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The theory of spectral line broadening is reformulated to examine the validity

of standard approximations for the expected increase in the range of experimental

conditions. The new effects studied here are the correlations that exist among

the plasma perturbers and with a charged radiator, which are usually neglected

or approximated in current theories. The first analysis here assumes quasi-static

ions, which is a relevant condition for many lines of experimental interest. The

electron broadening operator, or width and shift operator, is calculated to second

order in the interaction of the plasma perturbers with the bound electrons of

the radiator. All other charge correlations are included without approximations.

A semi-classical representation of these results provides the necessary physical

quantities required for recently proposed methods of molecular dynamics simulation

in plasma spectroscopy. An extension to include the effects of ion dynamics is

described.
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CHAPTER 1
INTRODUCTION

The theory of plasma line broadening has been used for many years to study

hot, dense plasmas [1, 2]. With advances in experimental equipment, more rigorous

theoretical developments are required in order to explore the broader range of

state conditions being made accessible. Over time, this has led to the inclusion of

effects previously neglected (e.g., ion dynamics[3]) as they became important for

specific conditions of higher density and temperature. Therefore, as experimental

techniques continue to improve, opportunities for new exploration expand, and

continual evaluation of current line broadening theories is needed.

One area of the theory that needs evaluation now is the treatment of charge

correlations for the spectroscopy of charged radiators. Present theories account

for the correlation between the various plasma constituents and between the

plasma constituents and the total charge of the radiator in inconsistent ways. Some

correlations, such as ion-ion correlations, are treated quite rigorously through a

detailed study of their interactions[4, 5], but an ad hoc screening length is used to

account for electron-ion correlations. Similarly, electron correlations may be treated

by assuming independent particles restricted to a Debye sphere[6, 7, 8].

We study the charge correlations for an ionized radiator in a two component

fully ionized plasma of ions and electrons. To simplify this first analysis, we focus

on those lines and conditions for which the heavy ions behave in a “quasi-static”

manner. In this regime the plasma ions and the radiator both have negligible

acceleration during the radiation time. The line shape function is formally written

in terms of a single operator, the broadening operator, describing all effects of

the radiator’s environment. The radiator is represented as a point charge plus its

1
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residual bound electron distribution. Our main result for this case is an evaluation

of the broadening operator that is exact to second order in the interactions of the

plasma with the bound electron distribution. All correlations among the plasma

constituents are included, as are the correlations induced by the point charge of the

radiator.

In addition to this general result following from quantum statistical mechanics,

several other approaches will be examined. First, the inherent quantum effects of

the electron-ion interactions will be represented by a semi-classical “regularized”

Coulomb interaction[9, 10]. This accounts for diffraction effects at separations of

the order of the de Broglie wavelength, and these regularized potentials are well

studied for similar plasma conditions in other contexts. A motivation for this

representation is to make contact with recent studies of plasma charge correlations

using classical molecular dynamics (MD) simulations[11]. An outcome of these

studies has been the proposal to study plasma spectroscopy by MD as well[12].

Theoretical analyses of the type given here are necessary precursors for any

such MD study, so as to identify the appropriate properties to simulate. This is

discussed in some detail in Chapter 4.

Another limit for both quantum and semi-classical representations is obtained

by approximating the full Coulomb interaction between perturbing electrons and

the bound electron distribution by dominant multipoles[6]. It is proposed that

monopole and dipole interactions are sufficient following the results of two closely

related theoretical formulations for charged radiators developed by the Florida

group over the past 10 years[7, 8, 13].

The quasi-static ion analysis properly addresses the correlations. However,

under some conditions and for some lines, the time for ion motion becomes

comparable to times of interest on the line profile. To address this more general

case, Chapter 8 shows how ion dynamics can be incorporated into the theory.
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Since the ions are generally strongly coupled, the ion dynamics must be described

nonperturbatively to avoid inconsistent assumptions about the charge correlations

described in the static limit. For practical purposes, following our formal analysis

the ion dynamics is modeled using stochastic approximations that allow the

inclusion of correlations[14]. The resulting descriptions can then be used, after

some modification to allow for the inclusion of experimental effects, to determine

characteristics of a broad class of the plasmas, radiators, and lines.

This work was begun under the guidance of Professor Charles F. Hooper, Jr.

who led the Florida plasma spectroscopy group for more than 30 years. During

that time, a code for predicting spectral line shapes was developed, with continual

improvement as the field evolved. It remains one of the only codes general enough

to describe multi-component, multi-temperature plasma broadening of many-

electron atomic lines. In his memory and in an attempt to record the content

of that code, we provide an overview of the computer codes developed for this

problem at the University of Florida. These programs have been written to

calculate line shapes, mainly for near-hydrogenic, highly charged radiators in hot,

dense plasmas. Initial work done on the programs focused on accurate calculation

of the ion microfield distribution, while more recent work has centered on accurate

evaluations of the electron broadening operator. Details are given in Appendix A.

The formal analysis given here is an extension of earlier work begun by Dufty

and Iglesias for neutral radiators and static ions[15]. Its relevance to highly charged

radiators is outlined in the recent thesis of Gunderson[8]. Important differences

with the work here are noted in Chapter 9. The use of stochastic models for the

radiative and transport properties of impurities in plasmas was introduced by

Boercker, Iglesias, and Dufty[14].

We hope that a more rigorous treatment of the theory of spectral line broad-

ening will provide better experimental diagnostics and theoretical understanding.
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Before developing the theoretical framework, Chapter 2 gives an overview of the

importance of plasma spectroscopy in general, and gives some physical concepts

that characterize the radiative process in a plasma environment.



CHAPTER 2
OVERVIEW OF PLASMA SPECTROSCOPY

A spectral line shape function I(ω) gives the distribution of radiation emitted

or absorbed by an atom in the presence of a photon field. For an isolated atom

making a simple transition between two atomic states, this is a Lorentzian function

with a half-width given by the natural broadening that arises from the interaction

of the radiating atom or ion with its own radiation field[1]. This width can be given

to an order of magnitude by Γnatural ∼ α(αZ)2Z2 in Rydberg units, where α is

the fine structure constant [16]. It is approximately a factor of α smaller than the

fine structure splitting of atomic levels. For cases considered here, this is negligible

in the presence of other broadening mechanisms[1]. One of these more important

mechanisms is Doppler broadening, which occurs if the radiator has thermal motion

due to its environment[17]. If a Maxwellian distribution for the radiator velocity is

assumed, the resulting Doppler profile is

IDoppler(ω) =
1

γ
√

π
exp

{
−(ω − ω0)

2

Γ2
doppler

}
, (2.1)

where the Doppler half-width is

ΓDoppler ∼
{

2kTi

Mc2

}1/2

ω0 (2.2)

Here T is the kinetic temperature of the radiator, M is the radiator mass, and ω0

is the frequency of the unperturbed transition. In Chapter 5 we shall show how

Doppler broadening is incorporated in a general line shape.

The more interesting and informative broadening mechanisms are those due

to the direct interaction of the radiator with the other particles of its environment.

Through a careful analysis of how these mechanisms determine the shape of I(ω),

5
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experimental determination of the line shape can provide detailed information

about the environment. Plasma spectroscopy is thus a unique tool to serve as a

diagnostic and as an exploratory probe of complex environments.

Spectroscopic techniques have been used for many years to study the char-

acteristics of plasmas. The noninvasive character of spectroscopy makes it an

ideal tool for the study of plasmas in stellar interiors and in inertial confinement

fusion (ICF) experiments, which are the focus of our study. The radiators in these

plasmas emit spectral radiation in a manner that is significantly affected by the

details of the plasma environment. Each radiating ion has its atomic structure

level disturbed by the electric fields of all other plasma constituents. For diagnostic

purposes, e.g., in laser produced plasmas, a careful theoretical analysis of a complex

line shape often allows reliable determination of key physical properties such as

average electron density and the temperatures of the different plasma constituents

that could not be obtained otherwise.

The accuracy of the calculated line shapes is increased by including more

detailed information about the exchange of energy between the radiator and the

plasma. The shape of the spectral emission or absorption also depends on the

detailed atomic structure of the radiator and the characteristic properties of the

plasma constituents (such as proton vs. deuteron concentration). The widths,

shifts, merging, and satellites are all features of the spectral line shape that we

wish to accurately determine so as to best compare theoretical and experimental

results[18].

At the National Laser User Facility (NLUF), part of the Laboratory for

Laser Energetics (LLE) located at the University of Rochester in New York,

inertial confinement fusions (ICF) experiments are currently being run[19]. Plasma

spectroscopy (matching the radiation spectrum with theoretical line shapes) is an

important tool to analyze the outcome of these experiments. These spectroscopic
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techniques will also be important at the National Ignition Facility (NIF) which

is currently being made operational at Lawrence Livermore National Laboratory.

It is expected that plasmas created at NIF will reach temperatures and densities

approximately seven times greater than currently achieved values, which will be

conditions beyond the temperature and density of the solar core. (The expected

temperature is about 100 million degrees, compared with 15 million at the center

of the sun; the expected density is about 300 g/cm3, roughly twice that of the solar

core.) The theoretical approximations currently being used for spectroscopy must

be reanalyzed in the context of these extreme conditions. A primary motivation

for our study is the new plasma state conditions and new types of highly charged

radiators made possible by such experiments. To better appreciate the complexity

of these experiments, and therefore the need for accurate spectroscopic analysis, a

brief description is now provided.

2.1 Experimental Details of ICF

In ICF experiments, small microspheres with a fill gas are imploded with lasers

[13]. In current experiments, these microspheres typically have a diameter of about

1 mm, and consist of a plastic shell of about 20 microns thickness. A fill gas is

introduced into the microsphere, which is then placed in the target chamber.

Two main classes of experiments are performed: direct drive and indirect

drive experiments. In a direct drive ICF experiment, the microsphere is suspended

alone in the target chamber[20, 21]. Laser beams strike the sphere from many

directions which cause the outer portion of the shell to explode away. The reaction

force drives the inner portion of the shell inwards, compressing the fuel gas to

form a plasma. In an indirect drive experiment, the microsphere is placed inside

a small cylindrical tube (called a hohlraum) which is placed inside the target

chamber[21]. The laser beams enter the hohlraum from each end and illuminate

the inner walls. These inner walls then radiate, and it is this radiation that leads
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to the compression of the microsphere in an indirect drive experiment. Using a

hohlraum leads to a more even radiation distribution striking the microsphere. This

is important since the most common problem is instabilities causing a nonuniform

implosion. However, more energy can be delivered to the microsphere in a direct

drive experiment.

After the fill gas forms a plasma, spectroscopic techniques can be used to

determine density and temperature. As an example of typical results, densities of

1.9 × 1024 cm−3 were reached at temperatures of 1.15 keV. For ICF experiments,

other diagnostic tests can be used (such as neutron emission[22]) and these show

agreement with the spectroscopic method to within experimental uncertainties.

The choice of the fill gas determines the theoretical approach. We consider

two main ways to fill the microsphere: a heavy-ion dopant and a heavy-ion fill

gas[3, 23]. For example, the microsphere can be filled with a deuterium gas

that is doped with a small amount of argon; alternately, the microsphere can

be completely filled with argon. The actual choice of radiator (argon, krypton,

etc.) depends on the expected experimental results. The plasma will then consist

of radiating ions surrounded by free electrons and other ions. The temperature

reached by the plasma will determine the relative percentages of different ionization

levels of the heavy-ion radiator. The probability of nonhydrogenic radiators can be

accounted for and increases the accuracy of the diagnostics.

The radiation is captured by streak cameras and is then analyzed. In the

analysis, the effects of the experimental equipment are also taken into account in

the line shape. A set of line shapes is used and a computer code finds the best fit.

2.2 Electron and Ion Broadening

Historically, plasma spectroscopic techniques were most important in the study

of stellar atmospheres. Stellar atmospheres have electron densities and ionizations

that are relatively low; thus pressure broadening by neutral perturbers becomes
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important [24]. This is essentially collisional broadening, and differs considerably

from broadening by the long range Coulomb forces of fully ionized matter. The

most exciting new developments of the field are therefore in the direction of

characterizing the opposite extreme of hot, dense, ionized plasmas. Furthermore,

since these conditions support radiators of large charge number, the coupling to

this environment can be considerably enhanced over that for neutral radiators.

Consequently, the attention here is directed at a careful treatment of interactions

of the radiator with the surrounding positive ions and negative electrons as the

dominant source of line broadening.

A dominant effect of the surrounding charged particles is Stark broadening[1],

a form of pressure broadening that can be described in terms of the Stark effect.

It is also referred to as pressure broadening because it is sensitive to the density

of (and thus the pressure from) the surrounding plasma particles. For Stark

broadening, the atomic energy levels of the radiator are shifted by the electric

fields of the surrounding plasma particles coupling to the radiator dipole. For

hydrogenic ions, the bound electron wavefunctions can be solved for exactly using

either spherical or parabolic coordinates, and a first-order perturbation calculation

gives the energy shift of a parabolic wavefunction in the presence of an electric

field. The energy shift is found to be ∆E = 3a0enqε/2Z, where a0 is the Bohr

radius, e is the electron charge, Z is the nuclear charge of the radiator, and the

electric field magnitude is ε[25]. The numbers n and q are quantum numbers of the

wavefunction, and the parabolic coordinate system is oriented along the perturbing

electric field. The timescales come into play here, as the energy shift from the ions

changes little during the radiation time, while the energy shift from the electrons’

electric field does change. Hence, different theoretical approaches are used for the

effects of electrons and ions.



