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We analyze scheduling problems in the stochastic online scheduling environment.

In this environment, information on the future arrival of a job is unknown until the

job arrives at the system; and the processing requirement of a job remains uncertain

until the job is finished. Our goal was to identify online algorithms with attractive

asymptotic performance ratios. Under some mild probabilistic assumptions, we first

showed that any nondelay algorithm is asymptotically optimal for stochastic online

single machine problem, uniform parallel machine problem and flow shop problem

with the objective of minimizing the total weighted completion time. We then ex-

tended these results to a more general realm and illustrated the significance and

practical usage by giving examples. Our simulation studies on these problems and

the stochastic online job shop and open shop problems show that two generic nonde-

lay algorithms converge very fast. The simulation results also suggest that, compared

with the total weighted completion time metric, the total weighted flow time metric

and total weighted stretch metric are more sensitive and may be better performance

measures in the online scheduling environment.
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We also present a new approach to strategic facility location planning. In this

approach, decision makers identify a number of future scenarios and estimate the

likelihood of each scenario occurring. We then used the model to find a solution that

minimizes the expected regret with respect to an endogenously selected subset of

worst-case scenarios whose collective probability of occurrence is exactly 1-α. Our new

model, α-reliable meanAccess regret, has a number of advantages over the existing α-

reliable p-median minimax regret model. First, by definition, α-reliable meanAccess

regret is an upper bound of the corresponding α-reliable p-median minimax regret.

Therefore, minimizing α-reliable meanAccess regret will also lead to a low α-reliable p-

median minimax regret. Second, minimization of α-reliable meanAccess regret avoids

the dangerous increase in the worst-case regret. Third, the α-reliable meanAccess

model is computationally much easier to solve. All of these advantages have been

demonstrated by our numerical experiments.
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CHAPTER 1
PROBABILISTIC ASYMPTOTIC ANALYSIS ON STOCHASTIC ONLINE

SCHEDULING PROBLEMS: BASIC RESULTS

1.1 Introduction

In the stochastic online scheduling environment, a set of jobs N = {1, 2, · · ·n}

arrive over time and must be processed nonpreemptively on one or more of m ma-

chines. The release time and weight of every job j ∈ N remain unknown until job j

arrives. In addition, the processing requirement of every job j ∈ N is a random vari-

able whose actual value remains unknown until job j is finished. The processing time

of job j is equal to its processing requirement divided by the speed of the machine

on which it is processed. In this chapter we study three different stochastic online

scheduling problems. They are the stochastic online single machine problem, uniform

parallel machine problem and flow shop problem. In the single machine problem, all

the jobs must be processed, one at a time, on a single machine with a unit speed.

In the uniform parallel machine problem, there are m machines each with a constant

speed si > 0 (i ∈ {1, 2, · · ·m}) and each job j (j ∈ {1, 2, · · ·n}) has to be processed

on one of the m machines. In the flow shop problem, each of the m machines has a

unit speed and each job j ∈ N must visit the machines 1,2,· · · , m in that same order.

With the objective of minimizing the total weighted completion time, the stochas-

tic online single machine problem, uniform parallel machine problem and flow shop

problem can be denoted, in standard scheduling notation (see, e.g., Graham et

al., 1979), by 1|xj ∼ stoch, rj|
∑

wjCj, Qm|xj ∼ stoch, rj|
∑

wjCj and Fm|xji ∼

stoch, rj|
∑

wjCj, respectively, where xj is the processing requirement of job j. Note

that in the flow shop problem xj =
∑m

i=1 xji, where xji is the processing requirement

of job j on machine i. The deterministic variant of these problems, in which the exact

1



2

processing requirement of every job j is known upon job j’s arrival at time rj, are

denoted respectively by 1|rj|
∑

wjCj, Qm|rj|
∑

wjCj and Fm|, rj|
∑

wjCj. In this

paper we say that a job is waiting at time t if it is released but not being processed

at time t. We say that a job is in the system at time t if it has been released but not

finished by time t. We say that a certain amount of processing requirement is waiting

at time t if it has been released but not finished by time t. Furthermore, throughout

this paper we assume that all jobs have bounded weights. We also assume that the

machine(s) in each problem has (have) adequate capacity. That is, in the long run

the mean rate at which jobs arrive is strictly less than the mean rate at which the

machine(s) is (are) capable of processing. We justify this assumption by observing

that, with this assumption being unsatisfied, the number of jobs that are waiting for

processing will keep increasing and will eventually approach infinity in any feasible

schedule. This means that, after a certain period of time, there will always be an

extremely large number of jobs waiting for processing and the vast majority of job

information is known whenever a decision is to be made. Such kind of a problem

bears more characteristics of an offline problem than an online problem and should

be regarded more appropriately as an offline problem and thus will not be considered

in this paper.

For the deterministic online scheduling problems 1|rj|
∑

wjCj and Qm|rj|
∑

wjCj

with bounded processing requirements and bounded weights, Chou et al. (2001) show

that the Weighted Shortest Processing Requirement among Available jobs (WSPRA)

is asymptotically optimal. For the deterministic online flow shop problem Fm|rj|
∑

wjCj,

Liu (2001) show that three heuristics extended from WSPRA are asymptotically

optimal, with the assumptions that job weights are bounded and i.i.d., processing

requirements are bounded and i.i.d. across all the machines and jobs, and job re-

lease times increase in the order of O(n). In contrast, in this paper we show that

any nondelay algorithm, i.e., algorithm that keeps the machines busy as long as
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there is work available for processing (Pinedo, 1995), is asymptotically optimal for

the single machine problem 1|xj ∼ stoch, rj|
∑

wjCj and the flow shop problem

Fm|xj ∼ stoch, rj|
∑

wjCj as long as the job weights are always bounded, job inter-

arrival times are i.i.d, processing requirements are i.i.d. across all the jobs and all the

machines (for the flow shop problem only), and machine capacity is adequate. For

the uniform parallel machine problem Qm|xj ∼ stoch, rj|
∑

wjCj, we show that any

nondelay algorithm is asymptotically optimal with the additional assumption that all

job processing requirements are bounded.

The rest of this chapter is organized as follows. In Section 1.2 we briefly review

related results in the literature. In Section 1.3 and Section 1.4 we prove the asymptotic

optimality results for the single machine problem and flow shop problem respectively.

In Section 1.5 we show that the First-Come-First-Serve rule is asymptotically optimal

for the uniform parallel machine problem. In Section 1.6 we show that any nondelay

algorithm is asymptotically optimal for the uniform parallel machine problem with

the additional assumption that all job processing requirements are bounded. Finally,

we conclude our discussion and suggest future research directions in Section 1.7.

1.2 Literature Review

In this section we briefly review related results in the literature. Asymptotic per-

formance analysis is widely used to evaluate the performance of an algorithm on large

size instances. Gazmuri (1985) studies the single machine problem 1|rj|
∑

Cj under

the assumptions that all job processing requirements are bounded i.i.d. integers,

all interarrival times are i.i.d. integers, and processing requirements and interarrival

times are independent of each other. He consider two different cases where in the first

case the expected job processing requirement is strictly less than the expected inter-

arrival time and in the second case the expected job processing requirement is strictly

greater than the expected interarrival time. In each case, a different asymptotically

optimal algorithm is given; in the first case, an offline algorithm while in the second
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case, an online algorithm. More recently, Kaminsky and Simchi-Levi (2001a) study

the same single machine problem 1|rj|
∑

Cj and show that the Shortest Processing

Time among Available jobs (SPTA) rule is asymptotically optimal for this problem

as long as all job processing requirements are bounded. Building on the results of

Goemans (1997) and Goemans et al. (1999), Chou et al. (2001) show that a gener-

alized version of SPTA rule, the WSPRA, is asymptotically optimal for the weighted

version of the single machine problem 1|rj|
∑

wjCj and the uniform parallel machine

problem Qm|rj|
∑

wjCj with bounded weights and processing requirements. In this

heuristic, whenever a machine is available, the job with the largest ratio wj/xj among

all the waiting jobs is selected to be processed next. If there is no job waiting, then the

machine remains idle until the next job arrives. Chou et al. derive an upper bound

on the maximum delay that any amount of work can incur in the WSPRA schedule,

relative to the LP relaxation presented by Goemans (1997). They then derive from

this bound the asymptotic optimality of the WSPRA algorithm for the single machine

and uniform parallel machine problems. Chou (2001) also extends this result to the

stochastic version of the single machine problem 1|xj ∼ stoch, rj|E[
∑

wjCj], where

the objective is to minimize the expected total weighted completion times, E[
∑

wjCj].

They prove that the Weighted Shortest Expected Processing Time (WSEPT) rule is

asymptotically optimal for 1|xj ∼ stoch, rj|E[
∑

wjCj] as long as the job weights and

processing requirements are bounded and the processing requirements are indepen-

dently distributed with known mean values.

For shop problems, Kaminsky and Simchi-Levi (2001b) study the flow shop prob-

lem Fm||
∑

Cj and show that the Shortest Processing Time (SPT) rule is asymptot-

ically optimal as long as the job processing requirements are independently and iden-

tically distributed (i.i.d.). Kaminsky and Simchi-Levi (1999) and Xia et al. (2000)

study the more general flow shop problem Fm||
∑

wjCj. They use probabilistic anal-

ysis to show that the WSPRA rule is asymptotically optimal for Fm||
∑

wjCj under
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some mild probabilistic assumptions on the distributions of job processing times and

weights. Building on the results of Chou et al. (2001), Liu (2001) present two online

heuristics and one semi-online heuristic which are asymptotically optimal for the flow

shop problem Fm|rj|
∑

wjCj with bounded job processing requirements and bounded

weights. All of these heuristics are closely related to the WSPRA algorithm.

It is also worth noting that, there is a distinction between online scheduling

problem and online scheduling algorithm. In an offline scheduling problem, all the

job information, especially the job release times, are known a priori, so that a global

(maybe optimal) decision can be made at time zero by considering all the jobs, in-

cluding those that have not been released. In an online scheduling problem, the

job information is usually presented piece by piece and decisions have to be made

based only on the information that is available at any given moment. Typically, the

existence of a job is not known until it is released to the system.

An offline scheduling algorithm considers all the jobs, including those that have

not been released. An online algorithm considers only jobs that have been released.

Apparently, online algorithms can be applied to both online and offline scheduling

problems, while offline algorithms can only be applied to offline scheduling problems.

Some papers, including Kaminsky and Simchi-Levi (2001a) and Chou, Queyranne,

and Simchi-Levi (2001), concern only online algorithms. They are not particular

about whether the problem was online or offline, since an online algorithm can be

applied to both online and offline scheduling problems. Hence, their results can be

understood in either of the following two meanings: the first meaning is that there

is a class of scheduling problems whose parameters, such as arrival times, follow a

given probability distribution, and an algorithm gives a performance guarantee for

all instances in this problem class. But for each instance, the scheduler knows the

parameters before making the schedule. The other meaning is that the parameters

follow a distribution and the parameter values are not known ahead of time.
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In our paper, we restrict our discussion to online algorithms applied to online

problems. Hence, in the literature review, we have reviewed other papers by putting

them in the context of solving online scheduling problems.

1.3 Single Machine Problem

In the stochastic online single machine scheduling problem 1|xj ∼ stoch, rj|
∑

wjCj,

a set of jobs N = {1, 2, · · · , n} arrive over time and have to be processed nonpreemp-

tively on a single machine with speed of one. Job processing requirements are random

variables that are realized online. That is, the release time rj and weight wj remain

unknown until job j is released. The actual processing requirement, xj, is a random

variable whose value remains unknown until job j is finished. Jobs are indexed in

the order of their arrivals and the machine can process at most one job at a time.

The inter-arrival time is defined to be Lj = rj+1 − rj (∀j ∈ {0, 1, 2, · · · , n}), where

L0 = r1. The flow time of job j is defined to be the difference of its release time rj

and completion time Cj, i.e., fj = Cj − rj. The waiting time of job j, Wj, is defined

to be the difference of its release time, rj, and start time, Sj, i.e., Wj = Sj − rj and

fj = Wj + xj. The objective is to minimize the total weighted completion time of all

the jobs. Further, we have the following assumption:

Assumption 1

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance 0 < σ2
L < ∞

• xj, j = 1, 2, · · · , n, are i.i.d. with mean 0 < µ < ∞ and variance 0 < σ2
x < ∞

• Lj and xj, j = 1, 2, · · · , n, are independently distributed with µ/λ < 1

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs.

Under Assumption 1, it can be shown that the mean waiting time of all jobs obtained

by applying any nondelay algorithm is finite, as formalized by the following lemma:

Lemma 1 With probability one

lim
n→∞

∑n
j=1 fj

n
≤ (σ2

L + σ2
x)

2(λ− µ)
+ µ, (1.1)
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where fj is the flow time of job j obtained by applying any nondelay algorithm.

Proof. The stochastic single machine problem which satisfies the above assump-

tion has been well studied in the queueing literature (see, e.g., Gross and Harris

1985) as the Single-Sever Queueing system with General Input and General Service

Patterns(G/G/1). It is a known result (see Lindley 1952) that, with Assumption 1

satisfied, the job waiting times have a limiting distribution function which is indepen-

dent of the initial condition of the system. In addition, as n approaches infinity, the

mean waiting time of the jobs, denoted by W , is bounded by the following inequality

(see, e.g., Marshall, 1968 and Gross and Harris 1985)

W = lim
n→∞

∑n
j=1 Wj

n
≤ (σ2

L + σ2
x)

2(λ− µ)
, (1.2)

regardless of the queueing discipline. (As long as a conservation rule, i.e., a rule

that keeps the server busy as long as there is at least one job waiting, is adopted.)

Therefore, based on Assumption 1 and the Law of Large Numbers we have

lim
n→∞

∑n
j=1 fj

n
= lim

n→∞

∑n
j=1(Wj + xj)

n

= lim
n→∞

∑n
j=1 Wj

n
+ lim

n→∞

∑n
j=1 xj

n

= W + E(xj)

≤ (σ2
L + σ2

x)

2(λ− µ)
+ µ

Now consider any given nondelay algorithm A for the stochastic single machine

problem 1|xj ∼ stoch, rj|
∑

wjCj. Let Cj denote the completion time of job j ob-

tained by applying algorithm A and let Z∗(I) denote the optimum objective value.

We have the following theorem.

Theorem 1 If Assumption 1 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.
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Proof. We first claim that almost surely

lim
n→∞

nc∑n
j=1 rj

= 0, ∀ c < ∞. (1.3)

Note that ∀j, rj =
∑j−1

τ=0(rτ − rτ−1) =
∑j−1

τ=0 Lτ , and Lj’s, j = 1, 2, · · · , n, are

i.i.d..Therefore based on the Law of Large Numbers we have

lim
n→∞

nc∑n
j=1 rj

≤ lim
n→∞

nc∑n
j=dn

2
e rj

= lim
n→∞

nc∑n
j=dn

2
e
∑j−1

τ=0 Lτ

= lim
n→∞

nc∑n
j=dn

2
e jλ

= lim
n→∞

nc

λ(
n+dn

2
e

2
)(n− dn

2
e + 1)

≤ lim
n→∞

3nc

8λn2
= 0; (1.4)

Now let α =
(σ2

L + σ2
x)

2(λ− µ)
+ µ, we then have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

∑n
j=1 wjCj∑n
j=1 wjrj

= lim
n→∞

(1 +

∑n
j=1 wjfj∑n
j=1 wjrj

)

≤ 1 + lim
n→∞

∑n
j=1 w̄fj∑n
j=1 w

¯
rj

= 1 + lim
n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj

≤ 1 + lim
n→∞

w̄nα

w
¯

∑n
j=1 rj

= 1

1.4 Flow Shop Problem

In the stochastic online flow shop problem Fm|xji ∼ stoch, rj|
∑

wjCj, a set

of n jobs have to be processed non-preemptively on m machines. Each machine i

(i ∈ 1, 2 · · · , m) has speed si = 1 and can process at most one job at a time. Each

job j (j = 1, 2, · · · , n) must visit all the m machines in the same order: 1, 2, · · · , m.

Associated with each job j is a release time rj, a weight wj and a processing require-

ment xji of job j on machine i. The release time rj and weight wj remain unknown

until job j is released. The processing requirement of each job j, xji, j ∈ {1, 2, · · · , n},
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i ∈ {1, 2, · · · , m} is a random variable whose actual value remains unknown until job

j is finished. The total processing requirements of job j on all machines, denoted by

xj, is equal to
∑m

i=1 xji. Jobs are indexed in the order of their arrivals and the inter-

arrival time is defined to be Lj = rj+1 − rj (∀j ∈ {0, 1, 2, · · · , n}), where L0 = r1.

The objective is to determine a permutation schedule of the jobs so that the total

weighted completion times of all jobs is minimum. We have the following assumption:

Assumption 2

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance 0 < σ2
L < ∞

• xji, j = 1, 2, · · · , n, i = 1, 2, · · · , m, are i.i.d. with mean 0 < µ < ∞ and

variance 0 < σ2
x < ∞

• Lj and xji, j = 1, 2, · · · , n, i = 1, 2, · · · , m, are independently distributed with

µ/λ < 1

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs.

Consider any given nondelay algorithm A and any instance I of the stochastic

flow shop problem Fm|xj ∼ stoch, rj|
∑

wjCj. Let Cji denote the completion time

of job j on machine i obtained by applying algorithm A to I. If we re-index the

jobs in I in the increasing order of their starting times on the first machine, i.e.,

S11 < S21 < · · · < Sn1, then we have the following upper bound on the total weighted

completion time obtained by applying any nondelay algorithm to the stochastic flow

shop problem.

Lemma 2 (Liu 2001) For any given nondelay algorithm A we have

n∑
j=1

wjCjm ≤ β =
n∑

j=1

wj max
1≤l≤j

{rl +

j∑
k=l

xk1} +
m∑

i=2

max
1≤a≤b≤n

b∑
k=a

(xki − xk1)
n∑

j=1

wj

+ m · max
j=1,2,··· ,n

xj1

n∑
j=1

wj (1.5)
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Note that the upper bound given Equation 2.14 has three components and the

first component is closely related to the stochastic online single machine problem

which we analyzed in Section 1.3. To see this, we consider a stochastic online single

machine problem, referred to as <F , which is constructed as follows. To every instance

I of the problem Fm|xji ∼ stoch, rj|
∑

wjCj, we associate an instance IF of the single

machine problem 1|xj ∼ stoch, rj|
∑

wjCj, which has a machine speed of one, the

same number of jobs with the same job characteristics as in instance I except that each

job j in IF has a processing requirement xj = xj1, i.e., the processing requirement of

job j on the first machine in instance I. Consider any given nondelay algorithm A

and let Cj1 (j = 1, 2, · · · , n) denote the completion time of job j in IF then it is easy

to verify that

Cj1 = max
1≤l≤j

{rl +

j∑
k=l

xk1} (1.6)

Therefore, the first component of the upper bound given in Equation 2.14 can be

interpreted as the total weighted completion time obtained by applying algorithm A

to the stochastic single machine problem <F , which has been studied in Section 1.3.

