-point type Recursive Least Squares (RLS).  

Least Mean Squares (LMS) Algorithm 

The gradient of the cost function in (1.1) is given by 

)(2)(
kkeEJ x

w
w

−=
∂

∂  (1.3) 

Notice that the output of the adaptive filter ny  is simply the inner-product between the 

weight vector w  and the vector nx  which is a vector comprised of the delayed versions 

of the input signal nx . Instead of computing the exact gradient, Widrow and fellow 

researchers [9,10] proposed the instantaneous gradient which only considered the most 

recent data samples (both input and desired). This led to the development of the 

stochastic gradient algorithm for MSE minimization that is popularly known as the Least 

Mean Squares (LMS) algorithm. The stochastic gradient is given by 

kkeJ x
w
w 2)(

−=
∂

∂  (1.4) 

Once the instantaneous gradient is known, the search should be in the direction opposite 

to the gradient which gives us the stochastic LMS algorithm in (1.5). 

kkekkk xww )()()1( η+=+  (1.5) 

The term )(kη  denotes a time-varying step-size that is typically chosen from a set of 

small positive numbers. Under mild conditions, it is possible to show that the LMS 
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algorithm converges in the mean to the Wiener solution [10-14]. The stochastic LMS 

algorithm is linear in complexity, i.e., O(N), and allows on-line, local computations. 

These nice features facilitate efficient hardware implementation for real-world adaptive 

systems. Being a stochastic gradient algorithm, LMS suffers from problems related to 

slow convergence and excessive misadjustment in the presence of noise [14,15]. Higher 

order methods have been proposed to mitigate these effects and mainly they are variants 

of Quasi-Newton, Levenberg-Marquardt (LM) and Conjugate-Gradient (CG) methods 

popular in optimization [16-17]. Alternatively, we can derive a recursive fixed-point 

algorithm to iteratively estimate the optimal Wiener solution. This is the well-known 

Recursive Least Squares (RLS) algorithm [18,19]. 

Recursive Least Squares (RLS) Algorithm 

The derivation of the RLS algorithm utilizes the fact that the input covariance 

matrix R can be iteratively estimated from its past values using the recursive relation, 

T
kkkk xxRR +−= )1()(  (1.6) 

The above equation can also be viewed as a rank-1 update on the input covariance matrix 

R. Further, the cross correlation vector P satisfies the following recursion.  

kkdkk xPP +−= )1()(  (1.7) 

We know that the optimal Wiener solution at the time instant k is simply 

)()()( 1
* kkk PRw −=  (1.8) 

Recall the matrix inversion lemma [7,8] at this point which allows us to recursively 

update the inverse of a matrix. 

k
T
k

T
kk

k
kkkk
xRx

RxxRRR
)1(1

)1()1()1()( 1

11
11

−+
−−

−−= −

−−
−−  (1.9) 
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It is important to note that the inversion lemma is useful only when the matrix itself can 

be expressed using reduced rank updates as in equation (1.6). By plugging equation (1.9) 

into the Wiener solution in (1.8) and using the recursive update for P(k) in (1.7), we can 

derive the RLS algorithm outlined in Table 1-1 below. 

Table 1-1. Outline of the RLS Algorithm. 
 
Initialize R-1(0) = cI, where c is a large positive constant 
w(0)  =  0, initialize the weight vector to an all zero vector 
At every iteration, compute 

k
T
k

k

k
kk

xRx
xRκ

)1(1
)1()( 1

1

−+
−

= −

−

 

k
T

k kdke xw )1()( −−=  
)()()1()( kkkk eκww +−=  

)1()()1()( 111 −−−= −−− kkkk T
k RxκRR  

 
The RLS algorithm is a truly fixed-point method as it tracks the exact Wiener solution at 

every iteration. Also, observe the complexity of the algorithm is O(N2) as compared to 

the linear complexity of the LMS algorithm. This additional increase in complexity is 

compensated by the fast convergence and zero misadjustment of the RLS algorithm.  

Other Algorithms 

Although LMS and RLS form the core of adaptive signal processing algorithms, 

researchers have proposed many other variants possessing varying degrees of complexity 

and performance levels. Important amongst them are the sign LMS algorithms that were 

introduced for reduced complexity hardware implementations [20, 21]. Historically, the 

sign-error algorithm has been utilized in the design of channel equalizers [20] and also in 

the 32kbps ADPCM digital coding scheme [22]. In terms of improving the speed of 

convergence with minimum misadjustment, variable step-size LMS and normalized LMS 

algorithms have been proposed [23-27]. Leaky LMS algorithms [28] have been explored 
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to mitigate the finite word length effects at the expense of introducing some bias in the 

optimal solution. Several extensions to the RLS algorithm have also been studied. Some 

of these algorithms show improved robustness against round-off errors and superior 

numerical stability [29,30]. The conventional RLS algorithm works well when the data 

statistics do not change over time (stationarity assumption). Analysis of the RLS tracking 

abilities in non-stationary conditions have been studied by Eleftheriou and Falconer [31] 

and many solutions have been proposed [14]. 

Limitations of MSE Criterion Based Linear Adaptive Systems 

Although MSE based adaptive systems have been very popular, the criterion may 

not be the optimal choice for many engineering applications. For instance, consider the 

problem of system identification [32] which is stated as follows: Given a set of input and 

output noisy measurements where the outputs are the responses of an unknown system, 

obtain a parametric model estimate of the unknown system. If the unknown system is 

nonlinear, then it is obvious that MSE minimization would not result in the best possible 

representation of the system (plant). Criteria that utilize higher order statistics like the 

error entropy, for instance, can potentially provide a better model [33,34]. 

Let us restrict ourselves to the class of linear parametric models. Although the 

Wiener solution is optimal in the least squares sense, the biased input covariance matrix 

R, in the presence of additive white input noise yields a bias1 in the optimal solution 

compared to what would have been obtained with noise-free data. This is a major 

drawback, since noise is omnipresent in practical scenarios. In order to illustrate the 

degradation in the quality of the parameter estimate, we created a random input time  

                                                 
1 The Wiener solution with noise-free data gives unbiased estimates. We refer to this mismatch in 
the estimates obtained with and without noise as the bias introduced by noise. 
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Figure 1-2. Parameter estimates using RLS algorithm with noisy data. 
 
series with arbitrary coloring and passed it through a FIR filter with 50 taps. The filtered 

data were used as the desired signal. Uncorrelated white noise was added to the colored 

input signal and the input signal-to-noise ratio (SNR) was fixed at 0dB. The RLS 

algorithm was then used to estimate the weight vector. Ideally, if the SNR was infinite, 

RLS would have resulted in a weight vector exactly matching the FIR filter. However, 

because of the noisy input, the RLS estimates were biased as can be seen in Figure 1-2. 

This is a very serious drawback of the MSE criterion which is further accentuated by the 

fact that the optimal Wiener MSE solution varies with changing noise power. Researchers 

have dwelt on this problem for many years and several modifications have been proposed 

to mitigate the effect of noise on the estimate. Total least-squares (TLS) is one method 

which is quite powerful in eliminating the bias due to noise [35-42]. The instrumental 

variables (IV) method proposed as an extension to the Least-Squares (LS) has been 

previously applied for parameter estimation in white noise [32]. This method requires 
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choosing a set of instruments that are uncorrelated with the noise in the input [32,43]. Yet 

another classical approach is subspace Wiener filtering [14,44]. This approach tries to 

suppress the bias by performing an optimal subspace projection (Principal Component 

Space) and then training a filter in the reduced input space. In the next few sections, we 

will briefly cover some of these methods and discuss their benefits and the limitations. 

Total Least Squares (TLS) and Other Methods 

Mathematically speaking, TLS solves an over-determined set of linear equations of 

the form bAx = , where nm×ℜ∈A  is the data matrix, mℜ∈b  is the desired vector, and 

nℜ∈x  is the parameter vector and m denotes the number of different observation vectors 

each of dimension n [41]. Alternatively, the linear equations can be written in the form 

0;xbA; =− ]1][[ T , where ][ bA;  denotes an augmented data matrix. Let S be the SVD [8] 

of the augmented data matrix ][ bA;  such that S = UΣVT, where m
T IUU = , 1+= n

T IVV  

and ( ) ]   ),....,,,,([ 1114321 +×−−+= nnmndiag 0;Σ σσσσσ  with all singular values 0>kσ . If  

0;xbA; =− ]1][[ T , the smallest singular value must be zero. This is possible only if 

]1[ −;xT  is a singular vector of ][ bA;  (corresponding to the zero singular value) 

normalized such that its (n+1)th element value is -1. When ][ bA;  is a symmetric square 

matrix, the solution reduces to finding the eigenvector corresponding to the smallest 

eigenvalue of ][ bA; . The TLS solution in this special case is then 

[ ] 1,111 +++−=− nnn vvx;  (1.10) 

where 1,1 ++ nnv  is the last element of the minor eigenvector 1+nv . The Total Least-Squares 

technique can be easily applied to estimate the optimal solution using minor components 

estimation algorithms [45-51]. The computation of the TLS solution requires efficient 
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algorithms for extracting the principal components [52] or the eigenvectors of the data 

covariance matrix. Eigendecomposition is a well studied problem and many algorithms 

have been proposed for online estimation of eigenvectors and eigenvalues directly from 

data samples [53-77]. We have proposed robust, sample efficient algorithms for solving 

Principal Components Analysis (PCA) that have outperformed most of the available 

methods. A brief review of PCA theory and the proposed algorithms are outlined in 

appendix A. Brief mathematical analyses of the proposed algorithms according to the 

principles of stochastic approximation theory [78-85] are also included. A fast minor 

components analysis (MCA) based TLS algorithm [86] is discussed in appendix B.  

Limitations of TLS 

Total least squares gives unbiased estimates only when both the noise in the input 

and the desired data are independent and identically distributed (i.i.d.) and have same 

variance. Further, when the noise is truly i.i.d. Gaussian-distributed, the TLS solution is 

also the maximum likelihood solution. However, the assumption of equal noise variances 

is very restrictive, as measurement noises seldom have similar variances. The 

Generalized TLS (GTLS) problem [87] specifically deals with cases where the noise (still 

assumed to be i.i.d.) variances are different. However, the caveat is that the ratio of noise 

variances is assumed to be known which is, once again, not a practical assumption.  

Extended TLS for Correlated Noise 

In order to overcome the i.i.d. assumption, Mathews and Cichocki have proposed 

the Extended TLS (ETLS) [88] that allows the noise to have non-zero correlations. We 

will briefly describe the approach they adopted. Let the augmented input matrix ][ bA;  be 
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represented as ][ bA;H = . Then, the square matrix HHT  can be written as a combination 

of the clean data matrix HTH and the noise covariance matrix RN. 

N
TT RHHHH +=  (1.11) 

The above equation is true when the noise is uncorrelated with the clean data. This 

assumption is reasonable as the noise processes in general are unrelated (hence 

independent) to the physical sources that produced the data. Assume that there exists a 

matrix transformation H~ , such that 

2/1~ −= NRHH  (1.12) 

The transformed data correlation matrix of H~  is simply 

IRHHRHH += −− 2/12/1~~
N

T
N

T  (1.13) 

Equation (1.13) basically tells us that the transformed data are now corrupted by an i.i.d. 

noise process. Hence, we can now find the regular TLS solution with the transformed 

data by estimating the minor eigenvector of the matrix HH ~~ T . In other words, the optimal 

ETLS solution for correlated noise signals is given by estimating the generalized 

eigenvector corresponding to the smallest generalized eigenvalue of the matrix pencil 

( HHT , RN ). Solving the generalized eigenvalue problem [8] is a non-trivial task and 

there are only a handful of algorithms that can provide online solutions. Our research in 

the area of PCA provided us the tools to develop a novel generalized eigenvalue 

decomposition (GED) algorithm. A short summary of the GED problem, existing 

learning algorithms and the proposed algorithm are listed in appendix C.  

Although the ETLS seems to solve the general problem of linear parameter 

estimation, there is an inherent drawback. The ETLS requires the full knowledge of the 
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correlation matrix of the noise (RN). This assumption potentially leaves the problem of 

linear parameter estimation with noisy data wide open. 

Other Methods 

Infinite Impulse Response (IIR) system identification methods [89-92] deal with 

the problem of measurement noise in the output (desired) data. The Instrumental 

Variables (IV) method [93] for IIR system identification on the other hand, does not 

guarantee stability. It has been known for quite a while that the unit norm constraint for 

the equation-error (EE) based system identification is much better compared to the 

conventional monic constraint [90-92]. However, imposing the unit norm constraint 

appears too restrictive and hence limits the applicability. 

Summary 

In this chapter, we started by describing linear adaptive systems criteria and their 

associated algorithms. Most often, adaptive solutions are derived using the MSE 

criterion. We showed that the MSE criterion produces biased solutions in the presence of 

additive noise. The optimal Wiener MSE solution varies with changing noise variances 

which is highly undesirable. Alternative approaches to combat the effect of noise in the 

parameter estimation have been explored. The most popular approaches are based on the 

Total Least-Squares principles. Generalized TLS and Extended TLS improve upon the 

ability of the TLS to provide bias free estimates in the presence of additive noise. 

However, these methods rely on assumptions that can be very restrictive for real-world 

applications. Further, they require SVD and Generalized SVD computation [94-105] 

which increases the complexity. Another method called subspace Wiener filtering relies 

on the accurate estimation of the signal subspace from the noisy data. This technique 
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reduces the effect of the bias when the signals are distinguishable from noise (high SNR 

scenario). Otherwise, it fails since noise and signal subspaces cannot be separated. 

Thus, it would not be fallacious to say that the problem of linear parameter 

estimation with noisy data is a hard problem that does not yet have a satisfactory solution 

in the existing literature. One of the major contributions of this dissertation is the 

development of an elegant solution to this problem without making any unreasonable 

assumptions about the noise statistics. Towards this end, we will present a new criterion 

based on the error signal and derive new learning algorithms.  
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CHAPTER 2 
AUGMENTED ERROR CRITERION FOR LINEAR ADAPTIVE SYSTEMS 

Introduction 

In the previous chapter, we discussed the Mean-Squared Error (MSE) criterion 

which has been the workhorse of linear optimization theory due to the simple and 

analytically tractable structure of linear least squares. In adaptive filter theory, the 

classical Wiener-Hopf equations [6,10] are more commonly used owing to the extension 

of least squares to functional spaces (Hilbert spaces [106]) proposed by Wiener [6]. 

However, for finite impulse response (FIR) filters, (vector spaces) the two solutions 

coincide. There are also a number of important properties that help us understand the 

statistical properties of the Wiener solution, namely the orthogonality of the error signal 

to the input vector space as well as the whiteness of the predictor error signal for 

stationary inputs, provided the filter is long enough [5,14]. However, in a number of 

applications of practical importance, the error sequence produced by the Wiener filter is 

not white. One of the most important is the case of inputs corrupted by white noise, 

where the Wiener solution is biased by the noise variance as we saw before in Chapter 1.  

In this chapter, we will develop a new criterion which augments the MSE criterion. 

In fact, MSE becomes a special case of this new criterion which we call the Augmented 

Error Criterion (AEC). Further, we will show that, under some conditions, this new 

criterion can produce a partially white error sequence at the output of an adaptive system 

even with noisy data. This special case of the AEC is called the Error Whitening 

Criterion (EWC). Our approach in this chapter will be as follows. We will first focus on 
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the problem of parameter estimation with noisy data and motivate the derivation of the 

error whitening criterion. Then, we will deduce the more generic augmented error 

criterion.  

Error Whitening Criterion (EWC) 

Consider the problem of parameter estimation with noisy data. Instead of 

minimizing the MSE, we will tackle the problem by introducing a new adaptation 

criterion that enforces zero autocorrelation of the error signal beyond a certain lag; hence 

the name error whitening criterion (EWC). Since we want to preserve the on-line 

properties of the adaptation algorithms, we propose to expand the error autocorrelation 

around a lag larger than the filter length using Taylor series. Thus, instead of an error 

signal, we will end up with an error vector, containing as many components as the terms 

kept in the Taylor series expansion. A schematic diagram of the proposed adaptation 

structure is depicted in Figure 2-1. The properties of this solution are very interesting, and 

it contains the Wiener solution as a special case. Additionally, for the case of two error 

terms, the same analytical tools developed for the Wiener filter can be applied with minor 

modifications. Moreover, when the input signal is contaminated with additive white  

 
Figure 2-1. Schematic diagram of EWC adaptation. 
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noise, EWC produces the same optimal solution that would be obtained with the noise 

free data, with the same computational complexity of the Wiener solution. 

Motivation for Error Whitening Criterion 

The classical Wiener solution yields a biased estimate of the reference filter weight 

vector in the presence of input noise. This problem arises due to the contamination of the 

input signal autocorrelation matrix with that of the additive noise. If a signal is 

contaminated with additive white noise, only the zero-lag autocorrelation is biased by the 

amount of the noise power. Autocorrelation values at all other lags still remain at their 

original values. This observation rules out MSE as a good optimization criterion for this 

case. In fact, since the error power is the value of the error autocorrelation function at 

zero lag, the optimal weights will be biased because they depend on the input 

autocorrelation values at zero-lag. The fact that the autocorrelation values at non-zero 

lags are unaffected by the presence of noise will be proved useful in determining an 

unbiased estimate of the filter weights. 

Analysis of the Autocorrelation of the Error Signal 

The question that arises is what lag should be used to obtain the true weight vector 

in the presence of white input noise. Let us consider the autocorrelation of the training 

error at non-zero lags. Suppose noisy training data of the form ))(),(( tdtx  are provided, 

where )()(~)( ttt vxx +=  and )()(~)( tutdtd +=  with )(~ tx  being the sample of the noise-

free input vector at time t (time is assumed to be continuous), )(tv  being the additive 

white noise vector on the input vector, )(~ td  being the noise-free desired output and )(tu  

being the additive white noise on the desired output. Suppose that the true weight vector 

of the reference filter that generated the data is Tw  (moving average model). Then the 
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error at time t is wvx Ttttutdte ))()(~())()(~()( +−+= , where w  is the estimated weight 

vector. Equivalently, when the desired response belongs to the subspace of the input, i.e., 

T
T ttd wx )(~)(~

= , the error can be written as 

wvwwxwvxwx )()())((~))()(~())()(~()( ttuttttutte T
T

TT
T

T −+−=+−+=  (2.1) 

Given this noisy training data, the MSE-based Wiener solution will not yield a residual 

training error that has zero autocorrelation for a number of consecutive lags, even when 

the contaminating noise signals are white. From (2.1) it is easy to see that the error will 

have a zero autocorrelation function if and only if 

• the weight vector is equal to the true weights of the reference model,  
• the lag is beyond the Wiener filter length.  
 
During adaptation, the issue is that the filter weights are not set at Tw , so the error 

autocorrelation function will be generally nonzero. Therefore a criterion to determine the 

true weight vector when the data is contaminated with white noise should be to force the 

long lags (beyond the filter length) of the error autocorrelation function to zero by using 

an appropriate criterion. This is exactly what the error-whitening criterion (EWC) that 

we propose here will do. There are two interesting situations that we should consider:  

• What happens when the selected autocorrelation lag is smaller than the filter 
length?  

• What happens when the selected autocorrelation lag is larger than the lag at which 
the autocorrelation function of the input signal vanishes? 

The answer to the first question is simply that the solution will be still biased since 

it will be obtained by inverting a biased input autocorrelation matrix. If the selected lag is 

L<m (m order of the reference filter), the bias will occur at the Lth sub-diagonal of the 

autocorrelation matrix, where the zero-lag autocorrelation of the input signal shows up. In 
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the special case of MSE, the selected lag is zero and the zeroth sub-diagonal becomes the 

main diagonal, thus the solution is biased by the noise power. 

The answer to the second question is equally important. The MSE solution is quite 

stable because it is determined by the inverse of a diagonally dominant Toeplitz matrix. 

The diagonal dominance is guaranteed by the fact that the autocorrelation function of a 

real-valued function has a peak at zero-lag. If other lags are used in the criterion, it is 

important that the lag is selected such that the corresponding autocorrelation matrix 

(which will be inverted) is not ill conditioned. If the selected lag is larger than the length 

of the input autocorrelation function, then the autocorrelation matrix becomes singular 

and a solution cannot be obtained. Therefore, lags beyond the input signal correlation 

time should also be avoided in practice. 

The observation that, constraining the higher lags of the error autocorrelation 

function to zero yields unbiased weight solutions is quite significant. Moreover, the 

algorithmic structure of this new solution and the lag-zero MSE solution are still very 

similar. The noise-free case helps us understand why this similarity occurs. Suppose the 

desired signal is generated by the following equation: T
T ttd wx )(~)(~

= , where Tw  is the 

true weight vector. Now multiply both sides by )(~ ∆−tx  from the left and then take the 

expected value of both sides to yield T
T ttEtdtE wxxx )](~)(~[)](~)(~[ ∆−=∆− . Similarly, 

we can obtain T
T ttEtdtE wxxx )](~)(~[)](~)(~[ ∆−=∆− . Adding the corresponding sides of 

these two equations yields 

T
TT ttttEtdttdtE wxxxxxx )](~)(~)(~)(~[)](~)(~)(~)(~[ ∆−+∆−=∆−+∆−  (2.2) 

This equation is similar to the standard Wiener-Hopf equation [9,10] 
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T
T ttEtdtE wxxx )](~)(~[)](~)(~[ = . Yet, it is different due to the correlations being evaluated 

at a lag other than zero, which means that the weight vector can be determined by 

constraining higher order lags in the error autocorrelation. Now that we have described 

the structure of the solution, let us address the issue of training linear systems using error 

correlations. Adaptation exploits the sensitivity of the error autocorrelation with respect 

to the weight vector of the adaptive filter. We will formulate the solution in continuous 

time first, for the sake of simplicity. If the support of the impulse response of the adaptive 

filter is of length m, we evaluate the derivative of the error autocorrelation function with 

respect to the lag ∆, where m≥∆  are both real numbers. Assuming that the noises in the 

input and desired are uncorrelated to each other and the input signal, we get 

[ ]

[ ]

[ ]

[ ] )()(~)(~2

)()(~)(~)(

))()()()()(())((~)(~)(

))()())((~)()()())((~(

)]()([)(
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w

wwxxww
w

wvwvwwxxww
w

wvwwxwvwwx
ww
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∂

−∆−−∂
=
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=
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T
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e
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ttuttuttE

ttutttutE

teteEρ

 (2.3) 

The identity in equation (2.3) immediately tells us that the sensitivity of the error 

autocorrelation with respect to the weight vector becomes zero, i.e., 0w =∂∆∂ /)(eρ , if 

0ww =− )( T . This observation emphasizes the following important conclusion: when 

given training data that is generated by a linear filter, but contaminated with white noise, 

it is possible to derive simple adaptive algorithms that could determine the underlying 

filter weights without bias. Furthermore, if )( ww −T  is not in the null space of 
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)](~)(~[ ∆−ttE Txx , then only 0ww =− )( T  makes 0=∆)(eρ  and 0w =∂∆∂ /)(eρ . But 

looking at (2.3), we conclude that a proper delay depends on the autocorrelation of the 

input signal that is, in general, unknown. Therefore, the selection of the delay ∆ is 

important. One possibility is to evaluate the error autocorrelation function at different 

lags m≥∆  and check for a non zero input autocorrelation function for that delay, which 

will be very time consuming and inappropriate for on-line algorithms. 

Instead of searching for a good lag-∆, consider the Taylor series approximation of 

the autocorrelation function around a fixed lag-L, where mL ≥ , 

K&&&

K&&&

+−∆−+−∆−−−=

+−∆+−∆+≈∆

2

2

))](()([
2
1))](()([)]()([

))((
2
1))(()()(

LLteteELLteteELteteE

LLLLL eeee ρρρρ
 (2.4) 

In (2.4), )(te&  and )(te&&  (see Figure 2-1) represent the derivatives of the error signal with 

respect to the time index. Notice that we do not take the Taylor series expansion around 

zero-lag for the reasons indicated above. Moreover, L should be less than the correlation 

time of the input, such that the Taylor expansion has a chance of being accurate. But 

since we bring more lags in the expansion, the choice of the lag becomes less critical than 

in (2.3). In principle, the more terms we keep in the Taylor expansion the more 

constraints we are imposing on the autocorrelation of the error in adaptation. Therefore, 

instead of finding the weight vector that makes the actual gradient in (2.3) zero, we find 

the weight vector that makes the derivative of the approximation in (2.4) with respect to 

the weight vector zero. 

If the adaptive filter is operating in discrete time instead of continuous time, the 

differentiation with respect to time can be replaced by a first-order forward difference, 
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)()()( Lnenene −−=& . Higher order derivatives can also be approximated by their 

corresponding forward difference estimates, e.g., )2()(2)()( LneLnenene −+−−=&& , etc. 

Although the forward difference normally uses two consecutive samples, for reasons that 

will become clear in the following sections of the chapter, we will utilize two samples 

separated by L samples in time. The first-order truncated Taylor series expansion for the 

error autocorrelation function for lag ∆ evaluated at L becomes 

)]()([)1()]([)(

)))](()()(([)]()([)(
2 LneneELneEL

LLneneneELneneEe

−−∆++−∆−=

−∆−−−−≈∆ρ
 (2.5) 

Analyzing (2.5) we remark another advantage of the Taylor series expansion because the 

familiar MSE is part of the expansion. Notice also that as one forces L→∆ , the MSE 

term will disappear and only the lag-L error autocorrelation will remain. On the other 

hand, as 1−→∆ L  only the MSE term will prevail in the autocorrelation function 

approximation. Introducing more terms in the Taylor expansion will bring in error 

autocorrelation constraints from lags iL.  