10

As discussed in the next section, the line shape function can be described in

terms of a time autocorrelation function for the radiator’s dipole moment[1]. A

characteristic decay time can be associated with this function to give a radiation

time[13]. The characteristic times for various processes can then be estimated

and used to determine how they should be handled theoretically. One of the basic

assumptions used in the first part of our study is that the perturbing ions are

massive enough so that during the radiation time they do not move far enough to

alter appreciably their force on the radiator. Consequently, they can be treated as

static. In contrast, the electrons, because of their smaller mass, will move a great

deal during the radiation time. This means that the effect they have on the atomic

energy levels changes during the radiation time, so the electrons require a dynamic

treatment. This section provides some order-of-magnitude calculations to check for

the validity of these approximations.

Several approaches can be taken to estimate the relative effect of perturber

motion on the line shape [7]. The first approach is to calculate the relative change

in the perturber electric field during the typical radiation time Tr . A typical

radiation time can be approximated by the experimentally determined line width.

One example line shape relevant to our study gives a full width at half maximum

(fwhm) of 40 eV. The quantum energy-time relation gives a corresponding time of

Tr ≈ 10−17 s, which we use here to estimate the relative field changes.

The electric field from a perturber is ε = qr/r3 with r being the displacement

from the radiator to the perturber. The fractional change in ε due to a change in

this displacement is then |δε/ε| = 2δr/r ≈ 2vaveTr/r0, where vave =
√

2kBT/m and

the values of m (and possibly T ) are different for each species of perturber. Also

r0 is a characteristic distance from the radiator. For the ions, this characteristic

distance can be chosen to be the average ion distance from the radiator r0 =

(4πne/3)−1/3. Using typical plasma quantities of temperature of 1000 eV and
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electron density of 1 × 1024 /cc, the estimated value of |δε/ε| for a hydrogen

perturber is δε/ε ≈ 0.07, and for argon ions as perturbers δε/ε = 0.01. Clearly,

these massive ions can be treated quasi-statically for the conditions considered.

Using the same density given above for the electrons, this leads to an esti-

mated fractional change in the electric field of the perturbing electrons of δε/ε ≈ 3.

This estimate can be assumed to be too small, since the highly charged positive

radiator will tend to pull electrons in closer. Because of the possibility of large field

changes, the electrons must be treated with a dynamic theory.

An alternate method for determining the need for dynamic theories is by

considering the Debye length. An electron separated by more than a Debye length

from the radiator has its effect on the radiator screened by that part of the plasma

between the two[26]. Using this length and the average velocity of the electron,

a characteristic time can be calculated that represents the time that an electron

can travel and not be screened by the plasma environment. The Debye length

is λD =
√

kBT/4πne2 and the average thermal velocity was given before. The

characteristic time can then be calculated and related to the electron plasma

frequency t = λD/vave =
√

m/8πne2 = 1/
√

2ωp. Therefore, a rough estimate leads

to the requirement that the electrons be treated dynamically for energy widths

less than the electron plasma frequency. Similar considerations apply to the other

perturbing particles of the plasma.

The time scales of the plasma under consideration also determine whether

Doppler broadening can be calculated separately from Stark broadening. By

assuming that it can, the assumption made is that the radiator velocity is constant

during the radiation time. The momentum change of the radiator is equal to the

impulse delivered to the radiator during some time t, and this impulse can be

estimated using characteristic values that were used above. An estimate of the

force during this time can be made using the average interparticle spacing of the
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ions. The resulting change in momentum can be used to determine the fractional

change in momentum by using the average momentum determined by the thermal

velocity. For the density and temperature given above, these fractional changes

are 0.002 and 0.038 for hydrogen ions and hydrogenic argon perturbers. Therefore,

neglecting this small acceleration is valid. Then Doppler broadening effects become

statistically independent of the Stark broadening by the ions and electrons, as

indicated in Chapter 5.

2.3 Evolution of Spectral Line Theory

Modern spectral line theory includes many effects, some of which must be

dealt with concurrently with the derivation of the line shape. Probably the most

important of these effects is the form of the interaction between the plasma elec-

trons and the radiator. The earlier models of spectral line shapes dealt with neutral

radiators[27]. With these plasmas, it was common for the interaction between

the radiator and the plasma electrons to be modeled by a dipole interaction. A

fundamental change occurred when the plasma experiments reached temperatures

high enough to ionize the radiator. Ionized radiators attracted the plasma elec-

trons, and with the smaller separation, the dipole approximation was no longer

adequate[6]. To describe these ionized plasmas, the full Coulomb interaction is

required in the theory. When this was done, it was found that line shifts arose from

the electron-radiator interactions.

There are also several effects that are part of spectral line shape analysis (and

part of the line shape codes described in Appendix A) that are not incorporated

explicitly into our study. One of these effects is spectral line merging[8]. As den-

sities increase, the positions of neighboring lines move together and merge. The

merging of spectral lines at high densities requires a relaxation of the no-quenching

approximation and a much longer calculation time. Opacity broadening, especially

required for stellar applications, has been incorporated into the line shape codes[3].
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Figure 2–1: Plasma Parameters The temperature and density range of plasmas
studied here is compared with other experimental conditions. Parameters used in
MD simulations are shown.

The observance of satellites required the use of multi-electron radiator theories[19].

In addition, the experimental equipment also gives a broadening to the spectral

line, which needs to be accounted for to directly compare theoretical and experi-

mental results. These effects, while important to line shape theory as a whole, can

be neglected in our study. Our study will formulate a line shape of a single ionized

radiator in a plasma.



CHAPTER 3
LINE SHAPE FORMULATION

The line shape function I(ω) that is the starting point for the theoretical

analysis here follows directly from an analysis of the radiated power spectrum P (ω)

of a quantum mechanical system undergoing a transition from initial states a to

final states b

P (ω) =
4ω4

3c3

∑

a,b

∣∣〈b
∣∣de−ik·qR

∣∣ a
〉∣∣2 ρaδ(ω − ωab), (3.1)

where d =
∑

erb is the total dipole moment operator associated with the

radiator, with the sum taken over all bound electrons [1, 2, 28]. The position vector

rb = qb − qR is the position relative to the center of mass position qR of the

radiator. The vector k in Eq. (3.1) points from the radiator to the detector and

has a magnitude of k = ω/c. Integrating this vector over all directions captures

all of the radiation. The delta function ensures that the transition considered

conserves energy. This term contains the quantity ωab = (Ea − Eb)/~, which is

the frequency associated with the energy difference between the initial and final

state. Finally, this power is found by averaging over the initial states and summing

over the final states. The weighting factor ρa produces the average over the initial

states. For many line shapes, the quantity ω4 is approximately constant for the

energy range of a line shape[1], and therefore it is convenient to define a line shape

I(ω) as

I(ω) =
3c3

4ω4
P (ω) =

∑

a,b

∣∣〈b
∣∣de−ik·qR

∣∣ a
〉∣∣2 ρaδ(ω − ωab) (3.2)

14
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For an equilibrium system, this can be written as an integral of the dipole autocor-

relation function I(t)

I(ω) =
1

π
Re

∞∫

0

dt eiωtI(t), (3.3)

I(t) =
〈
d†k · dk(t)

〉
, (3.4)

with the following definitions

dk ≡ de−ik·qR dk(t) = eiHt/~dke−iHt/~ (3.5)

The brackets in the autocorrelation function denote an equilibrium ensemble

average:

〈X〉 = Tr ρeX. (3.6)

The density operator ρe is from the equilibrium Gibbs ensemble for the radiator

and its environment. In this form, the line shape is seen to be determined by the

dynamic correlation of the dipole with itself. The decorrelation time τd is therefore

a measure of the relevant radiation time or half-width of the line shape.

The system under consideration here is a fully ionized plasma of point elec-

trons and ions, plus a single impurity radiator ion of charge number ZR. Overall

charge neutrality is assumed. Unlike the plasma electrons and ions, the radiating

ion has internal structure and therefore a charge distribution about its center of

mass. In the following analysis, the system will be decomposed into two subsys-

tems, the plasma and atomic systems. The radiator ion will be itself decomposed

into two parts, which will be separated into the above groups. The center of mass

degrees of freedom of the radiator, which include the kinetic energy of the center

of mass and the total charge of the radiator located at the center of mass, will be

grouped with the plasma system. The internal degrees of freedom of the radiator,

which include the potential energies of the bound electrons with the nucleus and
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each other and the kinetic energies of the bound electrons about the center of

mass, will comprise the atomic system. Because of this grouping, the interaction

between the atomic system and the plasma is only due to the distribution of the

bound electrons relative to their monopole representation. This is an important

point to emphasize here, since the analysis in the next section treats interactions

among plasma constituents exactly. That includes exact coupling to the radiator as

a monopole. Approximations only occur for coupling to the excess bound electron

distribution.

The Hamiltonian for this system therefore describes a radiator ion with bound

electrons, and also free electrons, free ions, and all interactions among them. The

Hamiltonian can be expressed as the sum of a plasma Hamiltonian Hp, an atomic

radiator Hamiltonian HR, and an interaction Hamiltonian UpR that describes the

interaction between the two systems.

H = Hp + HR + UpR (3.7)

As stated above, a point charge representing the radiator center of mass degrees

of freedom will be included in the plasma subsystem. Then, the plasma Hamil-

tonian Hp contains the kinetic energies of the free electrons, free ions, and the

radiator center of mass, as well as all interaction energies between these three

components. The result is

Hp =
∑

η

(
Nη∑
α=1

Kη(α) +
1

2

Nη∑

α 6=β

Vηη(α, β)

)
+

1

2

∑

η 6=η′

Nη∑
α=1

N ′
η∑

β=1

Vηη′(α, β) (3.8)

In Eq. (3.8), η represents the type of particle (free electron, ion, or radiator center

of mass) and Nη is the number of particle of type η. The first term is the kinetic

energy with Kη(α) ≡ p2
α/2mη. The second is the interaction between particles

of the same type, and the third is the interactions between particles of different
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types. The interactions Vηη′ are Coulomb pair interactions. Then Hp describes a

two component plasma of electrons and ions, plus a point impurity ion.

For the atomic radiator system, the Hamiltonian is written as

HR =
∑

α

p2
α

2me

+
1

2

nR∑

α 6=β

Vee(α, β) +

nR∑
α=1

Ven(α) (3.9)

with nR being the number of electrons bound to the radiator. The three terms

in Eq. (3.9) describe the kinetic energy of the bound electrons, the interactions

between bound electrons, and the interaction between the bound electrons and the

nucleus of the radiator. With the center of mass degrees of freedom absent from

these terms, HR is identical to a case of electrons bound to a motionless charged

particle, and is therefore a straightforward atomic physics problem.

The final part of the Hamiltonian describes the interaction of the atomic and

plasma systems. These interactions are Coulomb interactions, and can be written

as functions of the position operators of the quantum particles. Because of the

mathematical manipulations to be done later, it will be convenient to write these

interactions in terms of charge densities. The plasma particle and bound electron

charge densities can be defined as:

ρη(x) =
N∑

α=1

Qηeδ(x− qα) ρb =

nR∑
α=1

eδ(x′ − rβ) (3.10)

(In Eq. (3.10), η = {e, i}, indicating the plasma electrons or ions, respectively; in

contrast to Eq. (3.8), the point radiator is not included.) With these definitions,

the interactions take the form of the above charge densities multiplied by the form

of the pair potential for their interaction. For example, the interaction between the

free plasma electrons and the atomic system becomes

U
(electrons)
pR =

∫
dx dx′ ρe(x)ρb(x

′)W(x, x′) (3.11)
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The actual form of W(x,x′) can be found as follows. Before the introduction of

charge densities, the explicit form of the plasma electron-atomic system interaction

is

U
(electrons)
pR =

Ne∑
α=1

nR∑

β=1

e2

|qα − qR − rβ| −
Ne∑

α=1

NRe2

|qα − qR| −
(
−

Ne∑
α=1

Ze2

|qα − qR|

)
(3.12)

The first term describes the interaction between the free and bound electrons,

and the second term is the interaction between the free electrons and the radiator

nucleus. The interaction between the free electrons and the radiator center of mass

was included in the plasma Hamiltonian, so it must be subtracted, giving the last

term. The other quantities in the Eq. (3.11), qα, qR, and rβ, are the positions of

the free electrons, radiator nucleus, and bound electrons respectively. Finally, NR is

the nuclear charge and ZR is the radiator charge. Since ZR = NR − nR, this can be

simplified to

U
(electrons)
pR =

Ne∑
α=1

nR∑

β=1

e2

(
1

|qα − qR − rβ| −
1

|qα − qR|
)

(3.13)

This shows that the form factor in Eq. (3.11) is

W(x,x′) =

(
1

|x− qR − x′| −
1

|x− qR|
)

(3.14)

The remaining part of the interaction Hamiltonian is the interaction of the free

ions with the atomic system. The ion-interaction Hamiltonian can be written in

the same form as above, with the only difference being that the charge of the free

ions replacing the charge of the electrons. When these are added together, the total

interaction Hamiltonian is

UpR =
∑

η

∫
dx dx′ ρη(x)ρb(x

′)W(x,x′) (3.15)
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W(x, x′) = −
(

1

|x− qR − x′| −
1

|x− qR|
)

(3.16)

where the sum over η is the sum of plasma species.

The form factor for the ion-radiator interaction can be simplified by consid-

ering the various length scales involved in the integration. In the denominators

of the form factor, the two vectors of interest are x − qR and x′. The first vector

represents the separation vector of an ion perturber from the radiator, and the

second vector represents the bound electron position relative to the radiator center

of mass. The integrals over x and x′ are formally taken over all space. However,

physical considerations limit the effective range of each integral. First, the integral

over x′ is weighted by the bound electron wave function. Since the wave function

has a characteristic length scale given by the Bohr radius, the upper integration

limit at infinity can be replaced by a factor on the order of the Bohr radius for that

species of radiator. Second, when comparing the ion-radiator separation x− qR and

the relative position of the bound electron x′, it is found that the ion-radiator sep-

aration is much larger than the relative bound electron position, or x − qR >> x′.

To see why this is so, we can use as a characteristic length the ion sphere radius r0.