We will soon use this fact to show that any nondelay algorithm is asymptotically

optimal for the stochastic online flow shop problem under Assumption 2.

Now consider flow shop problem Fm|xj ∼ stoch, rj|
∑

wjCj. Let Z∗(I) denote

the optimum objective value and let Cj denote the completion time of job j obtained

by applying any given nondelay algorithm A, i.e., Cj = Cjm, we then have the

following theorem.

Theorem 2 If Assumption 2 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.
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Proof.

lim
n→∞

n∑
j=1

wjCj

Z∗(I)
= lim

n→∞

n∑
j=1

wjCjm

Z∗(I)
≤ lim

n→∞

n∑
j=1

wjCjm

n∑
j=1

wjrj

≤ lim
n→∞

n∑
j=1

wjCjm

w
¯

n∑
j=1

rj

≤ lim
n→∞

n∑
j=1

wj max
1≤l≤j

{rl +
j∑

k=l

xk1}

w
¯

n∑
j=1

rj

+ lim
n→∞

m∑
i=2

max
1≤a≤b≤n

b∑
k=a

(xki − xk1)
n∑

j=1

wj

w
¯

n∑
j=1

rj

+ lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
j=1

wj

w
¯

n∑
j=1

rj

, (1.7)

where the last inequality is by Lemma 2. Note that the right-hand-side of Equation

2.15 has three components. For the first component, recall that
n∑

j=1

wj max
1≤l≤j

{rl +

j∑
k=l

xk1} can be interpreted as the total weighted completion time obtained by apply-

ing algorithm A to the stochastic online single machine problem that was studied in

Section 1.3. Therefore, according to Theorem 1, we have with probability equal to

one

lim
n→∞

n∑
k=1

wk max
1≤l≤k

{rl +
k∑

j=l

xj1}

w
¯

n∑
j=1

rj

= 1.

For the second component, Xia et al (2000, also see Note 1) proved that under

Assumption 2, with probability equal to one

lim
n→∞

1

n
max

1≤a≤b≤n

b∑
k=a

(xki − xk1) = 0, i = 2, · · · , m. (1.8)

This implies that with probability one

lim
n→∞

m∑
j=2

max
1≤a≤b≤n

b∑
j=a

(xji − xj1)
n∑

k=1

wk

w
¯

n∑
j=1

rj

≤ lim
n→∞

nw̄
m∑

j=2

max
1≤a≤b≤n

b∑
j=a

(xji − xj1)

w
¯

n∑
j=1

rj

= 0.
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Finally, for the third component, we use the Kolmogorov’s Inequality (see, e.g.,

Williams 1991 and Note 2) to show that with probability one

lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
k=1

wk

w
¯

n∑
j=1

rj

= 0.

To do this, we first define random variables zj = xj1 − µ,∀j ∈ {1, 2, · · · , n}, so that

zj(j ∈ {1, 2, · · · , n}, are i.i.d. with mean 0 and variance 0 < σ2
z < ∞. We then define

j∗ such that |zj∗| = max
1≤j≤n

|zj| and we have

zj∗ =

j∗∑
j=1

zj −
j∗−1∑
j=1

zj and |zj∗| ≤ |
j∗∑

j=1

zj| + |
j∗−1∑
j=1

zj| ≤ 2 max
1≤k≤n

|
k∑

j=1

zj|.

Now, for any given τ we have

Pr{
max
1≤j≤n

zj

n
≥ τ} = Pr{max

1≤j≤n
zj ≥ nτ} ≤ Pr{max

1≤j≤n
|zj| ≥ nτ}

≤ Pr{2 max
1≤k≤n

|
k∑

j=1

zj| ≥ nτ} ≤ Pr{ max
1≤k≤n

|
k∑

j=1

zj| ≥
nτ

2
}

≤ 1

(nτ
2

)2

n∑
j=1

V ar(zj) =
1

(nτ
2

)2
nσ2

z =
4σ2

z

nτ 2

where the last inequality was by Kolmogorov’s Inequality. Equation 2.18 implies that

with probability one

lim
n→∞

max
1≤j≤n

xj1

n
= lim

n→∞

max
1≤j≤n

zj

n
= 0.

Therefore, based on Equation 1.4, with probability one we have

lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
k=1

wk

w
¯

n∑
j=1

rj

≤ lim
n→∞

m · n · w̄ · max
j=1,2,··· ,n

xj1

w
¯

n∑
j=1

rj

≤ lim
n→∞

3m · n · w̄ · max
j=1,2,··· ,n

xj1

8w
¯

λn2
= 0.
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1.5 Uniform Parrallel Machine Problem

In the stochastic online uniform parallel machine scheduling problem Qm|xj ∼

stoch, rj|
∑

wjCj, a set of jobs N = {1, 2, · · · , n} arriving over time must be processed

nonpreemptively on one of the m given machines. Machine i ( i ∈ {1, · · · , m} ) has

constant speed si > 0 and can process at most one job at a time. Machines are indexed

in the nonincreasing order of their speeds, i.e., s1 ≥ s2 ≥ · · · ≥ sm−1 ≥ sm > 0. For

each machine i ∈ {1, 2, · · · , m}, we define st
i = si if machine i is busy at time t and

st
i = 0 otherwise. For each job j ∈ {1, 2, · · · , n}, the release time rj and weight

wj remain unknown until job j is released. The job processing requirement xj is a

random variable whose actual value remains unknown until job j is finished. The

time it takes to process job j on machine i is equal to xj/si. Jobs are indexed in

the order of their arrivals and the inter-arrival time is defined to be Lj = rj+1 − rj

(∀j ∈ {0, 1, 2, · · · , n}), where L0 = r1. The flow time of job j is defined to be the

difference of its release time rj and completion time Cj, namely, fj = Cj − rj. The

waiting time of job j, Wj, is defined to be the difference of its release time, rj, and

start time, Sj, namely, Wj = Sj − rj and fj = Wj + xj/s(j,i), where (j, i) is the

machine on which job j is processed. The objective is to find a feasible schedule for

all the jobs in N that minimizes the total weighted completion time. We have the

following assumption:

Assumption 3

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance 0 < σ2
L < ∞

• xj, j = 1, 2, · · · , n, are i.i.d. with mean 0 < µ < ∞ and variance 0 < σ2
x < ∞

• Lj and xj, j = 1, 2, · · · , n, are independently distributed with
µ

λ
∑m

i=1 si

< 1

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs j.

We first define the following First Come First Serve (FCFS) rule: whenever any

machine is available, find the machine i∗ such that si∗−st
i∗ = max{si−st

i}, where t is

the current time, and start processing on machine i∗ the job that has been waiting for
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the longest. If there is no job waiting, then the machine remains idle until the next

job is available. We denote the uniform parallel machine problem with the FCFS rule

by Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj.

Now we derive an upper bound on the mean flow time of jobs in Qm|xj ∼

stoch, rj, FCFS|
∑

wjCj by decomposing this uniform parallel machine problem into

m single machine problems. Suppose the scheduling environment is changed and

instead of having a single queue of jobs for all the m machines, we have m queues,

one for each of the m machines. Furthermore, each arriving job will be routed into

the queue of machine i with a probability Pri = si/
∑m

k=1 sk and each machine

i ∈ {1, 2, · · · , m} will serve the jobs that are assigned to it according to the FCFS

rule with no jockeying allowed between any two queues. We denote this new problem

by <Q. It is easy to see that the mean waiting time of jobs in <Q is an upper

bound on the mean waiting time in Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj, since the

condition which we added in order to transform Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj

into <Q constitutes a restriction on Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj. Let fj and

Cj denote, resp., the flow time and completion time of job j ∈ {1, 2 · · · , n} obtained

by applying the FCFS rule to the (original) uniform parallel machine problem. We

then have the following result:

Lemma 3 If Assumption 3 is satisfied, then with probability one

lim
n→∞

∑n
j=1 fj

n
≤

m∑
i=1

Πi +
µ

sm

, (1.9)

where Πi =
Pris

2
i σ

2
L + (1 − Pri)λ

2s2
i + Pr2

i σ
2
x

2si(siλ− Priµ)
.

Proof. The proof is based on the observation that the expected waiting time of

jobs in <Q is an upper bound on the expected waiting time of jobs in the original

problem Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj. Consider the problem <Q and let Li
j

and xi
j(j ∈ {1, 2, · · · , ni}) denote, resp., the interarrival times and processing times

of the jobs that are assigned to machine i. Based on Assumption 3 it is easy to see
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(a). all the Li
j’s (j = 1, 2, · · · , ni) are i.i.d.;

(b). all the xi
js (j = 1, 2, · · · , ni) are i.i.d ;

(c). all the pairs of Li
j and xi

j (j ∈ {1, 2, · · · , ni}) are mutually independent.

Then every machine i ∈ {1, 2, · · · , m} together with the set of jobs that are as-

signed to it constitute a sub-problem of <Q, which resembles the stochastic single ma-

chine problem that was discussed in Section 1.3. Denote these sub-problems by <Qi,

then for every <Qi (i ∈ 1, 2, · · · , m) we have  Li
j =

Θ∑
k=1

Lk, where Θ is a random vari-

able following a Geometric distribution with p = Pri and the Lk’s (k = 1, 2, · · · , Θ)

are i.i.d. with mean value λ and variance σ2
L. We can therefore derive the expections

and variances of Li
j and xi

j as follows:

E[Li
j] = E[E[Li

j|Θ]] = E[Θλ] =
1

Pri

λ

V ar[Li
j] = E[V ar[Li

j|Θ]] + V ar[E[Li
j|Θ]]

=
1

Pri

σ2
L +

1 − Pri

Pr2
i

λ2

E[xi
j] = E[

xj

si

] =
µ

si

V ar[xi
j] = V ar[

xj

si

] =
σ2

x

s2
i

(1.10)

In addition

E[xi
j]

E[Li
j]

=
µ/si

λ
∑m

k=1 sk/si
< 1, ∀i ∈ {1, 2, · · · , m}, (1.11)

Therefore each subproblem <Qi(i ∈ {1, 2, · · · , m}) satisfies Assumption 1 for the

stochastic online single machine problem in Section 1.3. Now, let E[WQ] and E[WQi]

denote, resp., the expected waiting time of jobs in problem <Q and subproblem <Qi

(i ∈ {1, 2, · · · , m}) by applying the FCFS rule, then based on inequality Equation

1.2 we have

E[WQi] ≤
(V ar[Li

j] + V ar[xi
j])

2(E[Li
j] − E[xi

j])
, ∀i ∈ {1, 2, · · · , m} (1.12)
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Substituting E[Li
j], V ar[Li

j], E[xi
j] and V ar[xi

j] in in terms of λ, σ2
L, µ and σ2

x, we have

E[WQi] ≤
Pris

2
i σ

2
L + (1 − Pri)λ

2s2
i + Pr2

i σ
2
x

2Prisi(siλ− Priµ)
(1.13)

and

E[WQ] = E[
m∑

i=1

PriWQi] =
m∑

i=1

E[PriWQi]

≤
m∑

i=1

{
Pri

Pris
2
i σ

2
L + (1 − Pri)λ

2s2
i + Pr2

i σ
2
x

2Prisi(siλ− Priµ)

}
=

m∑
i=1

Πi.

Therefore, based on inequality 1.2 and the Law of Large Numbers

lim
n→∞

∑n
j=1 fj

n
= lim

n→∞

∑n
j=1(Wj + xj/s(j,i))

n

= lim
n→∞

∑n
j=1 Wj

n
+ lim

n→∞

∑n
j=1 xj/s(j,i)

n

≤ E[WQ] + lim
n→∞

∑n
j=1 xj/sm

n

= E[WQ] +
1

sm

E(xj)

≤
m∑

i=1

Πi +
µ

sm

Theorem 3 If Assumption 3 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. Let α =
m∑

i=1

Πi +
µ

sm

, we then have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

∑n
j=1 wjCj∑n
j=1 wjrj

= lim
n→∞

(1 +

∑n
j=1 wjfj∑n
j=1 wjrj

)
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≤ 1 + lim
n→∞

∑n
j=1 w̄fj∑n
j=1 w

¯
rj

= 1 + lim
n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj

≤ 1 + lim
n→∞

w̄nα

w
¯

∑n
j=1 rj

= 1

where the last equality is based on inequality 1.3.

1.6 Uniform Parrallel Machine Problem with Bounded Processing
Requirements

In the previous section we have shown that the FCFS rule is asymptotically

optimal for the stochastic online uniform parallel machine problem. In this section

we show that, with the additional assumption that all jobs have bounded processing

requirements, any nondelay algorithm is asymptotically optimal for the stochastic

online uniform parallel machine problem. Specifically, we assume that there exist

constants p̄ ≥ p
¯

> 0 such that p
¯
≤ xj ≤ p̄ for all jobs j ∈ {1, 2, · · · , n} in every

instance.

Consider any given nondelay algorithm A for the stochastic uniform parallel

machine problem Qm|xj ∼ stoch, rj|
∑

wjCj. Let ξA denote the schedule obtained

by applying algorithm A to Qm|xj ∼ stoch, rj|
∑

wjCj. Let PA
t denote the total

waiting processing requirement at time t in ξA. Let Y A
t denote the total number of

waiting jobs at time t in ξA and let Ȳ A
t = max{Y A

t : t ≥ 0}. For each machine

(i ∈ {1, 2, · · · , m}) we define its active speed sA
it = si if machine i is busy at time t in

ξA and sA
it = 0 otherwise. We characterize the relationship between any two nondelay

algorithms with the following Lemma.

Lemma 4 Consider any two nondelay algorithms, A1 and A2, for the stochastic

uniform parallel machine problem Qm|xj ∼ stoch, rj|
∑

wjCj. We have

|PA2
t − PA1

t | ≤ (m− 1)p̄, ∀ t ≥ 0
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Proof. Assume, without loss of generality, that at time t1, PA2
t1 > PA1

t1 . Then there

must be at least one time point, t, before t1 such that
∑m

i=1 sA2
it ≤

∑m
i=1 sA1

it . Consider

the latest of such time points, t0, i.e., t0 = max{t :
∑m

i=1 sA2
it ≤

∑m
i=1 sA1

it and t ≤ t1}.

Then at time t0 there exits at least one machine i0 which is busy in ξA1 but idle in

ξA2. Note that machine i0 can be idle at time t0 only if all the jobs in the system at

t0 are being processed on one or more of the other m− 1 machines at time t0. This

implies that there are at most m−1 jobs in the system at time t0 in ξA2 and therefore

PA2
t0

≤ (m− 1)p̄. We then have

PA2
t1 − PA1

t1 ≤ PA2
t0

− PA1
t0

≤ PA2
t0

≤ (m− 1)p̄.

Lemma 4 states that the difference in the total amount of waiting processing re-

quirements between any two nondelay schedules for any given instance of the uniform

parallel machine problem is always bounded from above by a constant. This implies

that, in the long run, any nondelay algorithm for Qm|xj ∼ stoch, rj|
∑

wjCj is as

fast as any other nondelay algorithm. Based on this observation, we can show the

following:

Lemma 5 Consider any nondelay algorithm A for the stochastic uniform parallel

machine problem Qm|xj ∼ stoch, rj|
∑

wjCj with bounded job processing require-

ments. If Assumption 3 is satisfied, then with probability one Y A
t < ∞, ∀t > 0.

Proof. The proof is based on Lemma 4, i.e., the difference in the total amount of

waiting processing requirements between any two nondelay schedules for any given

instance of Qm|xj ∼ stoch, rj|
∑

wjCj is always bounded by a constant. We first show

that with probability one the total amount of waiting processing requirement obtained

by applying the FCFS rule, which is a special nondelay algorithm, to Qm|xj ∼

stoch, rj|
∑

wjCj is finite at any time t > 0. Then, based on Lemma 4, the result

follows easily.
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Let P FCFS
t denote the total amount of waiting processing requirements at time t

obtained by applying the FCFS rule to Qm|xj ∼ stoch, rj|
∑

wjCj. Recall from Sec-

tion 1.5 that this problem is denoted by Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj. Again,

we consider the modified version of Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj, <Q, which

was studied in Section 1.5. Recall that in <Q there are m queues, one for each

of the m machines. Each arriving job will be routed into the queue of machine

i with a probability Pri = si/
∑m

k=1 sk and each machine will serve the jobs as-

signed to it according to the FCFS rule with no jockeying allowed between any two

queues. In addition, problem <Q can be decomposed into single machine subprob-

lems <Qi(i = 1, 2, · · · , n), each consisting of machine i and the set of jobs that are

assigned to machine i. Let P FCFS
t (Qi) denote the total amount of waiting processing

requirement at time t in subproblem <Qi(i = 1, 2, · · · , n), then it is easy to see that

P FCFS
t ≤

∑m
i=1 P FCFS

t (Qi), ∀t > 0, since the condition which we added in order

to transform Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj into <Q (and <Qis) constitutes a

restriction on Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj. Furthermore, from the queueing

theory (see, e.g., Gross and Harris, 1985, pp333) we know that for each subprob-

lem <Qi(i ∈ {1, 2, · · · , m}), the waiting time of jobs in the steady state (which is

guaranteed by Assumption 3), denoted by WQi, has the following distribution:

Pr{WQi ≤ τ} = 1 − µi

λi

e
− 1

µi
(1−µi

λi
)τ

(τ > 0),

where µi and λi are, resp., the mean values of the interarrival times and processing

requirements of the jobs assigned to machine i. According to inequality 1.11,
µi

λi

<

1(∀i ∈ {1, 2, · · · , m}) and we have Pr{WQi = ∞} = 0. Thus with probability equal

to one WQi < ∞(∀i ∈ {1, 2, · · · , m}).

Moreover, observe that in each sub-problem <Qi(i = 1, 2, · · · , n) the waiting time

of any job j is equal to the amount of waiting processing requirement that is present

in the system upon job j’s arrival. Hence, with probability equal to one we have
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P FCFS
t (Qi) < ∞(∀i ∈ {1, 2, · · · , m},∀t = r1, r2, · · · , rn). Also observe that the total

amount of waiting processing requirement never increases during the time intervals

(tj, tj+1)(j = 1, 2, · · · , n), which implies P FCFS
t (Qi) < ∞(∀i ∈ {1, 2, · · · , m},∀t > 0)

and

P FCFS
t ≤

m∑
i=1

P FCFS
t (Qi) < ∞, ∀t > 0 (1.14)

Now we have shown that with probability one the total amount of waiting pro-

cessing requirement at any time obtained by applying the FCFS rule to Qm|xj ∼

stoch, rj|
∑

wjCj is finite. According to Lemma 4, the difference in the total amount

of waiting processing requirements obtained by applying FCFS and any other nonde-

lay algorithm A is bounded by the constant term (m− 1)p̄. Therefore we have, with

probability equal to one, that

Y A
t ≤ PA

t

p
¯

≤ P FCFS
t + (m− 1)p̄

p
¯

< ∞, ∀t > 0,

where PA
t is the total amount of waiting processing requirements at time t obtained

by applying algorithm A.