Augmented Error Criterion (AEC) 

We are now in a position to formulate the augmented error criterion (AEC). To the 

regular MSE term, we add another function )( 2eE &  to result in the augmented error 

criterion as shown in equation (2.6). 

)]([)]([)( 22 neEneEJ &β+=w  (2.6) 

where β is a real scalar parameter. Equivalently, (2.6) can also be written as 

)]()([2)]([)21()( 2 LneneEneEJ −−+= ββw  (2.7) 

which has the same form as in (2.5). Notice that when 0=β  we recover the MSE in 

(2.6) and (2.7). Similarly, we would have to select L=∆  in order to make the first-order 
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expansion identical to the exact value of the error autocorrelation function. Substituting 

the identity )()21( L−∆−=+ β , and using L=∆ , we observe that 2/1−=β  eliminates 

the MSE term from the criterion. Interestingly, this value will appear in a later discussion, 

when we optimize β in order to reduce the bias in the solution introduced by input noise. 

If β  is positive, then minimizing the cost function J(w) is equivalent to minimizing the 

MSE but with a constraint that the error signal must be smooth. Thus, the weight vector 

corresponding to the minimum J(w) will result in a higher MSE than the Wiener solution. 

The same criterion can also be obtained by considering performance functions of 

the form 

[ ]
K&&&

K&&&

+++=

⎥
⎦

⎤
⎢
⎣

⎡
=

)]([)]([)]([

)()()()(

222

2

2

neEneEneE

neneneEJ
T

γβ

γβw
 (2.8) 

where the coefficients β, γ, etc. are assumed to be positive. Notice that (2.8) is the L2 

norm of a vector of different objective functions. The components of this vector consist 

of )(ne , )(ne& , )(ne&& , etc. Due to the equivalence provided by the difference 

approximations for derivative, these terms constrain the error autocorrelation at lags iL as 

well as the error power as seen in (2.8).  

In summary, the AEC defined by equation (2.6) can take many forms and hence 

results in different optimal solutions. 

• If β is 0, then AEC exactly becomes the MSE criterion 

• If β is -0.5, then AEC becomes the EWC which will result in an unbiased estimate 
of the parameters even in the presence of noise 

• If β is positive and not equal to 0, then the cost function minimizes a combination 
of MSE with a smoothness constraint 

In the following sections, we will further elaborate on the properties of AEC.  
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Properties of Augmented Error Criterion 

Shape of the Performance Surface 

Suppose that noise-free training data of the form ))(~),(~( ndnx , generated by a linear 

system with weight vector Tw  through T
T nnd wx )(~)(~

= , is provided. Assume without 

loss of generality that the adaptive filter and the reference filter are of the same length. 

This is possible since it is possible to pad Tw  with zeros if it is shorter than the adaptive 

filter. Therefore, the input vector mn ℜ∈)(~x , the weight vector m
T ℜ∈w  and the desired 

output ℜ∈)(~ nd . Equation (2.6) has a quadratic form and has a unique stationary point. 

If 0≥β , then this stationary point is a minimum. Otherwise, the Hessian of (2.6) might 

have mixed-sign eigenvalues. We demonstrate this fact with sample performance 

surfaces obtained for 2-tap FIR filters using 2/1−=β .  

For three differently colored training data, we obtain the AEC performance 

surfaced shown in Figure 2-2. In each row, the MSE performance surface, the AEC cost 

contour plot, and the AEC performance surface are shown for the corresponding training 

data. The eigenvalue pairs of the Hessian matrix of (2.6) are (2.35,20.30), (-6.13,5.21), 

and (-4.08,-4.14), for these representative cases in Figure 2-2. Clearly, it is possible for 

(2.6) to have a stationary point that is a minimum, a saddle point, or a maximum and we 

start to see the differences brought about by the AEC.  

The performance surface is a weighted sum of paraboloids, which will complicate 

gradient-based adaptation, but will not affect search algorithms utilizing curvature 

information. We will discuss more on the search techniques later in this Chapter and also 

in Chapter 4.  
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Figure 2-2. The MSE performance surfaces, the AEC contour plot, and the AEC 

performance surface for three different training data sets and 2-tap adaptive 
FIR filters. 

 
Analysis of the Noise-free Input Case 

Theorem 2.1: The stationary point of the quadratic form in (2.6) is given by 

 )~~()~~( 1
* QPSRw ββ ++= −            (2.9) 

where we defined )](~)(~[~ nnE TxxR = , )](~)(~[~ nnE TxxS &&= , )](~)(~[~ ndnE xP =  and 

)](
~

)(~[~ ndnE &&xQ = .  
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Proof: Substituting the proper variables in (2.6), we obtain the following explicit 

expression for J(w). 

wQPwSRww TTndEndEJ )~~(2)~~()](
~

[)](~[)( 22 βββ +−+++= &  (2.10) 

Taking the gradient with respect to w and equating to zero yields 

)~~()~~(

)~~(2)~~(2)(

1
* QPSRw

0QPwSR
w
w

ββ

ββ

++=⇒

=+−+=
∂

∂

−

J
 (2.11) 

Notice that selecting 0=β  in (2.6) reduces the criterion to MSE and the optimal 

solution, given in (2.9), reduces to the Wiener solution. Thus, the Wiener filter is a 

special case of the AEC solution (though not optimal for noisy inputs, as we will show 

later). 

Corollary 1. An equivalent expression for the stationary point of (2.6) is given by 

[ ] [ ]LL PPRRw ~~)21(~~)21(
1

* ββββ −+−+=
−

 (2.12) 

where we defined the matrix )](~)(~)(~)(~[~ LnnnLnE TT
L −+−= xxxxR  and the vector 

)](~)(~)(~)(~[~ LndnndLnEL −+−= xxP . Notice that the interesting choice 2/1−=β  yields 

LL PRw ~~ 1
*

−= . 

Proof. Substituting the definitions of R~ , S~ , P~ , Q~ , and then recollecting terms to obtain 

LR~  and LP~  yields the desired result. 
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From these results we deduct two extremely interesting conclusions: 

Lemma 1. (Generalized Wiener-Hopf Equations) In the noise-free case, the true weight 

vector is given by LTL PwR ~~ = . (This result is also true for noisy data.) 

Proof. This result follows immediately from the substitution of T
T nnd wx )(~)(~

=  and 

T
T LnLnd wx )(~)(~

−=−  in the definitions of LR~  and LP~ . 

Lemma 2. In the noise-free case, regardless of the specific value of β , the optimal 

solution is equal to the true weight vector, i.e., Tww =* . 

Proof. This result follows immediately from the substitution of the result in Lemma 1 into 

the optimal solution expression given in (2.9). 

The result in Lemma 1 is especially significant, since it provides a generalization of 

the Wiener-Hopf equations to autocorrelation and cross correlation matrices evaluated at 

different lags of the signals. In these equations, L represents the specific correlation lag 

selected, and the choice L=0 corresponds to the traditional Wiener-Hopf equations. The 

generalized Wiener-Hopf equations are essentially stating that, the true weight vector can 

be determined by exploiting correlations evaluated at different lags of the signals, and we 

are not restricted to the zero-lag correlations as in the Wiener solution. 

Analysis of the Noisy Input Case 

Now, suppose that we are given noisy training data ))(),(( ndnx , where 

)()(~)( nnn vxx +=  and )()(~)( nundnd += . The additive noise on both signals are zero-

mean and uncorrelated with each other and with the input and desired signals. Assume 

that the additive noise, u(n), on the desired is white (in time) and let the autocorrelation 

matrices of v(n) be )]()([ nnE TvvV = , and )]()()()([ LnnnLnE TT
L −+−= vvvvV . 
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Under these circumstances, we have to estimate the necessary matrices to evaluate (2.9) 

using noisy data. These matrices evaluated using noisy data, R , S , P , and Q  will 

become (see appendix D for details) 

L
T

LL
T

T

LndndLnnE

ndnE

LnnLnnE

nnE

PPxxQ
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VRVRxxxxS

VRxxR

~~2]))()())(()([(

~)]()([

~)~(2]))()())(()([(

~)]()([
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 (2.14) 

Finally, the optimal solution estimate of AEC, when presented with noisy input and 

desired output data, will be 

[ ] [ ]
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Theorem 2.2: (EWC Noise-Rejection Theorem) In the noisy-input data case, the optimal 

solution obtained using AEC will be identically equal to the true weight vector if and 

only if 2/1−=β , 0R ≠L
~ , and 0V =L . There are two situations to consider: 

• When the adaptive linear system is an FIR filter, the input noise vector vk consists 
of delayed versions of a single dimensional noise process. In that case, 0V =L  if 
and only if mL ≥ , where m is the filter length and the single dimensional noise 
process is white. 

• When the adaptive linear system is an ADALINE, the input noise is a vector 
process. In that case, 0V =L  if and only if the input noise vector process is white 
(in time) and 1≥L . The input noise vector may be spatially correlated. 

Proof: Sufficiency of the first statement is immediately observed by substituting the 

provided values of β  and LV . Necessity is obtained by equating (2.15) to Tw  and 

substituting the generalized Wiener-Hopf equations provided in Lemma 1. Clearly, if 

0R =L
~ , then there is no equation to solve, thus the weights cannot be uniquely 
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determined using this value of L. The statement regarding the FIR filter case is easily 

proved by noticing that the temporal correlations in the noise vector diminish once the 

autocorrelation lag becomes greater than equal to the filter length. The statement 

regarding the ADALINE structure is immediately obtained from the definition of a 

temporally white vector process. 

Orthogonality of Error to Input 

An important question regarding the behavior of the optimal solution obtained 

using the AEC is the relationship between the residual error signal and the input vector. 

In the case of MSE, we know that the Wiener solution results in the error to be 

orthogonal to the input signal, i.e., 0x =)]()([ nneE  [10,14,15]. However, this result is 

true only when there is no noise and also when the estimated filter length is greater than 

the actual system impulse response. Similarly, we can determine what the AEC will 

achieve. 

Lemma 3: At the optimal solution of AEC, the error and the input random processes 

satisfy )]()([)21()]()()()([ nneEnLneLnneE xxx ββ +=−+− , for all 0≥L . 

Proof: We know that the optimal solution of AEC for any 0≥L  is obtained when the 

gradient of the cost function with respect to the weights is zero. Therefore, 

0xxx

xxx
w

=−+−−+=

−−−−+=
∂
∂

)]()()()([)]()([)21(

))]()())(()([(2)]()([2

nLneLnneEnneE

LnnLneneEnneEJ

ββ

β
 (2.16) 

It is interesting to note that if 2/1−=β , then we obtain 

0xx =−+− )]()()()([ nLneLnneE  for all L. On the other hand, since the criterion 

reduces to MSE for 0=β , then we obtain 0x =)]()([ nneE . The result shown in (2.16), 

if interpreted in terms of Newtonian physics, reveals an interesting insight as to the 
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behavior of the EWC criterion ( 2/1−=β ) at its optimal solution (regardless of the 

length of the reference filter that created the desired signal). In a simplistic manner, this 

behavior could be summarized by the following statement: The optimal solution of EWC 

tries to decorrelate the residual error from the estimated future value of the input vector 

(see appendix E for details). 

The case where 2/1−=β  is especially interesting, because it results in complete 

noise rejection. Notice that, in this case, since the optimal solution is equal to the true 

weight vector, the residual error is given by T
T nnune wv )()()( −= , which is composed 

purely of the noise in the training data. Certainly, this is the only way that the adaptive 

filter can achieve 0xx =−+− )]()()()([ nLneLnneE  for all L values, since 

0xx =−=− )]()([)]()([ nLneELnneE  for this error signal. Thus, EWC not only 

orthogonalizes the instantaneous error and input signals, but it orthogonalizes all lags of 

the error from the input. 

Relationship to Error Entropy Maximization 

Another interesting property that the AEC solution exhibits is its relationship with 

entropy [107]. Notice that when 0<β , the optimization rule tries to minimize MSE, yet 

it tries to maximize the separation between samples of errors, simultaneously. We could 

regard the sample separation as an estimate of the error entropy. In fact, the entropy 

estimation literature is full of methods based on sample separations [108-113]. 

Specifically, the EWC case with 2/1−=β , finds the perfect balance between entropy 

and MSE that allows us to eliminate the effect of noise on the solution. Recall that the 

Gaussian density displays maximum entropy among distributions of fixed variance [114]. 

In the light of this fact, the aim of EWC could be understood as finding the minimum 
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error variance solution, while keeping the error close to Gaussian. Notice that, due to 

central limit theorem [114], the error signal will be closely approximated by a Gaussian 

density when there are a large number of taps. A brief description of the relationship 

between entropy (using estimators) [115-117] and sample differences is provided in 

appendix F. 

Note on Model-Order Selection 

Model order selection is another important issue in adaptive filter theory. The 

actual desired behavior from an adaptive filter is to find the right balance between 

approximating the training data as accurately as possible and generalizing to unseen data 

with precision [118]. One major cause of poor generalization is known to be excessive 

model complexity [118]. Under these circumstances, the designer’s aim is to determine 

the least complex adaptive system (which translates to smaller number of weights in the 

case of linear systems) that minimizes the approximation error. Akaike’s information 

criterion (AIC) [119] and Rissanen’s minimum description length (MDL) [120] are two 

important theoretical results regarding model order selection. Such methods require the 

designer to evaluate an objective function, which is a combination of MSE and the filter 

length or the filter weights, using different lengths of adaptive filters.  

Consider the case of overmodeling in the problem of linear FIR filter (assume N 

taps) estimation. If we use the MSE criterion, and assume that there is no noise in the 

data, then, the estimated Wiener solution will have exactly N non-zero elements that 

exactly match with the true FIR filter. This is a very nice property of the MSE criterion. 

However, when there is noise in the data, then this property of MSE is no longer true. 

Therefore, increasing the length of the adaptive filter will only result in more parameter 

bias in the Wiener solution. On the other hand, EWC successfully determines the length 
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of the true filter, even in the presence of additive noise. In the overmodeling case, the 

additional taps will decay to zero indicating that a smaller filter is sufficient to model the 

data. This is exactly what we would like an automated regularization algorithm to 

achieve: determining the proper length of the filter without requiring external discrete 

modifications on this parameter. Therefore, EWC extends the regularization capability of 

MSE to the case of noisy training data. Alternatively, EWC could be used as a criterion 

for determining the model order in a fashion similar to standard model order selection 

methods. Given a set of training samples, one could start solving for the optimal EWC 

solution for various lengths of the adaptive filter. As the length of the adaptive filter is 

increased past the length of the true filter, the error power with the EWC solution will 

become constant. Observing this point of transition from variable to constant error power, 

we can determine the exact model order of the original filter. 

The Effect of β on the Weight Error Vector 

The effect of the cost function free parameter β on the accuracy of the solution 

(compared to the true weight vector that generated the training data) is another crucial 

issue. In fact, it is possible to determine the dynamics of the weight error as a function of 

β. This result is provided in the following lemma. 

Lemma 4: (The effect of β on AEC solution) In the noisy training data case, the 

derivative of the error vector between the optimal EWC solution and the true weight 

vector, i.e., Twwε −= ** ˆˆ , with respect to β is given by 

[ ] [ ]TLLL wRεRRRVR
ε

−−−++−=
∂
∂ −

*
1* ˆ)(2))(21(

ˆ
ββ

β
 (2.17) 

Proof: Recall from (2.15) that in the noisy data case, the optimal AEC solution is given 
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by [ ] [ ]LLL PPVRVRw βββββ −+−−++= − )21())(21(ˆ 1
* . Using the chain rule for the 

derivative and the fact that for any nonsingular matrix A(β), 

111 )/(/ −−− ∂∂−=∂∂ AAAA ββ , the result in (2.17) follows from straightforward 

derivation. In order to get the derivative as 2/1−→β , we substitute this value and 

0ε =*ˆ . 

The significance of Lemma 4 is that it shows that no finite β value will make this 

error derivative zero. The matrix inversion, on the other hand, approaches to zero for 

unboundedly growing β. In addition, it could be used to determine the Euclidean error 

norm derivative, β∂∂ /ˆ 2

2*ε . 

Numerical Case Studies of AEC with the Theoretical Solution 

In the preceding sections, we have built the theory of the augmented error criterion 

and its special case, the error whitening criterion, for linear adaptive filter optimization. 

We have investigated the behavior of the optimal solution as a function of the cost 

function parameters as well as determining the optimal value of this parameter in the 

noisy training data case. This section is designed to demonstrate these theoretical results 

in numerical case studies with Monte Carlo simulations. In these simulations, the 

following scheme will be used to generate the required autocorrelation and 

crosscorrelation matrices. 

 Given the scheme depicted in Figure 2-3, it is possible to determine the true 

analytic auto/cross-correlations of all signals of interest, in terms of the filter coefficients 

and the noise powers. Suppose ξ , v~ , and u  are zero-mean white noise signals with 

powers 2
xσ , 2

vσ , and 2
uσ , respectively. Suppose that the coloring filter h and the  
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Figure 2-3. Demonstration scheme with coloring filter h, true mapping filter w, and the 
uncorrelated white signals. 
 
mapping filter w are unit-norm. Under these conditions, we obtain 
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For each combination of SNR from {-10dB,0dB,10dB}, β from {-0.5,-0.3,0,0.1}, m from 

{2,…,10}, and L from {m,…,20} we have performed 100 Monte Carlo simulations using 

randomly selected 30-tap FIR coloring and n-tap mapping filters. The length of the 

mapping filters and that of the adaptive filters were selected to be equal in every case. In 

all simulations, we used an input signal power of 12 =xσ , and the noise powers 2
vσ = 2

uσ  

are determined from the given SNR using )/(log10 22
10 vxSNR σσ= . The matrices R , S , 

P , and Q , which are necessary to evaluate the optimal solution given by (2.15) are then 

evaluated using (2.18), (2.19), and (2.20), analytically. The results obtained are 

summarized in Figure 2-4 and Figure 2-5, where for the three SNR levels selected, the 
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average squared error norm for the optimal solutions (in reference to the true weights) are 

given as a function of L and n for different β values. In Figure 2-4, we present the 

average normalized weight vector error norm obtained using AEC at different SNR levels 

and using different β values as a function of the correlation lag L that is used in the 

criterion. The filter length was fixed to 10 in these simulations.  
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Figure 2-4. The average squared error-norm of the optimal weight vector as a function of 

autocorrelation lag L for various β values and SNR levels. 
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Figure 2-5. The average squared error-norm of the optimal weight vector as a function of 

filter length m for various β values and SNR levels. 
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From the theoretical analysis, we know that if the input autocorrelation matrix is 

invertible, then the solution accuracy should be independent of the autocorrelation lag L. 

The results of the Monte Carlo simulations presented in Figure 2-4 conform to this fact. 

As expected, the optimal choice of 2/1−=β  determined the correct filter weights 

exactly. Another set of results, presented in Figure 2-5, shows the effect of filter length 

on the accuracy of the solutions provided by the AEC. The optimal value of 2/1−=β  

always yields the perfect solution, whereas the accuracy of the optimal weights degrades 

as this parameter is increased towards zero (i.e. as the weights approach the Wiener 

solution). An interesting observation from Figure 2-5 is that for SNR levels below zero, 

the accuracy of the solutions using sub-optimal β values increases, whereas for SNR 

levels above zero, the accuracy decreases when the filter length is increased. For zero 

SNR, on the other hand, the accuracy seems to be roughly unaffected by the filter length. 

 The Monte Carlo simulations performed in the preceding examples utilized the 

exact coloring filter and the true filter coefficients to obtain the analytical solutions. In 

our final case study, we demonstrate the performance of the batch solution of the AEC 

criterion obtained from sample estimates of all the relevant auto- and cross-correlation 

matrices. In these Monte Carlo simulations, we utilize 10,000 samples corrupted with 

white noise at various SNR levels. The results of these Monte Carlo simulations are 

summarized in the histograms shown in Figure 2-6. Each subplot of Figure 2-6 

corresponds to experiments performed using SNR levels of –10 dB, 0dB, and 10 dB for 

each column and adaptive filter lengths of 4-taps, 8-taps, and 12-taps for each row, 

respectively. For each combination of SNR and filter length, we have performed 50 

Monte Carlo simulations using MSE ( 0=β ) and EWC ( 2/1−=β ) criteria. The 
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correlation lag is selected to be equal to the filter length in all simulations, due to 

Theorem 2.2. Clearly, Figure 2-6 demonstrates the superiority of the AEC in rejecting 

noise that is present in the training data. Notice that in all subplots (for all combinations 

of filter length and SNR), AEC achieves a smaller average error norm than MSE.  

 

 

 

 

 
Figure 2-6. Histograms of the weight error norms (dB) obtained in 50 Monte Carlo 

simulations using 10000 samples of noisy data using MSE (empty bars) and 
EWC with β = -0.5 (filled bars). The subfigures in each row use filters with 4, 
8, and 12 taps respectively. The subfigures in each column use noisy samples 
at –10, 0, and 10 dB SNR, respectively. 
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The discrepancy between the performances of the two solutions intensifies with 

increasing filter length. Next, we will demonstrate the error-whitening property of the 

EWC solution. From equation (2.1) we can expect that the error autocorrelation function 

will vanish at lags greater than or equal to the length of the reference filter, if the weight 

vector is identical to the true weight vector. For any other value of the weight vector, the 

error autocorrelation fluctuates at non-zero values. A 4-tap reference filter is identified 

with a 4-tap adaptive filter using noisy training data (hypothetical) at an SNR level of 

0dB. The autocorrelation functions of the error signals corresponding to the MSE 

solution and the EWC solution are shown in Figure 2-7. Clearly, the EWC criterion 

determines a solution that forces the error autocorrelation function to zero at lags greater 

than or equal the filter length (partial whitening of the error). 
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Figure 2-7. Error autocorrelation function for MSE (dotted) and EWC (solid) solutions. 
 

Finally, we will address the order selection capability and demonstrate how the 

AEC (specifically EWC) can be used as a tool for determining the correct filter order, 

even with noisy data, provided that the given input-desired output pair is a moving 
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average process. For this purpose, we determine the theoretical Wiener and EWC (with 

2/1−=β  and mL = , where m is the length of the adaptive filter) solutions for a 

randomly selected pair of coloring filter, h, and mapping filter w, at different adaptive 

filter lengths. The noise level is selected to be 20 dB, and the length of the true mapping 

filter is 5. We know from our theoretical analysis that if the adaptive filter is longer than 

the reference filter, the EWC will yield the true weight vector padded with zeros. This 

will not change the MSE of the solution. Thus, if we plot the MSE of the EWC versus the 

length of the adaptive filter, starting from the length of the actual filter, the MSE curve 

will remain flat, whereas the Wiener solution will keep decreasing the MSE, 

contaminating the solution by learning the noise in the data. Figure 2-8(a) shows the 

MSE obtained with the Wiener solution as well as the EWC solution for different lengths 

of the adaptive filter using the same training data described above. Notice (in the 

zoomed-in portion) that the MSE with EWC remains constant starting from 5, which is 

the filter order that generated the data. On the other hand, if we were to decide on the 

filter order looking at the MSE of the Wiener solution, we would select a model order of 

4, since the gain in MSE is insignificantly small compared to the previous steps from this 

point on. Figure 2-8(b) shows the norm of the weight vector error for the solutions 

obtained using the EWC and MSE criteria, which confirms that the true weight vector is 

indeed attained with the EWC criterion once the proper model order is reached.  

 This section aimed at experimentally demonstrating the theoretical concepts set 

forth in the preceding sections of the chapter. We have demonstrated with numerous 

Monte Carlo simulations that the analytical solution of the EWC criterion eliminates the 

effect of noise completely if the proper value is used for β. We have also demonstrated 



40 

 

that the batch solution of EWC (estimated from a finite number of samples) outperforms 

MSE in the presence of noise, provided that a sufficient number of samples are given so 

that the noise autocorrelation matrices diminish as required by the theory. 

Summary 

In this chapter, we derived the augmented error criterion (AEC) and discussed a 

special case of AEC called the error whitening criterion (EWC). The proposed AEC 

includes MSE as a special case. We discussed some of the interesting properties of the 

AEC cost function and worked out the analytical optimal solution. Further, we discussed 

the reasoning behind naming the special case of AEC with the parameter 5.0−=β  as 

EWC. The intuitive reasoning is that this criterion partially whitens the error signal even 

in the presence of noise which cannot be achieved by the MSE criterion. Thus the error 

whitening criterion is very useful for estimating the parameters of a linear unknown 

system in the presence of additive white noise. AEC with other values of β can be used as 

a constrained MSE criterion where the constraint is the smoothness of the error signal. 

Most of the material presented in this chapter can be found in [121].  

Although we have presented a complete theoretical investigation of the proposed 

criterion and its analytical solution, in practice, on-line algorithms that operate on a 

sample-by-sample basis to determine the desired solution are equally valuable. Therefore, 

in the following chapters, we will focus on designing computationally efficient on-line 

algorithms to solve for the optimal AEC solution in a fashion similar to the well-known 

RLS and LMS algorithms. In fact, we aim to come up with algorithms that have the same 

computational complexity with these two widely used algorithms. 



41 

CHAPTER 3 
FAST RECURSIVE NEWTON TYPE ALGORITHMS FOR AEC 

Introduction 

In Chapter 2, we derived the analytical solution for AEC. We also showed 

simulation results using block methods. In this Chapter, the focus will be on deriving 

online, sample-by-sample Newton type algorithms to estimate the optimal AEC solution. 