This is the separation of the plasma ions assuming uniform charge density, and is

given by

4

3
πr3

0n = 1 −→ r0 =

(
3

4πn

)1/3

(3.17)

where n is the ion charge density. The probability that the ion will be a certain

distance from the radiator can be estimated by the Boltzmann factor. A lower limit

on the probability can be found by estimating the Boltzmann factor for the ion at

the Bohr radius. This gives

exp

[
−β

ZiZRe2

a0

]
→ exp

[
−ZiZRΓ

r0

a0

]
(3.18)
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where Zi and ZR are the charges of the plasma ion and radiator, a0 is the Bohr

radius, r0 is the ion sphere radius, and Γ is the electron plasma parameter given by

Γ ≡ βe2/r0. For typical plasmas under consideration, r0/a0 is on the order of the

radiator charge, and the plasma parameter lies in the range 0.01 . Γ . 0.1. With

these values, the exponential factor is small at the Bohr radius, and approaches

zero as the exponential of 1/r. Since the radiator typically has a much greater

charge than the plasma ions, the average radiator-plasma ion separation is typically

larger than the ion sphere radius. The vector x′, representing the distance from the

bound electron to the radiator center of mass, is limited by the effective cutoff of

the bound wavefunction. This distance is on the order of several Bohr radii.

The conclusion from this is that in the denominator of the first term of

W(x,x′), the vector x − qR is much larger than x′. Because of this, the form

factor can be expanded in terms of the first quantity. To first order in x′, W(x,x′)

becomes:

W(x,x′) = −
(

1

|x− qR|
+

x · x′
|x− qR|3

− 1

|x− qR|
)

(3.19)

W(x,x′) =

(
−(x− qR) · x′

|x− qR|3
)

(3.20)

For the ion-radiator interaction, the form factor is now separated. The interaction

Hamiltonian for the plasma ions is then, from Eq. (3.13)

U ions
pR =

[∫
dx ρi(x)

(x− qR)

|(x− qR)|3
]
·
[∫

dx′ ρb(x
′)x′

]
(3.21)

=

[∑
ions

qe
(ri − qR)

|(ri − qR)|3
]
·
[∑

rb

erb

]
= Ei · d (3.22)

where on the last line the quantity in the first brackets was identified as the electric

field of the plasma ions at the radiator, and the quantity in the second brackets

is the definition for the dipole moment of the radiator. It is important to note

here that this ion electric field is the bare Coulomb field. This is a long range

force, and it will later be convenient to take advantage of the screening by the
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plasma electrons to define a modified ion field by including certain averaged plasma

electron-radiator interactions. We will return to this topic in Chapter 5.

For the plasma electron-radiator interaction, the situation is quite different.

The distant electrons will give a contribution similar to Eq. (3.22) due to the

electron’s electric field. However, the highly charged radiator also pulls the plasma

electrons in close, so that the plasma electron charge density is appreciable even

within the bound electron orbitals. We will now explore the form factor for these

close plasma electrons. To estimate the effect of the close electrons we make the

assumption that the plasma electron charge density is spherically symmetric about

the radiator, and that the radiator is at the origin. Then Eq. (3.15) for the plasma

electrons is

U electrons
pR = −

∫
x2dx dx′ ρe(x)ρb(x

′)
∫

dΩ W(x,x′) (3.23)

with dΩ being the angular integration over the plasma electron coordinates. The

form factor can be expanded in a multipole expansion

W(x,x′) =

(
1

|x− x′| −
1

|x|
)

= 4π
∑

`,m

[
Y `

m(Ω)Y m∗
` (Ω′)

x`
<

x`+1
>

]
− 1

x
(3.24)

where x> and x< is the greater and lesser, respectively, of {|x|, |x′|}, and Y m
` (Ω) is

a spherical harmonic[29]. If the plasma electron charge distribution is spherically

symmetric as assumed, then only the ` = 0 term in the sum will be nonzero due

to the orthonormality of the spherical harmonics. Using Y 0
0 (Ω) = 1/

√
4π, the form

factor for this case is therefore

W(x,x′) =
1

x>

− 1

x
= Θ(x− x′)

1

x
+ Θ(x′ − x)

1

x′
− 1

x
(3.25)

where Θ(x − x′) has the value of 1 if x > x′ and 0 for x < x′. Since Θ(x − x′) +

Θ(x′ − x) = 1, this factor can be introduced into the last term and the theta
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functions combined to give

W(x, x′) = Θ(x′ − x)

(
1

x′
− 1

x

)
= Θ(x′ − x)

(
x− x′

xx′

)
(3.26)

This indicates that in addition to the dipole interaction the plasma electron-atomic

radiator interaction includes a “monopole” term from the penetration of the bound

charge density by the plasma electrons.

In summary, the line shape has been identified in terms of the radiator dipole

autocorrelation function. After a separation of center of mass and internal degrees

of freedom for the radiator, the dynamics of the dipole is determined from a

Hamiltonian of these internal degrees of freedom coupled to a plasma of point

charges. This coupling is through a dipole coupling to the ions and electric fields of

the plasma charges. In addition there is a coupling to the plasma electrons within

the atomic structure of the radiator.



CHAPTER 4
SEMI-CLASSICAL MOLECULAR DYNAMICS

In this chapter, the application of molecular dynamics (MD) simulations to the

line shape problem will be examined. Recall that in Chapter 3, an expression for

the line shape was expressed in terms of the dipole autocorrelation function as

I(t) =
〈
d†k · dk(t)

〉
= Z−1Trd†k · eiHtdke

−iH(t−iβ) (4.1)

where the angle brackets indicate an average over an equilibrium ensemble for the

plasma, and Z = Tr exp[−βH] is the partition function. It is important here to

determine where the most difficult part of this calculation lies. To this end, we will

approach the calculation of the dipole autocorrelation function by direct solution of

the Schrödinger equation. The Hamiltonian for the system is, from Chapter 3

H = Hp + Ha + UpR (4.2)

where Hp is the isolated plasma Hamiltonian (including the radiator center of

mass), Ha is the Hamiltonian describing the atomic degrees of freedom of the

radiator, and UpR is the interaction between the two. Going to the interaction

representation[30] defined by

eiHt = eiHptU(t) (4.3)

gives the autocorrelation function in the form

〈
d†k · dk(t)

〉
= Z−1Tre−βHptd†k · U(t)dkU

†(t + iβ) (4.4)

A basis set {|α〉} to perform the trace can then be chosen, and interaction picture

states can be defined with Ψα(t) = U(t)|α〉. The correlation function can be

23
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calculated by solving the Schrödinger equation

(
∂

∂t
− iHa − iUpR(t)

)
Ψα(t) = 0 (4.5)

with

UpR(t) =
∑

η

∫
dx dx′ ρη(x, t)ρb(x

′)W(x,x′) (4.6)

ρη(x, t) = eiHptρη(x)e−iHpt (4.7)

where ρη(x, t) is the plasma perturber charge density and ρb(x
′) is the bound

charge density. Note that in Eq. (4.6), the only dependence on the plasma degrees

of freedom occurs completely within ρη(x, t). Once ρη(x, t) is specified, the problem

represented by Eq. (4.5) is purely an atomic physics problem of the coupling of

an atom to an external potential. The difficult many-body problem residing in

ρη(x, t) is therefore of great importance to calculate accurately, which is why MD is

relevant here. MD simulations claim to be able to perform an accurate calculation

of the plasma charge density with all charge correlations intact. However, there are

several difficulties in applying MD to this problem, and this chapter will examine

the validity of MD simulations approach.

The first topic to study is the fact that MD is inherently a classical method.

In MD, Newtonian equations are solved directly to provide particle trajectories

[31, 32]. The motion of the particles is then followed for some time interval, and

the properties to be calculated are determined by the time dependent coordinates

and momenta of the particles. The early uses of MD for plasma simulations

involved a one component plasma consisting of positive particles, plus a constant

negative background for overall charge neutrality. For this case, MD is very useful

and clearly applicable, since the repulsive nature of the interparticle interactions

keeps the particles far apart. This meant that, with high temperature, the distance

between the particles is much larger than the de Broglie wavelength. Therefore a
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classical description is a good approximation to the one component plasma, since

in such a case there is small probability for the particles to be close enough for

diffraction effects to be important.

For this study, we would like to use MD to study a plasma that would include

positive plasma ions, plasma electrons, and a highly charged radiator impurity.

One initial problem is the mass difference between the plasma ion and electrons.

The electrons require a short characteristic time scale. Any simulation would have

to move with time steps less than this time scale, or else the simulation would

not capture the effects of the electron motion. However, the ions move much

more slowly, and thus have a time scale much larger than that of the electrons.

Therefore, the time steps have to not only be small enough to capture the electron

motion, but the simulation has to run long enough to capture the effects of the ion

motion. This situation requires the recent advances in computer calculation speed

to have an effective simulation tool.

There is an additional difficulty, however, with the basic validity of the

simulation itself. For cases with attractive particles, it is discovered that there are

theoretical difficulties with modeling an electron-ion interaction with a classical

interaction energy. For the ions, and especially the radiator impurity, the attractive

interactions cause the electrons to approach very closely. Using a bare Coulomb

potential for the radiator-electron interaction causes a singularity to appear in the

ensemble. For this classical case, the partition function includes Boltzmann factors

with the form

e−βH ∼ e−βV = eβZre2/r (4.8)

where Zr is the ion charge, and r is the separation from the electron and ion. For

small r, this factor diverges, leading to a singularity in the Gibbs ensemble. This

reflects the fact that there is no classical limit for a plasma of oppositely charge

particles. It has been shown that systems with attractive Coulomb interactions
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are unstable unless quantum mechanics is used [33]. The result of this is that MD

seems to not be a valid tool if bare Coulomb interactions are used for oppositely

charged particles, as a collapse of electron-ion pairs is the inevitable result.

Recently a method has been used to resolve this difficulty of using an inher-

ently classical method to give quantum results. To this end, the potential between

electrons and ions is modeled by a form that does not diverge for small distances,

but gives the Coulomb potential at larger distances. These are called “regularized”

Coulomb potentials. To understand this procedure, consider the quantum partition

function for two particles [9, 10]

Z = Tr e−βH(1,2) =

∫
dr1 dr2

〈
r1, r2

∣∣e−βH(1,2)
∣∣ r1, r2

〉
(4.9)

where H(1, 2) = H(1) + H(2) + V (1, 2) is the two particle interaction. A classical

expression for the partition function is then written down which defines the

regularized potential

Z = Tr e−βH(1,2) ≡ 1

λ6

∫
dr1 dr2 e−βU(|r1−r2|) (4.10)

where λ =
√

2π~2/mkBT . This defines the regularized potential to be exactly

U(|r1 − r2|) = −β−1 ln
(
λ2

〈
r1, r2

∣∣e−βH(1,2)
∣∣ r1, r2

〉)
(4.11)

This potential resolves the singularity problem, as it is finite even in the limit of

|r1 − r2| → 0. It also agrees with the Coulomb potential for distances farther

away from the ion. This characteristic distance is on the order of the de Broglie

wavelength λD = 2π~/p. The results are somewhat sensitive to the specific distance

used, and later in this chapter we will discuss some recent work that shows the

optimum distance to use for certain cases.

With the regularized potential defined in this way, the expectation value of

a quantum operator that depends only on the coordinates of two particles can be
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given exactly by using this classical potential along with the classical form of the

operator

〈
Â

〉
= Tr

1

Z
e−βH(1,2)Â(r1, r2) =

1

h62!Z

∫
dr1 dr2 e−βU(|r1−r2|)A(r1, r2) (4.12)

Because this last equation is exact, the regularized potential must be accounting

for all of the quantum effects. Therefore, MD simulations for many particles using

these potentials will include quantum effects to some degree, but will also be a

well-defined classical problem.

At this point, we must examine these results and determine how ‘correct’ they

are, i.e. in what regimes do classical calculations using regularized potentials agree

with full quantum calculations. In simulations involving hydrogen plasmas, it is

found that good results are obtained for high temperatures. As the temperature

lowers, hydrogen atoms appear that are also described well [34, 35]. However,

at even lower temperatures, regularized potentials do not adequately describe

molecular hydrogen. These results agree with the primary assumption made

in using regularized potentials, that quantum effects are most important with

pairwise interactions. This holds true for the high temperature plasma and atomic

hydrogen systems. At very low temperatures many-body quantum effects become

more important. In this study, the system considered is a hot, dense plasma, and

MD simulations with regularized potentials would appear to be a good choice for

simulations.

A form for the regularized potential still has to be found from Eq. (4.11).

There are several different methods for evaluating this. In Appendix G one

method is shown that results in the Kelbg potential for an arbitrary potential

V (|r1 − r2 − x|)
UK(r) =

∫
dx

e−(x/λ)2

x
V (|r1 − r2 − x|) (4.13)
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In this form it is straightforward to see that the regularized potential can be

interpreted as a smoothing of the bare potential over a volume characterized by the

de Broglie wavelength. For the specific case of the Coulomb interactions, the Kelbg

potential takes the form [36, 37, 38, 39, 40]:

UK(r) = V (r)
(
1− e−(r/λ)2 +

√
π

r

λ

[
1− erf

( r

λ

)])
(4.14)

A second form for the regularized potential is the Deutsch potential [41]. This is a

phenomenological version that is often used in MD simulations and has the form

UD(r) = V (r)
(
1− e−r/λ

)
(4.15)

Both the Kelbg and Deutsch potentials have similar qualitative features; however,

inside the de Broglie wavelength the Kelbg potential is preferable.

One additional factor must be evaluated. The plasmas considered here are

highly charged. This has the potential for further difficulties as the electron

trajectories are pulled closer, and there is the possibility for metastable bound

states. More study needs to take place to determine the effects for a given radiator

charge, temperature, and electron density.