Lemma 6 Consider any nondelay schedule of the uniform parallel machine problem

Qm|xj ∼ stoch, rj|
∑

wjCj, we have

n∑
j=1

Wj ≤ (Ȳ A
t − 1)

n∑
j=1

xj∑m
i=1 si

and

n∑
j=1

fj ≤ Ȳ A
t

n∑
j=1

xj∑m
i=1 si

Proof. Let us first consider a general scheduling environment. A job j can incur a

waiting time during any time interval [t, t + δt] if and only if both of the following

two conditions hold:

(a). job j is in the system during [t, t + δt];
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(b). job j is not being processed during [t, t + δt];

This implies that the amount of waiting time incurred by all the jobs in any time

interval [t, t + δt] is equal to Y A
t δt. Hence the total amount of waiting time incurred

by all the jobs in any (delay or nondelay) schedule of any scheduling problem is equal

to

∫ ∞

0

Y A
t dt.

Now, consider any nondelay schedule. A job can be waiting at time t only if at

least one of the other jobs is being processed at time t. Therefore, define

νt =

 1: at least one job is being processed at time t;

0: otherwise.

we then have

n∑
j=1

Wj =

∫ ∞

0

Y A
t dt =

∫ ∞

0

Y A
t νtdt ≤ Ȳ A

t

n∑
j=1

xj

s(j,i)

(1.15)

Note that the lower bound given in Equation 1.15 is very loose since we are

implicitly assuming that a job j ∈ {1, 2, · · · , n} can wait for itself. Hence a tighter

bound can be obtained by subtracting the total processing times of all the jobs from

the lower bound given in Equation 1.15. Namely

n∑
j=1

Wj ≤ Ȳ A
t

n∑
j=1

xj

s(j,i)

−
n∑

j=1

xj

s(j,i)

= (Ȳ A
t − 1)

n∑
j=1

xj

s(j,i)

,

and

n∑
j=1

fj =
n∑

j=1

Wj +
n∑

j=1

xj

s(j,i)

≤ Ȳ A
t

n∑
j=1

xj

s(j,i)

,

In the special case of the nondelay uniform parallel machine problem (or any

other nondelay scheduling problem with no precedence constraints) a job can be

waiting at time t only if all the machines are busy at time t. Hence, define

ωt =

 1: all the machines are busy at time t;

0: otherwise.
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we then have

n∑
j=1

Wj =

∫ ∞

0

Y A
t dt =

∫ ∞

0

Y A
t ωtdt

≤ Ȳ A
t

n∑
j=1

xj∑m
i=1 si

−
n∑

j=1

xj

s(j,i)

≤ (Ȳ A
t − 1)

n∑
j=1

xj∑m
i=1 si

,

and

n∑
j=1

fj =
n∑

j=1

Wj +
n∑

j=1

xj

s(j,i)

≤ Ȳ A
t

n∑
j=1

xj∑m
i=1 si

.

Theorem 4 Consider any nondelay algorithm A for the uniform parallel machine

problem Qm|xj ∼ stoch, rj|
∑

wjCj with bounded job processing requirements. If

Assumption 3 is satisfied, then with probability one we have lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. We first show that with probability one lim
n→∞

∑n
j=1 fj

n
< ∞, where fj is the

flow time of job j ∈ {1, 2, · · · , n}. According to Lemma 6

lim
n→∞

∑n
j=1 fj

n
≤ lim

n→∞

Ȳ A
t

∑n
j=1(xj/

∑m
i=1 si)

n

≤ lim
n→∞

Ȳ A
t

∑n
j=1(p̄/

∑m
i=1 si)

n

= Ȳ A
t

p̄∑m
i=1 si

.

Since
p̄∑m

i=1 si

is a constant and, according to Lemma 5, almost surely Ȳ A
t < ∞,

therefore with probability one lim
n→∞

∑n
j=1 fj

n
< ∞. Now we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

∑n
j=1 wjCj∑n
j=1 wjrj

= lim
n→∞

(1 +

∑n
j=1 wjfj∑n
j=1 wjrj

)

≤ 1 + lim
n→∞

∑n
j=1 w̄fj∑n
j=1 w

¯
rj

= 1 + lim
n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj
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Since with probability one lim
n→∞

∑n
j=1 fj

n
< ∞, based on equality Equation 1.3 we

have, with probability one that,

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ 1 + lim

n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj

= 1 + lim
n→∞

w̄n
∑n

j=1 fj

n

w
¯

∑n
j=1 rj

= 1,

where the last equality is based on Equation 1.3.

1.7 Concluding Remarks and Discussions

In this chapter we have shown that any nondelay algorithm is asymptotically

optimal for the online stochastic single machine problem, uniform parallel machine

problem and flow shop problem under some mild assumptions. Some arguments in

this chapter might be used to prove similar asymptotic optimality results for other

stochastic online scheduling problem, e.g., the stochastic online open shop problem.

Our numerical studies (see Chapter 3, also see Chen and Shen 2003a and Chen and

Shen 2003b ) also show that these asymptotic optimality results may be extendable

to the stochastic online open shop and job shop problems.

1.8 Notes

1. Xia et al (2000) show that equality Equation 2.17 holds as long as the n
jobs are scheduled based only on the information associated with each job
j’s(j = 1, 2, · · · , n) total processing requirements on the m machines and not on
each job j’s(j = 1, 2, · · · , n) processing requirement on each of the m machines.
Since in the stochastic online scheduling environment the processing require-
ments of each job remain unknown until the job is finished, Xia el al’s assump-
tion is automatically satisfied by any nondelay schedule for any stochastic online
scheduling problem. Therefore, equality 2.17 holds for any nondelay schedule
for the stochastic online flow shop problem Fm|xji ∼ stoch, rj|

∑
wjCj.

2. Kolmogorov’s Inequality : Let X1, X2, · · · , Xn be independent random variables
such that E[Xk] = 0 and V ar[Xk] < ∞ for k = 1, 2, · · · , n. Then for each
τ > 0:

P ( max
1≤k≤n

|Sk| ≥ τ) ≤ 1

λ2

n∑
k=1

V ar[Xk]
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where Sk = X1 + X2 + · · · + Xk.



CHAPTER 2
PROBABILISTIC ASYMPTOTIC ANALYSIS ON STOCHASTIC ONLINE

SCHEDULING PROBLEMS: EXTENDED RESULTS

2.1 Introduction

In this chapter we extend the results in chapter 1 to a much more general realm

for each of the three stochastic online scheduling problems. In particular, we will see

how the i.i.d. assumption on the processing requirements across the jobs are appli-

cable in a more general context, such as multi-class job arrivals and batch arrivals.

In addition, The mutual independence requirement between the interarrival times

and processing requirement is replaced with a much weaker assumption. Further,

for the stochastic online flow shop problem, jobs need not to have i.i.d. processing

requirements across the machines. Instead, they are assumed to be non-decreasingly

transferablly exchangeable, a much weaker assumption compared with the i.i.d. as-

sumption. We also provide examples to illustrate the significance and practical usage

of these extensions.

The rest of this chapter is organized as follows. In Section 2.2, 2.3 and 2.4 we

present the asymptotic optimality results for the stochastic online single machine

problem, uniform parallel machine problem and flow shop problem, respectively. We

conclude our discussion and suggest future research directions in Section 2.5.

2.2 Single Machine Problem

In the stochastic online single machine scheduling problem 1|xj ∼ stoch, rj|
∑

wjCj,

a set of jobs N = {1, 2, · · · , n} arrive over time and have to be processed nonpreemp-

tively on a single machine with speed of one. Job processing requirements are random

variables that are realized online. That is, the release time rj and weight wj remain

25
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unknown until job j is released. The actual processing requirement, xj, is a random

variable whose value remains unknown until job j is finished. Jobs are indexed in

the order of their arrivals. The inter-arrival time is defined to be Lj = rj+1 − rj

(∀j ∈ {0, 1, 2, · · · , n}), where L0 = r1. The flow time of job j is defined to be the

difference of its release time rj and completion time Cj, i.e., fj = Cj − rj. The

waiting time of job j, Wj, is defined to be the difference of its release time, rj, and

start time, Sj, i.e., Wj = Sj − rj and fj = Wj + xj. The objective is to minimize

the total weighted completion time of all the jobs. To facilitate our discussions in

this section and the following section, we define L to be a generic random variable

representing an arbitrary interarrival time and x to be a generic random variable

representing an arbitrary job processing requirement. We also define random vari-

able uj = xj − Lj, (j ∈ 1, 2, · · · , n). We say that job arrivals are independent if

Lj’s(j ∈ 1, 2, · · · , n) are independent, xj’s(j ∈ 1, 2, · · · , n) are independent and,

∀j1 6= j2, Lj1 and xj2 are independent. Further, we have the following assumption for

the stochastic online single machine problem:

Assumption 4

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance

0 < σ2
L < ∞,

• xj, j = 1, 2, · · · , n, are i.i.d. with mean 0 < µ < ∞ and variance 0 < σ2
x < ∞

and µ/λ < 1,

• uj, j = 0, 1, 2, · · · , n, are independent,

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs.

Note that, in Assumption 4, job processing requirements and interarrival times

need not to be mutually independent. This is significant since in real life situations

the processing requirement and interarrival time of a job are often correlated (as

illustrated in Example 1 below). Further, the independence of uj’s is guaranteed if

job arrivals are independent. Under Assumption 4, we can show that a large class
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of nondelay algorithms, which we define to be Processing Requirement Independent

(PRI) nondelay algorithms in the following definition, are asymptotically optimal for

the stochastic online single machine problem.

Definition 1 A nondelay algorithm is Processing Requirement Independent (PRI) if

it does not use any information related to the processing requirements of the jobs.

It should be noted that, requiring an algorithm to be PRI is equivalent to saying

that, from the point of view of job processing requirements, the jobs are indistin-

guishable (see Kingman 1962a). In particular, if the job processing requirements and

interarrival times are mutually independent, then any nondelay algorithm is PRI. If

the job processing requirements and interarrival times are correlated, then any non-

delay algorithm which does not use the information related to the interarrival times is

PRI. Therefore, simple algorithms such as First Come First Serve, Last Come First

Serve and Random Service are included. Now consider any given nondelay algorithm

A for the stochastic online single machine problem 1|xj ∼ stoch, rj|
∑

wjCj. Let Cj

denote the completion time of job j obtained by applying algorithm A and let Z∗(I)

denote the optimum objective value. Under Assumption 4 we can prove the following

theorem.

Theorem 5 Consider any PRI nondelay algorithm for the stochastic online single

machine problem, if Assumption 4 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. We will first show that the mean waiting time of all the jobs obtained by

applying any PRI nondelay algorithm is finite, i.e.,

lim
n→∞

∑n
j=1 fj

n
< ∞.

It is known that (see Loynes 1962 and Note 2), under Assumption 4, the job waiting

times obtained by applying any PRI nondelay algorithm has a limiting distribution

function. Namely, let W denote the the mean waiting time of the jobs obtained by



28

applying any PRI nondelay algorithm, then

W = lim
n→∞

∑n
j=1 Wj

n
. (2.1)

Further, Kingman (1962a, also see Kingman 1962b and Note 1) shows that

W ≤ V ar[L] + V ar[x] − Cov[L, x]

2(E[L] − E[x])
=

(σ2
L + σ2

x − Cov[L, x])

2(λ− µ)
< ∞, (2.2)

where Cov[L, x] is the covariance of L and x. Now, based on Assumption 4 and the

Law of Large Numbers we have

lim
n→∞

∑n
j=1 fj

n
= lim

n→∞

∑n
j=1(Wj + xj)

n

= lim
n→∞

∑n
j=1 Wj

n
+ lim

n→∞

∑n
j=1 xj

n

= W + E(xj)

≤ (σ2
L + σ2

x − Cov[L, x])

2(λ− µ)
+ µ < ∞. (2.3)

We now use inequality 2.3 to prove Theorem 5. In Chapter 1 we showed that

lim
n→∞

nc∑n
j=1 rj

≤ lim
n→∞

3nc

8λn2
= 0, ∀ c < ∞. (2.4)

Therefore, let α =
(σ2

L + σ2
x − Cov[L, x])

2(λ− µ)
+ µ, we then have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

∑n
j=1 wjCj∑n
j=1 wjrj

= lim
n→∞

(1 +

∑n
j=1 wjfj∑n
j=1 wjrj

)

≤ 1 + lim
n→∞

∑n
j=1 w̄fj∑n
j=1 w

¯
rj

= 1 + lim
n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj

≤ 1 + lim
n→∞

w̄nα

w
¯

∑n
j=1 rj

= 1. (2.5)

Now, we extend similar

asymptotic optimality results to more general and practical case such as multi-class

jobs and batch arrivals, as illustrated by the following examples.
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Example 1 Consider a stochastic online single machine problem with K different

classes of jobs. With probability Prk > 0, a new arrival is of the kth class, k ∈

1, 2, · · · , K. Jobs of the kth class have processing requirements that are i.i.d. with

mean µk < ∞ and variance σ2
Bk < ∞ and interarrival times that are i.i.d. with mean

λk < ∞ and variance σ2
Ak < ∞. All the jobs have bounded weights. In addition,∑K

k=1 Prkµk <
∑K

k=1 Prkλk and job arrivals are independent.

Note that Example 1 does not requires that the processing requirements and

interarrival times are independent of each other. For Example 1, we show that any

PRI nondelay algorithm, i.e., nondelay algorithm that does not use the information

related to the classifications of the jobs or the interarrival times, is asymptotically

optimal. We start by showing that Assumption 4 is satisfied by Example 1 by proving

the following lemma:

Lemma 7 In Example 1 we have E[x] < ∞, V ar[x] < ∞, E[L] < ∞ V ar[L] < ∞.

Proof. We will only show that E[x] < ∞ and V ar[x] < ∞. The same arguments can

then be applied to show that E[L] < ∞ and V ar[L] < ∞. According to its definition,

x is a generic random variable representing an arbitrary job processing requirement.

Therefore, x can be expressed in the following form

x = y1z1 + y2z2 + y3z3 + · · · + yKzK =
K∑

k=1

ykzk (2.6)

where each random variable zk(k ∈ {1, 2, · · · , K}) represents the random processing

requirement of a job from the kth class and each random variable yk ∈ {0, 1}(k ∈

{1, 2, · · · , K}) represents whether random variable zk is actually used to generate

the current job processing requirement. It is easy to see that E[x] < ∞, since

E[x] < ∞⇔ E[zk] < ∞,∀k. We also observe that each yk is independent of zk (k ∈

{1, 2, · · · , K}) and E[zk] < ∞, V ar[zk]2 < ∞, (k ∈ {1, 2, · · · , K}), and
∑K

k=1 yk = 1.

In addition, it is easy to verify that 0 < E[yk] ≤ 1, E[y2
k] = E[yk], ∀k ∈ {1, 2, · · · , K},
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and
∑K

k=1 E[yk] = 1 . We then have

V ar[X] = V ar[
K∑

k=1

ykzk] =
K∑

k=1

V ar[ykzk] + 2
∑

k1<k2≤K

Cov[yk1zk1, yk2zk2].

Since yk1zk1 · yk2zk2 = 0,∀k1 6= k2, we have Cov[yk1zk1, yk2zk2] ≤ 0,∀k1 6= k2. There-

fore

V ar[X] = V ar[
K∑

k=1

ykzk] ≤
K∑

k=1

V ar[ykzk]

=
K∑

k=1

{E2[zk]V ar[yk] + E2[yk]V ar[zk] + V ar[yk] · V ar[zk]}

=
K∑

k=1

{E[z2
k](E[y2

k] − E2[yk]) + E[y2
k]V ar[zk]}]

≤
K∑

k=1

{E[yk]E[z2
k] + E[yk]V ar[zk]})

=
K∑

k=1

{E[yk](2V ar[zk] + E2[zk])}.

Since
∑K

k=1 yk = 1, E[zk] < ∞,∀k, and V ar[zk] < ∞,∀k, the result then follows.

Thus, jobs in Example 1 have i.i.d processing requirements and i.i.d interarrival

times (which are distributed with the special distributions represented by x and L,

resp.) with finite means and variances. In addition, uj(j = 0, 1, 2, · · · , n) are mu-

tually independent and jobs have bounded weights. Therefore, Example 1 satisfies

Assumption 4 and, based on our previous discussions, we can conclude that any non-

delay algorithm is asymptotically optimal as long as it does not use the information

related to the classifications of the jobs or the interarrival times.

Example 2 Consider a stochastic online single machine problem where jobs arrive

and are processed in batches. The interarrival times of batches are i.i.d with mean

λ < ∞ and variance σ2
L < ∞. Jobs have processing requirements that are i.i.d.

with mean µ < ∞ and variance σ2
B < ∞. The number of jobs in the jth

b batch, νjb
,

jb = 1, 2, · · · , nb, are i.i.d, with mean E[ν] < ∞ and σ2
ν < ∞. All the jobs have
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bounded weights. In addition, µE[ν] < λ and batch arrivals are independent. Jobs

within the same batch must be processed in adjacency to each other.

For the problem described in Example 2, we can show that any algorithm which

schedules the batches in a nondelay manner is asymptotically optimal. To see this,

we first give the following lemma which shows that the expected flow time of all jobs

obtained by applying any nondelay algorithm is finite.

Lemma 8 For Example 2, with probability one we have

lim
n→∞

∑n
j=1 fj

n
< ∞, (2.7)

where fj is the flow time of job j obtained by applying any algorithm that schedules

the batches in a nondelay manner.

Proof. We will first show that, almost surely, the expected waiting time of all jobs

obtained by applying any nondelay algorithm is finite. Consider any algorithm that

schedules all the batches, 1, 2, · · · , nb, in a nondelay manner and a randomly selected

job j0 from a randomly selected batch jb0. The expected waiting time of job j0,

denoted by W , consists of two parts: the expected delay caused by the jobs from

other batches which are processed before batch jb0, denoted by Wa, and the expected

delay caused by the jobs from the same batch jb0 which are processed before job j0,

denoted by Wb. Namely, we have W = Wa + Wb. To show that W < ∞, we will first

show that Wa < ∞ and then Wb < ∞.