First, we will derive a Newton type algorithm that has a structure similar to the well-

known RLS algorithm that estimates the optimal Wiener solution for MSE criterion. The 

complexity of the proposed algorithm is O(N2) which is again comparable with that of the 

RLS algorithm. Then, we will propose another Newton type algorithm derived from the 

principles of TLS using minor components analysis. This algorithm in its current form 

estimates the optimal EWC solution which is a special case of AEC with β = -0.5. 

Derivation of the Newton Type Recursive Error Whitening Algorithm 

Given the estimate of the filter tap weights at time instant )1( −n , the goal is to 

determine the best set of tap weights at the next iteration n that would track the optimal 

solution. We call this algorithm as Recursive Error Whitening (REW) algorithm although 

the error whitening property is applicable only when the parameter β is set to -0.5. But, 

the algorithm can be applied with any value of β. Recall that the RLS algorithm belongs 

to the class of fixed-point algorithms in the sense that they track the optimal Wiener 

solution at every time step. The REW algorithm falls in the same category and it tracks 

the optimal AEC solution at every iteration. The noteworthy feature of the fixed-point 

algorithms is their exponential convergence rate as they utilize higher order information 
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like curvature of the performance surface. Although the complexity of the fixed-point 

Newton type algorithms is higher when compared to the conventional gradient methods, 

the superior convergence and robustness to the eigenspread of the data can be vital gains 

in many applications.  

For convenience purposes, we will drop the tilde convention that we used in the 

previous chapter to differentiate between noise-corrupted and noise free matrices and 

vectors. Recall that the optimal AEC solution is given by 

)()( 1
* QPSRw ββ ++= −  (3.1) 

Letting )()()( nnn SRT β+=  and )()()( nnn QPV β+= , we obtain the following 

recursion. 
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Realize that equation (3.2) basically tells us that the matrix T(n) can be obtained 

recursively using a rank-2 update. In comparison (see Chapter 1), the RLS algorithm 

utilizes a rank-1 update for updating the covariance matrix. At this point, we invoke the 

matrix inversion lemma2 (Sherman-Morrison-Woodbury identity) [7,8] given by 

1111111)( −−−−−−− +−=+ ADB)ADB(CAABCDA TTT  (3.3) 

Substituting )1( −= nTA , ])())()(2([ nLnn xxxB −−= ββ , 22xIC = , a 2x2 identity 

matrix and ]))()(()([ Lnnn −−= xxxD β , we get the equation (3.2) in the same form as 

the LHS of equation (3.3). Therefore, the recursion for the inverse of )(nT  becomes 

                                                 
2 Notice that the matrix inversion lemma simplifies the computation of the matrix inverse only when the 
original matrix can be written using reduced rank updates. 
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)1())1(()1()1()( 111
22

111 −−+−−−= −−−−−− nnnnn TT
x TDBTDIBTTT  (3.4) 

Note that the computation of the above inverse is different than the conventional RLS 

algorithm. It requires the inversion of a 2x2 matrix ))1(( 1
22 BTDI −+ − nT

x  owing to the 

rank-2 update of T(n).The recursive estimator for )(nV  is a simple correlation estimator 

given by 

)]()()()()()()21[()1()( nLndLnndnndnn xxxVV −−−−++−= βββ  (3.5) 

Using )(1 n−T  and )(nV , an estimate of the filter weight vector at iteration index n is 

)()()( 1 nnn VTw −=  (3.6) 

We will define a gain matrix analogous to the gain vector in the RLS case [14] as 

( ) 11
22

1 )1()1()(
−−− −+−= BTDIBTκ nnn T

x  (3.7) 

Using the above definition, the recursive estimate for the inverse of )(nT  becomes 

)1()()1()( 111 −−−= −−− nnnn T TDκTT  (3.8) 

Once again, the above equation is analogous to the Ricatti equation for the RLS 

algorithm. Multiplying (3.7) from the right by ))1(( 1
22 BTDI −+ − nT

x , we obtain 

( )

BTκ

BTDκBTκ

BTBTDIκ

)()(

)1()()1()(

)1()1()(

1

11

11
22

nn

nnnn

nnn
T

T
x

−

−−

−−

=

−−−=

−=−+

 (3.9) 

In order to derive an update equation for the filter weights, we substitute the recursive 

estimate for )(nV  in (3.6). 

)]()()()()()()21)[(()1()()( 11 nLndLnndnndnnnn xxxTVTw −−−−++−= −− βββ   (3.10) 

Using (3.8) and recognizing the fact that )1()1()1( 1 −−=− − nnn VTw  the above 
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equation can be reduced to 

)]()()()()()()21)[((

)1()()1()(
1 nLndLnndnndn

nnnn T

xxxT

wDκww

−−−−++

−−−=
− βββ

 (3.11) 

Using the definition for ])())()(2([ nLnn xxxB −−= ββ , we can easily see that 

⎥
⎦

⎤
⎢
⎣

⎡
−−

=−−−−+
)()(

)(
)()()()()()()21(

Lndnd
nd

nLndLnndnnd
β

βββ Bxxx  (3.12) 

From (3.9) and (3.12), the weight update equation simplifies to 

⎥
⎦

⎤
⎢
⎣

⎡
−−

+−−−=
)()(

)(
)()1()()1()(

Lndnd
nd

nnnnn T

β
κwDκww  (3.13) 

Note that the product )1( −nT wD  is nothing but the matrix of the outputs 

[ ]TLnynyny )()()( −− β , where )1()()( −= nnny T wx , )1()()( −−=− nLnLny T wx . 

The apriori error matrix is defined as 

⎥
⎦

⎤
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⎡
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⎤
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Lnene
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LnyLndnynd

nynd
n

ββ
e  (3.14) 

Using all the above definitions, we will formally state the weight update equation for the 

REW algorithm as 

)()()1()( nnnn eκww +−=  (3.15) 

The overall complexity of (3.15) is O(N2) which is comparable to the complexity of the 

RLS algorithm (this was achieved by using the matrix inversion lemma). Unlike the 

stochastic gradient algorithms that are easily affected by the eigenspread of the input data 

and the type of the stationary point solution (minimum, maximum or saddle), the REW 

algorithm is immune to these problems. This is because it inherently makes use of more 

information about the performance surface by computing the inverse of the Hessian 
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matrix SR β+ . A summary of the REW algorithm is given below in Table 3-1. 

 
Table 3-1. Outline of the REW Algorithm. 
 

Initialize ,)0(1 IT c=−  c is a large positive constant 
0w =)0(  

At every iteration, compute  
])())()(2([ nLnn xxxB −−= ββ and ]))()(()([ Lnnn −−= xxxD β  

( ) 11
22

1 )1()1()(
−−− −+−= BTDIBTκ nnn T

x  
)1()()( −= nnny T wx  and )1()()( −−=− nLnLny T wx  

⎥
⎦

⎤
⎢
⎣

⎡
−−
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⎤
⎢
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⎡
−−−−−

−
=

)()(
)(

))()(()()(
)()(

)(
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nynd
n

ββ
e  

)()()1()( nnnn eκww +−=  

)1()()1()( 111 −−−= −−− nnnn T TDκTT  
 
 
 

The above derivation assumes stationary signals. For non-stationary signals, a 

forgetting factor is required for tracking. Inclusion of this factor in the derivation is trivial 

and is left out in this chapter. Also, note that the REW algorithm can be applied for any 

value of β. When β = -0.5, we know that AEC reduces to EWC and hence REW 

algorithm can be used for estimating the parameters in the presence of input white noise.    

Extension of the REW Algorithm for Multiple Lags 

In Chapter 2, we briefly mentioned the fact the AEC can be extended by including 

multiple lags in the cost function. It is easy to see that the extended AEC is given by 

2

1

2 )]()([)]([)(
max

LneneEneEJ
L

L

−−+= ∑
=

βw  (3.16) 

where, Lmax denotes the maximum number of lags utilized in the AEC cost function. It is 

not mandatory to use the same constant β for all the error lag terms. However, for the 

sake of simplicity, we assume single β value. The gradient of (3.16) with respect to the 
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weight vector w, is  
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−−−−−−=
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1
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LnnLnenenneJ xxx
w
w β  (3.17) 

Recall the following matrix definitions (restated here for clarity), 
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 (3.18) 

Using the above definitions in (3.17) and equating the gradient to zero, we get the 

optimal extended AEC solution as shown below. 

)()(
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1
* ∑∑

=
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++=
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L
L

L

L
L QPSRw ββ  (3.19) 

At first glance, the computational complexity of (3.19) seems to be O(N3). But, the 

symmetric structure of the matrices involved can be exploited to lower the complexity. 

Once again, we resort to the matrix inversion lemma as before and deduce a lower O(N2) 

complexity algorithm. Realize that the optimal extended AEC solution at any time instant 

n will be 

)()()( 1 nnn VTw −=  (3.20) 

where, ∑
=

+=
max

1

)()()(
L

L
L nnn SRT β  and ∑

=

+=
max

1

)()()(
L

L
L nnn QPV β  as before. The estimator 

for the vector V(n) will be a simple recursive correlator. 
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The matrix T(n) can be estimated recursively as follows. 
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Now, the matrices A, B, C and D used in the inversion lemma in equation (3.3) are 

defined as follows. 
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The only differences from the previous definitions lie in the expressions for the B and D 

matrices that now require an inner loop running up to Lmax. The rest of the procedure 

remains the same as before. Once again, by the proper application of the matrix inversion 

lemma, we were able to reduce the complexity of the matrix inversion to O(N2) by 

recursively computing the inverse in a way that we only require an inversion of a simple 

2x2 matrix. This measure of complexity does not include the computations involved in 

building the B and D matrices. However, typically, the maximum number of lags will be 

smaller than the length of the adaptive filter. Therefore, the additional overhead incurred 

in the estimation of B and D matrices will not result in a significant change in the overall 

complexity.  
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Relationship to the Recursive Instrumental Variables Method 

The previously derived REW algorithm for the single lag case has a structure 

similar to the Instrumental Variables (IV) method. The IV method has its origins in 

statistics and was apparently proposed by Reiersøl [122]. Over a period of time, it has 

been adapted to model dynamical systems in control engineering. Lot of work in the 

applications of IV to control engineering problems has been done by Wong, Polak [123] 

and Young [124-126]. Recent advances in IV methods for system identification and 

control have been mainly due to Söderström and Stoica [32,93]. It is beyond the scope of 

this dissertation to summarize the applications and impacts of IV in various engineering 

problems. For more details, refer to [32].  

Basically, IV can be viewed as an extension to the standard Least Squares 

regression and can be used to estimate the parameters in white noise once the model 

order is known. The fundamental principle is to choose delayed regression vectors known 

as instruments that are uncorrelated with the additive white noise. IV can also be 

extended to handle colored noise situations. This will be exclusively handled in Chapter 

5. For now, the discussion will be strictly limited to the white noise scenario. 

Mathematically speaking, the IV method computes the solution 

)]()([])()([ 1 ∆−∆−= − ndnEnnE T
IV xxxw  (3.23) 

where, the lag ∆ is chosen such that the outer product of the regression vector x(n) with 

the lagged regression vector x(n-∆) result in a matrix that is independent of the additive 

white noise components v(n). In comparison, the REW solution is given by LL PRw 1
*

−= . 

Notice that in REW solution, the matrix LR  is symmetric and Toeplitz [8], which is very 

much desirable and we exploit this fact to derive an elegant minor components based 
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algorithm in the next section. Thus, in effect the IV method can be considered as a special 

case of the REW algorithm obtained by removing the symmetric terms in LR  and LP . 

We will compare the performances of REW and IV methods later in this chapter. 

Recursive EWC Algorithm Based on Minor Components Analysis 

Till now, we focused on a Newton type algorithm to compute the optimal AEC 

solution. Although the algorithm is fast converging, the convergence of the algorithm can 

be sensitive to the ill-conditioning of the Hessian matrix )()( nn SR β+  which can happen 

at the first few iterations. Alternatively, we can explore the idea of using the minor 

components analysis (MCA) to derive a recursive algorithm similar to the TLS algorithm 

for MSE. We call this algorithm as EWC-TLS algorithm. As the name suggests, this 

algorithm can be used only for the case with β = -0.5, which defaults the augmented error 

criterion to error whitening criterion. Recall that the TLS problem in general, solves an 

over-determined set of linear equations of the form bAx = , where nm×ℜ∈A  is the data 

matrix, mℜ∈b  is the desired vector, and nℜ∈x  is the parameter vector and m  denotes 

the number of different observation vectors each of dimension n [41]. Alternatively, the 

linear equations can be written in the form 0;xbA; =− ]1][[ T , where ][ bA;  denotes an 

augmented data matrix. When ][ bA;  is a symmetric square matrix, it can be shown that 

the TLS solution is simply given by 

[ ] 1,111 +++−=− nnn vvx;  (3.24) 

where, 1,1 ++ nnv  is the last element of the minor eigenvector 1+nv . In the case of EWC, it is 

easy to show that the augmented data matrix [127,128]  (analogous to ][ bA; ) is  
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The term )(Ldρ  in (3.25) denotes the autocorrelation of the desired signal at lag L. It is 

important to note that the matrix (3.25) is square symmetric due to the symmetry of LR . 

Hence, the eigenvectors of G are all real which is highly desirable. Also, it is important to 

note the fact that (3.25) still holds even with noisy data as the entries of G are unaffected 

by the noise terms. In the infinite-sample case, the matrix G is not full rank and we can 

immediately see that one of the eigenvalues of (3.25) is zero. In the finite-sample case, 

the goal would be to find the eigenvector corresponding to the minimum absolute 

eigenvalue (finite samples also imply that G-1 exists). Since the eigenvalues of G can be 

both positive and negative, typical iterative gradient or even some fixed-point type 

algorithms tend to become unstable. A workaround would be to use the matrix G2 instead 

of G. This will obviate the problem of having mixed eigenvalues while still preserving 

the eigenvectors. However, the squaring operation is good only if the eigenvalues of G 

are well separated. Otherwise, the smaller eigenvalues blend together making the 

estimation of the minor component of G2 more difficult. Also, the squaring operation 

creates additional overhead, thereby negating any computational benefits offered by the 

fixed point type PCA solutions as discussed in Appendix A.  

So, we propose to use the inverse iteration method for estimating the minor 

eigenvector of G [8]. If 1)( +ℜ∈ Nnw  denotes the estimate of the minor eigenvector 

corresponding to the smallest absolute eigenvalue at time instant n, then the estimate at 

the (n+1)th instant is given by 

)1(
)1()1(

)()1()1( 1

+
+

=+

+=+ −

n
nn

nnn

w
ww

wGw
 (3.26) 

The term )1( +nG  denotes the estimate of the augmented data matrix G (equation (3.25)) 
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at the (n+1)th instant. It is easy to see that )(nG  can be recursively estimated as 

TT nLnLnnnn )()()()()1()( ψψψψGG −+−+−=  where, )]();([)( ndnn xψ =  is the 

concatenated vector of the input and desired response. Now, we can invoke the inversion 

lemma as before and obtain a recursive O(n2) estimate for matrix inversion in (3.26). The 

details of this derivation are trivial and omitted here. Once the minor component estimate 

converges i.e., vw →)(n , the EWC-TLS solution is simply given by equation (3.24). 

Thus, the overall complexity of the EWC-TLS algorithm is still O(n2) which is the same 

as the REW algorithm. However, we have observed through simulations that, the EWC-

TLS method converges faster than the EWC-REW while preserving the accuracy of the 

parameter estimates. 

Experimental Results 

We will now show the simulation results with the Newton type algorithms for 

AEC. Specifically, our objective is to show the superior performance of the proposed 

criterion and the associated algorithms in the problem of system identification with noisy 

input data. 

Estimation of System Parameters in White Noise Using REW 

The REW algorithm can be used effectively to solve the system identification 

problem in noisy environments. As we have seen before, setting the value of 5.0−=β , 

noise immunity can be gained for parameter estimation. We generated a purely white 

Gaussian random noise of length 50,000 samples and added this to a colored input signal. 

The white noise signal is uncorrelated with the input signal. The noise free, colored, input 

signal was filtered by the unknown reference filter, and this formed the desired signal for 

the adaptive filter. Since, the noise in the desired signal would be averaged out for both 
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RLS and REW algorithms, we decided to use the clean desired signal itself. This will 

bring out only the effects of input noise on the filter estimates. Also, the noise added to 

the clean input is uncorrelated with the desired signal. In the experiment, we varied the 

Signal-to-Noise-Ratio (SNR) in the range –10dB to +10dB. The number of desired filter 

coefficients was also varied from 4 to 12. We then performed 100 Monte Carlo runs and 

computed the normalized error vector norm given by 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
=

T

Terror
w

ww *10log20  (3.27) 

where, *w  is the weight vector estimated by the REW algorithm with 5.0−=β  after 

50,000 iterations or one complete presentation of the input data and Tw  is the true weight 

vector. In order to show the effectiveness of the REW algorithm, we performed Monte 

Carlo runs using the RLS algorithm on the same data to estimate the filter coefficients. 

Further, we also evaluated the analytical TLS solution for each case Figure 3-1 shows a 

histogram plot of the normalized error vector norm given in (3.27) for all the three 

methods. It is clear that the REW algorithm was able to perform better than the RLS at 

various SNR and tap length settings. In the high SNR cases, there is not much of a 

difference between RLS and REW results. However, under noisy circumstances, the 

reduction in the parameter estimation error with REW is orders of magnitude more when 

compared with RLS. Also, the RLS algorithm results in a rather useless zero weight 

vector, i.e., 0w =  when the SNR is lower than –10dB. On the other hand, TLS performs 

well only in the cases when the noise variances in the input and desired signals are the 

same. This is in conformance with the well-known theoretical limitations of the TLS 

algorithm. 
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Figure 3-1. Histogram plots showing the error vector norm for EWC-LMS, LMS 
algorithms and the numerical TLS solution. 

 
Effect of β and Weight Tracks of REW Algorithm 

Since we have a free parameter β  to choose, it would be worthwhile to explore the 

effect of β  on the AEC parameter estimates. The SNR of the input signal was fixed at 

values 0dB and –10dB, the number of filter taps was set to 4 and the desired signal was 

noise free as before. We performed 100 Monte Carlo experiments and analyzed the 

average error vector norm values for 11 ≤≤− β . The results of the experiment are shown 

in Figure 3-2. Notice that there is a dip at 5.0−=β  (indicated by a “*” in the figure) and  
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Figure 3-2. Performance of REW algorithm (a) SNR = 0dB and (b) SNR = -10 over 
various beta values. 

 
this clearly gives us the minimum estimation error. This corresponds to the EWC 

solution. For 0=β , (indicated by a “o” in the figure) the REW algorithm reduces to the 

regular RLS giving a fairly significant estimation error. 

Next the parameter β  is set to –0.5 and SNR to 0dB, and the weight tracks are 

estimated for the REW and the RLS algorithms. Figure 3-3 shows the averaged weight 

tracks for both REW and RLS algorithms averaged over 50 Monte Carlo trials. Asterisks 

on the plots indicate the true parameters. The tracks for the RLS algorithm are smoother, 

but they converge to wrong values, which we have observed quite consistently. The 

weight tracks for the REW algorithm are noisier compared to those of the RLS, but they 

eventually converge to values very close to the true weights. This brings us to an 

important issue of estimators viz., bias and the variance. The RLS algorithm has a 

reduced variance because of the positive-definiteness of the covariance matrix R(n). 

However, the RLS solution remains asymptotically, biased in the presence of noisy input.  

(a)  (b)
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Figure 3-3. Weight tracks for REW and RLS algorithms. 

 
On the other hand, REW algorithm produces zero bias, but the variance can be high 

owing to the conditioning of the Hessian matrix. However, this variance diminishes with 

increasing number of samples.  

The noisy initial weight tracks of the REW algorithm may be attributed to the ill 

conditioning that is mainly caused by the smallest eigenvalue of the estimated Hessian 

matrix, which is )()( nn SR β+ . The same holds true for the RLS algorithm, where the 

minimum eigenvalue of )(nR  affects the sensitivity [14]. The instability issues of the 

RLS algorithm during the initial stages of adaptation have been well studied in literature 

and effects of round off error have been analyzed and many solutions have been proposed 

to make the RLS algorithm robust to such effects [129]. Similar analysis on the REW 

algorithm is yet to be done and this would be addressed in future work on the topic. 

Performance Comparisons between REW, EWC-TLS and IV methods 

In this example, we will contrast the performances of the REW, EWC-TLS and the 

Instrumental Variables (IV) method in a 4-tap system identification problem with noisy 

data. The input signal is colored and corrupted with white noise (input SNR was set at 

5dB) and the desired signal SNR is 10dB. For the IV method, we chose the delayed input  
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Figure 3-4. Histogram plots showing the error vector norms for all the methods. 

 
vector )( ∆−nx as the instrument and the lag ∆  was chosen to be four, which is the 

length of the true filter. Once again, the performance metric was chosen as the error 

vector norm in dB given by equation (3.27). Figure 3-4 shows the error histograms for 

REW, EWC-TLS, IV and the optimal Wiener solutions. EWC-TLS and REW algorithms  

outperform the Wiener MSE solution. The IV method also produces better results than 

the Wiener solution. Amongst the EWC solutions, we obtained better results with the 

EWC-TLS algorithm (equations 3.24 and 3.26) than REW. However, both EWC-TLS 

and REW outperformed IV method. This may be partially attributed to the conditioning 

of the matrices involved in the estimation of the REW and IV methods. Further 

theoretical analysis is required to quantify the effects of conditioning and symmetric 

Toeplitz structure of LR . In Figure 3-5, we show the angle between the estimated minor 

eigenvector and the true eigenvector of the augmented data matrix G for a random single 



57 

 

trial in scenarios with and without noise. Notice that the rates of convergence are very 

much different. It is well known that the rate of convergence for inverse iteration method 

is given by the ratio 21 λλ , where 1
1

−λ  is the largest eigenvalue of G-1 and 1
2

−λ  is the 

second largest eigenvalue of G-1 [8]. Faster convergence can be seen in the noiseless case 

owing to the huge 21 λλ  ratio. 

 

Figure 3-5. Convergence of the minor eigenvector of G with (a) noisy data and (b) clean 
data. 

 
Summary 

In this chapter, we derived recursive Newton type algorithm to estimate the optimal 

AEC solution. First, the Recursive Error Whitening (REW) algorithm was derived using 

the analytical AEC solution and the matrix inversion lemma. The well-known RLS 

algorithm for MSE becomes a special case of the REW algorithm. Further, a Total Least-

Squares based EWC algorithm called EWC-TLS was proposed. This algorithm works 

with β = -0.5 and can be easily applied to estimate parameters in the presence of white 

noise. A fixed-point minor components extraction algorithm was developed using the 

inverse iteration method. Other fixed-point or gradient-based methods cannot be used 

because of the indefiniteness (matrix with mixed eigenvalues make the algorithms locally 
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unstable) of the matrix involved in the EWC-TLS formulation. The computational 

complexity of the above mentioned algorithms is O(N2). We briefly explored an 

extension of the Newton type algorithm for the extended AEC with multiple lags. 

Effective usage of the matrix inversion lemma can cut the complexity of the extended 

REW algorithm to O(N2).  

In the later half of the chapter, we discussed the performance of the algorithms in 

the problem of system identification in the presence of additive white noise. The 

proposed recursive algorithms outperform the RLS and the analytical MSE TLS 

solutions. We also showed the simulation results with the EWC-TLS algorithm and 

quantitatively compared the performance with the well-known IV method.  

Although the recursive EWC algorithms presented in this chapter are fast 

converging and sample efficient, the complexity of O(N2) can be high for many 

applications involving low power designs. Additionally, the recursive algorithms can 

exhibit limited performance in non-stationary conditions if the forgetting factors are not 

chosen properly. This motivates us to explore stochastic gradient (and its variants) 

algorithms for estimating the optimal AEC solution. Chapter 5 will describe these 

algorithms and also highlight other benefits of the stochastic algorithms over their 

Newton type counterparts. 
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CHAPTER 4 
STOCHASTIC GRADIENT ALGORITHMS FOR AEC 

Introduction 

Stochastic gradient algorithms have been at the forefront in optimizing quadratic 

cost functions like the MSE. Owing to the presence of a global minimum in quadratic 

performance surfaces, gradient algorithms can elegantly accomplish the task of reaching 

the optimal solution at minimal computational cost. In this chapter, we will derive the 

stochastic gradient algorithms for the AEC. Since the AEC performance surface is a 

weighted sum of quadratics, we can expect that difficulties will arise. However, we will 

show that using some simple optimization tricks, we can overcome these difficulties in an 

elegant manner.  

Derivation of the Stochastic Gradient AEC-LMS Algorithm 

Assume that we have a noisy training data set of the form ))(),(( ndnx , where 

mn ℜ∈)(x  is the input and ℜ∈)(nd  is the output of a linear system with coefficient 

vector Tw . The goal is to estimate the parameter vector Tw  using the augmented error 

criterion. We know that the AEC cost function is given by 

))(())(()( 22 neEneEJ &β+=w  (4.1) 

where, )()()( Lnenene −−=& , w  is the estimate of the parameter vector and mL ≥ , the 

size of the input vector. For convenience, we will restate the following definitions, 

)()()( Lnnn −−= xxx& , )()()( Lndndnd −−=& , )]()([ nnE TxxR = , )]()([ nnE TxxS &&= , 

)]()([ ndnE xP =  and )]()([ ndnE &&xQ = . Using these definitions, we can rewrite the cost 
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function in (4.1) as 

wQPwSRww TTndEndEJ )(2)()]([)]([)( 22 βββ +−+++= &  (4.2) 

It is easy to see that both )]([ 2 neE  and )]([ 2 neE &  have parabolic performance surfaces as 

their Hessians have positive eigenvalues. However, the value of β  can invert the 

performance surface of )]([ 2 neE & . For 0>β , the stationary point is always a global 

minimum and the gradient given by equation (4.2) can be written as the sum of the 

individual gradients as shown below. 