With the use of these regularized potentials, MD simulations can calculate

dynamic properties for a plasma. For example, a simple theory might have the

radiator-plasma interaction be totally described by the monopole and dipole

interaction. In this case, the time dependent electric field of the plasma is required.

By using MD to determine the electric field, all correlations between the plasma

particles can be retained. The next chapter will look at a specific plasma to

determine the properties needed that will give the line shape function. It will be

found that some of these properties needed include the constrained average of the

electron density, and the electron field autocorrelation function. With statistical

mechanics methods, uncontrolled approximations are required to evaluate these
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properties. MD simulations can be shown to be valid for many cases, and they can

provide accurate methods to determine these properties.



CHAPTER 5
LINE SHAPE FORMULA FOR QUASI-STATIC IONS

In Chapter 3, an expression for the line shape function was given, and in

Chapter 4, a numerical method to evaluate certain properties important to the

line shape was discussed. In this chapter and the next, statistical mechanics will

be used to reformulate the problem in terms of those few properties that are most

important in determining the line shape function. Recall that in Chapter 3, the line

shape was written in the form

I(t) =
〈
d†k · dk(t)

〉
(5.1)

Now an expression for this will be derived that separates the various mechanisms

affecting the line shape. Consider first the physical aspects of the plasma particles.

The electron and ion components of the plasma affect the dipole in different ways

due to their different charges and masses. For positively charged radiators (the only

case considered here) the ions are repelled by the radiator and their dominant effect

is Stark broadening by their electric field coupled to the dipole of the radiator.

In many cases of physical interest, the change in this field is small during the

radiation time (relaxation of I(t)). Under such conditions the ions behave as static

perturbers and this will be referred to as the quasi-static ion approximation. The

quasi-static ion approximation is physically relevant because of the large mass of

the plasma ions as the example in Chapter 2 illustrates. It is important to note

that the quasi-static ion case does not indicate that the ions are motionless, only

that the effect of their motion on the forces of interaction is negligible.

We want to isolate the effects of the ions from the other processes of the

plasma. Shortly we will examine under what conditions this is useful. Going to
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an interaction representation in which the effect of the ion motion (including the

radiator) is separated leads to

eiHT = eiKT U(t) (5.2)

where U(t) is the desired propagator for the plasma that includes all processes

except ion (including radiator ion) motion. This propagator obeys the following

equation of motion

(∂t + iHa + iV ({qi + vit}, {qe}, {qeb}))U(t) = 0 (5.3)

We can now examine the conditions under which the ion motion effectively

decouples from the other degrees of freedom of the plasma. The important quantity

to consider is the fractional change in the ion and electron interaction energy

caused by ion motion during the characteristic time under consideration. The

fractional change is ∆V/V , with a differential change given by dV = (∇V ) · (v)dt.

With an average speed of v0 and a characteristic time τ , the conditions required

have

τv0 ·∇V ({qi}, {qe})
V ({qi}, {qe})

≈ τv0

r0

¿ 1 (5.4)

Under these conditions, the kinetic energy for the ions commutes with the

other terms, and the equation above can be written

eiHt → eiKteiHst (5.5)

where

Hs = Ha + Ke + Vee({qe}) + Vie({qi}, {qe}) + UpR (5.6)

The contribution Vie({qi}, {qe}, {qeb}) denotes the total interaction of both bound

and free electrons with the ions. The ion-ion potential cancels in d(t) for this

static-ion approximation (but not in the Gibbs density matrix), and Hs becomes

the Hamiltonian for electrons in the frozen field of the ions.
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A remark here about the quasi-static case and the absence of certain cor-

relations is in order. The introduction stated that this work would neglect no

correlations. Yet clearly correlations between the radiator center of mass and other

plasma particles are absent in going from the general case to the quasi-static ion

approximation. There is no discrepancy here, however. It is the time scale of the

quasi-static ion approximation, not an approximation made in the calculation of

the quasi-static ion case, which causes the lack of these correlations. Therefore

there will be no need at the end of the calculation to introduce any theoreti-

cal device to correct the result. All correlations present in the quasi-static ion

approximation are included.

We can now decompose the average for the autocorrelation function into a

product form, consisting of a static dipole autocorrelation function and a doppler

term, resulting in

〈
d†k · dk(t)

〉
→ 〈d · d(t)〉 〈eik·vRt

〉
= 〈d · d(t)〉

∫
dv

(
βm

2π

)3/2

e−βmv2/2eik·vt (5.7)

= 〈d · d(t)〉Φ(k, t) (5.8)

where Φ(k, t) is the time dependent Doppler line shape. The frequency dependent

line shape can be written as a convolution of a doppler line shape and a quasi-

static ion line shape[42].

I(ω) =

∫
dω′ID(ω − ω′)J(ω′) (5.9)

where

ID(ω) =
1√
2πσ

exp

(
−(ω − ω′)2

2σ2

)
(5.10)

2σ2 =
ω′2

c2

(
2kBT

mr

)
(5.11)
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and

J(ω) =
1

π
Re

∞∫

0

dt eiωt 〈d · d(t)〉 (5.12)

The quasi-static ion dipole autocorrelation function is now

〈d · d(t)〉 = 〈d(−t) · d〉 = Tr
a

(
Tr
p

ρd(−t)

)
· d (5.13)

and the plasma-atomic Hamiltonian is

UpR({qi}, {qe}, {qeb}) = E({qi}, {qe}) · d

+

∫
dx dx′ ρe(x)ρb(x

′)
(
W(x, x′)− x · x′

x3

)
(5.14)

This form in Eq. (5.13) for the autocorrelation function still has a difficult

many-body problem in performing the trace over the plasma degrees of freedom.

Because the ions are taken to be quasi-static their effect is easier to analyze.

First, the large mass of the ions not only justifies the quasi-static approximation

but also implies a quasi-classical approximation for the conditions of hot dense

matter considered here. This means the ion thermal de Broglie wavelength λ =
√

2π~2/mkBT is short compared to the distance between ions. Therefore, the trace

over ion degrees of freedom can be converted to an integral over configurations for

the ions. Furthermore, as was discussed in Chapter 3, the large separation between

the radiator and plasma ions leads to the dominant ion-radiator interaction being

the coupling of the ion electric field to the radiator dipole. In other words, the only

relevant property of the ions is their electric field value at the radiator. Finally, for

the quasi-static ions the ion electric field is constant during the radiator time.

In performing the integration over ion configurations it is recognized that

effect of the plasma ions on the line shape is determined by the value of their

instantaneous electric field. Also, many points in phase space correspond to

ion arrangements with the same electric field at the radiator. This suggests the

following conceptual method to calculate the trace. For each possible value of
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the ion electric field, say ε, pick out the group of all those configuration points

which have their ion microfield equal to ε at the radiator. Then average the dipole

operator over just that group of points and then perform a weighted average over

all possible ion field values. This gives

Tr
p

ρd(−t) =

∫
dε Tr

p
ρδ(ε−ES)d(−t) (5.15)

≡
∫

dε f(a, ε)D(ε,−t) (5.16)

which defines a primary quantity to consider, the constrained average dipole

operator with an ion electric field constraint ES = ε at the radiator

D(ε,−t) = Tr
p

ρ(a, ε)d(−t) (5.17)

ρ(a, ε) = f−1(a, ε)ρδ(ε−ES) (5.18)

f(a, ε) = Tr
p

ρδ(ε−ES) (5.19)

The quantity ES is the screened ion field at the radiator site. However, at this

point in the study the form of the screening is arbitrary. Later in the analysis a

particular form will be chosen that simplifies the calculations.

With the average over plasma states always constrained, the interaction

Hamiltonian can be redefined in such a way that it does not depend on the ion

degrees of freedom. The Hamiltonian for this system is

H = Hp + HR + UpR (5.20)

The ions interact with the atomic system solely through a dipole interaction. To

explicitly extract these effects, we add and subtract a term based on the screened

ion field ES from the Hamiltonian

H = Hp + HR + Es · d + UpR −Es · d (5.21)
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Here, the screened ion field ES only depends on the ion coordinates. However,

the specific form is still not defined at this point, since the form will be chosen to

simplify the analysis later. Now in the calculation of D(ε,−t), the Hamiltonian

always appears in a constrained average, where the trace is restricted by a delta

function to only include terms in which the screened ion-field is equal to some given

value ε. In the quasi-static ion approximation, the plasma dynamics do not affect

this restriction, so the Hamiltonian has the following useful form

H = Hp + HR(ε) + δUpR (5.22)

where HR(ε) = HR + ε · d is the Hamiltonian for a radiator in an external field ε,

and δUpR = UpR − Es · d is the interaction between the plasma and the atomic

system in this new Hamiltonian. The new interaction δUpR is given by

δUpR({qi}, {qe}, {qeb}) = (E({qi}, {qe})−E∗
i ({qi})) · d (5.23)

+

∫
dx dx′ρe(x)ρb(x

′)
(
W(x,x′)− x · x′

x3

)

A suitable choice of the screened ion field removes all ion dependence from δUpR

and gives a form convenient for analysis. The static-ion line shape is then

J(ω) =
1

π
Re

∞∫

0

dt eiωt

∫
dε Tr

a
f(a, ε)D(ε,−t) · d (5.24)

Note that this has the form of an effective atomic physics problem. Here all of

the effects from the plasma degrees of freedom have been localized in the quantity

D(ε,−t). Once D(ε,−t) has been evaluated, the remaining dynamics are that of

an atom in an external field ε. This problem is well studied, and many results,

especially atomic wavefunctions and various matrix elements, are available [17].

The next chapter will evaluate the equation of motion for D(ε,−t), and use

perturbation theory to calculate various plasma effects to second order in the

plasma-radiator interaction.



CHAPTER 6
QUASI-STATIC EQUATION OF MOTION

The previous chapter derived an expression for the line shape in which the

most difficult many body calculations were contained within the constrained

average dipole operator D(ε,−t). As was mentioned in Chapter 5, an equation

of motion for D(ε,−t) will be derived that will give exact dynamics, including all

correlation effects, for the case of quasi-static ions. This equation of motion will

contain terms that can be identified with various broadening mechanisms for the

line shape.

The derivation is more straightforward with the introduction of a Liouville op-

erator [43]. A brief overview is given here, and more details are given in Appendix

D. A Liouville operator L can be associated with any Hamiltonian operator H. For

some quantity X whose time evolution is determined by the Hamiltonian H, the

associated Liouville operator is given by

X(t) = eiHt/~X(0)e−iHt/~ = eLtX(0) (6.1)

or equivalently

LX =
i

~
[H, X] and

(
∂

∂t
+ L

)
X = 0. (6.2)

With the Hamiltonian separated into three terms (see Eq. (5.22)), the Liouville

operator associated with the entire system separates into three analogous terms, or

L = Lp + L(a, ε) + δLpR (6.3)

36
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Using a projection operator technique detailed in Appendix D and this form of the

Liouville operator, the time evolution equation for D(ε, t) takes the form

(
∂

∂t
+ L(a, ε) + B(ε)

)
D(ε,−t) +

t∫

0

dτ M(ε; t− τ)D(ε,−τ) = 0 (6.4)

The operators B(ε) and M(ε,−t) represent the effects of the coupling of the

radiation to the plasma δLpR. Since the static ion broadening has already been

accounted for in L(a, ε) it is expected that these are electron broadening terms.

However, these electron terms retain their correlations with the ions and a depen-

dence on the fixed ion value. The operator B(ε) is simply the mean value of δLpR

for the constrained plasma

B(ε)X = Tr
p

ρ(ε)δLpRX = Tr
p

ρ(ε)
i

~
[δUpR, X] (6.5)

It is seen from the equation of motion that B(ε) describes the short time dynamics

of D(ε,−t). The operator M(ε;−t) describes the dynamical electron broadening

and is more complex. Its detailed form is given in Appendix D. These quantities

can be expanded in powers of δLpR as

B(ε) = B(1)(ε) + B(2)(ε) + · · ·

M(ε, t) = M (2)(ε, t) + · · ·

In the remainder of this chapter these electron broadening operators are brought

to a more practical form by an expansion to second order in δLpR.

6.1 First-order Electron Broadening

The result for the electron broadening B(ε) contains the Liouville operator

δLpR or interaction Hamiltonian δUpR. In this section, this will be expanded in

powers of the interaction energy of the plasma and radiator internal states. As

described above, the removal of the monopole and ion dipole terms for δUpR results

in a softening of the interaction so that an expansion in powers of δUpR is valid.
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This will give a form of the first order electron broadening ready for calculation,

and also allows us to show that this term arises solely from the effect of the plasma

electrons on the radiator.

The evaluation of this trace occurring in B(ε) is complicated by the presence of

δUpR in the density matrix ρ(ε). However, since the interaction Hamiltonian δUpR

itself occurs in the trace, the first order part is found by writing the density matrix

to zeroth order in δUpR. The first order contribution to B(ε) is then

B(1)(ε) = Tr
p

ρp(ε)δLpRX = Tr
p

ρp(ε)
i

~
[δUpR, X] =

i

~
[〈δUpR〉ε , X

]
(6.6)

where

〈X〉ε ≡ Tr
p

ρp(ε)X (6.7)

is the constrained plasma average. In this formula, we have

ρp(ε) = Q−1(ε)ρpδ(ε−ES) ρp =
e−βHp

Trpe−βHp
(6.8)

where ρp is the plasma equilibrium density matrix and ρp(ε) is the constrained

density matrix.