Since Wa is the inter-batch delay, we can analyze Wa by considering each of the

batches, 1, 2, · · · , nb, as a single job. In this way, we can apply inequality 2.2 to derive

an upper bound of Wa. Let pb denote the total processing requirement of the jobs in
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a random selected batch we then have

E[pb] = E[E[pb|ν]] = E[µν] = µE[ν] < λ < ∞

V ar[pb] = E[V ar[pb|ν]] + V ar[E[pb|ν]]

= E[ν]σ2
x + µ2V ar[ν] < ∞. (2.8)

Then, according to inequality 2.2, we have Wa < ∞. Now, lets consider Wb. Note

that Wb = E[
q∑

l=1

x{jb0,l}], where the random integer variable q + 1 is the position in

line of the randomly selected job j0 within its batch jb0 and {jb0, l} is the index of the

job which is processed lth within the batch jb0. To analyze Wb, we have to analyze

the distribution of q first. Observe that the probability Pr(q = l0) is equal to the

proportion of the jobs which are processed (q + 1)st within their own batches in the

long run. This proportion is equal to the total number of jobs which are processed

(q + 1)st within their own batches divided by the total number of jobs in all the

batches. Further, the total number of jobs which are processed (q + 1)st within their

own batches is equal to the number of batches each of which has at least q + 1 jobs

in it. Namely we have

Pr(q = l0) = lim
nb→∞

nbPr(ν > l0)
nb∑

τ=1

ντ

= lim
nb→∞

nbPr(ν > l0)

nbE[ν]
=

Pr(ν > l0)

E[ν]
(2.9)

and

E[q] =
∞∑
l=0

l · Pr(q = l) =
1

E[ν]

∞∑
l=0

l · Pr(ν > l) =
1

E[ν]

∞∑
l=0

{l ·
∞∑

k>l

Pr(ν = k)}

=
∞∑

k=1

{Pr(ν = k) ·
k−1∑
l=0

l} =
∞∑

k=1

{Pr(ν = k) · k − 1 + 1

2
(k − 1)}

=
E[ν(ν − 1)]

2E[ν]
< ∞. (2.10)
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Therefore

Wb = E[

q∑
l=1

x{jb0,l}] = E[E[

q∑
l=1

x{jb0,l}|q]]

= E[qµ] = E[q]E[ν] =
E[ν(ν − 1)]

2
< ∞ (2.11)

Now we have shown that W = Wa + Wb < ∞. Since the inter-batch delay has a

limiting distribution function (see Loynes 1962 and the Note 2), it is easy to see that

lim
n→∞

∑n
j=1 Wj

n
= lim

n→∞

∑n
j=1 Wja

n
+ lim

n→∞

∑n
j=1 Wjb

n
= Wa + Wb = W,

where Wja, Wjb and Wj denote, resp., the inter-batch, within batch and total waiting

times of job j. Then, Based on Assumption 4 and the Law of Large Numbers we have

lim
n→∞

∑n
j=1 fj

n
= lim

n→∞

∑n
j=1(Wj + xj)

n
= lim

n→∞

∑n
j=1 Wj

n
+ lim

n→∞

∑n
j=1 xj

n

= W + µ < ∞.

Given Lemma 8, we can use the same arguments as those used in the proof of

Theorem 5 to show that any algorithm which schedules the batches in a nondelay

manner is asymptotically optimal for the problem described in Example 2. We also

want to point out that examples more general than Examples 1 and 2 exist for

which most nondelay algorithms are asymptotically optimal. For example, consider a

stochastic online single machine problem with K different classes of jobs that arrive

and are processed in batches. With probability Prk > 0, an arriving batch is from the

kth class, k ∈ 1, 2, · · · , K. Batches from the kth class have i.i.d. interarrival times with

λk < ∞ and variance σ2
Ak < ∞ and i.i.d. batch sizes with mean E[νk] < ∞ and σ2

νk <

∞. Jobs within the batches from the kth class have i.i.d. processing requirements with

mean µk < ∞ and variance σ2
Bk < ∞. In addition,

∑K
k=1 PrkE[νk]µk <

∑K
k=1 Prkλk.

Jobs within the same batch must be processed in adjacency to each other. Using
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arguments similar to those we have presented in the the proofs of Lemma 7 and

Lemma 8, it can be easily shown that any algorithm which schedule the batches in a

nondelay manner and does not use the information related to the classifications and

interarrival times is asymptotically optimal for this example.

2.3 Uniform Parallel Machine Problem

In the stochastic online uniform parallel machine scheduling problem, a set of

jobs arriving over time must be processed nonpreemptively on one of the m given

machines. Machine i ( i ∈ {1, · · · , m} ) has constant speed si > 0 and can process

at most one job at a time. Machines are indexed in the nonincreasing order of their

speeds, i.e., s1 ≥ s2 ≥ · · · ≥ sm−1 ≥ sm > 0. For each machine i ∈ {1, 2, · · · , m},

we define st
i = si if machine i is busy at time t and st

i = 0 otherwise. For each job

j ∈ {1, 2, · · · , n}, the release time rj and weight wj remain unknown until job j is

released. The job processing requirement xj is a random variable whose actual value

remains unknown until job j is finished. The time it takes to process job j on machine

i is equal to xj/si. Jobs are indexed in the order of their arrivals and the inter-arrival

time is defined to be Lj = rj+1 − rj (∀j ∈ {0, 1, 2, · · · , n}), where L0 = r1. The flow

time of job j is defined to be the difference of its release time rj and completion time

Cj, namely, fj = Cj−rj. The waiting time of job j, Wj, is defined to be the difference

of its release time, rj, and start time, Sj, namely, Wj = Sj−rj and fj = Wj +xj/s(j,i),

where (j, i) is the machine on which job j is processed. The objective is to find a

feasible schedule for all the jobs in N that minimizes the total weighted completion

time. Our assumptions for the stochastic online uniform parallel machine problem

can be summarized as the following:

Assumption 5

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance

0 < σ2
L < ∞,

• xj, j = 1, 2, · · · , n, are i.i.d.with mean 0 < µ < ∞ and variance 0 < σ2
x < ∞,
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• uj, j = 0, 1, 2, · · · , n, are independent and
µ

λ
∑m

i=1 si

< 1,

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs j.

Note that, in Assumption 5, job processing requirements and interarrival times

need not to be mutually independent. The much weaker assumption that uj’s are

independent is satisfied as long as the job arrivals are independent. Under assumption

5 we can show that a simple First Come First Serve(FCFS) rule is asymptotically

optimal for the stochastic online uniform parallel machine problem. The FCFS) rule

can be described as follows: whenever any machine is available at time t, find the

machine i∗ such that si∗ − st
i∗ = max{si − st

i}, and start processing on machine i∗

the job that has been waiting for the longest. If there is no job waiting, then the

machine remains idle until the next job is available. Let Cj denote the completion

time of job j obtained by applying the FCFS rule to the stochastic online uniform

parallel machine problem and let Z∗(I) denote the optimum objective value, we then

have the following theorem.

Theorem 6 Consider the FCFS rule, if Assumption 5 is satisfied, then with proba-

bility one lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. Denote the uniform parallel machine problem with the FCFS rule by Qm|xj ∼

stoch, rj, FCFS|
∑

wjCj. We first derive an upper bound on the mean flow time

of jobs in Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj by decomposing this uniform parallel

machine problem into m single machine problems as follows. Suppose the scheduling

environment is changed and instead of having a single queue of jobs for all the m

machines, we have m queues, one for each of the m machines. Furthermore, each

arriving job will be routed into the queue of machine i with a probability Pri =

si/
∑m

k=1 sk and each machine i ∈ {1, 2, · · · , m} will serve the jobs that are assigned

to it according to the FCFS rule with no jockeying allowed between any two queues.

We denote this new problem by <Q. It is easy to see that the mean waiting time

of jobs in <Q, denoted by E[WQ], is an upper bound on the mean waiting time in
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Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj, since the condition which we added in order to

transform Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj into <Q constitutes a restriction on

Qm|xj ∼ stoch, rj, FCFS|
∑

wjCj. Namely,

lim
n→∞

∑n
j=1 Wj

n
< E[WQ].

Now, consider the problem <Q and let Li
j and xi

j(j ∈ {1, 2, · · · , ni}) denote,

resp., the interarrival times and processing requirements of the jobs that are assigned

to machine i. Then, based on Assumption 5 it is easy to see

(a). all the Li
j’s (j = 1, 2, · · · , ni) are i.i.d., ∀i ∈ {1, 2, · · · , m};

(b). all the xi
js(j = 1, 2, · · · , ni) are i.i.d, ∀i ∈ {1, 2, · · · , m};

(c). all the ui
js: ui

j = xi
j − Li

j are mutually independent, ∀i ∈ {1, 2, · · · , m};

(d).
E[pi

j]

E[Li
j]

=
µ/si

λ
∑m

k=1 sk/si
< 1, ∀i ∈ {1, 2, · · · , m}.

Then every machine i ∈ {1, 2, · · · , m} together with the set of jobs that are assigned

to it constitute a sub-problem of <Q, which resembles the stochastic single machine

problem that was discussed in Section 2.2. Let <Qi denote these sub-problems and

let W i
j (j ∈ {1, 2, · · · , ni}) and E[WQi] denote, resp., the waiting times of jobs and

the mean waiting time of jobs in subproblem <Qi (i ∈ {1, 2, · · · , m}) by applying the

FCFS rule. Then, based on inequality 2.1 and 2.2 we have

lim
ni→∞

∑n
j=1 W i

j

ni

= E[WQi]

≤
V ar[Li

j] + V ar[xi
j] − Cov(Li

j, x
i
j)

2(E[Li
j] − E[xi

j])
, ∀i ∈ {1, 2, · · · , m},(2.12)

and

E[WQ] = E[
m∑

i=1

PriWQi] =
m∑

i=1

PriE[WQi].

In Chapter 1 we showed that, under Assumption 5, V ar[Li
j] < ∞, V ar[xi

j] <

∞, E[Li
j] < ∞ and E[xi

j] < ∞, ∀i ∈ {1, 2, · · · , m}. Therefore Cov(Li
j, x

i
j) ≤
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V ar[Li

j]V ar[xi
j] < ∞ and

lim
n→∞

∑n
j=1 Wj

n
< E[WQ] =

m∑
i=1

PriE[WQi] < ∞. (2.13)

Now, based on Equation 2.13 and the Law of Large Numbers

lim
n→∞

∑n
j=1 fj

n
= lim

n→∞

∑n
j=1(Wj + xj/s(j,i))

n

= lim
n→∞

∑n
j=1 Wj

n
+ lim

n→∞

∑n
j=1 xj/s(j,i)

n

≤ E[WQ] + lim
n→∞

∑n
j=1 xj/sm

n

= E[WQ] +
1

sm

µ < ∞.

Let α = E[WQ] +
1

sm

µ, we then have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

∑n
j=1 wjCj∑n
j=1 wjrj

= lim
n→∞

(1 +

∑n
j=1 wjfj∑n
j=1 wjrj

)

≤ 1 + lim
n→∞

∑n
j=1 w̄fj∑n
j=1 w

¯
rj

= 1 + lim
n→∞

w̄
∑n

j=1 fj

w
¯

∑n
j=1 rj

≤ 1 + lim
n→∞

w̄nα

w
¯

∑n
j=1 rj

= 1.

Theorem 6 immediately leads to a much more general extension. Specifically,

with the additional assumption that all jobs have bounded processing requirements,

i.e., there exist constants p̄ ≥ p
¯

> 0 such that p
¯
≤ pj ≤ p̄ for all jobs j ∈ {1, 2, · · · , n},

we can show that any PRI nondelay algorithm is asymptotically optimal for the

stochastic online uniform parallel machine problem under assumption 5. Consider

any nondelay algorithm A for 1|xj ∼ stoch, rj|
∑

wjCj. Let Cj denote the completion

time of job j obtained by applying algorithm A and let Z∗(I) denote the optimum

objective value. We then have the following theorem
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Theorem 7 Consider any PRI nondelay algorithm for the stochastic uniform parallel

machine problem with bounded processing requirements, if Assumption 5 is satisfied,

then with probability one lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. Based on Lemma 1.6.1, Lemma 1.6.2 and Lemma 1.6.3 in Chapter 1 and

Theorem 6, The result immediately follows.

We also want to mention that examples similar to Example 1 and Example 2 can

be constructed to show how similar asymptotic optimality results can be extended to

more general situations, e.g., problems with multi-class jobs and batch arrivals.

2.4 Flow Shop Problem

In the stochastic online flow shop problem Fm|xji ∼ stoch, rj|
∑

wjCj, a set

of n jobs have to be processed non-preemptively on m machines. Each machine i

(i ∈ 1, 2 · · · , m) has speed si = 1 and can process at most one job at a time. Each

job j (j = 1, 2, · · · , n) must visit all the m machines in the same order: 1, 2, · · · , m.

Associated with each job j is a release time rj, a weight wj and a processing require-

ment xji of job j on machine i. The release time rj and weight wj remain unknown

until job j is released. The processing requirement of each job j, xji, j ∈ {1, 2, · · · , n},

i ∈ {1, 2, · · · , m} is a random variable whose actual value remains unknown until job

j is finished. The total processing requirements of job j on all machines, denoted by

xj, is equal to
∑m

i=1 xji. Jobs are indexed in the order of their arrivals and the inter-

arrival time is defined to be Lj = rj+1 − rj (∀j ∈ {0, 1, 2, · · · , n}), where L0 = r1.

The objective is to determine a permutation schedule of the jobs so that the total

weighted completion times of all jobs is minimum.

To facilitate our discussions, we define L to be a generic random variable repre-

senting an arbitrary interarrival time and x to be a generic random variable represent-

ing an arbitrary job processing requirement on the first machine. We also define Xj

to be the random vector {xj1, xj2, · · · , xjn} and define random variable uj = xj1−Lj,
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(j ∈ 1, 2, · · · , n). We say that job arrivals are independent if Lj’s(j ∈ 1, 2, · · · , n) are

independent, Xj’s(j ∈ 1, 2, · · · , n) are independent and, ∀j1 6= j2, Lj1 and Xj2 are

independent. Our assumptions for the stochastic online flow shop problem can be

summarized as following:

Assumption 6

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance 0 < σ2
L < ∞

• xj1, j = 1, 2, · · · , n are i.i.d. with mean 0 < µ < ∞ and variance 0 < σ2
x < ∞

• xj1, xj2, · · · , xjm, j ∈ {1, 2, · · · , n}, are exchangeable (see the Note 3)

• uj, j = 1, 2, · · · , n, are independently with µ/λ < 1

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs.

Note that Assumption 6 represents two significant extensions compared with

our results in Chapter1, which assume that the interarrival times and processing

requirements are mutually independent and the processing requirements are i.i.d.

across all the jobs and machines. In Assumption 6, job processing requirements no

longer need to be independent of interarrival times. The much weaker assumption that

uj’s are independent is satisfied as long as the job arrivals are independent. Further,

the processing requirements of each job j on the m machines, xj1, xj2, · · · , xjm, no

longer need to be i.i.d but only need to be exchangeable. The significance of these

extensions is three-fold. First, in real life situations the processing requirement and

interarrival time of a job are often correlated (as illustrated in Example 1). Second,

i.i.d., random variables are only a special class of exchangeable variable. Finally, in

practice, processing times of the same job on different machines are often correlated.

Under Assumption 6 we can show any PRI nondelay algorithmsis asymptotically

optimal for the stochastic online flow shop problem. Consider any nondelay algorithm

A for the stochastic online flow shop problem Fm|xj ∼ stoch, rj|
∑

wjCj. Let Cj

denote the completion time of job j obtained by applying algorithm A and let Z∗(I)

denote the optimum objective value. We then have the following theorem.
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Theorem 8 Consider any PRI nondelay algorithm for the stochastic online flow shop

problem, if Assumption 6 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.

Proof. To facilitate the proof, we re-index the jobs in the increasing order of their

starting times on the first machine, i.e., S11 < S21 < · · · < Sn1. Then according to

Liu (2001) we have the following upper bound on Z∗(I):

n∑
j=1

wjCj ≤
n∑

j=1

wj max
1≤l≤j

{rl +

j∑
k=l

xk1} +
m∑

i=2

max
1≤a≤b≤n

b∑
k=a

(xki − xk1)
n∑

j=1

wj

+ m · max
j=1,2,··· ,n

xj1

n∑
j=1

wj, (2.14)

and therefore

lim
n→∞

n∑
j=1

wjCj

Z∗(I)
≤ lim

n→∞

n∑
j=1

wj max
1≤l≤j

{rl +
j∑

k=l

xk1}

Z∗(I)
+ lim

n→∞

m∑
i=2

max
1≤a≤b≤n

b∑
k=a

(xki − xk1)
n∑

j=1

wj

Z∗(I)

+ lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
j=1

wj

Z∗(I)
. (2.15)

Note that the upper bound given in Equation 2.15 has three components. We

will analyze them one by one. For the first component, we observe that is closely

related to the stochastic online single machine problem which we analyzed in Section

2.2. To see this, we consider a stochastic online single machine problem, referred to

as <F , which is constructed as follows. To every instance I of the problem Fm|xji ∼

stoch, rj|
∑

wjCj, we associate an instance IF of the single machine problem 1|xj ∼

stoch, rj|
∑

wjCj, which has a machine speed of one, the same number of jobs with

the same job characteristics as instance I except that each job j in IF has a processing

requirement xj = xj1, i.e., the processing requirement of job j on the first machine in

instance I. Consider any nondelay algorithm A and let Cj1 (j = 1, 2, · · · , n) denote
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the completion time of job j in IF then it is easy to verify that

Cj1 = max
1≤l≤j

{rl +

j∑
k=l

xk1} (2.16)

Therefore, the numerator of the first component in the upper bound given in

Equation 2.14 can be interpreted as the total weighted completion time obtained by

applying algorithm A to the stochastic single machine problem <F , which has been

studied in Section 2.2. In addition, let Z∗(IF ) denote the optimum objective value of

IF then it is easy to see that Z∗(I) < Z∗(IF ). Therefore, according to Theorem 5 we

have

lim
n→∞

n∑
j=1

wj max
1≤l≤j

{rl +
j∑

k=l

xk1}

Z∗(I)
≤ lim

n→∞

n∑
j=1

wj max
1≤l≤j

{rl +
j∑

k=l

xk1}

Z∗(IF )

≤ lim
n→∞

n∑
j=1

wj max
1≤l≤j

{rl +
j∑

k=l

xk1}∑n
j=1 wjrj

= 1, a.s.

For the second component, Xia et al (2000, also see the Note 4) proved that under

Assumption 6, with probability equal to one

lim
n→∞

1

n
max

1≤a≤b≤n

b∑
k=a

(xki − xk1) = 0, i = 2, · · · , m. (2.17)

Since Z∗(I) ≤ w
¯

n∑
j=1

rj, Equation 2.17 implies that

lim
n→∞

m∑
j=2

max
1≤a≤b≤n

b∑
j=a

(xji − xj1)
n∑

k=1

wk

Z∗(I)
≤ lim

n→∞

nw̄
m∑

j=2

max
1≤a≤b≤n

b∑
j=a

(xji − xj1)

w
¯

n∑
j=1

rj

= 0, a.s..