)(2)(2)(2)(2)( QSwPRwQPwSR
w
w

−+−=+−+=
∂

∂ βββJ  (4.3) 

The above gradient can be approximated by the stochastic instantaneous gradient by 

removing the expectation operators. 

[ ])()()()(
)(
))(( nnenne

n
nJ xx

w
w

&&β+−≈
∂

∂  (4.4) 

The goal is to minimize the cost function and hence using steepest descent, we can write 

the weight update for the stochastic AEC-LMS algorithm for 0>β  as 

( ))()()()()()()1( nnennennn xxww &&βη ++=+  (4.5) 

where 0)( >nη  is a finite step-size parameter that controls convergence. For 0<β , the 

stationary point is still unique, but it can be a saddle point, global maximum or a global 

minimum depending on the value β. Evaluating the gradient as before and using the 

instantaneous gradient, we get the AEC-LMS algorithm for 0<β . 

( ))()()()()()()1( nnennennn xxww &&βη −+=+  (4.6) 

where, )(nη  is again a small step-size. However, there is no guarantee that the above 

update rules will be stable for all choices of step-sizes. Although, equations (4.5) and 
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(4.6) are identical, we will use - β  in the update equation (4.6) to analyze the 

convergence of the algorithm specifically for 0<β . The reason for the separate analysis 

is that the convergence characteristics of (4.5) and (4.6) are very different. 

Convergence Analysis of AEC-LMS Algorithm 

Theorem 4.1. The stochastic AEC algorithms asymptotically converge in the mean to the 

optimal solution given by 

0    ),()(

0      ),()(
1

1

<−+=

>++=
−

∗

−
∗

βββ

βββ

QPSRw

QPSRw
 (4.7) 

We will make the following mild assumptions typically applied to stochastic 

approximation algorithms [79-81,84] that can be easily satisfied.  

1. The input vectors )(nx  are derived from at least a wide sense stationary (WSS) 
colored random signal with positive definite autocorrelation matrix 

)]()([ nnE TxxR =  

2. The matrix )]()()()([ nLnLnnE TT
L xxxxR −+−=  exists and has full rank  

3. The sequence of weight vectors )(nw  is bounded with probability 1 

4. The update functions )()()()())(( nnennenh xxw &&β+=  for 0>β  and 
)()()()())(( nnennenh xxw &&β−=  for 0<β  exist and are continuously 

differentiable with respect to )(nw , and their derivatives are bounded in time. 

5. Even if ))(( nh w  has some discontinuities a mean update vector 
( ) ( )[ ])(lim)( nhEnh

n
ww

∞→
=  exists. 

Assumption A.1 is easily satisfied. A.2 requires that the input signal have sufficient 

correlation with itself for at least L  lags. 

Proof of AEC-LMS Convergence for β > 0 

We will first consider the update equation in (4.5) which is the stochastic AEC-

LMS algorithm for 0>β . Without loss of generality, we will assume that the input 
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vectors )(nx  and their corresponding desired responses )(nd  are noise-free. The mean 

update vector ))(( nh w  is given by 

[ ] ))()(()()()()()()()())(( nnnnnnenneE
dt

tdnh QSwPRwxxww −+−=+== ββ &&  (4.8) 

The stationary point of the ordinary differential equation (ODE) in (4.8) is given by 

( ) ( )QPSRw ββ ++= −
∗

1  (4.9) 

We will define the error vector at time instant n as )()( * nn wwξ −= . Therefore 

[ ])()()()()()()1( nnennennn xxξξ &&βη +−=+  (4.10) 

and the norm of the error vector at time n+1 is simply 

[ ]
22

22

)()()()()(                   

)()()()()()()(2)()1(

nnennen

nnennnennnn TT

xx

xξxξξξ

&&

&&

βη

βη

+

++−=+
 (4.11) 

Imposing the condition that 22 )()1( nn ξξ <+ for all n, we get an upper bound on the 

time varying step-size parameter )(nη  which is given by 

[ ]
2)()()()(

)()()()()()(2)(
nnenne

nnennnenn
TT

xx
xξxξ

&&

&&

β
βη

+

+
<  (4.12) 

Simplifying the above equation using the fact that )()()( nennT =xξ and 

)()()( nennT && =xξ , we get 

[ ]
2

22

)()()()(
)()(2)(
nnenne

nenen
xx &&

&

β
βη

+
+

<  (4.13) 

which is a more practical upper bound on the step-size as it can be directly estimated 

from the input and desired data. As an observation, notice that if 0=β , then, the bound 

in (4.13) reduces to 



63 

 

2)(
2)(
n

n
x

<η  (4.14) 

which, when included in the update equation, reduces to a variant of the Normalized 

LMS (NLMS) algorithm [14]. In general, if the step-size parameter is chosen according 

to the bound given by (4.13), then the norm of the error vector )(nξ  is a monotonically 

decreasing sequence converging asymptotically to zero, i.e., 0)(lim 2 →
∞→

n
n

ξ  which 

implies that *)(lim ww →
∞→

n
n

 (see Appendix G for details). In addition, the upper bound on 

the step-size ensures that the weights are always bound with probability one satisfying 

the assumption A.3 we made before. Thus the weight vector )(nw converges 

asymptotically to *w , which is the only stable stationary point of the ODE in (4.8). Note 

that (4.5) is an )(mO algorithm. 

Proof of AEC-LMS Convergence for β < 0 

We analyze the convergence of the stochastic gradient algorithm for 0<β  in the 

presence of white noise because this is the relevant case ( 5.0−=β  eliminates the bias 

due to noise added to the input). From (4.6), the mean update vector ))(( nh w  is given by, 

[ ] ))()(()()()()()()()())(( nnnnnnenneE
dt

tdnh QSwPRwxxww −−−=−== ββ &&  (4.15) 

As before, the stationary point of this ODE is 

( ) ( )QPSRw ββ −−= −
∗

1  (4.16) 

The eigenvalues of SR β−  decide the nature of the stationary point. If they are all 

positive, then we have a global minimum and if they are all negative, we have a global 

maximum. In these two cases, the stochastic gradient algorithm in (4.6) with proper fixed 
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sign step-size would converge to the stationary point, which would be stable. However, 

we know that the eigenvalues of SR β−  can also take both positive and negative values 

resulting in a saddle stationary point. Thus, the underlying dynamical system would have 

both stable and unstable modes making it impossible for the algorithm in (4.6) with fixed 

sign step-size to converge. This is well known in the literature [3,14]. However, as will 

be shown next, this difficulty can be removed for our case by appropriately utilizing the 

sign of the update equation (remember that this saddle point is the only stationary point 

of the quadratic performance surface). The general idea is to use a vector step-size (one 

step-size per weight) having both positive and negative values. One unrealistic way (for 

an on-line algorithm) to achieve this goal is to estimate the eigenvalues of SR β− . 

Alternatively, we can derive the conditions on the step-size for guaranteed convergence. 

As before, we will define the error vector at time instant n as )()( * nn wwξ −= . The 

norm of the error vector at time instant n+1 is given by 

[ ]
22

22

)()()()()(                   

)()()()()()()(2)()1(

nnennen

nnennnennnn TT

xx

xξxξξξ

&&

&&

βη

βη

−

+−−=+
 (4.17) 

Taking the expectations on both sides, we get 

[ ]
22

22

)()()()()(                   

)()()()()()()(2)()1(

nnenneEn

nnennnenEnnEnE TT

xx

xξxξξξ

&&

&&

βη

βη

−

+−−=+
 (4.18) 

The mean of the error vector norm will monotonically decay to zero over time i.e., 

22 )()1( nEnE ξξ <+  if and only if the step-size satisfies the following inequality. 

[ ]
2

)()()()(

 )()()()()()(2
)(

nnenneE

nnennnenE
n

TT

xx

xξxξ

&&

&&

β

β
η

−

−
<  (4.19) 
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Let )()(~)( nnn vxx +=  and )()(~)( nundnd += , where )(~ nx  and )(~ nd  be the clean 

input and desired data respectively. We will further assume that the input noise vector 

)(nv  and the noise component in the desired signal )(nu  to be uncorrelated. Also the 

noise signals are assumed to be independent of the clean input and desired signals. 

Furthermore, the lag L  is chosen to be more than m, the length of the filter under 

consideration. Since the noise is assumed to be purely white, 

0)]()([)]()([ =−=− nLnELnnE TT vvvv  and Vvv =)]()([ nnE T . We have 

( ) ( )( ))()(~)()()(~)()()(~)()()()( nnnnnnnundnnnen TTTT vxvwxwwwxξ +−−+−= ∗  (4.20) 

Simplifying this further and taking the expectations, we get 

( )

)(                             
)()()(                             

)(~)()(~2)(~var)]()()([

nJ
nnn

nnnndnnenE

T
MSE

TT

TTT

Vww
VwwVww

wRwwPxξ

∗

∗

−=

−+

+−=

 (4.21) 

where, )](~)(~[~ nnE TxxR = , )](~)(~[~ ndnE xP =  and 

( ) ( ) )(~2)(~var)(~)( nndnnJ TT
MSE wPwVRw −++=  (4.22) 

Similarly, we have 

( )
( )

( )LkLkkk

T

TTT

LnLnnLnuLnd

nnnnundnnnen

−−

∗

−−+
−+−+−+−−

+−+−=

vxvx
vxw

vxwwwxξ

~~                          
])()(~)()()(~                        

)()(~)()()(~[))(()()()( &&

 (4.23) 

Evaluating the expectations on both sides of (4.23) and simplifying, we obtain 

[ ] ( )

)(2                             

)()(2)()(2)(~)(                             

)(~2)(~)(~var)()()(

nJ

nnnnnn

nLndndnnenE

T
ENT

TTT

TT

Vww

VwwVwwwSw

wQxξ

∗

∗

−=

−++

−−−=&&

 (4.24) 

where, we have used the definitions ]))(~)(~))((~)(~[(~ TLnnLnnE −−−−= xxxxS , 
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))](~)(~))((~)(~[(~ LndndLnnE −−−−= xxQ  and 

( ) ( ) )(~2)(~)(~var)(2~)( nLndndnnJ TT
ENT wQwVSw −−−++=  (4.25) 

Using (4.21) and (4.24) in equation (4.19), we get an expression for the upper bound on 

the step-size as 

( )
2

)()()()(

 (n)212
)(

nnenneE

JJ
n

T
ENTMSE

xx

Vww

&&β

ββ
η

−

−−−
< ∗  (4.26) 

This expression is not usable in practice as an upper bound because it depends on the 

optimal weight vector. However, for 5.0−=β , the upper bound on the step-size reduces 

to 

2)()(5.0)()(

5.02
)(

nnenneE

JJ
n ENTMSE

xx &&−

−
<η

                                                               

(4.27) 

From (4.22) and (4.25), we know that MSEJ  and ENTJ  are positive quantities. However, 

ENTMSE JJ 5.0−  can be negative. Also note that this upper bound is computed by 

evaluating the right hand side of (4.27) with the current weight vector )(nw . Thus as 

expected, it is very clear that the step-size at the nth iteration can take either positive or 

negative values based on ENTMSE JJ 5.0− ; therefore, ))(sgn( nη  must be the same as 

)5.0sgn( ENTMSE JJ −  evaluated at )(nw . Intuitively speaking, the term ENTMSE JJ 5.0−  is 

the EWC cost computed with the current weights )(nw  and 5.0−=β , which tells us 

where we are on the performance surface and the sign tells which way to go to reach the 

stationary point. It also means that the lower bound on the step-size is not positive as in 

traditional gradient algorithms. In general, if the step-size we choose satisfies (4.27), 

then, the mean error vector norm decreases asymptotically i.e., 22 )()1( nEnE ξξ <+  
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and eventually becomes zero, which implies that *)]([lim ww →
∞→

nE
n

. Thus the weight 

vector )]([ nE w converges asymptotically to *w , which is the only stationary point of the 

ODE in (4.15). We conclude that the knowledge of the eigenvalues is not needed to 

implement gradient descent in the EWC performance surface, but (4.27) is still not 

appropriate for a simple LMS type algorithm. 

On-line Implementations of AEC-LMS for β < 0 

As mentioned before, computing ENTMSE JJ 5.0−  at the current weight vector would 

require reusing the entire past data at every iteration. As an alternative, we can extract the 

curvature at the operating point and include that information in the gradient algorithm. By 

doing so, we obtain the following stochastic algorithm. 

[ ]( )( ))()()()()()()()(sgn)()1( nnennennnnηnn T xxwSRwww &&ββ −−+=+    (4.28) 

where, )(nR  and )(nS  are the estimates of R  and S  respectively at the nth time instant.  

Corollary: Given any quadratic surface )(wJ , the following gradient algorithm 

converges to its stationary point. 

)(
))()(sgn()()1(

n
Jnnnn T

w
Hwwww

∂
∂

−=+ η
                                                   

(4.29) 

Proof: Without loss of generality, suppose that we are given a quadratic surface of the 

form Hwww TJ =)( , where mm×ℜ∈H , and 1mxℜ∈w . H  is restricted to be symmetric; 

therefore, it is the Hessian matrix of this quadratic surface. The gradient of the 

performance surface with respect to the weights, evaluated at point 0w  is  0
0

2Hw
w

=
∂
∂J , 

and the stationary point of )(wJ  is the origin. Since the performance surface is quadratic, 

any cross-section passing through the stationary point is a parabola. Consider the cross-
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section of )(wJ  along the line defined by the local gradient that passes through the point 

0w . In general, the Hessian matrix of this surface can be positive or negative definite; it 

might as well have mixed eigenvalues. The unique stationary point of )(wJ , which 

makes its gradient zero, can be reached by moving along the direction of the local 

gradient. The important issue is the selection of the sign, i.e., whether to move along or 

against the gradient direction to reach the stationary point. The decision can be made by 

observing the local curvature of the cross-section of )(wJ  along the gradient direction. 

The performance surface cross-section along the gradient direction at 0w  is 

0
322

00000 )44()2()2()2( wHHHwwHHHwHww ηηηηη ++=++=+ TTT IIJ    (4.30) 

From this, we deduce that the local curvature of the parabolic cross-section at 0w  is 

0
3

04 wHwT . If the performance surface is locally convex, then this curvature is positive. 

If the performance surface is locally concave, this curvature is negative. Also, note that 

)sgn()4sgn( 000
3

0 HwwwHw TT = . Thus, the update equation with the curvature 

information in (4.30) converges to the stationary point of the quadratic cost function 

)(wJ  irrespective of the nature of the stationary point.  

From the above corollary and utilizing the fact that the matrix SR β−  is 

symmetric, we can conclude that the update equation in (4.29) asymptotically converges 

to the stationary point ( ) ( )QPSRw ββ −−= −1
* . On the down side however, the update 

equation in (4.28) requires )( 2mO  computations, which makes the algorithm unwieldy 

for real-world applications. Also, we can use the REW algorithm instead, which has a 

similar complexity.  
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For an )(mO algorithm, we have to go back to the update rule in (4.6). We will discuss 

only the simple case of 5.0−=β , which turns out to be also the more useful. We propose 

to use an instantaneous estimate of the sign with the current weights given by 

)]()(5.0)()())[(5.0)(sgn()()()1( 22 nnennenenennn xxww &&& −−+=+ η  (4.31) 

where, where 0)( >nη  and is bound by (4.27). It is possible to make mistakes in the sign 

estimation when (4.31) is utilized, which will not affect the convergence in the mean, but 

will penalize the misadjustment. 

Excess Error Correlation Bound for EWC-LMS  

In the next theorem, we will show that the asymptotic excess error correlation at 

lags mL ≥  is always bounded from above and can be arbitrarily reduced by controlling 

the step-size. 

Theorem 4.2: With 2/1−=β , the steady state excess error autocorrelation at lag mL ≥ , 

i.e., )(ˆ Leρ  is always bound by 

]))((][)([
2

)( 22222
ˆ vuave keETrL σσσηρ

∞
+++≤ wIR  (4.32) 

where ][ T
kkE xxR = , and )(•Tr  denotes the matrix trace. The term ))(( 2 keE a  denotes the 

excess MSE which is )()( T
T

T wwRww −− ∞∞ . The noise variances in the input and 

desired signals are represented by 2
vσ  and 2

uσ  respectively. Note that the term 2

∞
w  is 

always bound because of the step-size bound. 

Proof: For convenience, we will adopt the subscript k to denote the time or iteration 

index. With this convention, the weight vector at the kth iteration is denoted by wk 

Further, the error vector (difference between the true vector wT and the adaptive estimate 
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at time k) is denoted by kTk wwε −=ˆ . Throughout the rest of the proof, we will use the 

following notations: the noisy input vector kx̂ , the noise-free input vector kx , and the 

input noise vector kv  obey kkk vxx +=ˆ ; the noisy desired signal kd̂ , the noise-free 

desired signal kd , and noise ku  are related by kkk udd +=ˆ .We will start from the 

equation describing the dynamics of the error vector norm given below.  

)ˆˆˆˆ(ˆ)ˆˆ(2ˆˆ 2222
1 kkkk

T
kkkkk eeeesign xxεεε &&& ββη ++−=+

22 ˆˆˆˆ kkkk ee xx &&βη ++  (4.33) 

In (4.33), we have assumed a constant step-size which satisfies the upper bound in (4.27). 

Letting 22
1 ˆˆ kk EE εε =+  as ∞→k , we see that 

)ˆˆˆˆ(ˆˆˆˆˆ
2

2

kkkk
T
kkkkk eeEeeE xxεxx &&&& ββη

+=+  (4.34) 

We now invoke the Jensen’s inequality for convex functions [130] to reduce (4.34) 

further, yielding 

)]ˆˆˆˆ(ˆ[ˆˆˆˆ
2

2

kkkk
T
kkkkk eeEeeE xxεxx &&&& ββη

+≥+  (4.35) 

The noisy error term is given by k
T

kak ukee vw−+= )(ˆ  where the excess error  

k
T

a ke xε=)( . Using the expressions k
T
kk

T
kkk

T
k eEeE VwwVwwxε +−= *

2 )(]ˆˆˆ[ , 

k
T
kk

T
kkk

T
k eEeE VwwVwwxε 22)(]ˆˆˆ[ *

2 +−= &&&   and 5.0−=β , we can immediately recognize 

that the RHS of (4.35) is simply the steady state excess error autocorrelation at lag 

mL ≥ , i.e., )(ˆ Leρ . In order to evaluate the LHS of (4.35), we will assume that the terms 

that 2ˆ kx  and 2ˆkeη  are uncorrelated in the steady state. Using, this assumption, we can 

write 
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])()[ˆ(
2

ˆˆ5.0ˆˆ
2

222
IRxx vkkkkk TreEeeE σηη

+=− &&  (4.36) 

where, 22222 ))(()ˆ( vuak keEeE σσ
∞

++= w . Using (4.36) in equation (4.35), we get the 

inequality in (4.32).  

This assumption (more relaxed than the independence assumptions [11,14]) is used 

in computing the steady state excess-MSE for stochastic LMS algorithm [131,132] and 

becomes more realistic for long filters. In the estimation of the excess MSE for the LMS 

algorithm, Price’s theorem [133] for Gaussian random variables can be invoked to derive 

closed form expressions. However, even the Gaussianity assumption is questionable as 

discussed by Eweda [134] who proposed additional reasonable constraints on the noise 

pdf to overcome the Gaussianity and independence assumptions that lead to a more 

generic treatment for the sign-LMS algorithm. It is important to realize at this point that 

in the analysis presented here, no explicit Gaussianity assumptions have been made. 

As a special case, consider 0=L  and noise free input. Then, (4.32) is true with the 

equality sign and also )(ˆ Leρ  will be the same as ))(( 2 keE a  which is nothing but the 

excess MSE (as ∞→k ) of the LMS algorithm. In other words, (4.32) reduces to 

]))(()[(
2

))(( 222
uaa keETrkeE ση

+= R  (4.37) 

From (4.37), the excess MSE for the LMS algorithm [14] can be deduced as 

)(2
)())((

2
2

R
R

Tr
TrkeE u

a η
ησ

−
=  (4.38) 

which will become to 2)(2 RTruησ  for very small step-sizes. If the adaptive filter is long 

enough, the excess error )(kea  will be Gaussian and we can easily show that the excess 
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MSE is bounded by 4][)( 2
0εR ETr  where, 0ε  denotes the error due to the initial 

condition [131].  

Other Variants of the AEC-LMS Algorithms 

It is easy to see that for convergence of the mean, the condition is 

1)( <+− SR βηλkI  for all k, where )( SR βλ +k  denotes the kth eigenvalue of the matrix 

)( SR β+ . This gives an upper bound on the step-size as )(2 max SR βλη +< . From the 

triangle inequality [8], )()( maxmax22
SRSR λβλ +≤+ β  where, 

2
•  denotes the 

matrix norm. Since, both R and S are positive-definite matrices, we can write 

22

22
)()()()( nEnETrTr xxSRSR &βββ +≤+≤+  (4.39) 

In a stochastic framework, we can include this in the AEC-LMS update equation to result 

in a step-size normalized EWC-LMS update rule given by 

( )2

22
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nnennenenesign
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ww
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&&&

β

ββη

+

++
+=+  (4.40) 

Note that when 0=β , (4.40) reduces to the well-known normalized LMS (NLMS) 

algorithm [14]. Alternatively, we can normalize by the norm squared of the gradient and 

this gives the following modified update rule. 

δβ

ββ

++

++
+=+ 2

22

)()()()(
))()()()())(()((

2)()1(
nnenne

nnennenene
nn

xx
xx

ww
&&

&&&
 (4.41) 

The term δ, a small positive constant compensates for the numerical instabilities when the 

signal has zero power or when the error goes to zero, which can happen in the noiseless 

case even with finite number of samples. Once again, we would like to state that with 

0=β , (4.41) defaults to NLMS algorithm. However, the caveat is that, both (4.40) and 
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(4.41) do not satisfy the principle of minimum disturbance unlike the NLMS3 [14]. But 

nevertheless, the algorithms in (4.40) and (4.41) can be used to provide faster 

convergence at the expense of increased misadjustment (in the error correlation sense) in 

the final solution. 

AEC-LMS Algorithm with Multiple Lags 

In the previous chapter, we discussed a recursive Newton type algorithm that 

included more than one lag in the cost function. With decreasing SNR at the input, the 

Hessian matrix H = R + βS is mostly determined by the noise covariance matrix. This 

can degrade the performance and we might be forced to use very small step-sizes (slow 

convergence) to achieve good results. One way of alleviating this problem is to 

incorporate multiple lags in the AEC cost function. The stochastic gradient AEC-LMS 

algorithm for the multiple lag case is simply given by 

∑
=

+++=+
max

1

22 ))()()()())(()(()()1(
L

L
LLLL nnennenenesignnn xxww &&& ββη  (4.42) 

Lmax is the total number of lags (constraints) used in the AEC cost function. The 

additional robustness of using multiple lags comes at an increase in the computational 

cost and in the case when the number of lags becomes equal to the length of the adaptive 

filter, the complexity will approach that of the recursive Newton type algorithms.  

The stochastic AEC algorithms have linear complexity in comparison with the 

O(N2) algorithm of the recursive Newton type algorithms discussed in the previous 

chapter. At the same time, since the algorithms are all based on the instantaneous 

                                                 
3 The NLMS algorithm is also called the minimum norm update algorithm. It can be formulated as a 
constrained minimization problem wherein the actual cost function is the norm of the update, viz., 

||w(n)-w(n-1)||2 and the constraint is the error e(n) with the weights w(n) must be zero.  
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gradients, these algorithms have better tracking abilities when compared with their 

Newton counterparts. Hence these algorithms can be expected to perform better in non-

stationary conditions. 

Simulation Results 

Estimation of System Parameters in White Noise 

The experimental setup is the same as the one used to test the REW algorithm. We 

varied the Signal-to-Noise-Ratio (SNR) between –10dB to +10dB and changed the 

number of filter parameters from 4 to 12. We set 5.0−=β  and used the update equation 

in (4.31) for the EWC-LMS algorithm. A time varying step-size magnitude was chosen in 

accordance with the upper bound given by (4.27) without the expectation operators. This 

greatly reduces the computational burden but makes the algorithm noisier. However, 

since we are using 50,000 samples for estimating the parameters, we can expect the errors 

to average out over iterations. For the LMS algorithm, we chose the step-size that gave 

the least error in each trial. Totally 100 Monte Carlo trials were performed and 

histograms of normalized error vector norms were plotted. It is possible to use other 

statistical measures instead of the error norm, but this is sufficient to demonstrate the bias 

removal ability of EWC-LMS. For comparison purposes, we computed the solutions with 

LMS as well as the numerical TLS (regular TLS) methods. Figure 4-1 shows the error 

histograms for all the three methods. The inset plots in Figure 4-1 show the summary of 

the histograms for each method. EWC-LMS performs significantly better than LMS at 

low SNR values (-10dB and 0dB), while performing equally well for 10dB SNR. The 

input noise variances for -10dB, 0dB, and 10dB SNR values are 10, 1, and 0.1, 

respectively. Thus, we expect (and observe) TLS results to be worst for -10dB and best 
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for 10dB. As per theory, we observe that TLS performance drops when the noise 

variances are not the same in the input and desired signals.  

 

Figure 4-1. Histogram plots showing the error vector norm for EWC-LMS, LMS 
algorithms and the numerical TLS solution. 