Up to this point the definition of ES has not been specified. It will now be

shown that a suitable definition of ES will remove all ion dependency from the

average interaction Hamiltonian. To get this result, the electric field will be defined

to be the field of the ions screened by the electrons. First, the form of δUpR is

rewritten so that the dipole contribution for distant electrons is also made explicit

δUpR = (E −Es) · d−
∫

dx dx′ ρe(x)ρb(x
′)

[
W(x, x′)− x · x′

x3
Θ(x− r0)

]
(6.9)

where d =
∑

β erβ and

E = Ei + Ee = Ei +

∫
dx ρe(x)

x · x′
x3

Θ(x− r0) (6.10)
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where Ei is the ion field and Ee is the electron field. The constant r0 is chosen to

be a characteristic size of the bound charge distribution outside of which the dipole

interaction is well-defined. The screened ion field Es is now defined such that this

dipole contribution from δUpR gives no contribution to B(1)(ε)

Trpρp(ε)(E −Es) = Trpρp(ε)(Ei + Ee −Es) (6.11)

= Triρi(ε)(Ei + ρ−1
i TreρpEe −Es) (6.12)

In the second equality use has been made of the fact that the screened ion field and

the total ion field have no dependence on the electron coordinates, so the trace over

the electron coordinates can be carried out. Also, ρi is the reduced density operator

for the ions and ρi(ε) is the corresponding constrained operator

ρi ≡ Treρp ρi(ε) ≡ Q−1(ε)ρiδ(ε−Es) (6.13)

The definition of ES is now chosen such that this dipole contribution is zero

ES ≡ Ei + ρ−1
i TreρpEe (6.14)

This is a primary result of our general analysis that includes all charge

correlations. As noted above, the primary effect of the static ions is a Stark

broadening of the line. This is described by L(a, ε) in Eq. (6.3) above. The field

values ε are sampled from the probability distribution Q(ε). The probability

distribution is defined here as an average over the two component plasma, in

contrast to current theories which approximate the effect of electrons on the ions

using a One Component Plasma (OCP) of ions only. In addition, however, we now

see that the choice of microscopic ion field ES whose probability is being computed

in Q(ε) also must include the effects of the electrons in order that L(a, ε) should

give all of the ion Stark broadening (i.e., that there be no additional effects from

B(1)(ε)). The cancellation of this additional ion broadening leads to two effects.
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First, the relevant fields of the ions at the radiator are screened (below it is shown

that the second term of Eq. (6.11) provides Debye screening in the weak coupling

limit). Secondly, the dipole interaction of the electrons is entirely accounted for by

this screening effect. The definition of the screened ion field in this theory includes

all plasma correlations. Therefore, the claim that it accounts for all of the dipole

interaction between the plasma particles and the internal radiator states is an exact

claim for quasi-static ions.

The remaining non-zero contributions to B(1)(ε) comes from the second term

on the right of Eq. (6.9). This represents the interaction of the perturbing electrons

with the bound electron distribution, now with both the monopole and dipole

interactions separated out. Using this, the nonzero part of B(1)(ε) takes the form

B(1)(ε)X = −
∫

dx dx′ W (x,x′) 〈ρe(x)〉ε
i

~
[ρb(x

′), X] (6.15)

where

W (x, x′) =

(
1

|x− x′| −
1

|x| −
x′ · x
x3

Θ(x− r0)

)
(6.16)

and 〈ρe(x)〉ε indicates a constrained average of the free electron charge density, and

the theta function is defined by

Θ(x− r0) =





0 r0 > x

1 x > r0

(6.17)

This form of W (x,x′) will be used again for the second order parts of the

calculation. However, let us now expand the first term in the form factor W (x, x′)

using a multipole expansion, and keep just the monopole term. The monopole

term is an important piece to study, because in many theories, the assumptions

made lead to all other terms going to zero. This term is due solely to the monopole

interaction arising from free electrons penetrating the bound electron orbitals

(x < x′ < r0). The form factor then becomes (including the factor of x2x′2 from the
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radial integrals)

W (x, x′) → xx′(x− x′)Θ(x′ − x) (6.18)

The theta function will change the upper limit on the integration over x. Also,

the integration over x′ is effectively limited by the bound electron wavefunctions.

To represent this, they will be given an upper limit of some characteristic length

related to the Bohr radius. The angular integrals can be absorbed in the charge

density calculations, giving

B(1)(ε)X = − i

~
4π

a∫

0

dx′
x′∫

0

dx 〈ρe(x); ε〉p [ρb(x
′), X] xx′(x− x′) (6.19)

〈ρe(x); ε〉p =

(
1

4π

∫
dΩx 〈ρe(x); ε〉p

)
(6.20)

ρb(x
′) =

∫
dΩ′

x ρb(x
′) (6.21)

For the monopole term of the first order electron broadening, the effects of

including all plasma correlations exactly has been localized in the term 〈ρe(x); ε〉p.
This term represents the free electron charge density, averaged over those plasma

states in which the ion electric field ES is constrained to have the value ε. This

free electron charge density is not uniform because the charged radiator at the

origin attracts the perturbing electrons. Furthermore, it is not isotropic because of

the constrained average: with a specified field ε, the ion density will be larger on

one side of the radiator than on the other. The fast moving electrons would then

be attracted to the more positive side, leading to an asymmetry in the free electron

charge density [44].

The importance of these effects can be explored with a simple estimate

calculation. If it is assumed that the perturbing electron charge density ρe(x) is

constant inside the bound electron wavefunction, ρe(x) can be removed from the
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integral and the integration over x performed, leading to

B(1)(ε)X = − i

~
2π

3
〈ρe(0), ε〉p

a∫

0

dx′ x′4 [ρb(x
′), X] (6.22)

6.2 Second-Order Static Electron Broadening Term

At this point it is useful to more closely examine how the choice of the

ion microfield form has affected the physical interpretation of B(ε) as a static

electron broadening term. Note that initially the plasma-radiator interaction

δUpR represented both electron and ion perturbations, with both the monopole

interaction and a ion dipole interaction ES · d removed. With the above choice

for ES and the neglect of higher order ion multipoles the radiator-plasma coupling

energy can be written

δUpR = δEe · d−
∫

dx dx′ ρe(x)W (x,x′)ρb(x
′), (6.23)

δEe = Ee − 〈Ee〉e (6.24)

where 〈Ee〉e is the electron field averaged over the electron degrees of freedom

〈Ee〉e ≡ ρ−1
i Tr

e
ρpEe (6.25)

Thus, the first term of the interaction is just the fluctuation of the electron dipole

interaction whose average value in B(1)(ε) is zero by definition. Clearly, δUpR now

represents an electron perturbation of the radiator. Consequently, both B(ε) and

M(ε; t) can now be recognized as electron broadening operators (although still

retaining the correlations between electrons and ions).

The previous section examined that part of B(ε) that was first order in the

interaction Liouville operator. The remainder, B(ε)−B(1)(ε), can be expanded into

a term that is second order in the interaction Liouville operator. The full static
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broadening term explicitly is

B(ε)X = Tr
p

ρ′(a, ε) δLpRX (6.26)

and the density matrix is given by

ρ(ε) = f−1(a, ε)ρδ(ε−ES), f(a, ε) = Tr
p

ρδ(ε−ES) (6.27)

ρ = Z e−β(HR(ε)+Hp+δUpR) (6.28)

where Z is the associated partition function. Define the quantity H0 = HR(ε) + Hp.

Then, to first order in δUpR, this density matrix is

ρ(ε) = ρp(ε)


1−

β∫

0

dτ

(
eτH0 (δUpR) e−τH0 − Tr

p
ρp(ε)e

τH0 (δUpR) e−τH0

)
 (6.29)

The first term leads to the first order static shift as described in the previous

section. The second term gives a second order contribution of

B(2)(ε)X =

β∫

0

dτ Tr
p

ρp(ε)δUpR(−i~τ)
[(

δUpR − 〈δUpR; ε〉p
)

, X
]

(6.30)

where δUpR(−i~τ) denotes the Heisenberg operator at an imaginary time.

It is expected that the dominant contribution to B(2)(ε) should come from the

electron dipole interaction of δUpR. Then B(2)(ε) simplifies to

B(2)(ε)X =

β∫

0

dτ 〈δEeα(−i~τ)δEeβ; ε〉p dα(−i~τ) · [dβ, X] (6.31)

This form includes all correlations present in the quasi-static ion case. Also, in

this form the atomic and plasma physics have been separated. The electric field

autocorrelation function is a plasma physics problem and is solved separately from

the atomic dipole operators.
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6.3 Dynamic Electron Broadening Term

The previous sections have dealt with the term B(ε), which describes the

static broadening by the plasma electrons. The dynamical electron effects are

described by the operator M(ε; t). In Appendix D, this operator is calculated and

shown to have the form

M(ε; t) = f−1(a)Tr
p

[
ρ(a, ε) (δLpR) e−QLtQ (δLpR)

]
(6.32)

Here Q is a projection operator such that QX gives the deviation of X from its

constrained plasma average.

QX = X − Tr
p

ρ(ε)X (6.33)

The previous section accounted for the average value of δLpR and its time

independent fluctuations to second order. What is left is the time-dependent

fluctuations, which verifies the previous identification of M(ε; t) as a dynamic

electron broadening term. More physically, M(ε; t) describes atomic transitions of

the radiator caused by collisions with the plasma electrons.

To second order in δLpR this operator becomes (see Appendix D for details)

M (2)(ε,−t) =
〈
δLpRe−(LR(ε+Lp)t

(
δLpR − 〈δLpR; ε〉p

)
; ε

〉
p

(6.34)

This form of the dynamic electron broadening operator is similar to those obtained

previously. Typically, however, such results neglect many or all of the electron-

radiator-ion correlations. These correlations enter the broadening term in two

places. The definition of ES itself included some of these correlations in that

the correlations lead to screening of the ion microfield, and are included only

approximately in most previous theories. However, the term above also includes

all correlations when performing the trace. Instead of performing the trace over
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separate ion and electron subsystems, the trace above is over a two-component

plasma including the radiator monopole.

This result can be made more explicit using the form for the perturbation

δUpR = δEe · d−
∫

dx dx′ ρe(x)W (x,x′)ρb(x
′) (6.35)

to get the action of M(ε,−t) on some radiator operator. Clearly, it will be deter-

mined by the time dependent correlations between δEe and ρe(x)

e(LR(ε)tM(ε,−t)X = Cαβ(t, ε)

(
i

~

)2

[dα (t) , [dβ, X]]

+

∫
dx dx1S(x, x1, t, ε)

∫
dx′dx′1W (x, x′)W (x1,x

′
1)

((
i

~

)2

[ρb(x
′, t), [ρb(x

′
1), X]]

)

+

∫
dxdx′W (x, x′)Dα(x, t, ε)

(
i

~

)2

[dα(t), [ρb(x
′), X]]

∫
dx Dα(x,−t, ε)

∫
dx′W (x, x′)

(
i

~

)2

[ρb(x
′, t)), [dα, X]]

where the time dependence of the bound electron density and dipole are given by

that for the free radiator in the Stark field ε

ρb(x
′,−t) = e−(LR(ε)tρb(x

′), dβ (−t) = e−(LR(ε)tdβ

The plasma properties are contained in the correlation functions

S(x, x1, t, ε) =
〈
ρe(x, t)

(
ρe(x1)− 〈ρe(x1); ε〉p

)
; ε

〉

Dα(x, t, ε) =
〈
δEeα(t)

(
ρe(x)− 〈ρe(x); ε〉p

)
; ε

〉
p

Cαβ(t, ε) = 〈δEeα(t)δEeβ; ε〉p



CHAPTER 7
CHARGE CORRELATION EFFECTS ON PLASMA PROPERTIES

In the previous chapters, a formulation for the spectral line shape has been

derived to second order in the plasma-radiator interaction potential, and keeping

the charge correlations between the components of the plasma. We now turn to

examining the effects that retaining the charge correlations has on various plasma

properties. Here the focus is on studying how these properties can be calculated,

and giving estimates as to their values. We consider the plasma with the semi-

classical representation from Chapter 4, and use classical statistical mechanics.

Quantities of interest include charge densities near the radiator, pair correla-

tions among perturbing ions and electrons, the screened ion field, the microfield

distribution, the reduced density operators for the electrons and ions, and the time

correlation functions for the electron charge density and electric field near the

radiator. The estimates also provide guidance for more accurate MD simulations as

the ultimate test of their range of validity.

7.1 Plasma Structure

We will first consider the time-independent structural properties of the plasma.

The plasma is considered to be a two-component plasma with ions of charge Z and

electrons. In addition, a dilute concentration of another species will be introduced

as the radiator. As the equations are derived, the concentration of the radiator

will be set to zero, reflecting our model of a single impurity ion radiator. To study

the structure of the plasma, an appropriate starting point is the pair correlation

function gα,β(r), or the simply related quantity hα,β(r) = gα,β(r) − 1[45, 46]. The

function hα,β(r) is a measure of the total correlation between two particles of type

α and β, and has the behavior hα,β → 0 for large r. The total correlation includes

46
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the direct influence from one particle to another, plus the indirect influence caused

by a other participating particles. A simpler quantity, which emphasizes the direct

influence between particles, is the direct correlation function cα,β(r) defined by the

Ornstein-Zernicke equation[45, 46]

hα,β(r) = cα,β(r) +
∑

γ

nγ

∫
dr′ cα,γ(|r − r′|)hγ,β(r′) (7.1)

where nγ is the density of particles of type γ. Another relation in terms of these

values can be found from the hypernetted chain (HNC) approximation[45, 46].

This approximation is found to work well for ionic systems. The hypernetted chain

approximation results from a specific approximation in terms of cα,β and hα,beta

hα,β(r) = −1 + exp
[−βVα,β(r) + hα,β(r) − cα,β(r)

]
(7.2)

or, using the relation hα,β(r) = gα,β(r)− 1 and Eq. (7.1)we get

ln gαβ(r) = −βVαβ(r) +
∑

γ

nγ

∫
dr′cαγ(| r− r′ |) (gγβ(r′)− 1) (7.3)

The two equations Eq. (7.1) and Eq. (7.3) provide the basis for evaluating the

pair correlation functions between the various plasma constituents. To proceed, we

introduce the “potential of mean force” by defining

ln gαβ(r) = −βUαβ(r), (7.4)

Then Eq. (7.3) immediately becomes a nonlinear integral equation for Uαβ(r)

Uαβ(r) = Vαβ(r)− β−1
∑

γ

nγ

∫
dr′cαγ(| r− r′ |)

(
e−βUαβ(r′) − 1

)
(7.5)

These results are quite general. These equations represent the correlation functions

for a two-component plasma of ions and electrons, with no impurity radiators

present. The presence of the monopole of charge number ZR from the radiator does
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not change these equations for the electron and ion correlations within the plasma

away from the radiator because nR = 0.