Finally, for the third component, we use the Kolmogorov’s Inequality (see, e.g.,

Williams 1991 and the Note 5) to show that with probability one

lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
k=1

wk

Z∗(I)
= 0.
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To do this, we first define random variables zj = xj1 − µ,∀j ∈ {1, 2, · · · , n}, so

that zj(j ∈ {1, 2, · · · , n}, are i.i.d. with mean 0 and variance 0 < σ2
z < ∞. We then

define j∗ such that |zj∗| = max
1≤j≤n

|zj| and we have

zj∗ =

j∗∑
j=1

zj −
j∗−1∑
j=1

zj and |zj∗| ≤ |
j∗∑

j=1

zj| + |
j∗−1∑
j=1

zj| ≤ 2 max
1≤k≤n

|
k∑

j=1

zj|.

Now, for any given τ we have

Pr{
max
1≤j≤n

zj

n
≥ τ} = Pr{max

1≤j≤n
zj ≥ nτ} ≤ Pr{max

1≤j≤n
|zj| ≥ nτ}

≤ Pr{2 max
1≤k≤n

|
k∑

j=1

zj| ≥ nτ} ≤ Pr{ max
1≤k≤n

|
k∑

j=1

zj| ≥
nτ

2
}

≤ 1

(nτ
2

)2

n∑
j=1

V ar(zj) =
1

(nτ
2

)2
nσ2

z =
4σ2

z

nτ 2

where the last inequality was by Kolmogorov’s Inequality. Equation 2.18 implies that

with probability one

lim
n→∞

max
1≤j≤n

xj1

n
= lim

n→∞

max
1≤j≤n

zj

n
= 0. (2.18)

Therefore with probability one we have

lim
n→∞

m · max
j=1,2,··· ,n

xj1

n∑
k=1

wk

Z∗(I)
≤ lim

n→∞

m · n · w̄ · max
j=1,2,··· ,n

xj1

w
¯

n∑
j=1

rj

≤ lim
n→∞

3m · n · w̄ · max
j=1,2,··· ,n

xj1

8w
¯

λn2
= 0.

where the last inequality is due to inequality Equation 2.4.

Theorem 8 immediately leads to more general extensions. To see this, let us first

look at the following two examples.

Example 3 Consider a stochastic online two-machine flow shop problem where jobs

arrive with constant interarrival time L = 6. Each job j, j ∈ {1, 2, · · · , n}, has
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processing requirements on the two machines which satisfy: xj1 = xj2 and xj1 ∼

Uniform[4, 6].

Example 4 Consider a stochastic online two-machine flow shop problem where jobs

arrive with constant interarrival time L = 6. Each job j, j ∈ {1, 2, · · · , n}, has

processing requirements on the two machines which satisfy: xj2/xj1 = 0.75 and

xj1 ∼ Uniform[4, 6].

Compare Example 3 and Example 4 and we observe that these two examples

are almost identical except that in Example 4 the workload on the second machine

is lighter than the first machine. In addition, in both examples, the machines have

enough capacity. Observe that, in Example 3, each job has exchangeable (but not

i.i.d.) processing requirements on the two machines. Based on our previous discus-

sions it can be concluded that any nondelay algorithm which generates a permutation

schedule is asymptotically optimal for Example 3. When we compare Example 3 and

Example 4, it seems intuitive that any nondelay algorithm is also asymptotically op-

timal for Example 4. In the following, we will prove that this intuition is indeed

true.

Note that, for each job j in Example 4, xj1 and xj2 are not exchangeable. How-

ever, if we define random variable vj2 = 4
3
xj2, then xj1 and vj2 are exchangeable.

We call the transformation from xj2 to vj2 a non-decreasingly transformation. Con-

sequently, we say that xj1 and xj2 are non-decreasingly transformablly exchange-

able, since the transformation is non-decreasing (for non-negative variables) and the

transformed variables are exchangeable. We also observe that this transformation

is machine capacity preserving in the sense that the transformed problem becomes

identical to Example 3 and the machine capacity remains enough in the transformed

problem. Recall that any nondelay algorithm is asymptotically optimal for Example
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3 and, therefore, so as the transformed problem of Example 4. We will then use the

transformed problem of Example 4 and arguments similar to those used previously

to prove that any nondelay algorithm is asymptotically optimal for Example 4 (and

the class of problems represented by it). The relaxed assumption for the stochastic

online flow shop problem can be summarized as the following:

Assumption 7

• Lj, j = 0, 1, 2, · · · , n, are i.i.d. with mean 0 < λ < ∞ and variance

0 < σ2
L < ∞,

• for each job j, j = 1, 2, · · · , n, there exists a transformation Tj = {Tj1, Tj2, · · · , Tjm, },

such that:

– Tji is nondecreasing, i.e., Tji(δ) ≥ δ,∀i and δ ≥ 0;

– the transformed random variables, Tj1(xj1), Tj2(xj2), · · · , Tjm(xjm), are ex-

changeable;

– the transformed processing requirements on the first machine of all jobs,

T11(x11), T21(x21), · · · , Tn1(xn1), are i.i.d. with mean 0 < µ < ∞ and

variance 0 < σ2
x < ∞,

• uj, j = 0, 1, 2, · · · , n, are independent and µ < λ,

• there exist constants w̄ ≥ w
¯

> 0 such that w
¯
≤ wj ≤ w̄ for all jobs.

Under Assumption 7 we can show any PRI nondelay algorithms is asymptotically

optimal for the stochastic online flow shop problem. Consider any nondelay algorithm

A for the stochastic online flow shop problem Fm|xj ∼ stoch, rj|
∑

wjCj. Let Cj

denote the completion time of job j obtained by applying algorithm A and let Z∗(I)

denote the optimum objective value. We then have the following theorem.

Theorem 9 Consider any PRI nondelay algorithm for the stochastic online flow shop

problem, if Assumption 7 is satisfied, then with probability one we have

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
= 1.
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Proof. Consider a flow shop problem which satisfies Assumption 7, we construct

its transformed problem using a non-decreasingly and machine capacity preserving

transformation as described before. Specifically, to each nondelay schedule ξ of the

original problem Fm|xj ∼ stoch, rj|
∑

wjCj, we associate a nondelay schedule ξT

of the transformed problem, denoted by P T
F , such that in both ξ and ξT , jobs are

processed in the same order. Since the transformation is nondecreasing, it is easy

to verify that there always exits such a transformed nondelay schedule ξT for each

nondelay schedule ξ of the original problem. Further, the total weighted completion

time of ξ,
∑n

j=1 wjCj, is no more than the total weighted completion time of ξT , which

is denoted by Z(ξT ). Namely, we have
∑n

j=1 wjCj ≤ Z(ξT ). Now, let xT
ji = Tji(xji)

(∀j, i) denote the transformed job processing requirements, then for each job j ∈

{1, 2, · · · , n}, xT
j1, x

T
j2, · · · , xT

jm are exchangeable random variables. In addition, the

transformed processing requirements on the first machine of all jobs, xT
11, x

T
21, · · · , xT

n1,

are i.i.d. with finite variance and finite mean µ < λ. Therefore, the transformed

problem satisfies Assumption 5, and, according to Theorem 8, we have

lim
n→∞

Z(ξT )
n∑

j=1

wjrj

= 0, a.s..

Hence

lim
n→∞

∑n
j=1 wjCj

Z∗(I)
≤ lim

n→∞

Z(ξT )

Z∗(I)
≤ lim

n→∞

Z(ξT )
n∑

j=1

wjrj

= 0, a.s..

These extensions make our asymptotical optimality results

applicable to a much wider range of problems. Further, we give the following two

examples, for which it can be easily shown that any nondelay algorithm which does

not use the information related to the classifications of the jobs or the interarrival

times is asymptotically optimal.
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Example 5 Consider a stochastic online flow shop problem with K different classes

of jobs. With probability Prk, a new arrival is from the kth class (k ∈ 1, 2, · · · , K).

Jobs of the kth class have i.i.d. interarrival times with λk < ∞ and variance σ2
Ak < ∞

and i.i.d. processing requirements on the first machine with mean µk1 < ∞ and

variance σ2
Bk1 < ∞. All jobs have bounded weights. In addition,

∑K
k=1 Prkµk1 <∑K

k=1 Prkλk and job arrivals are independent. Jobs from kth class have processing

requirements on the m machines, {xj1, xj2, · · · , xjm}, such that xji = akixj1 + bkixj1

where aki, bki (∀k, i) are nonnegative constants.

Example 6 Consider a stochastic online flow shop problem where jobs arrive and

are processed in batches. The interarrival times of batches are i.i.d with mean λ < ∞

and variance σ2
L < ∞. Jobs have processing requirements that are i.i.d. across all

the jobs and exchangeable across all the machines with mean µ < ∞ and variance

σ2
B < ∞. The number of jobs in the jth

b batch, νjb
, jb = 1, 2, · · · , nb, are i.i.d, with

mean E[ν] < ∞ and σ2
ν < ∞. All jobs have bounded weights. In addition, µE[ν] < λ

and batch arrivals are independent. Jobs within the same batch must be processed in

adjacency to each other.

2.5 Concluding Remarks

In this chapter we have shown that any nondelay algorithm is asymptotically

optimal for the online stochastic single machine problem 1|xj ∼ stoch, rj|
∑

wjCj,

uniform parallel machine problem Qm|xj ∼ stoch, rj|
∑

wjCj and flow shop problem

Fm|xj ∼ stoch, rj|
∑

wjCj under some mild assumptions. Particularly, we extend

the results in Chapter 1 to a much more general realm for each of the three stochastic

online scheduling problems. Some arguments in this chapter might be used to prove

similar asymptotic optimality results for other stochastic online scheduling problem,

e.g., the stochastic online open shop problem. Our numerical studies (see Chapter 3)

also show that these asymptotic optimality results may be extendable to the stochastic

online open shop and job shop problems.
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2.6 Notes

1. Kingman (1962a) proves inequality Equation 2.2 under a subset of Assump-
tion 4 for the FCFS rule. Kingman (1962b) then shows that the mean waiting
time of jobs is independent of the scheduling algorithm used, as long as the
scheduling algorithm is nondelay and does not use any information related to
the processing requirements.

2. Loynes (1962) shows that, under some assumptions weaker than Assumption
4, the job waiting times have a limiting distribution function under the FCFS
rule, which implies that inequality 2.1 holds under the FCFS rule. Kingman
(1962b) then shows that the mean waiting time of jobs is independent of the
scheduling algorithm used, as long as the scheduling algorithm is nondelay and
does not use any information related to the processing requirements.

3. Exchangeable Variables : A finite or denumerably infinite sequence of random
variables x1, x2, · · · , xk are said to be exchangeable if, for any k > 1 and for
all relevant indices 1 ≤ i1 < i2 < · · · < ik, the distribution of the vector
(x1, x2, · · · , xk) does not depend on the actual subscripts i1, i2, · · · , ik, but only
on the dimension k. Exchangeable variables are identically distributed but not
necessarily independently distributed.

4. Xia et al (2000) show that equality 2.17 holds as long as the n jobs are sched-
uled based only on the information associated with each job j’s(j = 1, 2, · · · , n)
total processing requirements on the m machines and not on each job j’s(j =
1, 2, · · · , n) processing requirement on each of the m machines. Since in the
stochastic online scheduling environment the processing requirements of each
job remain unknown until the job is finished, Xia el al’s assumption is auto-
matically satisfied by any nondelay schedule for any stochastic online schedul-
ing problem. Therefore, equality 2.17 holds for any nondelay schedule for the
stochastic online flow shop problem Fm|xji ∼ stoch, rj|

∑
wjCj.

5. Kolmogorov’s Inequality : Let X1, X2, · · · , Xn be independent random variables
such that E[Xk] = 0 and V ar[Xk] < ∞ for k = 1, 2, · · · , n. Then for each
τ > 0:

P ( max
1≤k≤n

|Sk| ≥ τ) ≤ 1

λ2

n∑
k=1

V ar[Xk]

where Sk = X1 + X2 + · · · + Xk.



CHAPTER 3
COMPREHENSIVE SIMULATION OF STOCHASTIC ONLINE SCHEDULING

PROBLEMS

3.1 Introduction

In the stochastic online scheduling environment a set of jobs N = {1, 2, · · ·n}

arrive over time and must be processed nonpreemptively on one or more of m ma-

chines. The release time and weight of every job j ∈ N remain unknown until job

j arrives. In addition, the processing requirement of every job j ∈ N is a random

variable whose actual value remains unknown until job j is finished. The processing

time of job j is equal to its processing requirement divided by the speed of the ma-

chine on which it is processed. In this chapter we will study five different stochastic

online scheduling problems using three different performance measures. Specifically,

we study the single machine problem, the uniform parallel machine problem, the flow

shop problem, the open shop problem and the job shop problem in the stochastic

online environment.

The performance metrics that we use are the total weighted completion time,

total weighted flow time and total weighted stretch. The flow time of a job is defined

to be the difference of its release time and its completion time. The stretch of a job is

the ratio of its flow time to its total processing requirement. Our work is motivated by

the fact that, although various asymptotically optimal algorithms have been proposed

for the online single machine problem, uniform parallel machine problem and flow

shop problem with the objective of minimizing the total weighted completion time,

little has been done to evaluate the speed of convergence. In addition, up to this

date, no asymptotic performance result or evaluation is known for the total weighted

flow time metric or the total weight stretch metric, which are two of the most natural

48
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metrics for online scheduling problems. We also compare the sensitivity of the three

performance metrics by evaluating the performances of several algorithms under these

three metrics.

First we give a brief description of the five problems we study. In the sin-

gle machine problem, all the jobs must be processed, one at a time, on a single

machine with a unit speed. In the uniform parallel machine problem, there are

m machines each with a constant speed si > 0 (i ∈ {1, 2, · · ·m}) and each job j

(j ∈ {1, 2, · · ·n}) has to be processed on one of the m machines. The shop prob-

lems, namely the flow shop, open shop and job shop, are similar in the sense that

each of the m machines i ∈ {1, 2, · · · , m} has a unit speed and each job j ∈ N

must visit each of the m machines. The differences are that in the flow shop every

job must visit the machines 1,2,· · · , m in that same order, while in the open shop

the sequence in which each job visits the m machines is arbitrary and in the job

shop, each job has to visit the machines in a prespecified order which can be dif-

ferent from job to job. With the objective of minimizing the total weighted com-

pletion time, the stochastic online single machine problem, uniform parallel ma-

chine problem, flow shop problem, open shop problem and job shop problem can

be denoted, in standard scheduling notation (see, e.g., Graham et al., 1979), by

1|xj ∼ stoch, rj|
∑

wjCj, Qm|xj ∼ stoch, rj|
∑

wjCj, Fm|xji ∼ stoch, rj|
∑

wjCj,

Om|xji ∼ stoch, rj|
∑

wjCj, and Jm|xji ∼ stoch, rj|
∑

wjCj, respectively, where xj

is the processing requirement of job j. Note that in the shop problems xj =
∑m

i=1 xji,

where xji is the processing requirement of job j on machine i. The deterministic

variant of these problems, in which the exact processing requirement of every job j

is known upon job j’s arrival at time rj, are denoted respectively by 1|rj|
∑

wjCj,

Qm|rj|
∑

wjCj, Fm|, rj|
∑

wjCj, Om|rj|
∑

wjCj, and Jm|rj|
∑

wjCj. Let fj and

Rj denote, resp., the flow time and stretch of job j ∈ N , then the total weighted flow
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time metric and total weighted stretch metric can be denoted, resp., by
∑

wjfj and∑
wjRj.

In this chapter we say that a job is waiting at time t if it is released but not

being processed at time t. We say that a job is in the system at time t if it has

been released but not finished by time t. We say that a certain amount of processing

requirement is waiting at time t if it has been released but not finished by time t.

Furthermore, throughout this paper we assume that all jobs have bounded weights.

We also assume that the machine(s) in each problem has (have) adequate capacity.

That is, in the long run the mean rate at which jobs arrive is strictly less than the

mean rate at which the machine(s) is (are) capable of processing. We justify this

assumption by observing that, with this assumption being unsatisfied, the number of

jobs that are waiting for processing will keep increasing and will eventually approach

infinity in any feasible schedule. This means that, after a certain period of time, there

will always be an extremely large number of jobs waiting for processing and the vast

majority of job information is known whenever a decision is to be made. Such kind

of a problem bears more characteristics of an offline problem than an online problem

and should be regarded more appropriately as an offline problem and thus will not

be considered in this paper.

The rest of this chapter is organized as follows. In Section 3.2 we briefly review

related results in the literature. In Section 3.3 we present our simulation studies

using Arena, through which we demonstrate that two generic nondelay algorithms

converge very fast to the optimal solutions under the total weighted completion time

metric. Our simulation results also suggest that the same asymptotic optimality

results proved in Chapter 1 for the stochastic online single machine problem, uni-

form parallel machine problem and flow shop problem are possibly extendable to the

stochastic online open shop problem and job shop problem. The simulation results
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also suggest that, compared with the total weighted completion time metric, the to-

tal weighted flow time metric and total weighted stretch metric are more sensitive to

changes in the system parameters and different algorithms and may be better per-

formance measures to be used in the online scheduling environment. We finally draw

our conclusions and suggest future research directions in Section 3.4.

3.2 Literature Review

In this section we briefly review some related results in the literature. Asymp-

totic performance analysis evaluates the performance of an algorithm on large size

instances. Up to this date most known asymptotic results for online scheduling prob-

lems are with the total weighted completion time metric. Kaminsky and Simchi-Levi

(2001a) study the single machine problem 1|rj|
∑

Cj and show that the Shortest Pro-

cessing Time among Available jobs (SPTA) rule is asymptotically optimal for this

problem. Building on the results of Goemans (1997) and Goemans et al. (1999), Chou

et al. (2001) show that a generalized version of SPTA rule, the WSPRA, is asymp-

totically optimal for the weighted version of the single machine problem 1|rj|
∑

wjCj

and the uniform parallel machine problem Qm|rj|
∑

wjCj with bounded weights

and processing requirements. In this heuristic, whenever a machine is available, the

job with the largest ratio wj/xj among all the waiting jobs is selected to be pro-

cessed next. If there is no job waiting, then the machine remains idle until the next

job arrives. Chou et al. derive an upper bound on the maximum delay that any

amount of work can incur in the WSPRA schedule, relative to the LP relaxation

presented by Goemans (1997). They then derive from this bound the asymptotic

optimality of the WSPR algorithm for the single machine and uniform parallel ma-

chine problems. Chou (2001) also extends this result to the stochastic version of

the single machine problem 1|xj ∼ stoch, rj|E[
∑

wjCj], where the metric is to min-

imize the expected total weighted completion times, E[
∑

wjCj]. They prove that

the Weighted Shortest Expected Processing Time (WSEPT) rule is asymptotically
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optimal for 1|xj ∼ stoch, rj|E[
∑

wjCj] as long as the job weights and processing

requirements are bounded and the processing requirements are independently dis-

tributed with known mean values.