 
Figure 4-2 shows a sample comparison between the stochastic and the recursive 

algorithms for 0dB SNR and 4 filter taps. Interestingly, the performance of the EWC-

LMS algorithm is better than the REW algorithm in the presence of noise. Similarly, the 

LMS algorithm is much better than the RLS algorithm. This tells us that the stochastic 
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algorithms presumably reject more noise than the fixed-point algorithms. Researchers 

have made this observation before, although no concrete arguments exist to account for 

the smartness of the adaptive algorithms [135]. Similar conclusions can be drawn in our 

case for EWC-LMS and REW. 

 

Figure 4-2. Comparison of stochastic versus recursive algorithms. 

 
Weight Tracks and Convergence 

The steady state performance of a stochastic gradient algorithm is a matter of great 

importance. We will now experimentally verify the steady state behavior of the EWC-

LMS algorithm. The SNR of the input signal is set to 10dB and the number of filter taps 

is fixed to two for display convenience. Figure 4-3 shows the contour plot of the EWC 

cost function with noisy input data. Clearly, the Hessian of this performance surface has 

both positive and negative eigenvalues thus making the stationary point an undesirable 

saddle point. On the same plot, we have shown the weight tracks of the EWC-LMS 

algorithm with 5.0−=β . Also, we used a fixed value of 0.001 for the step-size. From 
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the figure, it is clear that the EWC-LMS algorithm converges stably to the saddle point 

solution, which is theoretically unstable when a single sign step-size is used. Notice that 

due to the constant step-size, there is misadjustment in the final solution. In Figure 4-4, 

we show the individual weight tracks for the EWC-LMS algorithm. The weights 

converge to the vicinity of the true filter parameters, which are -0.2 and 0.5 respectively 

within 1000 samples.  

 

Figure 4-3. Contour plots with the weight tracks showing convergence to saddle point. 

 

 

Figure 4-4. Weight tracks for the stochastic algorithm. 
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In order to see if the algorithm converges to the saddle point solution in a robust 

manner, we ran the same experiment using different initial conditions on the contours. 

Figure 4-5 shows a few plots of the weight tracks originating from different initial values 

over the contours of the performance surface. In every case, the algorithm converged to  

 

Figure 4-5. Contour plot with weight tracks for different initial values for the weights. 

 
the saddle point in a stable manner. Note that the misadjustment in each case is almost 

the same. Finally, to quantify the effect of reducing the SNR, we repeated the experiment 

with 0dB SNR. Figure 4-6 (left) shows the weight tracks over the contour and we can see 

that the misadjustment has increased owing to decrease in the SNR. This is a typical 
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phenomenon observed with most of the stochastic gradient algorithms. However, the 

misadjustment is proportional to the step-size. Therefore, by using smaller step-sizes, the 

misadjustment can be controlled to be within acceptable values. The drawback is slow 

convergence to the optimal solution. Figure 4-6 (right) shows the weight tracks when the 

algorithm is used without the sign information for the step-size. Note that convergence is  

 

 

Figure 4-6. Contour plot with weight tracks for EWC-LMS algorithm with sign 
information (left) and without sign information (right). 

 
not achieved in this case which substantiates our previous argument that a fixed sign step-

size will never converge to a saddle point. To further substantiate this fact, we removed 

the noise from the input and ran the EWC-LMS algorithm with and without the sign term. 

Figure 4-7 (left) shows the noise-free EWC performance surface and Figure 4-7 (right) 

shows the weight tracks (with and without the sign information) on the contours. Clearly, 

the weights do not converge to the desired saddle point even in the absence of noise. On 
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the other hand, using the sign information leads the weights to the saddle point in a stable 

manner. Since this is the noise-free case, the final misadjustment becomes zero. 

 

Figure 4-7. EWC performance surface (left) and weight tracks for the noise-free case 
with and without sign information (right). 

 
Inverse Modeling and Controller Design Using EWC 

System identification is the first step in the design of an inverse controller. 

Specifically, we wish to design a system that controls the plant to produce a predefined 

output. Figure 4-8 shows a block diagram of model reference inverse control [136]. In 

this case, the adaptive controller is designed so that the controller-plant pair would track 

the response generated by the reference model for any given input (command). Clearly, 

we require the plant parameters (which are typically unknown) to devise the controller. 

Once we have a model for the plant, the controller can be easily designed using 

conventional MSE minimization techniques. In this example, we will assume that the 

plant is an all-pole system with transfer function )3.05.08.01/(1)( 321 −−− −−+= zzzzP . 

The reference model is chosen to be an FIR filter with 5 taps. The block diagram for the 

plant identification is shown in Figure 4-9. Notice that the output of the plant is corrupted 
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with additive white noise due to measurement errors. The SNR at the plant output was set 

to 0dB. We then ran the EWC-LMS and LMS algorithms to estimate the model 

parameters given noisy input and desired signals. The model parameters thus obtained are 

used to derive the controller (see Figure 4-8) using standard backpropagation of error. We 

then tested the adaptive controller-plant pair for trajectory tracking by feeding the 

controller-plant pair with a non-linear time series and observing the responses. Ideally, 

the controller-plant pair must follow the trajectory generated by the reference model. 

Figure 4-10 (top) shows the tracking results for both controller-plant pairs along with the 

reference output. Figure 4-10 (bottom) shows a histogram of the tracking errors. Note  

 

  

Figure 4-8. Block diagram for model reference inverse control. 

 

 

Figure 4-9. Block diagram for inverse modeling. 

 
that the errors with EWC-LMS controller are all concentrated around zero, which is 

desirable. In contrast, the errors produced with the MSE based controller are significant 
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and this can be worse if the SNR levels drop further. Figure 4-11 shows the magnitude 

and phase responses of the reference models along with the generated controller-model 

 

Figure 4-10. Plot of tracking results and error histograms. 

 

 

Figure 4-11. Magnitude and phase responses of the reference model and designed model-
controller pairs. 
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pairs. Note that, the EWC controller-model pair matches very closely with the desired 

transfer function, whereas MSE controller-model pair produces a significantly different 

transfer function. This clearly demonstrates the advantages offered by EWC. 

More details on the applications of EWC-LMS in system identification and 

controller design problems can be found in [137-139]. 

Summary 

In this chapter, we proposed online sample-by-sample stochastic gradient 

algorithms for estimating the optimal AEC solution. The detailed derivations of the 

update rules were presented and the convergence was proved rigorously using stochastic 

approximation theory. We also derived the step-size upper bounds for convergence with 

probability one. Further, the theoretical upper bound on the excess error correlation in the 

case of EWC-LMS was derived. The AEC stochastic algorithms include the LMS 

algorithm for MSE as a special case. Owing to the complexities of the EWC performance 

surface (see Chapter 2), additional information like the sign of the instantaneous cost is 

required for guaranteed convergence to the unique optimal AEC solution. In this context, 

the AEC optimization problem can be pursued as a root-finding problem and the popular 

Robbins-Munro method [140] can be adopted to solve for the optimal solution. We have 

not explored this method yet for the AEC criterion. 

We also presented several variants of the AEC-LMS algorithm. As a special case, 

the normalized AEC-LMS algorithm in equation (4.40) reduces to the well-known NLMS 

algorithm for MSE. The gradient normalized AEC-LMS algorithm in equation (4.41) has 

shown better performance over the simple AEC-LMS algorithm in our simulation studies. 

We then presented simulation results to show the noise rejection capability of the 

EWC-LMS algorithm. Experiments were also conducted to verify some of the properties 
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of the proposed gradient algorithms. In particular, we observed the weight tracks and the 

verified that the algorithm converges in a stable manner to even saddle stationary points. 

This is achieved mainly by utilizing the sign information in the gradient update. We also 

showed the amount of misadjustment can be controlled by the step-size parameter. This is 

in conformance with the general theory behind stochastic gradient algorithms. 

Lastly, we demonstrated the application of EWC in the design of a model-reference 

inverse controller. We compared the performance of the EWC controller with the MSE 

derived controller and verified the superiority of the former.  
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CHAPTER 5 
LINEAR PARAMETER ESTIMATION IN CORRELATED NOISE  

Introduction 

In the previous chapters we discussed a new criterion titled augmented error 

criterion (AEC) that can potentially replace the popular MSE criterion. In fact we showed 

that a special case of the AEC called the error whitening criterion (EWC) can solve the 

problem of estimating the parameters of a linear system in the presence of input noise. 

We showed extensive simulation results with different EWC adaptation algorithms that 

proved beyond doubt, the usefulness of this criterion in solving system identification and 

controller design problems.  

Two crucial assumptions were made in the theory behind the error whitening 

criterion. Firstly, we assumed that the input noise is uncorrelated with itself or is white. 

Although, in most problems, we assume that the noise is white, this assumption can be 

certainly restrictive in many applications. From the theory we discussed in the previous 

chapters, it is easy to conclude that EWC fails to remove the bias in the parameter 

estimates when the noise is correlated or colored. 

Secondly, we assumed full knowledge of the model order of the unknown system. 

This is not just native to the proposed method as most of the competing methods 

including Total Least-Squares (TLS) assume exact model order. To the best of our 

knowledge, there is no existing solution to the problem of system identification in the 

presence of input noise in cases when the model order is unknown. However, till this 

point, we have not dealt with the implications of using the proposed EWC when the 
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model order is not known. We will address this important issue in the next chapter. In this 

chapter, we will focus on solving the problem of linear parameter estimation in the 

presence of correlated noise in the input and desired data. Most of the material covered in 

this chapter can be found in [141].  

Existing Solutions 

This problem of parameter estimation with noisy data has been a well researched 

topic although the solutions are not satisfactory. First and foremost, the MSE criterion 

does not provide accurate estimates in the presence of correlated noise. The regular TLS 

method assumes i.i.d. noise and hence fails when the noise is correlated. Further, there is 

the additional restriction of having equal noise variances in the input and desired data. 

The extension of TLS called the Generalized TLS (GTLS) discussed in Chapter 1 can be 

used for the correlated noise case. However, a major drawback is that we require an exact 

knowledge of the noise covariance matrix. Regalia gave a conceptual treatment for the 

IIR filter estimation based on equation-error techniques with the monic constraint 

replaced by a unit-norm constraint [92]. Douglas et al. extended the work to colored 

noise case in [142]. However, these methods require estimation of the noise covariances 

from the data, which is again not feasible. The Instrumental Variables (IV) method is 

traditionally limited to white noise. Extensions to the colored noise case are usually 

accomplished by introducing whitening filters [93]. The usual approach is to assume that 

the correlated noise is produced by filtering a white process by an AR model with known 

order. Thus, the problem then reduces to finding more parameters (the AR model 

parameters plus the actual system parameters) than usual, assuming white noise in the 

input. However, there are many loopholes in this technique. Most importantly, it is 

impossible to figure out the exact order of the noise AR process.  
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Criterion for Estimating the Parameters in Correlated Noise 

Our goal is to propose a method to estimate the unknown system parameters 

without computing the input noise covariance matrices. We will approach this problem in 

two steps. In the first step, we will allow the noise in the input to be correlated, but we 

will restrict the noise on the desired signal to be white. The reasoning behind this step 

will be clear later. Once the algorithm is presented, we will introduce modifications in the 

algorithm that would enable us to remove the whiteness restriction on the noise in the 

desired signal. Further, in this research, we have restricted the unknown linear systems to 

be FIR filters. Generalizations to the IIR filter estimation and the associated stability 

issues are topics for further research.  

A traditional setting of the system identification problem is shown in Figure 5-1. 

Suppose noisy training data pair )ˆ,ˆ( kk dx  is provided, where kk
N

k vxx +=ℜ∈ˆ  and 

kkk udd +=ℜ∈ 1ˆ  with kx  as the noise-free input vector at discrete time index k, kv , the 

additive noise vector with arbitrary covariance ][ T
kkE vvV =  on the input, kd  being the 

noise-free desired signal and ku  being the additive white noise added to the desired 

signal. We further assume that the noises kv  and ku  are independent from the data pair 

and also independent from each other. Let the weight vector (filter) that generated the 

noise-free data pair ),( kk dx  be Tw , of dimension N. We will assume that the length of 

w , the estimated weight vector is N (sufficient order case). Then, the error sample kê  is 

simply given by k
T

kk de xw ˆˆˆ −= . Consider the cost function in equation (5.1). 

∑
=∆

∆−∆− +=
N

kkkk dedeEJ
1

]ˆˆˆˆ[)(w  (5.1) 
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Figure 5-1. System identification block diagram showing data signals and noise. 

 
Consider a single term in the above equation. It is easy to see that the cross products 

]ˆˆ[ ∆−kk deE  and ]ˆˆ[ kk deE ∆−  are given by 

][][][]ˆˆ[
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 (5.2) 

If we assume that the noise uk is white, then 0][ =∆−kk uuE , and (5.2) reduces to 

functions of only the clean input and the weights. The input noise never multiplies itself; 

hence it gets eliminated. Further, the cost function in (5.1) simplifies to 

∑
=∆

∆∆ −=
N

T
TT

T
TJ

1

)( wRwwRww  (5.3) 

where, the matrix ∆R is, 

][ T
kk

T
kkE xxxxR ∆−∆−∆ +=  (5.4) 

The matrix ∆R  is symmetric, but indefinite and hence can have mixed eigenvalues. Also, 

observe that the cost function in (5.3) is linear in the weights w. If, for instance, we had a 

single term in the summation, and we force 0)( =wJ , then it is easy to see that one of 

the solutions for w will be the true parameter vector Tw . However, when the number of 
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terms in the summation becomes equal to the length of our estimated filter, there is 

always a unique solution for w, which will be the true vector Tw . 

Lemma 1: For suitable choices of lags, there is a unique solution *w  for the equation 

0)( * =wJ  and Tww =* . 

Proof: For 0)( =wJ , wRwwRw ∆∆ − T
TT

T
T  must be zero for all selected ∆ . For 

simplicity assume N,...,1=∆ . Therefore, we have N linear equations in w given by, 

T
T
T

T
T wRwwRw ∆∆ =][ . This system of equations can be compactly written as 

⎥
⎥
⎥
⎥
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=

⎥
⎥
⎥
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⎢
⎢
⎢

⎣

⎡
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N
T
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T
T

T
T

ddE

ddE
ddE

w

Rw

Rw
Rw

 (5.5) 

If the rows of the composite matrix on the left of w in (5.5) are linearly independent (full-

rank matrix), then there is a unique inverse and hence 0)( =wJ  has a unique solution. 

We will prove that this unique solution has to be Tw  by contradiction. Let the true 

solution be εww += T* . Then, 0)( * =wJ  implies 0=∆εRwT
T  for all ∆  which is 

possible only when 0ε =  and this completes the proof. 

Note that each term inside the summation of equation (5.1) can be perceived as a 

constraint on the cross correlation between the desired response and the error signal. By 

forcing these sums of cross correlations at N different lags to simultaneously approach 

zero, we can obtain an unbiased estimate of the true filter.  

The optimal solution for the proposed criterion in terms of the noisy input and the 

desired responses is given in (5.6). Each row of the composite matrix can be estimated 

using simple correlators having linear complexity. Also, a recursive relationship for the  
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evolution of this matrix over iterations can be easily derived. However, this recursion 

does not involve simple reduced rank updates and hence it is not possible to use the 

convenient matrix inversion lemma [8] efficiently to reduce the complexity of matrix 

inversion. The overall complexity of the recursive solution in equation (5.6) is O(N3). 

This motivates the development of a low cost stochastic algorithm to compute and track 

the optimal solution given by equation (5.6). The derivation of the stochastic gradient 

algorithm is similar to that of the AEC-LMS algorithm. 

Stochastic Gradient Algorithm and Analysis 

Taking the expectation operator out of the cost function in (5.1), we obtain an 

instantaneous cost given by 

∑
=∆

∆−∆− +=
N

kkkkk dedeJ
1

ˆˆˆˆ)(w  (5.7) 

Again, we want to find the minimum of this cost function. Notice that the direction of the 

stochastic gradient in (5.7) depends on the instantaneous cost itself. The resulting weight 

update equation is given by 

)ˆˆˆˆ()ˆˆˆˆ(
1

1 kkkk

N

kkkkkk dddedesign ∆−∆−
=∆

∆−∆−+ +++= ∑ xxww η  (5.8) 

where, 0>η  is a small step-size. The step-size has been chosen to be a constant in the 

above update equation. However, we can also have a time-varying step-size as before. 

Owing to the presence of multiple terms (constraints) in the gradient, the complexity of 

the update is )( 2NO  which is higher than that of the regular LMS type stochastic 
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updates. However, the complexity is lower than that of the recursive solution given by 

(5.7). We will now briefly discuss the convergence of this stochastic gradient algorithm 

to the optimal solution both in the noisy as well as noise-free scenarios. 

Theorem 5.1: In the noise-free case, (5.8) converges to the stationary point Tww =*  

provided that the step size satisfies the following inequality at every iteration. 

2)(
)(20

k

k

J
J

w
w

∇
<< η  (5.9) 

Proof: It is obvious from the previous discussions that the cost function in (5.7) has a 

single stationary point Tww =* . The weight update becomes zero only when the cost 

goes to zero thereby zeroing the gradient. Consider the weight error vector defined as 

kk wwε −= * . From (5.8), we get 

)()(
1

1 kkkk

N

kkkkkk dddedesign ∆−∆−
=∆

∆−∆−+ ++−= ∑ xxεε η  (5.10) 

Taking the norm of this error vector on both sides gives 

22

1

22
1 )()()(2 kkkkk

T
k

N

kkkkkk Jdddedesign wxxεεε ∇+++−= ∆−∆−
=∆

∆−∆−+ ∑ ηη  (5.11) 

Observe that in the noiseless case, kk
T
k e=xε  and ∆−∆− = kk

T
k exε . Hence (5.11) can be 

simplified to, 

22

1

22
1 )()(2 k

N

kkkkkk Jdede wεε ∇++−= ∑
=∆

∆−∆−+ ηη  (5.12) 

If we allow the error vector norm to decay asymptotically by forcing 22
1 kk εε <+ , we 

obtain the bound in (5.9). The error vector will eventually converge to zero by design, 

and since the gradient becomes null at the true solution: 0lim 2 →
∞→ kk
ε , and hence 
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Tkk
www =→

∞→ *lim . This completes the proof. 

Theorem 5.2: In the noisy data case, the stochastic algorithm in (5.8) converges to the 

stationary point Tww =*  in the mean provided that the step size is bound by the 

inequality given by 

2
1

)(

]ˆˆˆˆ[2

k

N

kkkk

JE

dedeE

w∇

+
<

∑
=∆

∆−∆−

η  (5.13) 

Proof: Again, the facts about the uniqueness of the stationary point and it being equal to 

the true filter hold even for the noisy data case. The convergence to this stationary point 

in a stable manner will be proved in this theorem. Following the same steps as in the 

proof of the previous lemma, the dynamics of the error vector norm can be determined by 

the difference equation, 

22

1
,

22
1 )()ˆˆˆˆ()ˆ(2 kkkkk

N
T
kkkk Jddzsign wxxεεε ∇++−= ∆−∆−

=∆
∆+ ∑ ηη  (5.14) 

where kkkkk dedez ˆˆˆˆˆ , ∆−∆−∆ += . Applying the expectation operator on both sides of (5.14) 

and letting 22
1 kk EE εε <+  as in the previous case results in the following inequality. 

)ˆ()ˆˆˆˆ(2)( ,
1

2
∆∆−∆−

=∆

+<∇ ∑ kkkkk

N
T
kk zsignddEJE xxεwη  (5.15) 

Simplifying further, we get 

∑
=∆

∆−∆− +<∇
N

kkkkk dedeEJE
1

2 ˆˆˆˆ2)(wη  (5.16) 

Using Jensen’s inequality, (5.16) can be reduced further to result in a loose upper bound 

on the step-size. 
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∑
=∆

∆−∆− +<∇
N

kkkkk dedeEJE
1

2 ]ˆˆˆˆ[2)(wη  (5.17) 

Notice that the RHS of (5.17) now resembles the cost function in (5.1). Rearranging the 

terms, we get the upper bound in (5.13). 

The important point is that the bound is practical as it can be numerically computed 

without any knowledge of the actual filter or the noise statistics. Further, the upper bound 

itself can be included in the update equation to result in a normalized stochastic gradient 

algorithm. In general, normalization can improve speed of convergence.  

Simulation Results  

We will show simulation results with correlated input noise and white noise in the 

desired data. The framework for the simulation study is the same as we used for AEC. 

System Identification with the Analytical Solution 

The experimental setup is similar to the block diagram shown in Figure 5-1. We 

generated 50000 samples of correlated clean input signal and passed it through an 

unknown random FIR filter to create a clean desired signal. Gaussian random noise was 

passed through a random coloring filter (FIR filter with 400 taps) and then added to the 

clean input signal. Three different input SNR values of 5, 0 and -10dB and three different 

true filter lengths of 5, 10 and 15 taps were used in the experiment. For each combination 

of SNR value and number of taps, 100 Monte Carlo runs were performed. During each 

trial, a different random coloring filter as well as input/desired data was generated. We 

computed the Wiener solution for MSE as well as the optimal solution given by equation 

(5.6). The performance measure for the comparison was chosen as the error vector norm 

given by 

[ ]*10log20   ww −= Tnormerror  (5.18) 
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Figure 5-2. Histogram plots showing the error vector norm in dB for the proposed and 

MSE criteria. 

 
where, *w  is the optimal solution estimated using samples and Tw  is the true weight 

vector. Figure 5-2 shows the histograms of the error vector norms for the proposed 

method as well as MSE. The inset plots in the figure show the summary of the histograms 

for each method. Clearly, the performance of the new criterion is superior in every 

experiment given the fact that the criterion neither requires any knowledge of the noise 

statistics nor does it try to estimate the same from data.  
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System Identification with Stochastic Gradient Algorithm 

We will use the stochastic gradient algorithm given by equation (5.8) to identify the 

parameters of a FIR filter in the presence of correlated input noise. A random four tap 

FIR filter was chosen as the true system. The input SNR (colored noise) was fixed at 5dB 

and the output SNR (white noise) was chosen to be 10dB. The step-sizes for the proposed 

method and the classical LMS algorithm were fixed at 1e-5 and 8e-4 respectively. One 

hundred Monte Carlo runs were performed and the averaged weight tracks over iterations 

are plotted for both algorithms in Figure 5-3. Note that our method gives a better estimate 

of the true parameters (shown by the square markers) than the LMS algorithm. The 

weight tracks of the proposed gradient method are noisier compared to those of LMS. 

One of the difficulties with the stochastic gradient method is the right selection of step-

size. We have observed that in cases when the noise levels are very high, we require a 

very small step-size and hence the convergence time can be high. Additional gradient 

normalizations can be done to speed up the convergence. Also, the shape of the 

performance surface is dependent on the correlations of the input and the desired signals 

at different lags. If the performance surface is relatively flat around the optimal solution, 

we have observed that including a trivial momentum term in the update equation 

increases the speed of convergence.  

Verification of the Local Stability of the Gradient Algorithm 

In order to verify the local stability of the stochastic algorithm, we performed 

another experiment. This time, the four taps of the true FIR system were [0.5, -0.5, 1, -1]. 

The initial weights for both LMS and the gradient algorithm in (5.8) were set to the true 

weights. Both input and output SNR levels were kept at 10dB and the step-sizes were the 

same as in the previous experiment. Ideally, the algorithm in (5.8) should not move away  
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Figure 5-3. Weight tracks for LMS and the stochastic gradient algorithm in the system 
identification example. 

 
from this solution as it is the global optimum. Figure 5-4 shows the weight tracks for 

LMS and the proposed gradient algorithm. Notice that LMS diverges from this point 

  

Figure 5-4. Weight tracks for LMS and the stochastic gradient algorithm showing 
stability around the optimal solution. 

 immediately and converges to a wrong (biased) solution. In comparison, the proposed 

algorithm shows very little displacement from the optimal solution (stable stationary 
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point). This proves that the algorithm is stable around the optimal solution and in effect 

does not diverge from this point. 

So far, we have dealt with the problem of parameter estimation with correlated 

input noise and white noise in the desired. We will now go beyond this limitation and 

propose an extension to the stochastic algorithm in (5.8) to handle correlated noise in 

both the input and desired data.  

Extensions to Correlated Noise in the Desired Data 

There are a couple of approaches to solve this problem. We can assume that the 

noise signal in the desired data is generated by filtering a white process with an AR 

model (whose order is assumed to be known). This approach is similar to the IV method 

for colored noise. Once this assumption holds, the problem reduces to the case with 

correlated input noise and white noise in the desired. Then, the algorithm in (5.8) can be 

efficiently adopted to estimate the parameters. Notice that, in the process, we will be 

computing the AR coefficients that modeled the noise in the desired data as well. 

However, it is intuitive enough to foresee failures with this approach as the AR modeling 

assumption is too strong. For this reason, we will not pursue this approach further.  

In order to motivate the second approach, we will first show as to why the 

algorithm in (5.8) cannot be used when the noise in the desired data, uk is correlated. 

Adding the two terms ]ˆˆ[ ∆−kk deE  and ]ˆˆ[ kk deE ∆−  we get 

][2]ˆˆ[]ˆˆ[ ∆−∆∆∆−∆− +−=+ kk
T
TT

T
Tkkkk uuEdeEdeE wRwwRw  (5.19) 

Observe that the last term in (5.19), which is the correlation at lag ∆ is not zero for 

colored uk. Therefore, the previous algorithms (both recursive and stochastic) cannot be 

used unless the noise correlations are known. Since the correlation structure of the noise 
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is not known apriori, we will include an estimate of the same in our solution. Realize that 

at the optimal solution wT, we can constrain the cost function such that the individual 

terms ]ˆˆ[ ∆−kk deE  and ]ˆˆ[ kk deE ∆−  converge to estimated value of ][2 ∆−kkuuE . In order to do 

so, we have to modify the cost function to include additional penalty terms. Define 

kkkk dedekz ∆−∆−∆ +=)(  (5.20) 

The modified cost function is then given by 
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The first term ∑
=∆

∆

N

kz
1

2 )(  is similar to the original cost function in (5.1) except for the 

squaring of the individual )(kz∆  instead of the absolute value operator. The second term 

is the constraint with the Lagrangian multipliers ∆λ  defined for all lags ∆ from 1 to N. 