However, we are interested also in the structure of the ion and electron

configuration about the radiator. The equations for the densities of electrons

and ions about the radiator do couple to these results. We first specialize the

above results for the case of a radiator correlated with some other particle. The

Ornstein-Zernicke equations for the correlation function between the radiator and a

particle

hαR(r) = cαR(r) +
∑

γ

nγ

∫
dr′cαγ(| r− r′ |)hγR(r′) (7.6)

and the corresponding HNC equations can be written

ln gαR(r) = −βUαR(r), (7.7)

UαR(r) = VαR(r)− β−1
∑

γ

nγ

∫
dr′cαγ(| r− r′ |)

(
e−βUγR(r′) − 1

)
(7.8)

Here α and γ refer to an electron or ion of the two component plasma. The

plasma direct correlation function cαγ(r) is provided independently from the two

component plasma HNC equations.

7.1.1 Linear Theory

We now turn to an evaluation of the mean potential Uα,R(r). First, we

examine the results of the preceding section in the regime of weak coupling. Then

the relation of the pair correlation function and the potential of mean force Uα,R

from Eq. (7.4) becomes

gαR(r) = e−βUα,R → 1− βUαR (7.9)

Also, when Eq. (7.2) is linearized, the result is

cαγ → −βVαγ (7.10)
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and the linear HNC equations for UαR in Eq. (7.8) become

UαR(r) = VαR(r) +
∑

γ

nγ

∫
dr′cαγ(| r− r′ |)UαR(r′) (7.11)

In particular, for the electron-radiator mean potential, Eq.(7.11) is

UeR(r) = VeR(r) + ne

∫
dr′cee(| r− r′ |)UeR(r′) + ni

∫
dr′cei(| r− r′ |)UiR(r′) (7.12)

Fourier transformation gives

ŨeR(k) =

(
ṼeR(k) + nic̃ei(k)ŨiR(k)

)

[1− nec̃ee(k)]
(7.13)

and the same procedure for the ion radiator mean potential is

ŨiR(k) =

(
ṼiR(k) + nec̃ei(k)ŨeR(k)

)

[1− nic̃ii(k)]
(7.14)

Solving these equations gives

ŨeR(k) =

(
ṼeR(k) (1− nic̃ii(k)) + nic̃ei(k)ṼiR(k)

)

(1− nec̃ee(k)− nic̃ii(k) + neni (c̃ee(k)c̃ii(k)− c̃ei(k)c̃ei(k)))
(7.15)

ŨiR(k) =

(
ṼiR(k) (1− nec̃ee(k)) + nec̃ei(k)ṼeR(k)

)

(1− nec̃ee(k)− nic̃ii(k) + neni (c̃ee(k)c̃ii(k)− c̃ei(k)c̃ei(k)))
(7.16)

A dimensionless form for cαγ is obtained by scaling the distance with respect to the

average electron spacing given by 4πr3
0/3 = 1/ne. Then

cαγ → −βVαγ = −βe2

r0

V ∗
αγ = −ΓV ∗

αγ.

Here V ∗
αγ is the dimensionless pair potential and Γ is the plasma coupling constant

taken to be small here. In that case Eq. (7.15) and Eq. (7.16) can be simplified to

ŨαR(k) =
ṼαR(k)

ε(k)
, ε(k) = 1− nec̃ee(k)− nic̃ii(k) (7.17)

Here ε(k) is the dielectric function for a weakly coupled two component plasma.
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To be more specific it is necessary to choose the form for the potential VαR(r).

A simple and convenient form is the Deutsch potential (see Appendix G)

Vαγ(r) =
ZαZγe

2

r

(
1− e−r/λαγ

)
(7.18)

where Zα carries the sign as well as the magnitude of the charge number. The

Fourier transforms are

Ṽαγ(k) = 4πZαZγe
2k−2

(
k2λ2

αγ + 1
)−1

(7.19)

ε(k) = 1 + 3Γ (1 + Zi) (kr0)
−2 (7.20)

ŨαR(k) = 4πZαZγe
2
(
k2λ2

αγ + 1
)−1 (

(kr0)
2 + 3Γ (1 + Zi)

)−1
(7.21)

and the inverse Fourier transform gives the desired screened potential

βUαR(r) = ZαZγΓ
(
1− 3Γ (1 + Zi) δ2

αγ

)−1
x−1

(
e−
√

3Γ(1+Zi)x − e−x/δαγ

)
(7.22)

x = r/r0, δαγ = λαγ/r0 (7.23)

7.1.2 Nonlinear model

The last subsection calculated the effective potential to determine the charge

densities around the radiator at weak coupling

gαR(r) → 1− βUαR(r) (7.24)

with UαR(r) given by (7.23) from the linearized equations. An estimate for stronger

coupling is obtained by exponentiating this result

gαR(r) → e−βUαR(r) (7.25)

with the same form for UαR(r). This is an uncontrolled approximation but is

confirmed to be qualitatively correct even at strong coupling by comparison with

MD simulation.
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Figure 7–1: Plasma Electron-Radiator Pair Correlation Function Com-
parison using the hypernetted chain approximation (HNC), the nonlinear Debye
model (NLD), the linear Debye model (LD), and with molecular dynamics (MD)
results.[47]

In Fig.(7.1.2), results for geR(r) are shown arising from HNC, non-linear

Debye, and Debye theories for an idealized plasma of electrons in a uniform positive

background. Also results from MD simulations are shown[47]. This figure shows

that at Z = 8, the non-linear Debye and HNC results agree with each other and

with MD results. Figure (7.1.2) shows the same quantity for differing values of

Z, using the non-linear Debye model and HNC. With increasing Z, the electron

density at the radiator is enhanced. Note that the agreement is much better at

lower Z. At Z = 30, there is considerable difference between the two results.

However, the functional form of the HNC results, even at this higher Z remains the

same as the non-linear Debye form. If the charge is taken to be a fitting parameter,

good agreement is found between the HNC results with Z = 30 and the non-linear

Debye results with Z = 25.
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Figure 7–2: Plasma Electron-Radiator Pair Correlation Function Compar-
ison of results from the hypernetted chain (HNC) approximation and nonlinear
Debye (NLD) model for several radiator charges.
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7.2 Screened Ion Field

The ion microfield distribution is defined by[44]

Q(ε) = 〈δ (ε− Es)〉 = (2π)−3

∫
dλe−iλ·ε 〈

eiλ·Es
〉

(7.26)

The brackets denote an equilibrium ensemble average for the plasma consisting of

the electrons, ions, and radiator monopole. The screened field is defined by (see Eq.

(6.14))

Es = Ei +

∫
dΓeρpEe∫
dΓeρp

(7.27)

where dΓe denotes an average over the phase space for the electrons. The momen-

tum dependence can be integrated out leaving

Es = Ei +

∫
dq1e..dqNee

−β(Vee+Vie+VeR)Ee∫
dq1e..dqNee−β(Vee+Vie+VeR)

= Ei +

∫
dq1eee (q1e) ne (q1e | {qi}) . (7.28)

All coordinates have been taken relative to the radiator which can be assumed at

the origin. The electron density ne (q1e | {qi}) is the number of electrons around

the radiator for a given configuration of ions

ne (q1e | {qi}) ≡ N
∫

dq2e..dqNee
−β(Vee+Vie+VeR)

∫
dq1e..dqNee−β(Vee+Vie+VeR)

(7.29)

If the ion-electron interaction is neglected then the second term of (7.28) van-

ishes because ne (q1e | {qi}) becomes spherically symmetric. This many-particle

correlation function can be obtained from a generalization of Eq. (7.8)

ne (q1e | {qi}) = ne exp (−βU (q1e | {qi})) (7.30)

U(r) = VeR(r) + Vie (|r− ri|)− β−1ne

∫
dr′cee(| r− r′ |)

(
e−βU(r′) − 1

)
. (7.31)
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For weak coupling, we apply an analysis similar to that from above that leads

to

ŨeR(k) =
ṼeR(k) + Ṽie (k)

∑
i e

ik·qi

εe(k)
, εe(k) = 1− nec̃ee(k) (7.32)

Es = Ei +

∫
dq1eee (q1e) n′e (q1e)

(
e−β

P
i U ′ie(|q1e−qi|) − 1

)
. (7.33)

U ′
ie (r) = (2π)−3

∫
dke−ik·r Ṽie (k)

∑
i e

ik·qi

εe(k)
(7.34)

n′e (q1e) = nee
−βU ′eR , U ′

eR (r) = (2π)−3

∫
dk e−ik·r ṼeR (k)

εe(k)
(7.35)

To linear order in U ′
eR (r)

Es =
∑

i

(
ei (qi)− β

∫
dq1eee (q1e) n′e (q1e) U ′

ie (|q1e − qi|)
)

(7.36)

≡
∑

i

ees (qi) (7.37)

The screened field Es in this weak coupling approximation is the sum of single

particle screened fields

eis (qi) = ei (qi)− β

∫
dq1eee (q1e) n′e (q1e) U ′

ie (|q1e − qi|)

This electron screening of the ion field is enhanced by the presence of the radiator,

due to the factor of n′e (q1e). If in addition n′e (q1e) is linearized then the usual

electron Debye screened field is recovered.

7.3 Ion Microfield Distribution

If the screened field is taken to be a sum of single particle fields

Es =
∑

α

es (qαi) (7.38)

then the expression in Eq. (7.26)

Q(ε) = 〈δ (ε− Es)〉 = (2π)−3

∫
dλe−iλ·ε 〈

eiλ·Es
〉

(7.39)
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can be written

Q(ε) = (2π)−3

∫
dλe−iλ·ε

〈∏
α

(1 + φ (qαe))

〉

≡ (2π)−3

∫
dλe−iλ·εeG[φ] (7.40)

where

φ (qαi) = eiλ·es(qαi) − 1. (7.41)

A functional expansion of G[φ] in powers of φ has as its leading term

G[φ] =

∫
dq1iφ (qαi) giR(qαi) + orderφ2 (7.42)

This is the Baranger - Mozer approximation for a two component plasma[48, 49,

50]. Note that the screening length for es (qαi) is determined by the electrons while

that for gαR(qαi) is for both ions and electrons.

7.4 Constrained Electron Density

The average electron density around the radiator, for given electric field value

ε can be estimated in the following way. Consider again the electron distribution in

the presence of a given ion distribution as in (7.31)

U (q1e | {qi}) = VeR (q1e) +
∑

i

Vie (|q1e − qi|)

−β−1ne

∫
dr′cee(| r− r′ |)

(
e−βU(r′) − 1

)
. (7.43)

The ion electron potential can be written in terms of the ion density

∑
i

Vie (|q1e − qi|) =

∫
drVie (|q1e − r|) ni (r) . (7.44)

Now, consider the ion density to be the average density for the given constraint

field ε, ni (r) → ni (r,ε) = ion density for a given ion field at the radiator satisfying

∫
dr (∇Vie (|0− r|)) ni (r,ε) = ε (7.45)
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Once the ion density is known the average electron charge density can be deter-

mined from the solution to (7.43)

U (q1e | ε) = VeR (q1e) +

∫
drVie (|q1e − r|) ni (r,ε)

−β−1ne

∫
dr′cee(| r− r′ |)

(
e−βU(r′) − 1

)
. (7.46)

This can be solved by the above method of linearization followed by ad hoc

exponentiation.

The determination of the constrained ion charge density has been discussed

by Lado and Dufty, with practical methods available based on the above Baranger-

Mozer calculation of the microfield distribution[44].

7.5 Electric Field Covariance

The electric field autocorrelation function C(t) = 〈E ·E(t)〉 has a special

emphasis in this study. This integral of C(t) is directly related to several transport

properties, such as the low velocity stopping power S, the friction coefficient ξ,

and the self-diffusion coefficient D, as well as the impact (fast fluctuation) limit for

spectral line broadening by electrons[47]. The transport properties are related by

[47]

m0ξ =
1

βD
=

S(v)

v

∣∣
v=0

= βZ2r−4
0

∞∫

0

dt C(t) (7.47)

As a first step towards the evaluation of the autocorrelation function, we evaluate

the covariance C(0). The electric field covariance in dimensionless form is defined

by

C(0) =
r4
0

e2
〈E ·E〉 (7.48)

where E is the sum of electron microfields at the radiator site. A direct calculation

can be performed in terms of the one and two electron charge densities

C(0) =
r4
0

e2

∫
dr e(r) ·

[
ne(r)e(r) +

∫
dr′ ne(r, r′)e(r′)

]
(7.49)
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with

ne(r1) = N

∫
dr0dr2 · · · drNe−βU

∫
dr0 · · · drNe−βU

= negeR (7.50)

ne(r1, r2) = N(N − 1)

∫
dr0dr3 · · · drNe−βU

∫
dr0 · · · drNe−βU

(7.51)

However, an expression can be obtained in terms of a mean force field emf defined

in terms of the potential of mean force in Eq.(7.4). Writing the covariance as

C(0) = − r4
0

Ze3
〈∇r0Uie ·E〉 =

r4
0

βZe3
〈∇r0 ·E〉 (7.52)

=
r4
0

βZe3

∫
dr ne(r)

(
1

βZe
∇ ln ne(r)

)
≡ r4

0

e2

∫
dr ne(r)emf(r) · e(r)

where the last expression defines the mean force field as

emf(r) =
1

βZe
∇ ln ne(r, t) = − 1

Ze

∇UeR (7.53)

Comparing Eq.(7.49) and Eq.(7.52) indicates that the two electron effects have

been included in the mean force field. Figure (7.3) shows how the covariance

increases monotonically with increasing Z for the idealized one component electron

plasma.