For shop problems, Kaminsky and Simchi-Levi (2001b) study the flow shop prob-

lem Fm||
∑

Cj and show that the SPT rule is asymptotically optimal as long as

the job processing requirements are continuously, independently, and identically dis-

tributed (i.i.d.). Kaminsky and Simchi-Levi (1999) and Xia et al. (2000) study the

more general flow shop problem Fm||
∑

wjCj. They use probabilistic analysis to

characterize the effectiveness of the WSPT rule and show that the WSPT rule is

asymptotically optimal for Fm||
∑

wjCj under some mild probabilistic assumptions

on the distributions of job processing times and weights. Building on the results

of Chou et al. (2001), Liu (2001) present two online heuristics and one semi-online

heuristic which are asymptotically optimal for the flow shop problem Fm|rj|
∑

wjCj

with bounded job processing requirements and bounded weights. All of these heuris-

tics are closely related to the WSPRA algorithm.

For the total weighted flow time metric, no asymptotic result is known up to

this date. A few results are available in the domain of competitive analysis. The

interested readers are referred to Chekuri and Khanna (2002) and Chekuri et al.

(2001). For the total weighted stretch metric, no analytical result is known so far and

the special case of total unweighted stretch have been analyzed, in the competitive

analysis domain, by Muthukrishnan et al. (1999) and Bender et al. (2002)

3.3 Total Weighted Completion Time Metric

Although it is known that any nondelay algorithm is asymptotically optimal for

1|xj ∼ stoch, rj|
∑

wjCj, Qm|xj ∼ stoch, rj|
∑

wjCj and Fm|xji ∼ stoch, rj|
∑

wjCj

as long as machine capacity is adequate and some mild conditions on the weights and

processing requirements hold, the rate of convergence of a randomly selected nondelay

algorithm to the optimal solution is still an open question. In this section, we perform
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extensive simulation studies on the performances of two simple nondelay heuristics

denoted by random and FCFS, respectively. In random, whenever a machine is

available we randomly select one of the jobs that are waiting to be processed next.

In FCFS, jobs are processed in the order of their arrivals.

Ideally, we would like to report the performance of random and FCFS relative

to the optimal offline solutions. However, since all these three problems are NP -hard

even in the deterministic setting, finding the optimal offline solutions is prohibitively

expensive. To overcome this difficulty, we compare the performances of random and

FCFS to some lower bounds (see section 3.1.1) of the optimal offline solutions of

these problems. Furthermore, we note that any nondelay algorithm for a stochastic

online scheduling problem is also applicable to its deterministic counterpart but not

vice versa. Thus by simulation we can evaluate the performances of random and

FCFS by comparing it with the WSPRA based algorithms, which have been shown,

by Chou et al. (2001) and Liu (2001), resp., to be asymptotically optimal for the

deterministic online problems 1|rj|
∑

wjCj, Qm|rj|
∑

wjCj and Fm|rj|
∑

wjCj.

3.3.1 Lower Bounds

The Uniform Parallel Machine Problem. First, we present a preemptive single

machine relaxation for the uniform parallel machine problem Qm|rj|
∑

wjCj. The

preemptive single machine scheduling problem, referred to as problem P 1
m, is con-

structed as follows. To every instance I of the problem Qm|rj|
∑

wjCj, we associate

an instance I1
m of the single machine problem 1|rj, pmtn|

∑
wjCj, with the same

number of jobs and same job characteristics as I and a machine speed sm =
∑m

i=1 si.

Chou et al. (2001) shows that the optimal solution of I1
m, denoted by Z1∗

m , is a lower

bound of optimal solution of I, denoted by Z∗
m.

Although Z1∗
m provides a lower bound for Qm|rj|

∑
wjCj, it remains prohibitively

expensive to solve since the problem 1|rj, pmtn|
∑

wjCj is also NP-hard. To resolve
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this difficulty, we use the mean busy date relaxation of general scheduling prob-

lems introduced by Goemans (1997) to generate lower bounds for Z1∗
m . Given a

feasible schedule ξ, the mean busy date Mj of a job j is defined to be the average

of the time instants at which job j is being processing. It can be calculated by

the formula: Mj =
1

xj

∫ T

0

sj(t)tdt, where sj(t) is the speed at which job j is be-

ing processed at time t and T is the time horizon of ξ. When the speed functions

sj(t)(j ∈ {1, 2, · · · , n}) are piecewise constant on t, the mean busy date Mj can be

expressed as the weighted average of the midpoints of the time intervals during which

job j is processed at constant speed. Goemans (1997) (also see Chou et al. 2001)

shows that for any given schedule ξ of 1|rj, pmtn|
∑

wjCj,
∑n

j=1 wj(Mj + xj/2) is a

lower bound of
∑n

j wjCj. Hence, let 1|rj, pmtn|
∑

wjMj denote the mean busy date

relaxation of the problem 1|rj, pmtn|
∑

wjCj and let M∗
j (j ∈ 1, 2, ·, n) denote the

optimal solution to 1|rj, pmtn|
∑

wjMj, then
∑n

j=1 wj(M
∗
j + 1

2
xj) provides a lower

bound of 1|rj, pmtn|
∑

wjCj and, consequently, of Qm|rj|
∑

wjCj. Furthermore,

Goemans (1997) shows that the following greedy algorithm, denoted by LP, opti-

mally solves problem 1|rj, pmtn|
∑

wjMj: At the completion time and the release

time of any job, consider all the jobs currently in the system and the one with the

largest ratio of wj/xj is selected to start (or resume) processing immediately, even

if this forces the preemption of a currently in-process job. If no job is available, the

machine stay idle until at least one job arrives. Algorithm LP is easily implementable

and will be used to compute lower bounds for the uniform parallel machine problem

Qm|xj ∼ stoch, rj|
∑

wjCj.

The Shop Problems and Single Machine Problem. We present a single ma-

chine relaxation for the deterministic flow shop problem Fm|rj|
∑

wjCj, introduced

by Liu (2001). The nonpreemptive single machine problem, referred to as P 1
F , is con-

structed as follows. To every instance I of the problem Fm|rj|
∑

wjCj, we associate

an instance I1
F of the single machine problem 1|rj|

∑
wjCj, which has a machine
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speed of one, the same number of jobs with the same job characteristics as instance

I except that each job j in I1
F has a processing requirement xj = xj1, namely the

processing requirement of job j on the first machine in instance I. Let Z∗
F and Z1∗

F

denote, resp., the optimal solution value of instance I and the optimal solution value

of its single machine relaxation I1
F . Liu (2001) shows that Z1∗

F is a lower bound of Z∗
F

Since 1|rj|
∑

wjCj is also NP-hard, Z1∗
F remains prohibitively expensive to solve.

We then use the relaxation introduced by Dyer and Wolsey (1990) for 1|rj|
∑

wjCj to

generate the lower bounds for Z1∗
F . Dyer and Wolsey (1990) developed the following

integer programming formulation for 1|rj|
∑

wjCj:

Min
n∑

j=1

wjCj (D
′
)

s.t.
n∑

j=1

yjt ≤ 1,∀t = 1, 2, · · · , T ;

T∑
t=1

yjt = xj,∀j = 1, 2, · · · , n;

xj

2
+

1

xj

T∑
t=1

(t− 1

2
)yjt = Cj,∀j = 1, 2, · · · , n;

y ∈ Y ∗;

yjt ∈ {0, 1},∀j = 1, 2, · · · , n; t = rj + 1, · · · , T ;

where T is the scheduling horizon, yjt = 1 if job j is being processed in the time

period [t− 1, t) and Y ∗ are constraints imposing that each job j is processed during

xj consecutive periods. Although in this formulation it is assumed that jobs have

integral processing requirements and release times, it is easy to see that formulation

D
′
is applicable as long as the processing requirements and release times take rational

values, since the time unit in the formulation can be chosen to represent only a fraction

of the actual unit time period, e.g., 1/3 minute. Now let problem (D) denote the

linear programming problem obtained from (D
′
) by dropping the constraints y ∈ Y ∗
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and the integrality constraints, then the optimal objective value of problem D is

a lower bound of both the problem 1|rj|
∑

wjCj and the problem Fm|rj|
∑

wjCj.

Dyer and Wolsey (1990) (see also Hall, et al. 1997) prove that the algorithm LP,

described in section 3.1.1.1, optimally solves the problem D. Hence, we can use

the algorithm LP to calculate lower bounds for the offline optimal solutions of both

the single machine problem 1|xj ∼ stoch, rj|
∑

wjCj and the flow shop problem

Fm|xji ∼ stoch, rj|
∑

wjCj.

Furthermore, it is easy to verify that problem P 1
F also provides valid lower

bounds for the offline optimal solutions of Om|xji ∼ stoch, rj|
∑

wjCj and Jm|xji ∼

stoch, rj|
∑

wjCj. Thus the algorithm LP can also be used to generate lower bounds

for these two problems. We can further modify P 1
F to obtain a tighter lower bound

for the job shop problem, Jm|xji ∼ stoch, rj|
∑

wjCj, as follows: to every instance

I of the problem Jm|rj|
∑

wjCj, we associate an instance I1
J of the single machine

problem 1|rj|
∑

wjCj, which has a machine speed of one and the same number of

jobs as instance I, with each job j has a processing requirement x
′
j = xj1 and release

time r
′
j = rj +

∑
i∈ϕj

xji, where ϕj is the set of machines on which job j has be pro-

cessed before being processed on the first machine in instance I. In later discussions

we will apply the algorithm LP to I1
J to obtain a lower bound of each instance of

Jm|xji ∼ stoch, rj|
∑

wjCj.

3.3.2 Experiment Design and Simulation Results

To recapitulate, we test the following 4 different algorithms for each of the five

problems we consider:

1. random: In this heuristic, whenever a machine i is available, consider all the

jobs that are waiting for machine i and randomly select one job to be processed

next. If no job is waiting for it, machine i stays idle until at least one job

becomes available.
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2. FCFS: In this heuristic, whenever a machine i is available, consider all the

jobs that are waiting for machine i and the one that has been waiting for the

longest is selected to be processed next. If no job is waiting for it, machine i

stays idle until at least one job becomes available. (Note: the waiting time of

job j for machine i is defined to be the difference between the time when job j

becomes available for machine i and the current time)

3. WSPRA: In this heuristic, whenever a machine i is available, consider all the

jobs that are waiting for machine i and select a job with the largest ratio of

wj/xj to be processed next. If there is no job waiting for if, machine i stays

idle until at least one job becomes available. (Note: for the shop problems

xj =
∑m

i=1 xji )

4. LP : To simplify the notation, for the uniform parallel machine problem we

define sm =
∑m

i=1 si and for the flow shop problem and single machine problem

we define sm = 1. We also define xji = xj(i ∈ {1, 2, · · · , m}) for the uniform

parallel machine problem and xj1 = xj for the single machine problem. Now

consider a preemptive single machine problem with machine speed sm, weight

wj, job processing requirements xj1 and release time r
′
j = rj +

∑
i∈ϕj

xji, where

ϕj is the set of machines which job j must visit before visiting the first ma-

chine. Whenever a job is released or completed, consider all the jobs that are

currently in the system and the job with the largest ratio of wj/xj1 is selected

to start (or resume) processing immediately, even if this forces the preemp-

tion of a currently in-process job. If no job is available, the machine stays idle

until at least one job arrives. When scheduling is finished the total weighted

mean busy date,
∑n

j=1 wj(Mj + xj/2), is calculated if it is the uniform parallel

machine problem and the total weighted completion time,
∑n

j=1 wjCj, is calcu-

lated otherwise. (Note: in the single machine problem, uniform parallel machine
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problem, flow shop problem and open shop problem the set ϕj is always empty,

∀j ∈ {1, 2, · · · , n}.)

As mentioned before, WSPRA was proved, by Chou et al. (2001) and Liu (2001),

resp., to be asymptotically optimal for the deterministic online problems 1|rj|
∑

wjCj,

Qm|rj|
∑

wjCj and Fm|rj|
∑

wjCj with bounded job processing requirements and

weights. Algorithm LP provides a lower bound for the optimal offline solution of

each instance of the five stochastic online scheduling problems we study. We denote

the total weighted completion times obtained by applying random, FCFS, WSPRA

and LP by, resp., wcr,wcF , wcw and wcl

We use three different distributions to generate data sets for testing. We first

generate all the parameters, including processing requirements, inter-arrival times

and weights, using uniform distributions. The simulation is then repeated using all

the parameters generated from exponential distributions and then from empirical

distributions. The parameters of the three distributions are randomly selected such

that they have the same mean values. Specifically, if let ρ denote the mean value,

then the corresponding uniform, exponential and empirical distributions are, resp.,

Uniform(0, 2ρ], Exponential(ρ), and Empirical(0.2, 0.6ρ, 0.5, 0.92ρ, 0.3, 1.4ρ), where

in the empirical distribution 0.2, 0.5 and 0.3 are the probabilities that the random

variable will take a value of, resp., 0.6ρ, 0.92ρ and 1.4ρ. (Thus we have the mean

value equal to 0.2×0.6ρ+0.5×0.92ρ+0.3×1.4ρ = ρ and, again, these parameters are

randomly selected.) We use the Arena simulation package (see Kelton et al. 2002) to

implement all of our simulation studies. The visual interface and modelling flexibility

of Arena allow us to model the five problems, the four different algorithms and the

three different performance measures easily. The number of simulation runs is chosen

such that the half-width of each confidence interval of the weighted completion time

is less than 10% of the average value.
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We use E[cr
l ], E[cF

l ] and E[cw
l ] to denote, resp., the average ratios wcr/wcl,

wcF /wcl and wcw/wcl and use p, w and L to denote, resp., the mean values of

the processing requirements, job weights and inter-arrival times. Due to limited

space, we are unable to include all the simulation results in this paper. Selected

simulation results of the five different scheduling problems are presented in Tables

3.1 through Table 3.6. Specifically, the simulation results for the stochastic online

single machine, uniform parallel machine, flow shop, open shop and job shop problems

with all the parameters generated from uniform distributions are presented, resp.,

in Table 3.1, Table 3.2, Table 3.4, Table 3.5 and Table 3.6. Table 3.3 shows the

simulation results for the stochastic online uniform parallel machine problem with all

the parameters generated from exponential and empirical distributions. Figure 3–1

and Figure 3–2 illustrate the relative performances of random, FCFS and WSPRA

for the stochastic online uniform parallel machine problem and flow shop problem,

resp., under the total weighted completion time metric.

From the simulation results we observe that when the total weighted comple-

tion time metric is used, both random and FCFS perform reasonablly well and are

comparable to the WSPRA based algorithms. Specifically, we observe that

1. both random and FCFS converge fast to the optimal solution as n increases.

The convergence becomes faster as the value of
smL

p
increases or as the number

of machines decreases;

2. the total weighted completion times obtained by applying random and FCFS

are very close to the total weighted completion time obtained by applying

WSPRA. This is true for all the five problems we test and even for prob-

lems of small sizes (less than 6% of difference);

3. The total weighted completion times obtained by applying WSPRA, random

and FCFS get even closer as the ratio
smL

p
increases or the number of machines

increases;
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From the simulation study, it appears that both random and FCFS are also

asymptotically optimal for the stochastic online open shop and job shop problems

(see Table 3.5 and Table 3.6), which suggest that the asymptotic optimality results

proved in Chapter 1 for the stochastic single machine problem, uniform parallel ma-

chine problem and flow shop problem may be extendable to these two problems.

Furthermore, the performances of random and FCFS are almost identical for all

of the five problems studied. The total weighted completion time metric seems to

be very insensitive to different scheduling algorithms and does not necessarily reveal

valuable information about the goodness or badness of these algorithms.

Table 3–1: Simulation results for 1|xj ∼ stoch, rj|
∑

wjCj.

n

p=10, w=10, Uniform Distri.

L=10.5 L=12

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.0333 1.0325 1.0024 1.0132 1.0131 1.0017

200 1.0226 1.0227 1.0014 1.0065 1.0065 1.0009

500 1.0128 1.0130 1.0007 1.0029 1.0029 1.0004

1000 1.0080 1.0080 1.0004 1.0014 1.0014 1.0002

3000 1.0032 1.0031 1.0001 1.0005 1.0005 1.0001

3.4 Total Weighted Flow Time and Total Weighted Stretch Metric

Ideally, for the total weighted flow time metric and the total weighted stretch

metric we should also compare the performances of random, FCFS and WSPRA to

the lower bounds of the offline optimal solutions of the five stochastic online scheduling

problems. The same techniques that we use to generate lower bounds for the total

weighted completion time metric can also be used to generate valid lower bounds for

the total weighted flow time metric, since the two objective functions differ only by an

additive term, i.e., the total weighted release time, which is constant and independent
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Table 3–2: Simulation results for Qm|xj ∼ stoch, rj|
∑

wjCj.

∗ s1 = 1.5, s2 = 0.5
∗∗s1 = 0.2, s2 = 0.3, s3 = 0.4, s4 = 0.5, s5 = 0.6

n

p=10, w=10, Uniform Distri.

L=5.5, m=2 * L=5.5, m=5 **

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.0469 1.0470 1.0257 1.0935 1.0946 1.0793

200 1.0275 1.0272 1.0132 1.0517 1.0515 1.0405

500 1.0117 1.0117 1.0054 1.0218 1.0219 1.0163

1000 1.0060 1.0060 1.0027 1.0109 1.0110 1.0082

3000 1.0020 1.0020 1.0009 1.0037 1.0037 1.0027

Table 3–3: Simulation results for Qm|xj ∼ stoch, rj|
∑

wjCj.

n

p=10, w=10, L=5.5, m=2, s1=1.5, s2=0.5

Exponential Distri. Empirical Distri.

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.0864 1.0854 1.0317 1.0241 1.0240 1.0219

200 1.0525 1.0529 1.0170 1.0124 1.0124 1.0111

500 1.0291 1.0292 1.0070 1.0050 1.0050 1.0045

1000 1.0163 1.0164 1.0036 1.0025 1.0025 1.0022

3000 1.0056 1.0056 1.0012 1.0008 1.0008 1.0007
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Table 3–4: Simulation results for Fm|xji ∼ stoch, rj|
∑

wjCj.

n

p=10, w=10, Uniform Distr.

L=11, m=3 L=11, m=5

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.1163 1.1163 1.0935 1.1991 1.1999 1.1771

200 1.0684 1.0682 1.0542 1.1208 1.1217 1.1071

500 1.0341 1.0342 1.0269 1.0599 1.0598 1.0519

1000 1.0180 1.0181 1.0144 1.0318 1.0318 1.0279

3000 1.0060 1.0060 1.0048 1.0110 1.0110 1.0097

Table 3–5: Simulation results for Om|xji ∼ stoch, rj|
∑

wjCj.

n

p=10, w=10, Uniform Distri.