The variable ∆θ  is an estimate of the noise correlation ][2 ∆−kkuuE . Ideally, this would be 

substituted by the noise correlation if we had apriori knowledge of the same. Notice that 

it is impossible to estimate the Lagrangian multipliers directly by using the constraints 

and the gradient of (5.21). Therefore, we have to adaptively estimate these Lagrangian 

multipliers too. So, the problem now becomes one of estimating a larger set of parameters 

}......,......,{ 11 NN θθθλλλ ∆∆w  given the input and output data. Further, we have to 

explicitly constrain the values of { ∆λ , ∆θ  }∆=1,…,N  so that they remain bound from above. 

This can be achieved by including additional stabilization terms in the cost function. In 

(5.21), the third and fourth terms stabilize the Lagrangian multipliers and the noise 

correlation estimates. The constants α and β are positive real numbers that control the 
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stability. In vector space optimization theory, this method of imposing penalty constraints 

is studied under the heading Augmented Lagrangian techniques [16].  

Now that we fully understand the structure of the cost function and the principles 

behind it, the next step is to the derive update rules to estimate the parameter set 

}......,......,{ 11 NN θθθλλλ ∆∆w . For compactness, we will refer to the parameter set as {w, λ, 

θ}, where λ={λ1…λN} and similarly, θ={θ1… θN}. We compute the following three 

gradients as shown. 

)]()([2))((2),,(
11

kkkk

NN

kkkk ddkzddkzJ
∆−∆−∆∆

=∆
∆

=∆
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    2])([2),,( kzJ θλw  (5.24) 

The optimum parameter set {w, λ, θ}, can be obtained by, 

• Minimization with respect to w 
• Maximization with respect to λ 
• Minimization with respect to θ 
 
The resulting update equations are given below. 
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 (5.25) 

In the above equation, the terms θλ ηηη ,,w  are small positive step-sizes. At the optimal 

solution, ideally, we would have ][2*
∆−∆ = kkuuEθ , 0* =∆λ  and w*

 = wT. A rigorous proof 
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of convergence does not exist at this time owing to the complexity of the cost function 

and the interaction between the various parameters. But, we have shown through Monte 

Carlo simulations that the proposed algorithm approximates the actual system parameters 

much better than the Wiener solution for MSE or any other methods.  

Experimental Results 

System Identification 

As we have done in the past, we will verify the working of the method in the 

problem of system identification. Consider a FIR system with 15 taps that needs to be 

estimated from noisy input (SNR = -10dB) and noisy output time series (SNR = 10dB) of 

length 20,000 samples. The noise terms are sufficiently colored and are assumed to be 

uncorrelated with each other as well as the data. One hundred Monte Carlo runs were 

performed and each time, the optimal Wiener MSE solution was computed for the sake of 

comparison. Figure 5-5 shows the error histograms computed as before for the proposed 

method as well as the Wiener MSE solution. Clearly, the proposed method was able to 

better approximate the true parameters of the FIR system. 

Stochastic Algorithm Performance 

We will show the performance of the stochastic gradient algorithm given by (5.25) 

in the presence of correlated input and output noise. Correlated noise signals were 

generated by randomly filtering a white process with a 1000 tap FIR filter. These were 

added to the clean input (sufficiently colored) and the clean desired signal that was 

generated by a 4-tap random FIR filter. Input and output SNR values were set to 0dB. 

The parameters α and β were both set to unity. The step-sizes θλ ηηη ,,w  were 1e-4, 1e-3  
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Figure 5-5. Histogram plots of the error norms for the proposed method and MSE. 

 
and 1e-3 respectively. Figure 5-6 shows the averaged weight tracks over 20,000 samples. 

The actual FIR weights are indicated in the figure using asterisks (*). Notice that the 

weights estimated using the proposed stochastic algorithm converged to values very close 

to the true weights.  

Summary 

A serious limitation of the error whitening criterion discussed in the previous 

chapters was the assumption that the noise terms must be white. In this chapter, we 

presented an alternative criterion (extended the ideas of the error whitening criterion) that 

overcomes the limitation of the error whitening criterion. In principle, the new criterion 

exploits the crosscorrelation structure of the error and the desired signals in a novel way 

that results in the noise terms dropping out of the optimal solution. We solved the  
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Figure 5-6. Weight tracks showing the convergence of the stochastic gradient algorithm. 

 
problem of parameter estimation in the presence of colored noise in two steps. In the first  

step, we allowed only the input noise to be correlated. A new cost function was 

formulated, its analytical solution was derived and we also proposed a stochastic gradient 

algorithm. The convergence to the optimal analytical solution was mathematically 

established.  

To extend the criterion to handle colored noise in the desired data, we introduced 

penalty functions in the original cost. Correlators for estimating the noise correlations 

noise in the desired signal) were embedded in the cost function. The principles from 

Augmented Lagrangian methods were utilized to derive stochastic gradient algorithms.  
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We showed simulation results in a system identification framework and verified the 

superiority of the proposed algorithms over other methods. In the next chapter, we will 

address the important issues of the performance of these new criteria when the model 

order of the unknown system is not known apriori. 
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CHAPTER 6 
ON UNDERMODELING AND OVERESTIMATION ISSUES IN LINEAR SYSTEM 

ADAPTATION 

Introduction  

Till now, the objective of this dissertation has been to propose new criteria for 

training linear adaptive systems with noisy data. Specifically, the error whitening 

criterion received the major focus owing to its ability to compute unbiased parameter 

estimates of an unknown linear system with noisy data. In the development of the theory 

behind the working of this criterion, we assumed that our estimated filter is longer (has 

more parameters) than the actual system. In a strict sense, we always assumed a sufficient 

order for the adaptive filter. Conventionally, system identification and model-order 

selection have been dealt as two separate problems. In a majority of the existing work, 

identification has always been based on the assumption that an appropriate model order 

has been obtained using approaches like Akaike Information Criterion (AIC), Minimum 

Description Length (MDL) and many others [119,120]. However, these model-order 

determination methods require the data to be noise-free. In general, the problem of 

system identification with noisy data without apriori information about either the 

unknown system (model-order, linear or non-linear) or the noise statistics is ill-posed. In 

fact, even if we restrict the class of models to linear FIR type, there are no methods that 

can accurately predict the model-order with noisy data. Therefore, the sufficient order 

assumption may be costly at times depending on the application. Hence, it becomes 

imperative to study the performance of the criteria and the associated algorithms in 
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situations where the model-order is not exactly known. That is precisely our goal in this 

chapter: to quantify the behavior of the new criteria proposed in the previous chapters in 

situations where the adaptive filter has fewer parameters (undermodeling) and also in 

cases where it has more parameters (overestimation).  

Undermodeling Effects 

We will focus on the issues with undermodeling first. Let us consider an unknown 

linear system with N taps. Suppose we want to estimate the parameters of this system 

with an adaptive filter whose length is M < N, given noisy input and output data. The first 

obvious observation is that the adaptive system will never be able to approximate the true 

system as it does not have enough degrees of freedom. However, the interesting questions 

are as follows. 

1. Will the reduced order adaptive filter coefficients exactly match with the first M 
taps of the true system? If so, under what conditions will this be happen? 

2. In what sense will the reduced set of coefficients describe the true system? 

3. As M approaches N, will the adaptive system response get closer to the true system 
response? 

4. How do the answers to the above questions change if there is noise in the data? 

We will now answer the above questions with relevance to the solutions obtained using 

both the MSE and the EWC criteria.  

Consider the noise-free data case with MSE criterion for filter estimation. The 

classical Wiener equation gives the minimum MSE solution. It is well-known that exact 

coefficient matching will only occur when the input data is a white process [14]. It is very 

simple to mathematically prove this assertion. However, in practice, the input data is 

seldom white and therefore the exact coefficient matching will never occur. The 

coefficients of the reduced order model will try to best approximate the actual system in 
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the mean-squared error sense. As the length of the adaptive filter is increased, the 

matching between the responses of the actual and the estimated system also increases. 

Further, the model-mismatch between the actual system’s response and the adaptive filter 

response decreases monotonically with increasing filter lengths. This is a very desirable 

property of the Wiener solution. Another interesting aspect of the Wiener solution is the 

principle of orthogonality [14] which states that the error signal is orthogonal to the input. 

Mathematically, this means 

0x =][ kkeE  (6.1) 

Assuming zero mean data, the above equation also implies that error signal and the input 

are uncorrelated. In the sufficient model order case, (6.1) is true for all lags of the 

crosscorrelation between the error and input. In the case of undermodeling, the error 

signal (6.1) holds only for the lags smaller than the filter length M. 

Now let us consider the noisy data case. Once again, there is no exact matching of 

coefficients between the actual system and the estimated filter. Further, we know that the 

Wiener solution produces a biased estimate with noisy data. Moreover, this bias will not 

decrease by increasing the length of the filter. In fact, it is possible for the bias to increase 

as the number of coefficients increases. Although the mean-squared error monotonically 

decreases with increasing M, the model-mismatch does not. Thus, the nice property of the 

Wiener-MSE solution no longer holds in the presence of noise. Yet another downfall of 

Wiener solution is the fact that it changes with changing noise variance. This can lead to 

potentially severe situations especially in the design of inverse controllers. 

We will now address the questions put forth earlier, when the parameter estimates 

are obtained with EWC. As in the case of Wiener solution, the optimal EWC solution 
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does not show exact parameter matching for real world data. Further, even in the case of 

undermodeling, the optimal EWC solution will tend to partially whiten the error signal. 

Thus the error whitening property also extends to the undermodeling scenario. However, 

the caveat is that, the error signal correlation is zero (or very close to zero) only at the 

specified lag. The uncorrelatedness of the error signal is true for all lags L > M only when 

M > N. Therefore, as the length M approaches the true filter length, the higher order error 

correlations tend to get smaller. However, there is no guarantee that there will be a 

monotonic reduction in the error correlations with increasing M. Recall that in 

comparison to the orthogonality principle of the Wiener solution, the EWC solution 

satisfies a generalized orthogonality principle stated below. 

0xx =+ −− ][ kLkLkk eeE  (6.2) 

Just like the Wiener solution, this property holds good only for the specified lag L in the 

undermodeling scenario. Further, the result becomes true for all lags when the filter order 

is increased beyond N.   

Now consider the noisy data case. We have shown before that the optimal EWC 

solution will be unbiased only when the length of the estimated filter is greater than or 

equal to the true filter. However, EWC will still try to decorrelate the error at the 

specified lag. But, the error correlations at higher lags are still non-zero. When the length 

of the filter is increased, the values of the error correlations at the higher lags decay to 

zero and the model mismatch also decreases. This is a very nice property of the EWC 

solution that can perhaps be exploited to determine the correct model order of an 

unknown system. As the filter order is increased, EWC will make the error orthogonal to 

the input at all lags greater than the chosen lag L. This is again another property of EWC 
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solution which is not matched by Wiener. Perhaps the most important aspect of the EWC 

solution is the fact that it does not change with changes in noise variance. Thus, we 

conclude that most of the nice properties of Wiener MSE solution are carried over by 

optimal EWC solution (in a slightly different framework) even in the presence of input 

noise. 

Overestimation Effects 

The discussion on overestimation effects will be brief as most of the details are 

similar to the effects of undermodeling. Overestimation refers to the case when the 

adaptive filter length is greater than the actual filter, i.e., M > N. One of the major ill 

effects of overestimation is poor generalization even if we restrict the class of systems to 

simple linear FIR filters.  

Consider the Wiener solution with noise-free data. The weights of the Wiener 

solution will contain exactly M-N zeros which is very good from the point of view of 

generalization. However, with noise in the input, the Wiener MSE solution will produce 

non-zero coefficients with noise introduced bias in every coefficient. This is because, the 

additional weights (in fact, the overall weight vector) tries to learn the noise in the data. 

Thus, generalization suffers as the estimated parameters have no physical meaning to the 

actual system coefficients. 

In the case of EWC, we have proved that the optimal EWC solution will be 

unbiased in the case of overestimation. Further, we even showed that the unwanted taps 

are automatically zeroed out by the EWC. This is a remarkable feature of the optimal 

EWC solution. Further, as we said before, the solution is never dependent on the variance 

of the noise. We will show some simulation results highlighting some of the interesting 

aspects we discussed in the undermodeling and overestimation scenarios.  
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Experimental Results 

Consider an undermodeling system identification scenario. The unknown system 

was a FIR filter with 4-taps (model-order 3). We used both the Wiener solution and the 

optimal EWC solution to estimate the parameters of this system. The input (white noise) 

SNR was set to 5dB and 0dB respectively. The desired signal was noise-free. Figure 6-

1(left) and Figure 6-1(right) show the averaged error norms of the estimates produced by 

EWC and MSE criteria for 0dB and 5dB SNRs respectively. We can clearly see that both 

EWC and MSE solutions are biased when the number of filter taps is less than four. For 

four or more taps, EWC produces a much better estimate than the Wiener (the minor 

variations in the error norms are because of different input/output pairs used in the 

Monte-Carlo trials), whereas the bias in the Wiener solution does not decrease by 

increasing the order (unlike the noiseless case).  

 

Figure 6-1. Undermodeling effects with input SNR = 0dB (left) and input SNR = 5dB 
(right).  
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We then considered another example of an unknown system with 6 taps and tried to 

model this system using only 2 taps. The input SNR is fixed at 0 dB. Figure 6-2 shows 

the plot of the crosscorrelation between input and the error. Note that the crosscorrelation 

is zero for only two lags in the case of MSE and with EWC, the error and the input are 

orthogonal only at the specified lag L=5 (arbitrarily chosen) in this example. 

 
MSE 

EWC 

 

Figure 6-2. Crosscorrelation plots for EWC and MSE for undermodeling. 

 
 Figure 6-3 shows the same plot in an overestimation scenario. The key observation 

is that, with the MSE criterion, the error is uncorrelated with the input only for a few lags 

whereas in the case of EWC, error and the input are uncorrelated for all lags greater than 

filter length. Figure 6-4 shows the normalized error autocorrelation at higher lags in the 

overestimation case for both EWC and MSE. Notice that the error autocorrelations for 

EWC are very small for higher lags.  
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Figure 6-3. Crosscorrelation plots for EWC and MSE for overestimation. 

 

 
 
Figure 6-4. Power normalized error crosscorrelation for EWC and MSE with 

overestimation. 

 
We will now verify the performance of the modified criterion discussed in Chapter 5 in 

the case of undermodeling. With overestimation, it is trivial to show that the additional 

MSE 

EWC 
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weights approach zero even in the presence of correlated noise. In order to understand the 

behavior of the proposed method in the undermodeling case, we performed a simple 

experiment. We chose a 4-tap FIR system and tried to model it with a 2-tap adaptive 

filter. Figure 6-5 shows the weight tracks for both LMS and the stochastic gradient 

algorithm in equation (5.8). The gradient algorithm converged to a solution that matched 

closely with the first two coefficients of the actual system (denoted by * in the figure). 

The LMS algorithm converged to an arbitrary solution that produced the minimum MSE 

with noisy data. This encourages us to state (speculatively) that the criterion will try to 

find a solution that matches the actual system in a meaningful sense. However, there is 

still not enough evidence to claim that the proposed method can provide exact 

“coefficient matching.” 

 

Figure 6-5. Weight tracks for LMS and the stochastic gradient algorithm in the case of 
undermodeling. 
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Summary 

In this chapter, we summarized the effects of undermodeling and overestimation 

with EWC and MSE criteria. In essence, the error whitening criterion consistently shows 

good properties with and without white noise in the data, whereas the niceties of the MSE 

criterion are lost once noise is added to the data. One of major drawbacks of the Wiener 

MSE solution is its dependence on the variance of the noise whereas the same is not true 

for the optimal EWC solution. 

We showed simulation results that quantified the observations made in this chapter. 

Further work is required to verify the undermodeling and overestimation performance of 

the modified criterion in the presence of correlated noise in the input and desired signals.  
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CHAPTER 7 
CONCLUSIONS AND FUTURE DIRECTIONS 

Conclusions 

The mean-squared error criterion is by far the most widely used criterion for 

training adaptive systems. The existence of simple learning algorithms like LMS and 

RLS has promoted the applicability of this criterion to many adaptive engineering 

solutions. There are alternatives and enhancements to MSE that have been proposed in 

order to improve the robustness of learning algorithms in the presence of noisy training 

data. In FIR filter adaptation, noise present in the input signal is especially problematic 

since MSE cannot eliminate this factor. A powerful enhancement technique, total least 

squares, on one hand, fails to work if the noise levels in the input and output signals are 

not identically equal. The alternative method of subspace Wiener filtering, on the other 

hand, requires the noise power to be strictly smaller than the signal power to improve 

SNR.  

We have proposed in this dissertation an extension to the traditional MSE criterion 

in filter adaptation, which we have named the augmented error criterion (AEC). The AEC 

includes MSE as a special case. Another interesting special case of the AEC is the error 

whitening criterion. This new criterion is inspired from the observations made on the 

properties of the error autocorrelation function. Specifically, we have shown that using 

non-zero lags of the error autocorrelation function, it is possible to obtain unbiased 

estimates of the model parameters even in the presence of white noise on the training 

data.  
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The AEC criterion offers a parametric family of optimal solutions. The classical 

Wiener solution remains a special case corresponding to the choice 0=β , whereas total 

noise rejection is achieved for the special choice of 2/1−=β  (EWC). We have shown 

that the optimal solution yields an error signal uncorrelated with the predicted next value 

of the input vector, based on analogies with Newtonian mechanics of motion. On the 

other hand, the relationship with entropy through the stochastic approximation reveals a 

clearer understanding of the behavior of this optimal solution; the true weight vector that 

generated the training data marks the lags at which the error autocorrelation will become 

zero. We have exploited this fact to optimize the adaptive filter weights without being 

affected by noise. 

The theoretical analysis has also been complemented by on-line algorithms that 

search on a sample by sample basis the optimum of the AEC. We have shown that the 

AEC may have a maximum, a minimum or a saddle point solution for the more 

interesting case of 0<β . Searching such surfaces brings difficulties for gradient descent, 

but search methods that use the information of the curvature work without difficulty. We 

have presented a recursive algorithm to find the optimum of the AEC, which is called the 

recursive error whitening (REW). The REW has the same structure and complexity as the 

RLS algorithm. We also presented gradient based algorithms to search the EWC function 

called EWC-LMS (and its variants) which has linear complexity )(mO  and requires the 

estimation of the sign of the update for the case 5.0−=β . Theoretical conditions 

including step-size upper bound were derived for guaranteed convergence. Further, we 

showed that the gradient algorithm produces an excess error correlation that is bound 

from above where, the limit can be reduced by decreasing the step-size.  
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The optimal EWC solution is unbiased only when the input noise is white. We 

presented modified cost functions to handle arbitrarily correlated noise in the input and 

desired data. The theoretical foundations were laid and stochastic gradient algorithms 

were derived using Augmented Lagrangian methods. Convergence to the desired optimal 

solution was mathematically proven for a special case when only the input is allowed to 

have correlated noise. Finally, we briefly discussed the effects of undermodeling and 

overestimation with the proposed criteria.  

Future Research Directions 

Accurate parameter estimation with noisy data is a hard problem that has been 

tackled by many researchers in the past, but the resulting solutions are far from 

satisfactory. In this research, we proposed new criteria and algorithms to derive optimal 

parameter estimates. However, the methods can be effectively applied to linear 

feedforward systems only. Extension to nonlinear systems is not a trivial task and might 

require further modifications to the cost functions. It would be worthwhile to explore the 

advantages of using error correlation based cost functions in other engineering problems 

like prediction and unsupervised learning. A key part of the parameter estimation 

problem is the accurate determination of the model-order (linear systems only). This is a 

tough problem especially, with correlated noise in the data. The proposed criterion along 

with some sparseness constraints can be probably utilized to determine the model-order 

for linear systems [143,144]. For nonlinear systems, explicit regularization must be 

incorporated [144,145].  

Instead of directly trying to derive global nonlinear models, emerging trends utilize 

the concept of divide and conquer to design multiple local linear filters that model the 
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nonlinear system in a piecewise manner [146-150]. The proposed criteria can be utilized 

to design these local models in cases when the data is noisy.  

The present line of research still has open theoretical problems. Rigorous proof of 

convergence for the stochastic gradient algorithm outlined in equation (5.25) is yet to be 

provided. Further mathematical quantification of undermodeling and overestimation 

effects with the criteria discussed in Chapter 5 is required for a better theoretical 

understanding.  
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APPENDIX A 
FAST PRINCIPAL COMPONENTS ANALYSIS (PCA) ALGORITHMS 

Introduction 

Principal component analysis (PCA) is a widely used statistical technique in 

various signal-processing applications like feature extraction, signal estimation and also 

detection [53-55]. There are several analytical techniques for solving the eigenvalue 

problem that lead to PCA [8]. These analytical techniques are block-based, 

computationally intensive, and are not yet appropriate for real time applications. 

Moreover, for many applications such as tracking where the signal statistics change over 

time, online solutions are more desirable. Recent research in neural networks has 

produced numerous iterative algorithms to solve PCA. Sanger’s rule or the generalized 

Hebbian algorithm (GHA) [56], the Rubner-Tavan model [57,58] and the Adaptive 

Principal Component Extraction (APEX) model [59] which is a variation of Rubner-

Tavan model are a few of them. Most of these algorithms are based on either gradient 

search methods or Hebbian and anti-Hebbian learning. Some lead to local 

implementations (APEX), which enhance their biological plausibility. The signal 

processing community has also been interested in iterative procedures to solve PCA. The 

power method, a subspace analysis technique has received a lot of attention because it 

estimates accurately and with fast convergence the principal eigencomponent [8,60]. 

Although the convergence characteristics of these methods are excellent, the update rules 

are non-local and computationally intensive. The PASTd [61] is another algorithm for 

PCA based on gradient subspace search. This algorithm is on-line and comparatively 
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faster than Oja’s rule [62] as it uses a normalized step size. The estimation of 

eigenvectors and eigenvalues is therefore a well established and researched area, with 

many powerful results. 

Brief Review of Existing Methods 

Large number of existing PCA algorithms fall into one of the three categories  

• Gradient based methods  
• Hebbian and anti-Hebbian learning 
• Subspace decompositions 
 
Numerous cost functions are formulated and optimization techniques are applied to 

minimize or maximize the cost functions. The classical Oja’s rule [62] is one of the first 

on-line rules for PCA based on Hebbian and anti-Hebbian learning. If )(nx  denotes the 

input data and )(ny  the output after a linear transformation by the synaptic weights w , 

Oja’s rule for the first principal component is given by 

))()()()(()()1( 2 nnynnynn wxww −+=+ η  (A.1) 

However, Oja’s rule can produce only the maximum eigencomponent. Sanger [56] 

proposed the usage of deflation along with Oja’s rule to estimate all the principal 

components. For a fully connected neural network, with synaptic weights jiw , where, i is 

the input node and j is the output node, the update rule is 
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Rubner and Tavan [57,58] proposed an asymmetrical single-layer model with a lateral 

network among the output units. The feedforward weights are trained using the 

normalized Hebbian rule and lateral weights are trained using anti-Hebbian rule. This 

asymmetrical network performs implicit deflation. A variation of this algorithm is the 
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APEX algorithm proposed by Kung and Diamantaras [59]. Another widely used cost 

function is the reconstruction error at the output of a two-layered neural network [63], 

given by 

∑
=

− −=
k

i
i

T
i

ikJ
1

2
)( xwwxw β  (A.3) 

The scalar factor β  is called the forgetting factor and 1<β . This is used to handle 

non-stationary data. Xu [64] has described an adaptive Principal Subspace Analysis 

(PSA) algorithm based on the above cost function. Xu also presents a technique to 

convert PSA into PCA using a symmetrical network without deflation using a scalar 

amplification matrix [64]. Yang [61] proposes an RLS version of the PSA technique, but 

uses the deflation technique instead of the scalar gain matrix. Chatterjee et.al [65] 

proposed a cost function similar to the one proposed by Xu, but they adopt advanced 

optimization techniques to solve the problem. Recently, we proposed a gradient based 

algorithm (and some variants) for simultaneous extraction of principal components called 

SIPEX [66-68]. The algorithm uses Givens rotations [8] and reduces the search space to 

orthonormal matrices only. Although the algorithm is fast converging, the complexity is 

too high. In most of the above-mentioned gradient algorithms, there is a time varying step 

size η  involved in the update equation. The convergence and the accuracy of these 

algorithms heavily depend on the step-sizes, which are dependent on the eigenvalues of 

the data. Usually, there is an upper limit on the value of the step-size as shown in [65] 

and [69]. It is a non-trivial task to choose a proper step-size that is lesser than a data 

dependent upper bound. Subspace methods have also been used to solve PCA. Miao and 

Hua [70] proposed a cost function based on an information-theoretic criterion. They 

present a PSA algorithm, which can be used to solve the PCA problem using the standard 
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deflation technique. Similarly, the power method has been adopted to solve both PCA 

and PSA [60,71]. The power method is known to converge faster and does not involve a 

step-size. However, the computational burden of the power method increases with the 

dimensionality of the data [8]. 