7.6 Dynamics

We now turn from structural properties to dynamical properties for the plasma

electrons in the presence of a highly charged radiator. For the conditions of interest

to this study, the plasma electrons are always weakly coupled. The nonlinear

Vlasov equation[26] is then valid and gives

(
∂

∂t
+ v ·∇r +

1

me

(F eR + F ee + F ei) ·∇v

)
fe(r,v, t) = 0 (7.54)
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Figure 7–3: Electric Field Covariance Shown here as a function of Z. Tempera-
ture is 1000 eV, and density is 1024/cc.
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where

F eR = −∇rVeR (7.55)

F ee = −∇r

∫
dr′ VeR(r − r′)ne(r

′, t) (7.56)

F ei = = ∇r

∫
dr′ Vei(r − r′)ni(r

′, t) (7.57)

and the number density for species α is nα =
∫

dv fα(r, t). The quantities

F eR, F ee, and F ei are the forces calculated from the electron-radiator potential,

electron-electron correlations, and electron-ion correlations, respectively.

For a hydrogen plasma, the ions will be as weakly coupled as the ions due

to the identical charge. The coupling increases with ionic charge, so here we

assume that the plasma ions are hydrogen to ensure the Vlasov equation is still

valid. An ionic equation analogous to the electron formulation in Eq. (7.54) is

thus found. With these two equations and the semi-classical electron-radiator

interaction, equilibrium solutions to the distribution functions for the electrons

and ions can be determined. The equilibrium solutions are equivalent to those of

the HNC equations; therefore strong electron-radiator coupling is included in this

formulation.

Time correlation functions can be evaluated in the following manner. The

dynamics in this case is determined from the linear Vlasov equation, and the

time correlation function can be determined exactly in terms of the initial corre-

lations (determined from the equilibrium solution), the single particle dynamics

arising from potential of mean force for the electron around the radiator, and the

dynamical screening due to electron and ion correlations.

However, we propose a simpler method based on conclusions drawn from the

electric field autocorrelation function C(t) = 〈E(t) ·E〉. MD results for the C(t)

expose several relevant qualitative features[47]. Figures (7.3) and (7.4) show an

increase of the initial value due to correlations, a decrease in the correlation time,
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Figure 7–4: Normalized Electric Field Autocorrelation This quantity is nor-
malized to an initial value of one. The decrease of the correlation time and the
increase in anticorrelation with increasing Z is observed.

and an increase of anticorrelation, all corresponding to an increase of Z. Figure

(7.5) displays the total effect on the integral of C(t). The linear Vlasov equation

displays these three properties, but neglects the dynamic screening. Thus, for C(t),

the features of interest to us can be captured by calculating exactly the initial

correlations, and then using a single particle model for the dynamics.

We propose that this program can be extended to the plasma dynamics in

general and that a single particle model for the dynamics can be used. Then, the

initial correlations are calculated exactly from equilibrium conditions, and the
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Figure 7–5: Integral of Electric Field Autocorrelation Function The true
and normalized quantities, physically relevant because of their relation to transport
properties and line shapes, are shown. The conditions are identical to that of Fig.
(7.4).
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dynamics following are that of a single particle in a self-consistent field, or

CAB(t) →
∫

drdpgeR(r)a(r(t),p(t))b(r,p) (7.58)

where r(t) and p(t) are single particle trajectories.

7.7 Summary

In this chapter we have made estimates for several important structural and

dynamical properties for highly charged plasmas in conditions relevant to this

study. By considering the regularized Deutsch potential in the HNC approximation,

pair correlation function were determined and found to be in agreement with

results from the non-linear Debye model and from MD simulations. The ion

microfield distribution, which has long been a vital part of line shape theories

has been reformulated in a manner that includes ion and electron correlations

consistently. Finally, the electric field autocorrelation function C(t), related to

several interesting transport and radiative properties, is found to have several

important qualitative features. The integral of C(t) is modified qualitatively in

competing ways as the radiator charge increases. We find that once the initial

correlations are dealt with exactly, the subsequent dynamics can be accounted for

by using one particle dynamics. This discovery is used as motivation for treating

dynamic correlation functions in general by the same procedure.

These estimates are intended to complement the results from MD simulations.

The MD results are expected to provide information as to the relevant domain of

these estimates. Then, once agreement has been reached between our estimates

and MD results, we can consider the physical basis behind the models used in this

chapter to provide insight into MD results.



CHAPTER 8
INCORPORATING ION DYNAMICS

The previous chapters have dealt with the calculation of the line shape using

the quasi-static ion approximation. This is sufficient for many lines of interest when

the time scales for changes in the ion field are larger than the decay time for the

dipole autocorrelation function. However, this relation does not always hold[3]. The

ion microfield at the radiator will then change enough during the radiation time to

affect the line shape. In this chapter, an analysis accounting for these ion dynamics

effects will be outlined and discussed. The starting point once again is the general

line shape formula written as a dipole autocorrelation function (Eq. (3.4))

I(t) = Trρed
†
kdk(t) dk = de−ik·q̂R (8.1)

Recall that in using the quasi-static ion approximation, we extracted the screened

ion field as the dominant interaction and separated the trace into separate traces

over the atomic and plasma subsystems. Once this separation was effected, the

trace over the plasma subsystem was constrained. It was not the entire phase

space for the plasma subsystem, but only over a surface of that phase space which

corresponded to those plasma states in which the screened ion field at the radiator

had some specified value. Now, when considering ion dynamics, we perform

the same separation, but we extract not a single property but a set of plasma

properties as being most important to treat exactly. The set we choose here is the

radiator position q̂R, radiator momentum p̂R, and the screened ion microfield ε̂.

Denoting this set by b̂ = {q̂R, p̂R, ε̂}, we have

I(t) =

∫
db Tr

a
dTr

p
e−ik·q̂Rρeδ(b− b̂)d†k(t) (8.2)
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We have therefore separated the calculation into several steps, with the plasma

trace being constrained over surfaces of constant b = {qR,pR, ε}. We then write the

line shape in the form of an atomic physics problem

I(t) =

∫∫
dpR φ(p)dε Tr

a
f(a, ε)D̃(k,pR, ε,−t) · d (8.3)

where

f(a, b) = Tr
p

ρeδ(b− b̂) = φ(p)f(a, ε) (8.4)

and

D̃(k,pR, ε,−t) ≡
∫

dqRe−ik·qRD(k, b,−t) (8.5)

D(k, b,−t) ≡ f−1(a, b)Tr
p

ρeδ(b− b̂)d(k,−t) (8.6)

is the transform D̃(k,pR, ε,−t) of the constrained plasma averaged dipole

D(k, b,−t). In the same manner as before, once we find an expression for

D̃(k, pR, ε,−t) the problem reduces to an atomic physics problem. Again we

use the projection operator formalism introduced in Appendix C to derive an

equation of motion for D(k, b,−t) and its Fourier transform. In Appendix F the

calculations and the detailed form are shown for this ion dynamics equation of

motion. In this chapter we use those results and the results from the quasi-static

ion equation of motion to highlight the differences brought about by the inclusion

of ion dynamics.

Recall the static-ion equation of motion for the constrained plasma averaged

dipole operator. This equation was derived using the projection operator technique

as outlined in Chapter 6 and is given by

(
∂

∂t
+ L(a, ε) + B(ε)

)
D(ε,−t) +

t∫

0

dτ M(ε, t− τ)D(ε,−τ) = 0 (8.7)
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Note here that if the value of the ion microfield were the only degree of freedom to

the quasi-static ion plasma, then the integral term would be zero, and the terms

in parenthesis would completely specify the dynamics of D(ε,−τ). In this sense,

the part in parenthesis can be referred to as the deterministic part of the time

evolution equation, since it is completely specified by the ion microfield. Then the

integral can be referred to as the non-deterministic part, as it describes the other

degrees of freedom of the plasma not accounted for by the ion microfield. (Here the

term “non-deterministic part” refers to not being determined by the ion microfield,

which we chose as the most important plasma information.) In the derivation of an

analogous equation for the case when ion dynamics are important, changes to both

the deterministic and non-deterministic parts occur.

The changes to the deterministic part of the equation will be explored first.

In the quasi-static ion approximation, the radiator momentum was, from the

definition of quasi-static ions, independent of the ion microfield. The dependence

of D(ε,−t) on the radiator momentum could then be factored out, and thus the

Doppler broadening of the line could be handled with a convolution of the Doppler

line shape and the stark broadened line shape. The different time scale of the more

general ion dynamics case makes this approach invalid due to the requirements of

Newtonian mechanics. Consider the radiator momentum. The force on the radiator

from the electric field will change the radiator momentum. Also, the momentum

propagating the radiator will take the radiator to different spatial positions, leading

to a change in the electric field experienced by the radiator. Therefore, even

without yet considering the motion of the plasma ions, consideration of the physics

from the different time scale for the ion dynamics case leads to a coupling of the

radiator momentum and ion microfield.

As shown in Appendix F, there are several changes to be made in the projec-

tion operator technique to derive an equation of motion for the averaged dipole
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operator. For purposes of the outline here, it will suffice to say that the constrained

averages need to be modified. For the quasi-static ion case, the plasma averages

are constrained so that the trace is over those configuration points with a specified

value of the ion microfield. The reasoning is that for the quasi-static ion case, the

screened ion field is the dominant interaction. Once that is accounted for exactly in

the equation of motion, the other effects can be treated with perturbation theory.

For the ion dynamics case, the constraint is over a greater set of physical values.

We choose this set to be three plasma values: the radiator position qR, the radi-

ator momentum pR, and the ion microfield ε. When these degrees of freedom are

chosen and used in the projection operator technique described in Appendix F, the

deterministic part of the equation of motion for the average dipole operator changes

from the quasi-static form

(
∂

∂t
+ L(a, ε) + B(ε)

)
D(ε,−t) (8.8)

to the ion dynamics form

(
∂

∂t
+ L(a, ε) + B(ε) +

〈
ˆ̇b
〉

b

∂

∂b

)
D(k, b,−t) (8.9)

Here b̂ = (q̂R, p̂R, ε̂) represents the set of plasma properties chosen, and
〈
ˆ̇b
〉

b
is

the constrained plasma average of the time derivative of b̂. Thus, when including

ion dynamics, the effect on the deteministic part of the equation of motion is

the addition of several terms. The previous definition of the plasma averaged

dipole operator was constrained only with the value of the ion microfield. Here,

however, the definition includes constraints over the values of all three properties

represented by b as indicated in Eq. (8.6). Besides these changes in definition, the

deterministic part of the equation of motion includes an entirely new set of terms,

given by 〈ḃ〉B(∂/∂b) acting on the averaged dipole. This form has a straightforward

interpretation. The extent to which changes in the degrees of freedom b affect the
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averaged dipole operator, multiplied by the constrained averaged value of the time

rate of change of these degrees of freedom, gives the time rate of change of the

averaged dipole operator due to those degrees of freedom. With the calculations

performed in Appendix F, these terms can be shown to represent the coupling

between the various degrees of freedom represented by b. Explicitly, these terms are

〈
˙̂
b
〉

b

∂

∂b
=⇒ p

m
·∇r −QRε ·∇p − di

〈
∂Êj

∂qi

〉
∂

∂pj

− pi

m

〈
∂Êj

∂qi

〉
∂

∂εj

(8.10)

The types of terms appear in, for example, the Boltzmann equation and can be

thought of in the same manner. The first term on the right hand side relates the

change in the averaged dipole due to the radiator momentum; in the context of

line shape theory, this term is responsible for doppler broadening. The next two

terms arise from the force acting on the radiator from the ion microfield causing

the radiator momentum to change. Recall from defining the system Hamiltonian

that the charges comprising the radiator were separated, so that that center of

mass degrees of freedom were collected in the plasma Hamiltonian, while the

internal atomic states of the radiator comprised the radiator Hamiltonian. Classical

electrodynamics gives the result that the force on a charge QR in an electric field

ε is QRε, and the force on a dipole d in an electric field E is (d · ∇)E. That

is what these next terms represent. The first is the force on the center of mass

degrees of freedom from the electric field, and the second is the force on the atomic

states represented by the dipole operator. The total force from these two terms

will therefore change the radiator momentum with time. The final term represents

the change in the ion microfield value at the radiator due to the momentum of the

radiator. The physical content of this term can be understood by the fact that the

quantity in angle brackets is related to the gradient of the field.

It is instructive to relate this more general case to the previous results for

the quasi-static ions. The first term on the right hand side of the above equation
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arises from ˙̂qR; the next two terms arise from ˙̂pR; the last term comes from ˙̂ε.

Therefore, for the quasi-static ion case, the first term would still be present as

doppler broadening, but the time scale defined by the quasi-static ion case would

have the other terms equal to zero. This equation shows directly that this gives

an upper limit to the ion microfield strength and also the gradient. The repulsion

between the radiator and plasma ions is what makes the quasi-static ion case

suitable for many situations.

Up to this point, the dynamics of the plasma ions have still not been taken

into account; all that has been handled is the coupling of the radiator dynamics.

Considering points in phase space is worthwhile here. Consider the equation of

motion for the constrained average dipole operator with a specific set of values

for the plasma properties b. The set of values b picks out a set of phase space

points, each of which correspond to a plasma configuration that has the values

of b. Now assume that the chosen properties completely specified the plasma, so

that the only degrees of freedom to the plasma are b̂. Suppose one phase point

with properties measuring b evolves to a state with properties b′. Then, if these

properties completely specified the plasma, all the phase points with b would

evolve to some point with values b′. In other words, all the points in the subspace

constrained to have values b will move to the subspace constrained to have values

b′. It is this sense that the part of the equation of motion above is referred to as

the deterministic part.