L=11, m=3 L=11, m=5

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.0837 1.0881 1.0585 1.1299 1.1361 1.1037

200 1.0473 1.0508 1.0307 1.0735 1.0754 1.0551

500 1.0213 1.0225 1.0126 1.0318 1.0325 1.0225

1000 1.0116 1.0123 1.0065 1.0159 1.0163 1.0113

3000 1.0042 1.0044 1.0022 1.0058 1.0059 1.0038

Table 3–6: Simulation results for Jm|xji ∼ stoch, rj|
∑

wjCj.

n

p=10, w=10, Uniform Distr.

L=11, m=3 L=11, m=5

E[cr
l ] E[cF

l ] E[cw
l ] E[cr

l ] E[cF
l ] E[cw

l ]

100 1.1187 1.1259 1.0613 1.2019 1.2039 1.1176

200 1.0749 1.0799 1.0343 1.1252 1.1295 1.0658

500 1.0329 1.0358 1.0141 1.0590 1.0634 1.0283

1000 1.0169 1.0186 1.0072 1.0339 1.0370 1.0150

3000 1.0060 1.0065 1.0025 1.0117 1.0130 1.0051
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Figure 3–1: Relative performances of random, FCFS, and
WSPRA to LP for Qm|xj ∼ stoch, rj|

∑
wjCj

Figure 3–2: Relative performances of random, FCFS, and WSPRA to LP for
Fm|xji ∼ stoch, rj|

∑
wjCj
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of the schedule. However, these techniques do not provide asymptotically tight lower

bounds for the total weighted flow time metric. For instance, the algorithm LP can be

used to provide valid lower bound for the total weighted flow time metric but the gap

between the lower bound that it provides and the optimal offline solution increases

as the problem size increases. For the total weighted stretch metric, developing

asymptotically tight bound is even harder. In fact, there has been an ongoing research

in the literature to develop easily computable tight bounds for the total weighted flow

time metric and total weighted stretch metric but so far no such algorithms has been

reported. Hence we will compare the performances of random and FCFS against

the performances of WSPRA under these two performance measures.

We use the same three distributions, i.e., the uniform, exponential and empirical

distributions, to generate the processing requirements, inter-arrival times and weights.

The number of simulation runs is chosen such that the half-width of the confidence

interval of the weighted flow time is less than 10% of the average value. We denote

the total weighted flow times obtained by applying random, FCFS and WSPRA

by, resp., wfr, wfF and wfw and the total weighted stretches obtained by applying

random, FCFS and WSPRA by, resp., wer, weF and wew. We use E[f r
w], E[fF

w ],

E[er
w] and E[eF

w] to denote, resp., the average ratios wfr/wfw, wfF /wfw, wer/wew,

and weF /wew. Selected simulation results of the five different scheduling problems

are presented in Tables 3.7 through Table 3.9. Specifically, the simulation results

for the stochastic online uniform parallel machine, flow shop, and job shop problems

with all the parameters generated from uniform distributions are presented, resp., in

Table 3.7, Table 3.8, and Table 3.9.

We observe that when the total weighted flow time metric or the total weighted

stretch metric is used, both random and FCFS perform badly compared with

WSPRA. The gap tends to increase dramatically as the number of jobs increases or

as the number of machines decreases. It is evident that the total weighted flow time
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Table 3–7: Simulation results for Qm|xj ∼ stoch, rj|
∑

wjfj

and Qm|xj ∼ stoch, rj|
∑

wjRj.

∗ s1 = 1.5, s2 = 0.5
∗∗s1 = 0.2, s2 = 0.3, s3 = 0.4, s4 = 0.5, s5 = 0.6

n

p=10, w=10, Uniform Distri.

L=5.5, m=2 * L=5.5, m=5 **

E[f r
w] E[f F

w] E[er
w] E[eF

w] E[f r
w] E[f F

w] E[er
w] E[eF

w]

100 1.3790 1.3847 2.3972 2.4183 1.1291 1.1418 1.5329 2.0728

200 1.5175 1.5094 2.7128 2.5583 1.2008 1.2022 2.2423 2.2214

500 1.5448 1.5424 3.4875 2.8507 1.2375 1.2395 2.9026 2.3433

1000 1.5740 1.5708 2.1860 3.6154 1.2419 1.2471 2.5478 3.5289

3000 1.6027 1.6069 3.1682 3.4985 1.2537 1.2575 2.6455 2.9903

Table 3–8: Simulation results for Fm|xji ∼ stoch, rj|
∑

wjfj

and Fm|xji ∼ stoch, rj|
∑

wjRj.

n

p=10, w=10, Uniform Distri.

L=11, m=3 L=11, m=5

E[f r
w] E[f F

w] E[er
w] E[eF

w] E[f r
w] E[f F

w] E[er
w] E[eF

w]

100 1.1805 1.1804 1.2091 1.2074 1.1038 1.1058 1.1119 1.1151

200 1.1966 1.2000 1.2208 1.2284 1.1122 1.1162 1.1192 1.1243

500 1.2092 1.2179 1.2330 1.2450 1.1265 1.1253 1.1348 1.1330

1000 1.1987 1.2086 1.2217 1.2334 1.1180 1.1172 1.1262 1.1244

3000 1.2067 1.2062 1.2333 1.2307 1.1152 1.1147 1.1221 1.1213
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Table 3–9: Simulation results for Jm|xji ∼ stoch, rj|
∑

wjfj

and Jm|xji ∼ stoch, rj|
∑

wjRj.

n

p=10, w=10, Uniform Distri.

L=11, m=3 L=11, m=5

E[f r
w] E[f F

w] E[er
w] E[eF

w] E[f r
w] E[f F

w] E[er
w] E[eF

w]

100 1.5032 1.5661 1.6547 1.7259 1.4543 1.4654 1.5314 1.5464

200 1.6605 1.7414 1.8304 1.9443 1.5882 1.6308 1.6779 1.7325

500 1.7487 1.8640 1.9372 2.0911 1.7220 1.8253 1.8257 1.9453

1000 1.7717 1.9015 1.9661 2.1362 1.8407 1.9803 1.9568 2.1160

3000 1.8198 1.9298 2.0349 2.1729 1.8666 2.0417 1.9941 2.1847

metric and the total weighted stretch metric are much more sensitive to even slight

changes in the system parameters and different algorithms than the total weighted

completion time metric in the online scheduling environment. This might suggest

that the total weighted flow time metric and the total weighted stretch metric are

more appropriate metrics for many online scheduling problems. Despite the extremely

limited effort that has been devoted so far to these two metrics in the online envi-

ronment, the interest and potential are immense. Research on asymptotic results of

algorithms under the total weighted flow time metric or the total weighted stretch

metric in the online environment is important and yet challenging. One of the major

challenges is to develop tight lower bounds for the total weighted completion time

and total weighted stretch.

3.5 Concluding Remarks

In this chapter we study five different stochastic online scheduling problems under

three different performance measures. With the objective of minimizing the total

weighted completion time, we show that two generic nondelay algorithms perform

very well and converge to the optimal solutions very fast for all of these five problems.

It appears that the asymptotic optimality results presented in Chapter 1 for the
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stochastic single machine problem, uniform parallel machine problem and flow shop

problem may be extendable to the stochastic online open shop and job shop problems.

The simulation results also suggest that, compared with the total weighted completion

time metric, the total weighted flow time metric and total weighted stretch metric

are more sensitive and may be better performance measures for scheduling in the

online scheduling environment. A very interesting direction of future research would

be to devise algorithms that are asymptotically optimal for the total weighted flow

time metric or the total weighted stretch metrics. One of the major challenges is to

develop tight lower bounds for the total weighted completion time and total weighted

stretch.



CHAPTER 4
NEW MODEL FOR STRATEGIC SUPPLY CHAIN LOCATION

4.1 Introduction

Supply chain network design decisions are generally costly and difficult to reverse,

and their impact spans a long time horizon. During the time when design decisions

are in effect, many decision parameters - demands, costs - may change dramatically.

Unfortunately, most facility location models in literature are static and deterministic.

In the past few decades, researchers have dealt with the uncertainties by defining a

number of possible future scenarios. Facility sites that either optimize the expected

performance or optimize the worst-case performance over all the scenarios are then

chosen. However, in practice facilities are not typically designed for either the average

case or the worst-case scenario. For example, airports are never sized for either an

average day, since doing so would result in significant under-capacity much of the

time. On the other hand, airport are never sized for the peak travel day, e.g., the

Sunday of Thanksgiving weekend in the US, since doing so would be prohibitively

expensive.

More recently, Daskin, Hesse and Revelle (1997) developed a model called α-

reliable p-median minimax regret model. This model identifies the location pattern

that minimizes the maximum regret with respect to an endogenously selected subset

of scenarios whose collective probability of occurrence is at least some user-defined

value a. In this way, the planner can be 100α% sure that the regret will be no

more than that found by the model. Although this work represents an important

break through, it has serious drawbacks. In contrast, we have developed a new model

which minimizes the expected regret with respect to an endogenously selected subset

68
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of worst-case scenarios whose collective probability of occurrence is exactly 1-α. This

new model, which we call α-reliable meanExcess regret model, or meanExcess model

for short, has demonstrated significant improvements over Daskin et al’s model in

our numerical tests. Moreover, a heuristic has been developed to efficiently solve the

α-reliable p-median minimax regret model by solving a series of meanExcess sub-

problems.

The rest of this chapter is organized as follows. In Section 4.2 we briefly review

some of the literature on scenario modeling in the context of stochastic facility lo-

cation. In Section 4.3 we formulate our new model and compare it with Daskin et

al’s α-reliable p-median minimax regret model. Computational results are presented

in Section 4.4. In Section 4.5 we present a heuristic, which involves solving a series

of α-reliable meanExcess regret sub-problems, for the α-reliable p-median minimax

regret problem. Finally, we conclude and propose future directions of research in

Section 4.6.

4.2 Literature Review

In the past few decades, researchers have used scenario planning to deal with the

uncertainties in strategic facility location. In scenario planning, the decision maker

identifies a number of future possible scenarios and estimate the likelihood of each

scenario occurring. Scenario planning was chosen primarily because, as pointed out

in Snyder, Daskin and Teo (2002), it allows the decision makers to model dependence

among random parameters. For example, future demands are likely to be correlated.

So as costs. If continuous approach is used to model such correlations, then the

problem tends to become intractable.

Sheppard (1974) is among the first who use scenario planning to model uncer-

tainties in facility location. His model gives a sitting plan that minimizes the expected

cost over all scenarios. Daskin, Hopp and Medina (1992) demonstrate that use of the
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scenario planning approach can lead to the adoption of the worst possible initial de-

cision under conditions of future uncertainty. They propose a forecast horizon-based

approach to facility planning over time. Ghosh and McLafferty (1982) propose a

model in which either the sum of the regrets or the sum of squared regrets over all

scenarios. It should be noted that the objective of minimizing the sum of the regrets

is equivalent to minimizing the expected regret with all scenarios having the same

probability.

Serra and Marianov (1998) look at a problem in which the parameters of the

network, including travel times, demand and distances, change over the course of

a day and they model each period of the day as scenario. They identify solutions

that either minimize the maximum travel time over the scenarios or solutions that

minimize the total regret. They define the regret of each scenario to be the difference

between the objective function values given by the overall solution and the optimal

solution for that single scenario. Serra, Ratick and ReVelle (1996) study a maximum

capture problem where the objective is to select the locations of servers for an entering

firm which wishes to maximize its market share in a market where competitors are

already in position. Their models either maximize the minimum capture associated

with any scenario or minimize the expected regret over all the scenarios. Current,

Ratick and ReVelle (1998) study problems where the total number of facilities to be

located is uncertain and the objective is either to minimize the expected opportunity

loss or to minimize the maximum opportunity loss. The opportunity loss is defined as

the difference between the objective function value when the initial facility locations

must be included in the final siting plan, and the objective function value when there

is no such a constraint. The minimum expected opportunity loss criteria finds the

initial set of facility locations that minimize the expected opportunity losses across

all scenarios. The minimax opportunity loss criteria finds the initial facility locations

such that the maximum loss is minimized over all scenarios.
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More recently, Snyder, Daskin and Teo study the stochastic location problem

with risk pooling which seeks to locate distribution centers to minimize the total

fixed location costs, transportation costs, and inventory costs. They propose a model

that minimize the expected cost of the system across all scenarios and develop a

Lagrangian-relaxation-based exact algorithm to solve the model. The work by Daskin,

Hesse and Revelle (1997) is closely related to this paper. They developed a model

called α-reliable p-median minimax regret, which finds the siting plan that minimizes

the maximum regret with respect to an endogenously selected subset of scenarios

whose collective probability of occurrence is at least α. In this way, the planner can

be 100α% sure that the regret will be no more than that found by the model. The

reader is referred to Owen and Daskin (1998) for a more comprehensive review of

recent dynamic and stochastic facility location problems.

4.3 Model

We consider the stochasitic p-median problem in the context of scenario plan-

ning, given the following notation:

i = 1,· · · ,m : index of demand nodes

j = 1,· · · ,n : index of candidate locations

k = 1,· · · ,K : index of possible scenarios

hik : the demand at node i under scenario k

dijk : distance from node i to candidate site j under scenario k

p : number of facilities to locate

V̂k : best -median value that can be obtained under scenario k

qk : probability that scenario k will be the one that is realized

Decision variables:

xj =

 1: if we locate at candidate node j

0: otherwise
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yijk =

 1: if demand node i is assigned to a facility at j under scenario k

0: otherwise

We define the regret associated with scenario k and a selection of locations as the

difference between the objective function value (the demand-weighted total distance

value) that results from this location selection and the best objective function value

that we could attain if we locate at the best possible sites for scenario k alone. Namely,

let Vk denote the demand-weighted total distance under the compromise location, i.e.,

Vk =
∑

i

∑
j

hikdijkYijk, then the regret associated with scenario k is defined to be

Rk = Vk − V̂k.

First, lets have a closer look at the α-reliable p-minimax regret model proposed

by Daskin, Hesse and Revelle (1997). To present their model, we need to define the

following:

mk = a large constant specific to scenario k such that mk ≥ Rk

zk =

 1: if scenario k is included in the set over which the maximization is taken

0: otherwise

The α-reliable p-minimax regret problem can be formulated as follows:

Minimize W (4.1)

subject to :
n∑

j=1

xj = p (4.2)

n∑
j=1

yijk = 1,∀i, k (4.3)

yijk − xj ≤ 0∀i, j, k (4.4)

Rk − (
m∑

i=1

n∑
j=1

hikdijkyijk − V̂k) = 0,∀k (4.5)
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K∑
k=1

qkzk ≥ α (4.6)

W −Rk + mk(1 − zk) ≥ 0,∀k (4.7)

xj ∈ {0, 1},∀j (4.8)

yijk ∈ {0, 1},∀i, j, k (4.9)

zk ∈ {0, 1},∀k (4.10)

The objective function 4.1 minimizes the α-reliable p-minimax regret. Constraint

4.2 stipulates that exactly p facilities are to be located. Constraint 4.3 states that

each demand node must assigned to exactly one facility in each scenario. Constraint

4.4 states that demands at i cannot be assigned to a facility j under scenario k

unless a facility is located at node j. Constraint 4.5 defines the regret associated

with scenario k, as discussed previously. Finally, constraint 4.6 and 4.7 stipulate

that the probability associated with the set of scenarios over which the maximum

regret is computed must be at least α. Thus, the α-reliable p-minimax regret problem

minimizes the maximum regret over a subset of the possible scenarios, with the added

stipulation that the probability of realizing a scenario that is not included must be

at most 1-α. In addition, by varying α over an appropriate range, the decision maker

can identify a portfolio of siting plan.

Although the α-reliable p-minimax regret captures important real-life managerial

concerns that are not reflected in models that minimize expected regret or maximum

regret, it has several major drawbacks. First of all, it provides no way to assess the

magnitude of the regrets associated with the scenarios that are not included in the

α-reliable set. Thus, decision makers that use siting plans provided by this model face

the risk of realizing a scenario associated with a very high regret. In addition, this

model is incapable of distinguishing between situations where the potential excess

regrets are only a little bit worse, and those where the potential excess regrets are

overwhelming. Moreover, conducted in this paper numerical experiments show that
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minimizing the α-reliable minimax regret may lead to an undesirable increase in

the worst-case regret. This is intuitive since in the α-reliable minimax regret model

the magnitude of the regrets associated with the 100(1 − α)% worst scenarios are

not considered. Finally, mathematically the α-reliable minimax regret model has

some serious limitations. The α-reliable minimax model has earlier been studied in

the stochastic programming literature, although not in a strategic facility location

context. It has been shown (see, e.g., Mausser and Rosen 1998 ) that α-reliable

minimax regret is a nonsmooth, nonconvex, and multiextreme function with respect

to the decision variables (x, y) and therefore is computationally very difficult to solve.

Due to the limitations of the α-reliable p-minimax regret model, in this paper we

develop a new model which minimizes the expected regret (the probability-weighted

regret) with respect to an endogenously selected subset of worst-case scenarios whose

collective probability of occurrence is exactly 1-α. To present our new model, we

need the following additional definitions and notations:

X ∈ Ψ : the p-median feasibility constraint set,

i.e., constraints4.2, 4.3, 4.4, 4.5,

4.8 and 4.9

X : value of decision variable X = (x, y)

R(X, k) : regret as a function of X and scenario

index k

f(X, ζ) = P{k|R(X, k) ≤ ζ} : with X fixed at X, the collective

probability of those scenarios in

which the regret does not exceed ζ

ζα(X) = min{ζ ∈ R : f(X, ζ) ≥ α} : with X fixed at X, the minimum

value ζ such that f(X, ζ) ≥ α,i.e.,

the α-quantile of the regrets of the
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K scenarios

φα(X) =
∑

k:R(X,k)>ζα(X)

R(X, k) · qk ·
1∑
k qk

: with X fixed at X, the conditional

probability-weighted average of the

regrets strictly exceeding ζα(X)

With these new notations, it is easy to see that the α-reliable p-minimax regret

problem can be rewritten as follows:

Minimize ζα(X) (4.11)

subject to : X ∈ Ψ

In contrast, our new problem, which we refer to as the α-reliable meanExcess

regret problem, can be formulated as follows:

Minimize λζα(X) + (1 − λ)φα(X) (4.12)

subject to : X ∈ Ψ

where λ =
[f(X, ζα(X)) − α]

1 − α
∈ [0, 1]. Note that the objective function is the weighted

average of the the α-quantile of the regrets of the K scenarios, ζα(X), and the con-

ditional expectation of the regrets strictly exceeding ζα(X), φα(X), instead of only

φα(X). This is because, in the scenario planning context, the collective probability

of those scenarios which have regrets strictly exceeding ζα(X) may be strictly less

than α. Therefore, the objective function in formulation 4.12 minimizes the expected

regret with respect to an endogenously selected subset of worst-case scenarios whose

collective probability of occurrence is exactly 1-α.