In this appendix, we present a family of algorithms, which are as computationally 

tractable as the simple gradient algorithms and at the same time with the convergence rate 

of the subspace based algorithms. These belong to a class of fixed-point algorithms. We 

will first derive a new set of rules to extract the principal component and then present a 

rigorous convergence analysis using stochastic approximation theory. The minor 

components are at first estimated using the conventional deflation technique. At a later 

stage, we will formulate an alternative approach to estimate the minor components using 

robust fixed-point algorithms. Currently, the proof of convergence for the combined 

algorithm is under investigation. We will not provide simulation results and applications 

where these applications have been utilized. Effectively, the material in this appendix is a 

condensed version of our algorithmic contributions in the field of PCA [71-77].  

Derivation of the Fixed-Point PCA Algorithm 

Mathematically speaking, an eigendecomposition is the solution of the equation 

WΛRW = , where R is any real square matrix [8]. From the signal processing 

perspective R is the full covariance matrix of a zero-mean stationary random signal, W is 

the eigenvector matrix and Λ is the diagonal eigenvalue matrix. Without loss of 

generality, we will assume a zero-mean stationary signal )(nx  with a covariance matrix 

)( T
kkE xxR = . From the Rayleigh-Ritz theorem [8], the maximum eigenvalue is a 

stationary point of the Rayleigh quotient. 
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where w  is the first principal eigenvector. Indeed, w is a stationary point if and only if 

0w
ww

RwwRw
w
w

=−=
∂

∂
T

Tr )( , which implies, w
ww

RwwRw T

T

= . Assuming ,1=wwT  which is a 

property of any eigenvector, we can write, ( )wRwwRw T= , or equivalently 

w
ww

RwwRw T

T

=  (A.5) 

Note that RwwT  is a scalar. Equation (A.5) basically states that there is a scalar 

relationship between w  and its rotated version by R. Both the numerator and the 

denominator can be computed as a vector matrix multiply, which is of complexity )(NO . 

Let the weight vector at iteration n , )(nw  be the estimate of the maximum eigenvector. 

Then, the estimate of the new weight vector at iteration )1( +n  according to (A.5) is 

)()()(
)()()1(

nnn
nnn T wRw

wRw =+  (A.6) 

where ∑
=

=
n

k

T kk
n

n
1

)()(1)( xxR  is an estimate of the covariance matrix at the time step n . 

As a drawback, the update rule for )1( +nw  in (A.6) tracks the eigenvalue equation 

assuming 1)1()1( =++ nnT ww  at every time step. However, note that we do not 

explicitly enforce this condition in (A.6). Experimental results shown in [44, 74] have 

proved that if we directly use (A.6) to estimate the principal component, then, we obtain 

convergence to a limit cycle. The norm of )(nw  starts off initially with bounded random 

values, and when the weight vector approaches the eigenvector i.e., when 

,)( Vw α→n where α  is a scalar, the norm oscillates between α  and α1 . A brief 
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mathematical analysis of the update equation in (A.6) is presented next to get a better 

grasp of its behavior. 

Mathematical Analysis of the Fixed-Point PCA Algorithm 

In order to analyze the behavior of (A.6), we resort to the well-known stochastic 

approximation tools proposed by Ljung [78] and also by Kushner and Clark [79]. The 

idea is to associate the discrete-time adaptation rule to an ordinary differential equation 

(ODE). The behavior of the discrete-time algorithm is strongly or weakly tied to the 

stability of the ODE. Equation (A.6) is a special case of the generic stochastic 

approximation algorithm ( ))(),()()()1( nnnnn xwhww η+=+ . In order to apply the 

approximation theory, some assumptions need to be made [78-81]. We would also like to 

point out that (A.6) does not belong to the vanishing gain type algorithms in which the 

value of ( )nη  is a monotonically decreasing sequence that would eventually go to zero. 

Equation (A.6) can be considered as a constant gain algorithm. Benveniste et al [80] have 

discussed the analysis of constant gain algorithms. Accordingly, the ODE analysis can 

still be applied to the constant gain algorithms with further restrictions. 

5. The input is at least wide sense stationary (WSS) random process with a positive 
definite autocorrelation matrix R whose eigenvalues are distinct, positive and 
arranged in descending order of magnitude  

6. The sequence of weight vectors )(nw  is bounded with probability 1 

7. The update function ))(),(( nn xwh  is continuously differentiable with respect to 
)(nw  and )(nx  and its derivatives are bounded in time 

8. Even if ))(),(( nn xwh  has some discontinuities a mean vector field 
( ) ( )[ ])(),(lim, nnE

n
xwhxwh

∞→
=  exists and is regular 

9. There is a locally stable solution in the Lyapunov sense to the ODE. In other words, 
the ODE has an attractor *w , whose domain of attraction is )( *wD  



124 

 

10. The weight vector )(nw  enters a compact subset M of the basin of attraction 
)( *wD  infinitely often, with probability 1 

The ODE corresponding to the update equation in (A.6) is 

)(
)()(

)()()1()())((
1

t
tt

t
T

nn
dt

tdt T
TnTt

w
Rww

Rwwwwwh −=
−+

==
<=

 (A.7) 

Note that the factor T appears as a sampling interval for the forward difference 

approximation of continuous time derivative. This plays a crucial role in the behavior of 

this update equation.  

Theorem 1: Consider the ODE in (A.7) and let the assumptions A.1, A.3 and A.4 hold. 

Then, maxvw ±→ , where maxv  is the eigenvector associated with the largest eigenvalue 

maxλ  as ∞→n (asymptotically). 

Proof: Refer to [44] for a detailed proof. 

Theorem 2: The norm of the weight vector is always bounded with probability 1. 

Proof: With little effort, we can see that the derivative of the norm of )(tw  is given by 

( ) )()(1)()()()( tt
dt

tdt
dt

ttd TT
T

wwwwww
−==  (A.8) 

Therefore, ))(1(2)( 22 tdttd ww −= . We can easily solve this first order differential 

equation to get, ( ) tet 222 )0(11)( −−−= ww . Therefore, when 1)0( 2 >w , 2)(tw  is 

always a monotonically decreasing function and reaches unity as ∞→t . If 1)0( 2 <w , 

then 2)(tw  will increase and stabilize when the norm is one. Thus, 1)( 2 →tw  as 

∞→t  as long as 2)0(w  is bounded. It is very interesting to note that if 1)0( 2 =w , 

then 1)( 2 =tw  for all t and hence the norm becomes invariant. This might be a desirable 
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property for hardware implementation of the algorithm.  

Theorem 3: The weight vector )(tw  enters a compact subset M of the basin of attraction 

)( *wD  infinitely often, with probability 1. 

Proof: From theorem 1, we know that the ODE converges to the stationary point 

max
* vw ±= . Also, it is easy to show that all the other stationary points (other 

eigenvectors) are unstable [44]. But, this only tells us about the local behavior around the 

stationary points. To complete our analysis, we have to identify the domain of attraction 

for the stable stationary point *w . It is impossible in most cases to find out the domain of 

attraction that will span the whole weight space [82]. In order to find out the domain of 

attraction, we will resort to the Lyapunov function method [82]. Let 

( )1)()(5.0))(( −= tttL T www  be a Lyapunov function defined on a region M consisting of 

all vectors such that ctL <))((w , where 0>c . It is easy to see that 

2)(1))(( tttL ww −=∂∂  and hence 0))(( =∂∂
= *www ttL . Also, if we put the constraint 

that 1)0( 2 >w , then for all 0>t , 0))(( >tL w  since the minimum value of 1)( 2 =tw . 

So, for all *)( ww ≠t  in M, 0))(( <∂∂ ttL w . Thus, the stationary point max
* vw ±=  is 

globally asymptotically stable with a domain of attraction M. Thus, the domain of 

attraction M includes all the vectors such that 0,12)(1 2 >+<≤ cct   w . Obviously the 

stable attractor has a norm of unity and is enclosed inside M. Hence, as the number of 

iterations increases, )(tw  will be within the set M and will remain inside with probability 

1. From theorems 1-3, assumptions A.2, A.5 and A.6 are satisfied. We can hence deduce 

from the theory of stochastic approximation for adaptive algorithms with constant gains 
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[80] that, { } ( )TCtP
t

≤>∈−
∞→ max)(suplim vw  , where 0∈>  and ( )TC  is a small constant 

which becomes zero when 0→T . See chapter 2 in [80] for the actual theorem statement 

and proof. 

Earlier, we mentioned that the update equation in (A.6) enters a limit cycle when 

max)( vw α=n  (near convergence). However, from all the above theorems, it seems like 

we can conclude that the update equation reaches the domain of attraction )( *wD  with 

probability 1. The contradiction arises due to the fact that we have used continuous time 

ODE analysis to understand the behavior of a discrete-time update equation. If the 

sampling interval T in (A.7) is not chosen to be sufficiently small, then, the ODE does not 

accurately represent the equation (A.6). Therefore discrepancies arise and have to be 

mathematically understood before being rectified. 

Theorem 4: The discrete-time update equation in (A.6) enters a limit cycle when  

max)( vw α=n , where α  is any scalar constant. 

Proof: As, max)( vw α→n , ( )αα 2
max 1)()( −== = vww nTtdttdn& , where, )(nw& denotes 

the discrete time derivative of )(nw . Therefore, we can easily see that, the next value of 

the weights will be ( ) αααα max
2

maxmax 1)1( vvvw =−+=+n , which is nothing but 

another scaled version of maxv . The derivative at this instant in time is 

( )αα 2
max)1( 1)()1( −−==+ += vww Tntdttdn& . Notice that the derivatives at instants n and 

)1( +n  are the same in magnitude and opposite in sign. Therefore  

)()2( max nn wvw ==+ α . Thus, the weight vector oscillates between two values, which 

is clearly a case of limit cycle oscillations. To prove our point further, consider that the 
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non-linear function ))(( twh  in (A.7) is smooth enough for it to be linearized in the 

neighborhood of the stationary point, maxvw =  where maxv  is the eigenvector 

corresponding to the maximum eigenvalue of R. Thus, )()( tt www ∆+=  where, )(tw∆  

is a small perturbation. Then, using Taylor series expansion and retaining only the first 

two terms, we get )()())(( t
dt

tdt wAwwwh ∆+== . The matrix A is the Jacobian of the 

non-linear function ))(( twh , computed at the stationary point, as 

www
w

A =∂
∂

= ))((
)(

th
t

. Therefore, )()( tt
dt
d wAw ∆≈∆  where  A  is given by 
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2 22
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−−=−−=
=

λ
 (A.9) 

The nature of the equilibrium point is essentially determined by the eigenvalues of A. 

k
TT

k
k

T
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k qvvq
RqqA

maxmax
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21−−=
λ

λ  (A.10) 

Obviously, kq  should be an eigenvector of R. Hence, the eigenvalues of A are given by 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−= 1.....1,1,1,2

maxmax

4

max

3

max

2

λ
λ

λ
λ

λ
λ

λ
λ pdiagAΛ  (A.11) 

Note that all the eigenvalues are less than zero. So, the equilibrium point maxvw = is 

locally stable. However, the corresponding z-domain poles with 1=T  are given by the 

transformation 11 +=⇒=− szsz . 
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Clearly, a stable pole in the s-domain is mapped onto to the unit circle at 1−=z . All 

other poles are inside the unit circle. Thus, all other modes except the mode 
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corresponding to the eigenvector maxv  converge asymptotically to their stable stationary 

points. The pole at 1−=z  takes the discrete-time update equation in (A.6) into a limit 

cycle. If sampled at a higher rate, then 1<T  and all the z-poles are mapped inside the 

unit circle removing the limit cycling behavior. Observe that from (A.7), when the 

sampling interval 1<T , the update equation in (A.6) generalizes to 

)()(
)()()1()1(

nn
nTnTn T Rww

Rwww +−=+  (A.13) 

It is to be noted that any value of T less than unity will work. Equation (A.13) is 

essentially a fast, fixed-point type PCA algorithm that successfully estimates the first 

principal component. However, the convergence speed of the algorithm is affected by the 

value of T. As the value of T decreases, so does the convergence speed. It will suffice to 

say here that the parameter T determines how well the difference equation approximates 

the ODE. Hence this parameter creates a trade-off between tracking and convergence 

with sufficient accuracy.  

Self-Stabilizing Fixed-Point PCA Algorithm 

The rate of convergence of (A.13) is affected by the factor T  that creates an 

undesirable tradeoff between the speed of convergence and accuracy of the result. In this 

section, we will explore a variation of the algorithm given by (A.13) and present an 

update rule that is self-stabilizing without hurting the rate of convergence. We propose 

the modified update rule for the extraction of the first principal component as 

)()()(1
)()()()1(
nnn

nnnn T wRw
wRww

+
+

=+  (A.14) 

Comparing the equations (A.13) and (A.14) we can say that both are fixed-point type 

algorithms that track the eigenvalue equation at every time-step. However, (A.14) does 
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not involve any external parameter. Typically, R  is unknown and it has to estimated 

from the data. If )()()( nnny T xw= , then the rule in (A.14) can be further simplified 

resulting in an on-line implementation as (assuming stationarity) 

)(1
)()()1(

nQ
nnn

+
+

=+
Pww  (A.15) 

where, )()(1)1(11)( nyn
n

n
n

n xPP +−⎥⎦
⎤

⎢⎣
⎡ −=  and )(1)1(11)( 2 ny

n
nQ

n
nQ +−⎥⎦

⎤
⎢⎣
⎡ −= . With 

these recursive estimators, (A.15) can be easily implemented locally. For handling non-

stationary cases, a forgetting factor can be incorporated in the above recursive estimators 

at no additional computational cost. The overall computational complexity will still be 

linear in the weights i.e., O(N). The self-stabilizing feature of this algorithm can be 

understood by analyzing its convergence. We can adopt the same techniques that we used 

for the analysis of (A.6). 

Mathematical Analysis of the Self-Stabilizing Fixed-Point PCA Algorithm 

We will make the same set of assumptions we had before (A.1 to A.6). Again, we 

will let assumptions A.1, A.3 and A.4 hold without further arguments. We will now state 

and prove the following theorems. 

Theorem 5: The only stable stationary point of the update equation in (A.14) is the 

principal eigenvector.  

Proof: The ODE corresponding to the update equation (A.14) is given by 
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)(tw  can be expanded in terms of the complete set of orthonormal vectors (basis 
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vectors), as ∑
=

=
n

k
kk tt

1
)()( qw θ . Substituting this in (A.16) and simplifying 
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In (A.17), kk q,λ  denote the kth eigenvalue and eigenvector of R respectively and )(tkθ  is 

the kth time varying projection. The dynamics of the ODE in (A.17) can be analyzed in 

two separate cases. In the first case, we consider 1≠k . Let, )()()( 1 ttt kk θθα =  

assuming that 0)(1 ≠tθ . Differentiating this wrt t, we get, 
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td
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Since, the multiplier of )(tkα  in (A.18) is always positive, the fixed-point of this ODE is 

zero for all k . In other words, 0)( →tkα as ∞→t  for 1>k . For the case when 1=k , 

the derivative of the time varying projection is given by 
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It is not easy to find the analytical solution for )(1 tθ  from (A.19). However, we are 

interested only in the steady state solution of the ODE. To derive this, we will use a 

Lyapunov function )(tV  as [ ]22
1 1)()( −= ttV θ . Note that 0)( >tV  for all t. Then, the 

derivative of )(tV  is simply 
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Hence (A.20) is stable and has a minimum given by 1)(0)( 1 ±=⇒= tdttdV θ . 

Therefore, as ∞→t , 1)( qw ±=t , which is nothing but the principal eigenvector. When, 

we introduced the self-stabilizing PCA algorithm, the claim was that we would remove 

the external parameter T and still have discrete-time stability. Local stability analysis will 

help us get a better insight. Assuming that the non-linear function ))(( twh  in (A.16) is 

smooth enough to be linearized in the neighborhood of the stable stationary point 

1)( qw =t , where 1q  is the principal eigenvector, we can compute the linearization 

matrix 
1qww
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∂
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λ . Since all the poles (eigenvalues) are in the Left-

Half Plane (LHP), the stationary point 1)( qw =t  is stable. The corresponding z-domain 

poles are exactly given by, ,
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A  nk ,....,5,4,3,2= . Note that only the 

first z-domain pole can be negative and all others are strictly positive. Also, since all the 

poles lie within the unit circle, the stationary point of the discrete-time update equation is 

also stable. In order to complete the analysis, we have to prove that the other stationary 

points are locally unstable. The linearization matrix A  for the case kt qw =)(  with 1≠k  

is given by 
k

k
T
kkk

λ
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+
−−

=
1

2 IqqR
A . For instance, when 2=k , the eigenvalues of A  are 
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λ kA , where nk ,....,6,5,4,3= . The first pole is in the Right-

Half Plane (RHP) and hence this stationary point is locally unstable. Similarly, it can be 

shown that for 1>k , there will be exactly 1−k  poles in the RHP that will render all 

these stationary points locally unstable [73]. The evolution of the discrete-time weight 

norm over time may not be monotonic. There is a single z-domain pole which can be 

negative if 1max1 >= λλ , and this can make the norm of the weight vector undergo 

damped oscillations before settling to unity (like a high pass filter). Then the upper bound 

on the norm is determined by the eigenvalues of the data. Further analysis is required to 

determine the exact upper bound. 

Minor Components Extraction: Self-Stabilizing Fixed-Point PCA Algorithm 

So far, we have extensively dealt with algorithms for extracting the first principal 

component. Although, for many applications this is sufficient, it is sometimes desirable to 

estimate a few minor components. Traditionally, deflation has been the key idea behind 

estimating the minor components. Deflation is often referred in communications 

literature as Graham-Schmidt Orthogonalization [83]. If we are interested in finding the 

second principal component, we will first subtract from the original input, the projection 

of the first principal component. Mathematically, if kx  is the actual input vector and 1q is 

the first principal component, then, after applying deflation step once, the modified input 

signal will be k
T

kk xqqxx 11ˆ −= . Now, the covariance matrix of the deflated signal is 

given by, RqqRR T
11

ˆ −= . Observe that, the first eigenvalue of R̂  is zero and all the 

other eigenvalues are the same as that of R. The deflation process can be sequentially 

applied to estimate all the minor components. By nature, deflation is a sequential 
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procedure, i.e., the second principal component can be estimated (converges) only after 

the first principal component and so on. There are a few algorithms that do not require 

deflation for estimating the minor components. The LMSER algorithm proposed by Xu 

[64] is one of them. Another algorithm is SIPEX [68] which does not require deflation as 

it implicitly uses an orthonormal rotation matrix. An alternative way of doing deflation is 

to use a lateral network as in the case of Rubner-Tavan [57,58] and APEX [54,59] 

algorithms. The central idea is to decorrelate the outputs of the PCA network using lateral 

connections between output nodes. The lateral weights are traditionally trained using 

inhibition learning or anti-Hebbian learning [84]. Anti-Hebbian learning is slow and can 

show unpredictable convergence characteristics. Choosing the step-size is tricky and 

usually very small step-sizes are chosen to guarantee convergence. APEX uses 

normalized anti-Hebbian learning, but this offers very little improvement. We propose to 

use the idea of lateral network; however, the learning algorithm can be derived using 

fixed-point theory.  

In Figure A-1, we have drawn a representative 4-input, 2-output PCA network. Let 

1w  and 2w  represent the feedforward weight vectors corresponding to the first and 

second output nodes respectively. The scalar weight 1c  represents the lateral connection 

between the first and second outputs. The correlation between the outputs is given by 

11121112121 )]([)( RwwRwwxwxwxw TT
k

T
k

T
k

T ccEyyE +=+=  (A.21) 

If the correlation is zero, then 11211 RwwRww TTc −= , which will eventually go to zero 

as the weights 1w  and 2w  become orthogonal. Thus, the fixed-point of 1c  is zero. From 

this, we can deduce a fixed-point learning rule to adapt 1c  over time. This will ensure 

that, at every iteration, the outputs of the network are orthogonal. The learning rules for 
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1c  and 2w  are given by 
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Note that )1(1 +nc  has a different denominator term from the expression derived earlier. 

However, the denominator does not matter, as the fixed-point is zero. Also, from (A.23), 

we see that the update for 2w  is modified by the inclusion of the )()( 11 nnc w  product. In 

general, the update rules for both the feedforward and lateral weights are given by 
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Further analysis required to quantify the gains and limitations of using the lateral network 

trained with these fixed-point rules. 

 
 
Figure A-1. Representative network architecture showing lateral connections. 
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APPENDIX B 
FAST TOTAL LEAST-SQUARES ALGORITHM USING MINOR COMPONENTS 

ANALYSIS 

Introduction 

TLS is nothing but the solution to an over determined set of linear equations of the 

form bxA ˆˆ =  where Â  and b̂  denote the noisy data matrix of dimension nm ×  and 

desired vector of dimension m respectively, such that, [ ] [ ]
FF

 ˆˆ ˆ;ˆ b;AbA;bA −=∆∆ is 

minimized or  

( )( ) 0xbA; =−1;T  (B.1) 

Let S be the SVD of the augmented matrix [ ]bA;  such that S = UΣVT, where 

[ ] m
T

m IUU , u,....,u,u,u,uU == 4321 , [ ] 114321 ++ == n
T

n IVV , v,....,v,v,v,vV  and 

( )
⎥
⎦

⎤
⎢
⎣

⎡
=

+×−−

+

11

14321

                
),....,,,,(

nnm

ndiag
O

Σ
σσσσσ

 with 0...., 14321 >≥≥≥≥ +nσσσσσ . As 01 ≠+nσ , in 

order to obtain a solution to (B.1) we must reduce the rank of [ ]bA;  from 1+n  to n. This 

can be done by making 01 =+nσ  and the solution becomes 

[ ] 1,111 +++−=− nnn vvx;  (B.2) 

where, 1,1 ++ nnv  is the last element of the minor eigenvector 1+nv . Therefore the best 

approximation using (B.2) will give us 1
ˆˆ

+= nF
σb∆;A∆ , which means that the solution 

to TLS can be obtained by estimating the minimum eigenvector of the correlation matrix 

[ ] [ ]bA;bA;R T=  followed by the normalization as in (B.2). In the case when there is no 
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perturbation in A and b, then 01 =+nσ  which makes 0ˆˆ =b∆;A∆ . When the 

perturbations in A are uncorrelated with those in b and when the variances of the 

perturbations are equal, we will still get an unbiased estimate of the parameter vector x. 

In this case the correlation matrix IRR 2ˆ ε+= , where R is the correlation matrix of the 

clean [ ]bA;  and 2ε  is the variance of the perturbation. It is obvious that the minimum 

eigenvector of R̂  will be the same as the minimum eigenvector of R  with corresponding 

eigenvalue equal to 2ε . Thus, the TLS solution is still unbiased. However, when the 

perturbation variances are not the same, then we will always have a biased estimate of the 

parameter vector x. In the next section, we will present the proposed algorithms for 

solving the TLS problem. 

Fast TLS Algorithms 

The architecture for the proposed algorithms (having complexities of )(NO  and 

)( 2NO  respectively) consists of a linear network with 1+n  inputs and one or two 

outputs. For the )(NO  algorithm, we require two outputs and for the )( 2NO  algorithm 

we need only one output. We will elaborate on the details later in this section. In the input 

vector to the network, the first n elements correspond to the data input (one row of the 

data matrix A) and the last element is the corresponding desired output. The augmented 

input vector is represented as [ ]Tkkk )();()( dAψ =  where the index k can be time for 

filtering purposes. We will first describe the )(NO  algorithm. Let 1
21 , +ℜ∈ nWW  be the 

network weight vectors. The corresponding network outputs are 

)()(  ),()( 2211 kkykky TT ψWψW ==  respectively. The goal is now to estimate the minor 

eigenvector of the matrix )( TE ψψR = . Towards this end, we will first compute the 
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principal eigenvector by updating the vector 1W  using the proposed fixed-point PCA 

algorithm outlined in appendix A. Accordingly, the update rule for the vector 1W  is 
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where, ∑=
k

kyk
k

k )()(1)( 1ψP , ∑=
k
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kQ )(1)( 2
1 . For the TLS solution, we need the 

minor eigenvector. Deflation is the standard procedure to estimate the minor components. 

However, since we are interested in the component corresponding to the smallest 

eigenvalue, it would be undesirable to use deflation. We adopt a simple trick to estimate 

the minor eigenvector using an estimate of the maximum eigenvector [85] we obtain 

from (B.2). Let RIR −= max
ˆ λ , where )( TE ψψR =  as before and maxλ be the estimate of 

the maximum eigenvalue of R . Note that R̂  is always positive definite and the 

maximum eigenvalue of R̂  is minmax λλ − , where minλ is the minimum eigenvalue of R . 

Hence, by estimating the maximum eigenvector of R̂ , we can obtain the minimum 

eigenvector of R . We can now use the fixed-point PCA rule with R  replaced by R̂ . 

With this modification, the update rule for 2W  is given by 
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are still the same as before. Note that all the elements except )(2 kW  can be computed 

locally. We will now prove that the algorithm in (B.3) converges to the minimum 

eigenvector of R . Making the basic assumptions of stochastic approximation theory as 

before, we can easily write the ODE corresponding to the update equation in (B.3) as 

)(
)()()()()(1

)()()()()()(
2

22
2

211

221122 t
ttttt

ttttt
dt

td
TT

T

kTt

W
RWWWRWW
WRWRWWWW

−
−+

+−
=

=

 (B.4) 

Theorem 1: The ODE in (B.4) has a single stable stationary point pqW ±=2 , where pq  

is the eigenvector corresponding to the smallest eigenvalue of R  with all other points 

locally unstable. 

Proof: See [86]. 

We will now present the alternative )( 2NO  algorithm. As mentioned before, this 

algorithm requires a single layer linear network with one output. The input 

dimensionality remains the same. In order to estimate the minor eigenvector, we can 

utilize the fact that the maximum eigenvalue of 1−R  is the same as the minimum 

eigenvalue of R . Again, using the fixed-point algorithm for the principal component and 

utilizing matrix inversion lemma [8], we get  

)()1()(
)()()1()1(

2
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2

22
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2 kkk
kkkk T WRW

WWRW
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 (B.5) 
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RψψRRR −

−−
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+
−=+  (B.6) 

It is easy to verify that )1(2 +kW  converges to the minimum eigenvector of R  

asymptotically with the assumption that 11 )1( −− →+ RR k  as ∞→k . The algorithm in 

(B.5) can be very fast when the eigenspread is very high. However, note that the 
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complexity of the algorithm )( 2NO .  

We will now briefly summarize both algorithms for solving the TLS problem using 

the minor eigenvector. For all k  with random initial conditions for )0(1W , )0(2W , build 

the augmented data vector [ ]Tkkk )();()( dAψ = . 

• For )(NO  algorithm, compute )()()(),()()( 2211 kkkykkky TT ψW  ψW ==  and 
update )(ˆ),(ˆ),()( kQkkQk  P  ,P  

• For )( 2NO  algorithm, update 1−R  using equation (B.6) 

• For )(NO  algorithm update )(1 kW  and )(2 kW  using (B.2) and (B.3) 

• For )( 2NO  algorithm update )(2 kW  using (B.5) 

• Compute the TLS solution given by 

*
2

*
2

p

TLS W
WW −=  (B.7) 

where, *
2 p

W denotes the last component of the vector *
2W . The last component of 

TLSW will be –1 and is discarded. Thus TLSW  will be of dimension n  and not 1+n . 

Simulation Results with TLS 

We will now show the performance of the proposed TLS algorithms through 

simulations. 

Simulation 1: Noise Free FIR Filter Modeling  

We generated a 200-tap FIR filter with random filter coefficients. The input was a 

1000 sample length random signal. Both the input and the desired response (which is just 

the filtered input) were noise free. Thus, the minimum eigenvalue of the composite signal 

)(kψ  must be zero. Figure B-1 shows the plots of the estimation of the minimum 

eigenvalue using the )( 2NO  algorithm along with the direction cosine defined as 
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where, pV  is the true minor eigenvector. Note that the algorithm converges in just 300 

on-line iterations. This high convergence speed can be attributed to the fact that the 

algorithm performs better when the eigenspread is very high (infinity, in this case) 

However, the computational load becomes very significant with 201 dimensions in the 

composite signal. For comparisons with other methods see [86]. 
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Figure B-1. Estimation of minor eigenvector. 

 
Simulation 2: FIR Filter Modeling with Noise 

As stated before, the advantage of TLS lies in the fact that it can provide unbiased 

estimates when the observations are noisy. In this simulation, we will experimentally 

verify this fact and show that RLS can at best provide a biased estimate of the 

parameters. We will consider a FIR with 50-taps and use the )(NO  rule to estimate the 

minimum eigenvector. The input is a colored noise signal with 15000 samples. The 

desired signal is the filtered input signal. Uncorrelated random noise with unit variance is 

added to the input and desired signals. Note that in this case, the minimum eigenvalue of 
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the composite signal will be equal to the variance of the noise, i.e., 1. Figure B-2 shows 

the convergence of the minimum eigenvalue. The algorithm converges in less than 

15,000 iterations, which is one complete presentation of the input data. Figure B-3 shows 

the comparison between the estimated filter coefficients and the true filter coefficients 

using the )(NO  rule and Figure B-4 depicts the performance of RLS. It is clearly seen 

that in the presence of noise, RLS estimates are always biased and this bias can reach 

unacceptable levels when the noise variance increases. 
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Figure B-2. Minimum eigenvalue estimation. 
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Figure B-3. Comparison between the estimated and true filter coefficients using TLS. 
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Figure B-4. Comparison between the estimated and true filter coefficients using RLS. 

 
We can extend the application of TLS technique to model IIR filters also. In this 

case, we can use the past values of the desired responses along with the input to form the 

composite signal. The architecture will remain the same as that of the FIR case.  
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APPENDIX C 
ALGORITHMS FOR GENERALIZED EIGENDECOMPOSITION 

Introduction 

In appendix A, we discussed about Principal Components Analysis (PCA) as 

optimal adaptive matrix transformations. PCA by nature, involves estimation of optimal 

transformations (also referred to as projections and rotations) derived to span the space of 

the input data. However, there are several applications, where we are forced to find 

projections in joint spaces. One simple application is the classical pattern classification 

problem with two classes where the goal is to determine the best discriminant in the joint 

space that separates the two classes. This is well known in the pattern recognition 

literature as the Fisher discriminant [53,94], which brings us to the concept of 

generalized eigendecomposition (GED). Formally speaking, GED solves the generalized 

eigenvalue equation of the matrix pencil (A,B), which is given by BVΛAV =  [8]. Note 

that, when B is identity matrix, then, the generalized eigenvalue problem boils down to 

the PCA problem. In the Fisher discriminant case, the matrices A and B are the between-

class scatter and the within-class scatter respectively. Like PCA, GED is an extremely 

useful statistical tool and has many applications including feature extraction, pattern 

classification, signal estimation and detection [53,55]. 

Review of Existing Learning Algorithms 

Many analytical techniques have been developed in the linear algebra literatures to 

compute the generalized eigenvectors [8]. These numerical techniques are 

computationally prohibitive and moreover they require blocks of data. For engineering 



144 

 

applications, on-line, sample-by-sample algorithms are desired. The importance of the 

sample-by-sample methods is even more pronounced in environments where signal 

statistics change slowly over time and hence tracking becomes a key issue. Only fast, on-

line algorithms can adapt quickly to the changing environment while block techniques 

lack this feature. Compared to PCA, there are fewer on-line algorithms for GED. Mao 

and Jain have proposed a two-step PCA approach to solve GED in [55]. They use the 

Rubner-Tavan model [57,58] for training the PCA blocks. Thus the convergence of their 

method depends solely on the convergence of the PCA algorithms. A similar approach is 

used in [71,74] but a faster PCA algorithm has been incorporated that drastically 

improves the performance. However, as mentioned before, this two-step PCA method 

may not be very suitable for real-world applications. Chatterjee et al have proposed a 

gradient algorithm based on linear discriminant analysis (LDA) [69]. They propose an 

on-line algorithm for extracting the first generalized eigenvector and then use deflation 

procedure for estimating the minor components. They prove convergence of the 

algorithm using stochastic approximation theory. However, the main drawback of their 

method is that the algorithm is based on simple gradient techniques and this makes 

convergence dependent on the step-sizes that are difficult to set apriori. Xu et al have 

developed an on-line and local algorithm for GED [95]. The rule for extracting the first 

generalized eigenvector is similar to the LDA algorithm in [69], but they use a lateral 

inhibition network similar to the APEX algorithm for PCA [59] for extracting the minor 

components. Although the problem formulation is novel, there is no rigorous proof of 

global convergence. A quasi-Newton type algorithm was proposed by Mathew et al [96]. 

The computational complexity is quite high, but a pipelined architecture can be used to 
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reduce the complexity [96]. The method makes approximations in computing the Hessian 

required for the Newton-type methods. Diamantaras et al demonstrate an unsupervised 

neural model based on the APEX models for extracting first generalized eigenvector only 

[97]. The update equations are quite complicated given the fact that it extracts only the 

principal generalized eigenvector. Most of the above mentioned algorithms are based on 

gradient methods and they involve the selection of right step-sizes to ensure convergence. 

In general the step-sizes have an upper bound that is a function of the eigenvalues of the 

input data. This fact makes it very hard on many occasions to choose the proper step-size. 

On the other hand, we can adopt better optimization procedures, but computational 

complexity is also a key issue. Motivated by the success of the fixed-point PCA 

algorithm discussed in appendix A, we will derive a fixed-point GED algorithm based on 

the same lines. 

Fixed-Point Learning Algorithm for GED 

From a mathematical perspective, generalized eigendecomposition involves solving 

the matrix equation WΛRWR 21 = , where 21 R,R  are square matrices, W  is the 

generalized eigenvector matrix and Λ  is the diagonal generalized eigenvalue matrix [8]. 

These are typically the full covariance matrices of zero-mean stationary random signals 

)(1 nx  and )(2 nx  respectively. For real symmetric and positive definite matrices, all the 

generalized eigenvectors are real and the corresponding generalized eigenvalues are 

positive. GED possesses some very interesting properties that can be exploited for 

various signal-processing applications. The generalized eigenvectors achieve 

simultaneous diagonalization of the matrices 21 R,R  as ΛWRW =1
T  and 

IWRW =2
T . This property enables us to derive an iterative algorithm for GED using 
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two PCA steps as mentioned in the previous section. Alternatively, GED is also referred 

to as Oriented PCA (OPCA) [59,97]. Accordingly the generalized eigenvectors act as 

filters in the joint-space of the two signals )(1 nx  and )(2 nx , minimizing the energy of 

one of the signals and maximizing the energy of the other at the same time. This property 

has been successfully applied to the problems of signal separation [98] and more recently 

for detecting transitions in time series [74]. The oriented energy concept comes from the 

fact that the generalized eigenvalues can be expressed as ratios of two energies. 

Equivalently, this means that any generalized eigenvector w  that is a column of the 

matrix W  is a stationary point of the function 

wRw
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This is nothing but the generalized eigenvalue equation and the generalized eigenvalues 

are the values of (C.1) evaluated at the stationary points. Most of the gradient-based 

methods use equation (C.1) as the cost function and perform maximization with some 

constraints. It is easy to recognize the fact that the well known linear discriminant 

analysis or LDA problem involves maximizing the ratio in (C.1) with BΣR =1 , the 

between-class covariance matrix and wΣR =2  which is the within-class covariance 

matrix. We will now state our approach to estimate the generalized eigenvector 

corresponding to the largest generalized eigenvalue hereafter referred to as the principal 

generalized eigenvector. Using (C.1), we can rewrite the GED equation as 

wR
wRw
wRwwR 2

2

1
1 T

T

=  (C.2) 
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If IR =2 , then (C.2) reduces to the Rayleigh quotient and the generalized eigenvalue 

problem will degenerate to PCA. Left multiplying (C.2) by 1
2
−R  and rearranging the 

terms, we get 

wRR
wRw
wRww 1

1
2

1

2 −= T

T

 (C.3) 

Equation (C.3) is the basis of our iterative algorithm. Let the weight vector )1( −nw  at 

iteration )1( −n  be the estimate of the principal generalized eigenvector. Then, the 

estimate of the new weight vector at iteration n  according to (C.3) is 
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We can observe that (C.4) tracks the GED equation at every time-step. The fixed-point 

algorithms are known to be faster compared to the gradient algorithms, but many fixed-

point algorithms work in batch-mode, which means that the weight update is done after a 

window of time [99]. This can be a potential drawback of the fixed-point methods, but in 

our case, we can easily transform the fixed-point update in (C.4) into a form that can be 

implemented online. To begin with, we need a matrix inversion operation for each 

update. By using Sherman-Morrison-Woodbury matrix inversion lemma [8] we get 
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If we assume that w  is the weight vector of a single-layer feed-forward network, then 

define )()1()( 11 nnny T xw −=  and )()1()( 22 nnny T xw −=  as the outputs of the network 

for signals )(1 nx  and )(2 nx  respectively. With this definition, it is easy to show that, 
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in the stationary cases when sample-variance estimators can be used instead of the 

expectation operators (of course assuming that the weights are changing slowly enough). 

However, for non-stationary signals, a simple forgetting factor can be included with a 

trivial change in the update equation. With these simplifications, we can write the 

modified update equation for the stationary case as 
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where )(1
2 n−R  is estimated using (C.5). In order to implement the summations, we can 

use recursive estimators. We will now summarize the fixed-point algorithm below. 

• Initialize the 1)0( ×ℜ∈ nw  to a random vector 
• Initialize a vector 1)0( ×ℜ∈ nP  to a vector with small random values 
• Fill the matrix nn×ℜ∈)0(Q  with small random values 
• Initialize scalar variables )0(),0( 21 CC  to zero 
• For 0>j  
• Compute )()1()( 11 jjjy T xw −=  and )()1()( 22 jjjy T xw −=  

• Update P as )()(1)1(11)( 11 jyj
j

j
j
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• Update Q as 
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• Update 21  , CC  as 2,1  ),(1)1(11)( 2 =⎥
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• Update the weight vector as )()(
)(
)()(

1

2 jj
jC
jCj PQw =  

• Normalize the weight vector 
• Go back to step 5 and repeat until convergence is reached 
 

The above algorithm extracts the principal generalized eigenvector. For the minor 

components, we will resort to the deflation technique. Consider the following pair of 
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matrices, 221
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principal generalized eigenvector using (C.6). For this pair of matrices, 0ˆ
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With the above deflation procedure, we can estimate the second generalized eigenvector 

using the same update rule in (C.6) with )(1 nx  replaced by )(ˆ 1 nx . )(2 nx  remains the 

same as before. At this point, we would like to stress that the deflation scheme does not 

require any further computations as the summations ∑
=

n

i

iyi
1

11 )()(x  and ∑
=

n

i

iy
1

2
1 )(  are 

already pre-calculated for estimating the principal generalized eigenvector. They can be 

efficiently substituted by )( jP  and )(1 jC  mentioned in the summary of the algorithm for 

the principal generalized eigenvector. The fixed-point GED algorithm has many useful 

properties compared to other methods. The convergence of the algorithm is exponential 

whereas the convergence of the on-line gradient methods is linear. This is generally true 

for most fixed-point algorithms [99]. Simulations have shown beyond doubt that the 

proposed algorithm has superior convergence speed when compared with other methods. 
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As we have seen before, gradient algorithms are dependent on step-sizes, which results in 

non-robust performance. In contrast, the fixed-point algorithm does not require a step-

size for the updates (similar to the PCA algorithm in appendix A). Moreover, like the 

gradient methods, the fixed-point algorithm has an on-line implementation that is 

computationally feasible. The computational complexity is ( )2NO  where N  is the 

dimensionality of the data, which is comparable to the complexities of the algorithms in 

[55,69]. 

Mathematical Analysis 

We will now investigate the convergence characteristics of the GED algorithm 

given by (C.6) using stochastic approximation techniques that was cited before in the 

analysis of PCA algorithms. Without dwelling too much into the methodology of 

stochastic approximation tools, we directly apply it to our algorithm. We will state some 

assumptions similar to the ones used in PCA algorithm analysis. 

• The inputs )(),( 21 nn xx  are at least wide sense stationary (WSS) with positive 
definite autocorrelation matrices 21 , RR . 

• The sequence of weight vectors )(nw  is bounded with probability 1. 

• The update function ))(),(),(( 21 nnn xxwh  is continuously differentiable with 
respect to w , 21 , xx  and its derivatives are bounded in time. 

• Even if ))(),(),(( 21 nnn xxwh  has some discontinuities a mean vector field 
( ) ( )[ ])(),(),(lim,, 2121 nnnE

n
xxwhxxwh

∞→
=  exists and is regular. 

• The initial weights are chosen such that 0)0( 1 ≠qwT , where 1q  is the principal 
generalized eigenvector. 

The second assumption is satisfied by the fact that we force the norm of the weight vector 

to unity. Thus, when the weight vector is bounded, then the updates are also bounded in 



151 

 

time. Since we assume that the matrices 21 , RR  are full rank, the inverses exist. By 

satisfying the first two assumptions, it is easy to see that the derivatives of the update 

function are also bound in time. Under these conditions, we enunciate the following 

theorem. 

Theorem 1: There is a locally stable solution in the Lyapunov sense to the ODE. In other 

words, the ODE has an attractor *w , whose domain of attraction is )( *wD . 

Proof: The update function ( ) ( )[ ])(),(),(lim,, 2121 nnnhE
n

xxwxxwh
∞→

=  is given by 
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where, η  is the typical step-size parameter which is set to unity in this case. We want to 

find the stable stationary points of this ODE. Let )(tw be expanded in terms of the 

complete set of m  generalized eigenvectors of ( )21 , RR  as4 

∑
=

=
m

k
kk tt

1

)()( qw θ  (C.9) 

where, )(tkθ  is a time-varying projection and kq  is the generalized eigenvector 

corresponding to the eigenvalue kλ . Using the simultaneous diagonalization property of 

the generalized eigenvectors, we can rewrite (C.8) using (C.9) as 
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∑

=

=  (C.10) 

We will analyze the dynamics of the non-linear differential equation in (C.10) separately. 

                                                 
4 Any vector can be expressed as a linear combination of the complete set of basis vector spanning the vector space. In this case, since 
w(t) is operating in the joint space, it can be represented as a linear combination of the generalized eigenvectors spanning the space. 
Also note that the generalized eigenvectors are the principal components of the matrix R-1

2R1. 
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The goal is to show that the time varying projections corresponding to the modes 

associated with all eigenvectors except the principal eigenvector decay to zero 

asymptotically.For mk ≤<1 , we define )()()( 1 ttt kk θθα = . Therefore, by simple 

algebra, 
dt

td
t
t

dt
td

tdt
td kkk )(

)(
)()(

)(
1)( 1

11

θ
θ
αθ

θ
α

−= , which can be further simplifed to 
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Note that 0)( >tf  for all t . Therefore, it can be easily shown using Lyapunov stability 

theorems that, with 0....4321 >>>>> mλλλλλ , 1  ,   as  0)( >∞→= kttkα  and 

1)( qw ct ±= , where c  is an arbitrary constant. As we are hard-limiting the weights to 

unity norm, eventually 1)( qw →t . Thus, the principal generalized eigenvector is the 

stable stationary point of the ODE.  

We will now prove that all other stationary points, i.e., the 1−m  minor generalized 

eigenvectors are saddle points. Linearizing the ODE in (C.8) in the vicinity of a 

stationary point, we can compute the linearization matrix A  as, 

( )( ) ( ) ( ) mmkt k
tt ×

−

=
−=∂∂= IRRwwhA

qw
λ1)()( 1

1
2)(

. The eigenvalues of the matrix A  are 

given by 1−= km
m
A λλλ . It is easy to see that only for 1=k , all the eigenvalues which 

are analogous to the s-poles are within the LHP except the first pole which is at zero. All 

other stationary points have one or more poles in the RHP and hence they are saddle 

points. This means that near convergence, if the weight vector reaches any of the 1−m  

saddle points, it will diverge from that point and converge only to the stable stationary 
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point which is the principal generalized eigenvector. This completes the proof. 

We would like to mention that the constant η  in the ODE equation given by (C.8) 

is unity for our algorithm which makes this a constant gain algorithm. This constant 

essentially relates how well the discrete-time update equation approximates the ODE. 

When we make gain unity, we might be introducing discretization errors in our analysis 

which can lead to ambiguous results. This has been reported earlier in the PCA analysis 

and the trick is to analyze the discrete-time behavior. The z-poles can be extracted from 

the s-poles derived above using the transformation that we used for converting the update 

equation to the ODE. In this case, the transformation is simply given by 1+= sz η  with 

1=η .  The corresponding z-poles for the stable stationary point 1q  are given by 1λλm  

for all values of m . Thus, we can easily deduce that  the first pole is on the unit circle at 

1=z  and all other  z-poles reside inside the unit circle. Because of this pole at 1=z , the 

weight vector converges to a scaled value of the principal generalized eigenvector as 

shown before. A simple normalization will give us the exact result. Now, it suffices to 

say that even with the constant unity gain (step-size), the fixed-point update converges to 

the exact solution [75,76]. A smaller value of η  can be used and this will strongly tie 

convergence of the ODE to that of the discrete-time update equation, but reduces the 

speed of convergence.  

Theorem 2:.The weight vector )(nw  enters a compact subset M of the basin of attraction 

)( *wD  infinitely often, with probability 1. 

Proof: The domain of attraction )( *wD  includes all vectors with bounded norm. Also, let 

the initial weights are chosen such that 0)0( 1 ≠qwT , where 1q  is the principal 

generalized eigenvector (assumption 5). Let M  be a compact subset defined by the set of 
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vectors with norm less than or equal to a finite constant. We are forcing the norm to be 

unity after every update. Thus, the weight vector )(nw  will always lie inside the compact 

subset M . 

From theorems 1 and 2, we can deduce from the theory of stochastic approximation 

for adaptive algorithms with constant gains [80] that, { } ( )ηCtP
t

≤>∈−
∞→ 1)(suplim qw  , 

where 0∈>  and ( )ηC  is a small constant which becomes zero when 0→η .  

The proposed GED algorithm has been successfully used to design optimum linear 

Multiuser Detectors [100-104] for Direct Sequence (DS) CDMA systems based on the 

receiver design proposed by Wong et al [76, 104, 105]. The same algorithm can be easily 

used to solve the Extended TLS problem discussed in Chapter 1. More details on the 

algorithm and the simulation results can be found in [76]. 

 



155 

APPENDIX D 
SOME DERIVATIONS FOR THE NOISY INPUT CASE 

Consider the matrices R, S, P, and Q estimated from noisy data. For R, we write 
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Similarly, for S, P and Q matrices, we obtain 
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APPENDIX E 
ORTHOGONALITY OF ERROR TO INPUT 

Recall that the optimal solution of AEC satisfies equation (2.9), which is 

equivalently 

0)]()21[( =+−+ +− LkkLkkkk eeeE xxx ββ  (E.1) 

Rearranging the terms in (E.1), we obtain 

0))]2(([ =+−− −+ LkkLkkkeE xxxx β  (E.2) 

Notice that )2( LkkLk −+ +− xxx forms an estimate of the acceleration of the input vector 

xk. Specifically for 2/1−=β , the term that multiplies ek becomes a single-step 

prediction for the input vector xk (assuming zero velocity and constant acceleration), 

according to Newtonian mechanics. Thus, the optimal solution of EWC tries to 

decorrelate the error signal from the predicted next input vector. 
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APPENDIX F 
AEC AND ERROR ENTROPY MAXIMIZATION 

This appendix aims to motivate an understanding of the relationship between 

entropy and sample differences. In general, the parametric family describing the error 

probability density function (pdf) in supervised learning is not analytically available. In 

such circumstances, non-parametric approaches such as Parzen windowing [115] could 

be employed. Given the i.i.d. samples {e(1),…,e(N) } of a random variable e, the Parzen 

window estimate for the underlying pdf fe(.) is obtained by 

∑
=

−=
N

i
e iex

N
xf

1
))((1)(ˆ

σκ   (F.1) 

where κσ(.) is the kernel function, which itself is a pdf, and σ is the kernel size that 

controls the width of each window. Typically, Gaussian kernels are preferred, but other 

kernel functions like the Cauchy density [114] or the members of the generalized 

Gaussian family can be employed. 

Shannon’s entropy for a random variable e with pdf fe(.) is defined as 

)]([)(log)()( efEdxxfxfeH eeee −=−= ∫
∞

∞−

  (F.2) 

Given i.i.d. samples, this entropy could be estimated [116] using 

∑ ∑
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This estimator uses the sample mean approximation for the expected value and the 

Parzen window estimator for the pdf. Viola proposed a similar entropy estimator, in 
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which he suggested dividing the samples into two subsets: one for estimating the pdf, the 

other for evaluating the sample mean [117]. In order to approximate a stochastic entropy 

estimator, we approximate the expectation by evaluating the argument at the most recent 

sample, ek. In order to estimate the pdf, we use the L previous samples. The stochastic 

entropy estimator then becomes 

⎟
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1
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For supervised training of an ADALINE (or an FIR filter), with weight vector nℜ∈w , 

given the input (vector)-desired training sequence (x(n),d(n)), where mn ℜ∈)(x  and 

ℜ∈)(nd , the instantaneous error is given by )()()()( nnndne T xw−= . The stochastic 

gradient of the error entropy with respect to the weights becomes 
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where )()()()( innindine T −−−=− xw  is also evaluated using the same weight vector 

as e(n) [116]. For the specific choice of a single error sample e(k-L) for pdf estimation 

and a Gaussian kernel function, (F.5) reduces to 

( ) 2/)()())()(()( σLnnLneneH
−−−−−=

∂
∂ xx

w
X   (F.6) 

We easily notice that the expression in (F.6) is also a stochastic gradient for the cost 

function )2/(]))()([()( 22 σLneneEJ −−=w , which is essentially a scaled form of the 

second term in the AEC. 
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APPENDIX G 
PROOF OF CONVERGENCE OF ERROR VECTOR NORM IN AEC-LMS 

The dynamics of the error vector norm is given by 

)()(2 2222
1 kkkk

T
kkkkk eeeesign xxεεε &&& ββη ++−=+

22
kkkk ee xx &&βη ++  (G.1) 

Further, since kk
T
k e=xε  and kk

T
k e&& =xε , we have 
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Define the following term. 
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If the step-size (positive) upper bound in equation (4.13) is satisfied, then 0>ϕ  for all k. 

Therefore, equation G.3 reduces to the inequality 

2222
1 kkkk ee &βηϕ +−≤+ εε  (G.4) 

Iterating (G.4) from k = 0, we get, ∑
=

+−≤
k

t
ttk ee

1

222
0

2
&βηϕεε . In the limit ∞→k , it 

is easy to see that, 2
0

1

222 εε ≤++ ∑
∞

=
∞

t
tt ee &βϕη  which implies that 0lim 22 =+

∞→ ttt
ee &β  as 

the summation in the error terms must converge to a finite value given by 22
0 ∞− εε . 

The instantaneous cost 22
tt ee &β+   becomes zero only when the weights converge to the 

true weights Tw  ( 02 =∴ ∞ε ). Also note that the gradient becomes zero at this point.  
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