Since both the regret function R(X, k) and the feasibility set Ψ are convex in X,

it can be shown that (see Rockafellar and Uryasev 2000 and 2001) formulation 4.12
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can be reduced into the following form:

Minimize Fα(X, ζ) = ζ +
1

1 − α

K∑
k=1

qk ·Max{[R(X, k) − ζ], 0} (4.13)

subject to : X ∈ Ψ

where ζ is a free variable. Hence the α-reliable meanExcess regret ( meanExcess)

problem can be formulated as the following mixed integer problem:

(meanExcess)

Minimize Fα((x, y), ζ) = ζ +
1

1 − α

K∑
k=1

qkUk (4.14)

subject to :
n∑

j=1

xj = p

n∑
j=1

yijk = 1,∀i, k

yijk − xj ≤ 0,∀i, j, k

Rk − (
m∑

i=1

n∑
j=1

hikdijkyijk − V̂k) = 0,∀k

Uk ≥ Rk − ζ,∀k (4.15)

xj ∈ {0, 1},∀j

yijk ∈ {0, 1},∀i, j, k

Uk ≥ 0,∀k (4.16)

It can be verified that (see Rockafellar and Uryasev 2000 and 2002) Fα((x, y), ζ)

is convex with respect to both ζ and (x, y). In addition, minimizing Fα((x, y), ζ)

gives both the optimal α-reliable meanExcess regret and the corresponding (non-

optimal) α-reliable minimax regret. Specifically, after the α-reliable meanExcess

regret problem is solved optimally, the objective function value gives the minimum

α-reliable meanExcess regret, the solution (x∗, y∗) gives the optimal siting plan and

the solution ζ∗ gives the the corresponding (non-optimal) α-reliable minimax regret.
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The α-reliable meanExcess regret has several significant advantages over the α-

reliable minimax regret model. First of all, by definition, the α-reliable meanExcess

regret is an upper bound of the corresponding α-reliable minimax regret. Therefore,

minimizing α-reliable meanExcess regret will also lead to a low α-reliable minimax

regret. Second, minimization of α-reliable meanExcess regret avoids the danger-

ous increase in the worst-case regret. Third, because the objective function of the

α-reliable minimax regret model is convex with respect to both ζ and (x, y), it is

computationally much easier to solve.

4.4 Computational Results

In this section, we summarize our computational results with both the α-reliable

minimax regret problem and the α-reliable meanExcess regret problem outlined above.

All of our computational experiments are based on the data found in Daskin (1995)

and Daskin, Hesse and Revelle (1997) on 88 major US cities. Specifically, we use the

nine scenarios of the 88-city problem found in Daskin, Hesse and Revelle (1997) to

generate more scenarios to be used in our computational experiments. For example,

in order to have K (K ≥ 9) alternative scenarios, we generate bK/9c scenarios from

each scenario, say, scenario s, of the nine scenarios in Daskin, Hesse and Revelle

(1997), using a normal distribution which has a mean demand equal to the demand

of scenario s and a standard deviation equal to 1/10 of the demand of scenario s.

The remaining K−9bK
9
c scenarios are then generated in the same way from scenario

No. five in Daskin, Hesse and Revelle (1997).

All of our tests involve siting five facilities in five of the 88 cities, i.e., p=5. In

all runs, it is assumed that all 88 demand nodes are also eligible candidate sites. In

addition, the only difference between any two scenarios generated is the demands.

Namely, different scenarios have different demand volumes at the 88 cities. But the
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distance between any two cities is scenario-independent. Therefore, in both the α-

reliable minimax regret problem and the α-reliable meanExcess regret problem we

replace yijk by yij, thereby significantly reducing the number of decision variables.

Note that, in both the α-reliable minimax regret problem and the α-reliable

meanExcess regret problem, the values V̂k’s, i.e., the minimum demand-weighted

total distance values that we could attain if we locate at the best possible sites for

scenario k (k = 1, 2, · · · , K) alone, are required as inputs parameters. We obtain

these values by optimally solving the p-median problem for each of the K scenarios.

In addtion, note that in the α-reliable minimax regret problem, the values

mk’s, i.e., the upper bound of the largest possible regret for each scenario k (k =

{1, 2, · · · , K}), are also required as input parameters. We use three different proce-

dures to attain these values. In the first procedure (see Daskin, Hesse and Revelle

1997), for each scenario k, we compute the regret associated with locating at the

optimal locations found for each of the other K − 1 scenarios. mk is then taken as

the maximum of these quantities. This procedure requires solving K(K− 1) + 1 sub-

problems. In the second procedure, each mk (k = {1, 2, · · · , K} is set to the constant

value of 3.0∗1011, which is large enough to be used as the upper bound of the Rk’s. In

the third procedure, we compute the maximum possible regret associated with each

scenario k by solving the p-median problem associated with it, with the objective

function changed to maximize Rk. This procedure requires solving K sub-problems.

To facilitate our discussion, we denote the α-reliable p-median minimax regret prob-

lems with the first, second and third procedure for solving the mk’s by αRPMMI,

MinimaxII and MinimaxIII, respectively.

Both problems as well as their sub-problems are coded with Microsoft Visual

Studio .net and solved using CPLEX version 8.1 on a Dell personal computer. The

operating system is Microsoft Windows XP Professional Edition. All the computation

times presented in this section are in seconds unless otherwise stated.
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Table 4–1 presents the computation times for optimally solving meanExcess,

MinimaxI, MinimaxII and MinimaxIII, with the reliability level α fixed at 95%. All

the computation times in Table 4–1 exclude the input/output times, as well as the

time needed to solve for the V̂k’s and mk’s. Note that, MinimaxII could solve no more

than 99 scenarios while MinimaxIII could solve no more than 45 scenarios.

Figure 4–1 illustrates the computation times needed to optimally solve meanEx-

Table 4–1: Solution Times for MinimaxI, MinimaxII, MinimaxIII and meanExcess.

No. of scenarios
Total Solution Time

MinimaxI MinimaxII MinimaxIII meanExcess
9 72 90 95 85
27 82 92 114 48
45 349 619 722 137
72 288 1409 79343* 130
99 709 8738 188111* 194
126 1356 198298* 129305* 203
162 1317 ** 119023* 212
198 4706 ** ** 239
234 10225 ** ** 218
279 12135 ** ** 276
324 ** ** ** 385

* amount of time spent before CPLEX stopped without finding any solution
** not tested

cess, MinimaxI, MinimaxII and MinimaxIII as the number of scenarios increases.

Note that, as the number of scenarios increases, the computation times of MinimaxI,

MinimaxII and MinimaxIII increase exponentially while the computational time of

meanExcess increases only linearly.

Table 4–2 presents the total computation times needed for optimally solving

meanExcess, MinimaxI, MinimaxII and MinimaxIII, with the reliability level α fixed

at 95%. Specifically, the total computation times of meanExcess include the time

needed to solve for the V̂k’s and the time needed to solve the α-reliable meanExcess

regret problem. The total computation time of MinimaxI, MinimaxII and MinimaxIII
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Figure 4–1: Solution Times for MinimaxI, MinimaxII, MinimaxIII and meanExcess
with α=0.95.

include the time needed to solve for the V̂k’s and mk’s as well as the time needed to

solve the α-reliable p-median minimax regret problem. All the input/output times

are excluded.

The total computation times in Table 4–2 are illustrated in Figure 4–2. We

observe that, as the number of scenarios increases, the total solution times of Mini-

maxI, MinimaxII and MinimaxIII increase exponentially while the total solution time

of meanExcess increases in a linear manner. We also note that, when the number of

scenarios increases to 279, it takes more than 88 hours to optimally solve MinimaxI.

Consider the exponentially increasing computation time of MinimaxI, it seems im-

practical to solve MinimaxI optimally for more than 279 scenarios. For MinimaxII

and MinimaxIII, CPLEX was unable to find any solution for more than 99 scenarios

and 45 scenarios, respectively. It is obvious that the input parameters mk’s have

an significant impact on the solution time of the α-reliable p-median minimax regret
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Table 4–2: Total Solution Times for MinimaxI, MinimaxII, MinimaxIII and meanExcess.

No. of scenarios
Total Solution Time

MinimaxI MinimaxII MinimaxIII meanExcess
9 97 101 110 96
27 435 131 170 87
45 1841 695 841 213
72 5912 1559 79586* 280
99 15657 8990 188528* 445
126 30716 198671* 129928* 577
162 64317 ** 119988* 773
198 118394 ** ** 1019
234 193056 ** ** 1235
279 318242 ** ** 1650
324 ** ** ** 2191

* amount of time spent before CPLEX stopped without finding any solution
** not tested
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problem. In particular, tighter upper bounds of Rk’s dramatically reduce the solution

time of the α-reliable p-median minimax regret problem but take much longer time

to obtain.

Table 3 presents the solutions for the α-reliable meanExcess regret problem and

the α-reliable p-median minimax regret problem. Note that, the solution to the α-

reliable p-median minimax regret problem is independent of which procedure is used

to solve for the mk’s. Therefore, in Table 3 we only present the solutions of MinimaxI,

since it was able to solve up to 279 scenarios. In addition, in Table 3 we also present

the worst-case scenario regrets associated with the two problems, and the α-reliable p-

median minimax regret associated with minimizing the α-reliable meanExcess regret.

From Table 4–3 we observe that, in 9 out of the 10 instances that we tested,

Table 4–3: Solutions of MinimaxI, MinimaxII, MinimaxIII and meanExcess.

No. of α−reliable meanExcess regret α−reliable p-medain minimax
scenarios α−reliable mean α-reliable worst-case α−reliable worst-case

access regret minimax regret regret minimax regret regret
9 2247428811 2247428811 2247428811 2247428811 2247428811
27 2258738311 2051996284 2321909291 2051996284 2321909291
45 2302417752 2200321339 2468654038 2200321339 2468654038
72 2405582073 2246449186 2532201475 2246449186 2532201475
99 2432596111 2270260483 2644634954 2270260483 2644634954
126 2346786023 2228805388 2648265518 2228805388 2648265518
162 2353539209 2214090364 2496477548 2199348673 2552036761
198 2495007119 2278354467 2827041127 2278354467 2827041127
234 2409139093 2243677946 2980885404 2243677946 2980885404
279 2455512957 2251328482 2869632915 2251328482 2869632915

minimizing the α-reliable meanExcess regret also led to the minimization of the α-

reliable p-median minimax regret. In the remaining one instance, i.e., the one with

162 scenarios, minimizing the α-reliable meanExcess regret gives an α-reliable p-

median minimax regret which is 0.67% higher than the optimal α-reliable p-median
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minimax regret. On the other hand, in each of the 10 instances tested, the α-reliable

meanExcess regret model gives a worst-case scenario regret no bigger than that is

given by the α-reliable p-median minimax regret model. Particularly, in one instance,

i.e., the instance with 162 scenarios, the worst-case scenario regret given by the

solution to the α-reliable meanExcess regret model is 2.23% lower than the worst-

case scenario regret given by the solution to the α-reliable p-median minimax regret

model.

4.5 A MeanExcess Based Heuristic for Solving the Minimax Model

In this section we present a heuristic that can be used to efficiently solve the mini-

max model. This heuristic is modified from the heuristic proposed by Larsen, Mausser

and Uryasev (2002) and involves solving a series of meanExcess sub-problems. The

idea behind this heuristic is simple: low values of minimax regret can be obtained by

solving a meanExcess model with some new αi defined so that the values of the two

measures coincide or get as close as possible. In this heuristic we start with optimally

solving the meanExcess model associated with the original minimax problem. Then,

at each iteration, we render a portion of the worst scenarios inactive and solve a

meanExcess sub-problem with the following characteristics: 1). only the remaining

active scenarios are considered in the sub-problem; 2). the confidence level αi of the

sub-problem is defined such that the meanExcess regret of the sub-problem coincide,

or is close to, the minimax regret of the original problem. Thus, by constructing and

solving a series of meanExcess sub-problems that closely approximate the minimax

regret of the original problem, we can systematically reduce the minimax regret of

the original problem.

We now present a formal description of this heuristic:

Step 0. Initialization

1. Set α0=α, i=0, active scenario set H0 = {k : k = 1, 3, · · · , K}, taboo list T=∅,

current minimax regret ζ0=∞, and best minimax regret ζ
′
=∞.
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2. Select step size to be S;

Step 1. Solve meanExcess sub-problem

1. Optimally solve the model meanExcess defined on the active set Ho, with

the confidence level equal to αi and the following additional constraints: the

solution must be different from every solution in the taboo list T .

2. Based on the solution to the sub-problem:

(a) Sort the K scenarios in the non-decreasing order of their regrets.

(b) Denote the ordered scenarios by kl, l = 1, 2, · · · , K.

(c) Denote the S scenarios with the largest regrets in the active set by κ̃i.

3. Add the current solution to the taboo list T .

Step 2. Estimate the minimax regret

1. Calculate the current minimax regret: ζi = Rklα
, where lα=min{l :

l∑
t=1

qkt ≥ α}

2. Calculate the best minimax regret so far: ζ
′
=min{ζi, ζ

′}.

Step 3. Re-initialization

If
∑

t∈Hi/ κ̃i

qt < α

stop. Algorithm terminates and return ζ
′
.

Else,

1. i=i+1.

2. Hi = Hi−1/ κ̃i−1.

3. Calculate αi so that the αi-meanExcess regret of the active set coincides, or is

close to, the actual α-minimax regret of the original problem.

(a) Calculate li=min{l :
∑

l≤t≤|Hi|
qkt ·Rkt ≥ ζi}.

(b) Calculate αi = (
∑

1≤t≤|Hi|
qkt −

∑
1≤t≤li

qkt)/
∑

1≤t≤|Hi|
qkt .

4. Go to Step 1.

Our heuristic algorithm described above is different from Larsen et al’s heuristic

(Larsen, Mausser and Uryasev 2002) in the following aspects. First, in Larsen et al’s

heuristic, it was assumed that all the scenarios had equal probabilities of occurrence
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and that the underlining problem was a linear programming problem. However, in our

new heuristic we no longer make these assumptions. Therefore our implementation

is significantly different. Second, in our new heuristic, at each iteration we add the

newly obtained solution to the taboo list so that no solution is allowed to be re-

visited in the subsequent iterations. This enhances the efficiency of the heuristic

since the minimax regret can not be reduced unless a new solution is generated at

each iteration. Third, in Larsen el al’s heuristic, at each iteration, two additional

sets of constraints were added which require that once a scenario becomes inactive, it

remains worse than any of the scenarios in the active set in all subsequent iterations.

Such constraints lead to a smaller feasible region. In contrast, in our new heuristic we

have removed these constraints and, as the result, at each iteration we are actually

minimizing an upper bound of the current minimax regret of the original problem

and therefore possiblly reducing the minimax regret of the original problem.

To see this, recall that at each iteration in our heuristic, the sub-problem is

formulated in such a way that the α
′
-minimax regret of the sub-problem, where

α
′

= α/
∑

t∈Hi

qt, is equal to (or very close to) the α-minimax regret of the original

problem, based on the solution obtained in the previous iteration. When the sub-

problem is optimally solved, the ranking of an inactive scenario, say, k0, in the K

scenarios in terms of regrets, may change because a new solution has been generated

and the two sets of constraints in Larsen et al’s heuristic have been removed. Now,

if the regret of scenario k0 given by the new solution is greater than or equal to the

α
′
-minimax regret of the sub-problem given by the new solution, then the α

′
-minimax

regret of the sub-problem remains equal to (or very close to) the α-minimax regret of

the original problem. Otherwise, if the regret of scenario k0 given by the new solution

is smaller than the α
′
-minimax regret of the sub-problem given by the new solution,

then the α
′
-minimax regret of the sub-problem is an upper bound to the α-minimax
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regret of the original problem. In either case, we are minimizing an upper bound of

the current minimax regret of the original problem at each iteration.

It may also be worth noting that, in this heuristic, once a scenario is rendered

inactive, its regret is no longer taken into account in the subsequent sub-problems.

Therefore, the actual α-meanExcess regret of the original problem will probably in-

crease as we further reduce the minimax regret.

We test the effectiveness of our heuristic using the “outlier”-instance in the 10

problem instances that we studied in the last section, i.e., the instance with 162

scenarios. Recall from Table 4–3 that, for each of the other 9 instances, minimizing the

α-meanExcess regret already led to the minimization of the α-minimax regret. The

instance with 162 scenarios is the only one for which minimizing the α-meanExcess

regret gave an α-minimax regret that is larger than the optimal α-minimax regret.

Our heuristic, with the step size set to 1, terminated after 9 iterations when it

was used to solve this instance. However, the optimal α-minimax regret was found

at the second iteration. The two iterations took a total of 391 seconds to finish,

comparing with the 1317 seconds that the MinimaxI model spent before it found the

optimal solution. If we compare the total times, which also include the the times

needed to solve for the V̂k’s and mk’s, then it took our heuristic 965 seconds and took

the MinimaxI model 64317 seconds to find the optimal α-minimax regret.

4.6 Discussions and Conclusion

In this chapter we have outlined a new approach to strategic facility location

planning. In this approach, decision makers identify a number of future scenarios and

estimate the likelihood of each scenario occurring. The model then finds a solution

which minimizes the expected regret with respect to an endogenously selected subset

of worst-case scenarios whose collective probability of occurrence is exactly 1-α. Our

new model, the α-reliable meanExcess regret, has a number of advantages over the

α-reliable p-median minimax model. First of all, by definition, α-reliable meanExcess
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regret is an upper bound of the corresponding α-reliable p-median minimax regret.

Therefore, minimizing α-reliable meanExcess regret will also lead to a low α-reliable p-

median minimax regret. Second, minimization of α-reliable meanExcess regret avoids

the dangerous increase in the worst-case regret. Third, the α-reliable meanExcess

model is computationally much easier to solve. All of these advantages have been

demonstrated by our numerical experiments. In addition, we present a heuristic for

the minimax model which involves solving a series of meanExcess sub-problems. Our

computational results show that this heuristic can be used to efficiently solve the

minimax model.

The α-reliable meanExcess regret model has tremendous potentials in a wide

range of applications in supply chain management, capacity planning, and financial

engineering, etc.. For instance, it can be used to design robust supply chains to hedge

against uncertainties in demand, costs, or other parameters. In the area of hydra-

electric power generation, the model can be used to minimize the cost associated

with the costly startups and shutdowns of back-up thermal generating-units. In the

near future, we plan to extend this model to multi-stage and multi-dimension to solve

more complex real life problems.
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