However, the chosen degrees of freedom do not completely specify the plasma,

since these other degrees of freedom destroy this simple behavior. The dynamic

electron broadening operator described in Chapter 4 is an example of this, and the

ion dynamics described in this chapter is another. The properties b̂ were chosen

because it is expected that they would dominate the evolution of the phase points,

and yet the many-body effects from the plasma electron and ion dynamics will
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cause some points to end up in the b′ subspace that would not be there under the

deterministic motion, and some points to not end up in the b′ subspace that would

have been there. The non-deterministic part of the equation will account for these

other degrees of freedom. The dynamical electron broadening term from before will

again be used. What is now needed is terms to represent the changing of the ion

microfield due to ion dynamics.

The ion dynamics terms will first be examined formally for their physical

content, and then modeled approximately with a stochastic approach. This

is in contrast to a direct many-body approach, in which the exact interaction

between the plasma ions and the radiator internal states is written, and then

approximations are made until a tractable form suitable for calculations is found.

The exact form for the equation of motion is

(
∂

∂t
+ L(a, ε) + B(ε) +

〈
ḃ
〉

b

∂

∂b

)
D(k, b,−t)

+

t∫

0

dτ

∫
db′ M(b, b′; t− τ)D(k, b′,−τ) = 0 (8.11)

where M(b, b′; t− τ) is found in Appendix F to have the form

M(b, b′; t− τ)X = f−1(a, b)Tr
p

ρeψ(b)LU(t− τ)QLψ(b′)X (8.12)

Here U(t − τ) = exp [−QL(t− τ)], and ψ(b) = δ(b − b̂) are delta functions

that constrain the plasma to have specified values for the set of properties b. The

complementary projection operator Q is discussed in Appendix C. As in the quasi-

static ion approximation, Q projects out deviations from the constrained plasma

averaged values.

We discuss M(b, b′; t− τ) by first analyzing the effects of the Liouville operator

L = LR + Lp + δL, which occurs explicitly twice in the expression for M(b, b′; t− τ).

In Appendix F we follow these effects. The radiator Liouville operator cancels
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in both places, and several terms result from the remaining parts. One piece is

related closely to the dynamic electron broadening term found in the quasi-static

ion approximation

Me(b, b
′, t) = f−1(a, b)Tr

p
ρpψ(b)δLpRQe−(Lp+LR)tQ ψ(b′)δLpR

=
〈
δLpRQe−(Lp+LR)tQ ψ(b′)δLpR

〉
p,b

(8.13)

The above expression is written to second order in the interaction Liouville oper-

ator, which is why the density matrix and U(t − τ) are written to zeroth order in

δLpR. This expression differs from that found in the quasi-static ion approximation

in that the constraining delta functions appear twice. The correlation between the

free charge densities present through δL at different times are thus calculated for

different possible condition of constrained conditions. That is, in the quasi-static

ion approximation, the relationship was between δLpR at two different times, both

of which were constrained to have the same screened ion field. In the ion dynamics

case, M(b, b′; t − τ) is related to the correlation between δLpR in a plasma state

constrained to have the value b, and δLpR a time t − τ later in a plasma state con-

strained to have the value b′. If this change in the value of b during the correlation

time is small, then the dynamic electron broadening form found in the quasi-static

ion approximation is recovered.

Of the remaining terms of M(b, b′; t− τ), the most important is

Mi(b, b
′, t) = f−1(a, b)Tr

p
ρe

(
(
˙̂
b)

∂ψ(b)

∂b

)
e−QLtQ

(
(
˙̂
b′)

∂ψ(b′)
∂b′

)
(8.14)

where the definition of the Liouville operator as a differential operator has been

used. (This operation is shown in Eq. (F.21).) Equation (8.14) actually represent

a number of terms, since b is from a set of properties. However, due to our choice

of plasma properties b to project onto, this second term can be simplified consider-

ably. Only the changes in the screened ion field is included. This results from the
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fact that the time derivative of the momentum is directly related to the electric

field force on the monopole, and so projecting onto states in which the electric field

is specified account for the collisional variations in the momentum. The resulting

expression is

Mi(b, b
′, t) = f−1(a, b)

∂

∂ε
Tr
p

ρe
˙̂εψ(b)e−QLtQ ˙̂ε′ψ(b′)

∂

∂ε′
(8.15)

Still, this expression is complex and rather than analyzing it directly, we use a

stochastic approach. The primary feature of Eq. (8.15) is a changing value of ε,

the screened ion field value at the radiator. For practical purposes this has been

modeled by a master equation[43, 51].

A reasonable representation for the ion dynamics term is given by the master

equation

∫
dε′Mi(ε, ε

′, t)X(ε) =

∫
dε′ (W (ε, ε′)X(ε′)−W (ε′, ε)X(ε)) (8.16)

The transition rates W (ε, ε′) set the amplitude and time scale for changes in the

field ε. For time intervals shorter than this new time the static ion broadening of

the previous section occurs. Then this field changes to a new value due to the ion

dynamics and the new static ion broadening occurs. This phenomenological picture

can be extracted from a reformulation of the exact statistical mechanics motivated

by this physical picture. The objective of this section is to give an overview of this

“stochastic” description of ion dynamics. In the end, practical approximations

are required. However, in the spirit of the inquiry here those approximations are

statistical rather than perturbative with respect to any of the charge correlations

studied here.

A stochastic model is then required for the transition rates. For these tran-

sition rates, the ion microfield transition will be modeled as a kangaroo process,
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which is defined by

W (ε, ε′) = A(ε)B(ε′) (8.17)

so that in the transition rate there are no correlations between the initial and final

electric fields[51]. With this model, the ion dynamics terms becomes

Mi(ε)D(ε,−t) = −ν(ε)D(ε,−t) + ν(ε)

∫
dε′ Q(ε′)D(ε′,−t) (8.18)

Here, the first term represents those phase points leaving the configuration space

with a specific value ε due to the ion dynamics. The transition rate specifying the

rate of departure due to ion dynamics only depends upon the field strength under

consideration. The second term represent points which began at some value ε′, with

probability Q(ε′), which end up with field strength ε due to the ion dynamics. The

frequency ν(ε) is a parameter of the model, and at this point is arbitrary.

With this stochastic model chosen, the formal equation of motion Eq. (8.11)

becomes the approximate representation

(
∂

∂t
+ L(a, ε) + B(ε) +

〈
ḃ
〉

b

∂

∂b

)
D(k, b,−t)

+

t∫

0

dτ

∫
dε′ M(ε, ε′; t− τ)D(k, b′,−τ) (8.19)

−ν(ε)

(
D(k, b,−t)−

∫
dε′ Q(ε′)D(k, b′,−t)

)
= 0

With this result, we can compare the formalism of our approach with that of

previous spectral line theories. With the exception of
〈
ḃ
〉

b

∂
∂b

which couples the

components of b, all the terms above appear and have similar physical interpre-

tations in those previous theories. The more general expressions derived here

can therefore be a direct guide into extending the theory to include these charge

correlations in regimes where it is necessary to treat them correctly.



CHAPTER 9
SUMMARY AND OUTLOOK

In this study, we have reexamined the problem of spectral line broadening in

plasmas. Our objective has been to explore the charge correlations between the

plasma electrons, the plasma ions, and a highly charged impurity ion. To pursue

this objective, we therefore were required to treat these correlations consistently

and to derive exact expressions to contrast with current semi-phenomenological

results. Existing models for prediction of spectral line profile have been quite

successful in general and it is expected that they should be recovered in many cases

(e.g., neutral radiators or radiators with small charge).

Two important external influences were felt during this study: previous

theoretical work and MD simulations. There exists a large body of theoretical

work and computer codes done previously by the plasma spectroscopy group at

the University of Florida. These have been developed over several decades, and

are believed to provide accurate diagnostics for experimental conditions currently

achieved[7, 8]. However, due to the complexity of the analysis, the difficult problem

of charge correlations are dealt with in different and possibly inconsistent ways.

These correlations are in some cases simply neglected, and in other cases treated

by using uncontrolled approximations. Despite the aforementioned success in

their use as experimental diagnostics, there are several clear reasons why a more

consistent treatment of the charge correlations is desired. The first reason is

that by dismissing the correlations or using uncontrolled approximations, the

process to extend the theoretical results to new regions of plasma conditions is

not made explicit. By deriving results that include these correlations consistently,

the ingredients needed in a more general theory are made clear. Rather than

73
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replace, our aim is to build upon them and to provide a guide into consistently

extending them to treat different plasma conditions. A second reason for a more

consistent treatment of charge correlations is related to the purpose of plasma

spectroscopy. We have discussed its use as an experimental diagnostic. However,

plasma spectroscopy is also a tool for exploring the plasma system. From this point

of view, we treat the charge correlations in a consistent manner to give physical

insight into the properties of the plasma.

Another aspect that has driven our approach is the recent advances in MD

simulations. It is no surprise that computing technology has continuously advanced

and allows more detailed and longer running simulations. In addition to this, there

have been theoretical advances in the classical description of inherently quantum

systems through the use of regularized potentials. Thus there is new interest in

the simulation of two component plasmas with highly charged radiators, which is

the system of interest in this study. Specifically, the application of MD to electrons

is an evolving new area. However, the plasma properties to determine through

these simulations is not clear without a rigorous treatment of the expression for

the line profile. We have determined here the appropriate expressions that treat

charge correlations correctly. An example is the presence throughout this study of

constrained averages of quantities. In many cases, an average quantity is needed to

determine the line shape. This study shows that many of these quantities should

not be averaged over all plasma states, but only over a set of states that obey a

particular constraint (on the screened ion field, for example). This is a difficult

theoretical problem but one that can be studied readily by MD.

In addition to our formal expressions, we have provided simple estimates of

various structural and dynamical properties of the plasma. These estimates are

designed to be used in conjunction with MD simulations. The MD simulations

provide the criteria of validity in these estimates, while the estimates provide



75

simple physical insight into the MD results. When calculating these estimates,

we followed the constraints brought about by the inherent classical nature of MD

simulations. Thus we used regularized semi-classical potentials in our calculations

to more closely follow the path taken in performing the simulations. With these

potentials, we found that the free charge density did build in the region of the

radiator as expected. However, the divergence in the free charge density that would

have come about from using the Coulomb potential was avoided. Another example

of the physical insight into the plasma processes brought about by our estimates

is found in our calculation of dynamical correlation functions. When calculating

the plasma correlations functions, it was found that the charge correlations among

the plasma electrons and ions was most important in determining the initial value

of these correlation functions. Once that initial value was found, the resulting

dynamics was mostly due to one-particle dynamics.

More specifically, the primary new contributions of this work are two fold: a

detailed derivation of a practical form for the line shape function under conditions

of static ions, and an exposition of the more complex structure to be encountered

in the treatment of dynamic ions. In the following, the primary results are summa-

rized in each case with comments on the outlook for their future applications.

9.1 Static Ion Line Shape Function

For conditions of static ions the theoretical analysis of the line shape function

is simplified in several respects. First, the Doppler broadening is decoupled

from the plasma broadening. Second, the primary effect of the ions becomes a

statistical distribution of Stark broadening by fields sampled from the microfield

distribution Q(ε). Our first new contribution appears at this point, with this

microfield distribution defined over a two component plasma plus point radiator

with all the correlations. Furthermore, the screened ion field Es is defined in terms

of the exact many-body screening by the electrons. Under conditions of weak



76

coupling this field becomes a sum of single particle Debye screened fields and the

microfield distribution becomes essentially that for a screened one component

plasma as used in current theories. More generally, for highly charged radiators

the electron radiator coupling becomes strong and this approximation should be

revisited. The general forms given here provide the basis for this study.

The remaining broadening due to the electrons was treated to second order in

the interaction between the bound state electron distribution and the electrons of

the plasma, in the presence of the ions. With the exception of similar early work

by Iglesias and Dufty[15] for neutral radiators, this is among the first treatments

of electron broadening in a two component plasma. The perturbation expansion

is justified since the dominant monopole part of the radiator-plasma interaction

has been extracted in the reference state. The broadening operator to first order

describes shifts in the spectral line due to electrons penetrating the bound state

distribution, discovered recently by the Hooper group[52]. This shift operator has

now been described without approximation at this order of perturbation theory and

related to the average electron density around the radiator. A new feature is that

this average is constrained: the static ion distribution yields a specified value for

the field at the radiator. The calculation of the equilibrium electron density around

the radiator for large Z is a difficult problem that can be addressed in the semi-

classical form by the HNC integral equations. The field-constrained calculation

is a new problem, never addressed before. An approximate means to consider the

effects of the constraint is described in Chapter 7.

The second order contribution includes the dynamical electron broadening

and is given in terms of the autocorrelation function for the electron density about

the radiator. Again, the average in the correlation function is constrained by the

given ion field value. Even without this constraint, the autocorrelation function in

the presence of a charge at the origin has been studied only in recent years. These
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studies have been for the idealized semi-classical case of electrons in a uniform

positive background (jellium) with the radiator at the origin. The primary features

of the MD study, limited to the electron field autocorrelation function, are captured

by a simple mean field model for the dynamics of a single electron around the

radiator. We have proposed this model as a practical method for calculating the

charge density dynamics as well.

In summary, Chapters 5-7 give a complete and practical form for the calcula-

tion of spectral lines under conditions for which the ion motion is negligible. The

input for the formulation are electron structure and dynamics around the radia-

tor that require new theoretical methods for their analysis. First approximations

suitable for practical implementation and assessment of correlations have been

provided. It is expected that MD simulations of these quantities will be performed

soon.

9.2 Ion Dynamics

The extension of this work to include ion dynamics is more formal and less

complete. It follows the initial work of Boercker, Iglesias, and Dufty[14] who

provided the formalism but did not analyze the effects on electron broadening. An

important feature of the formalism, discussed at the beginning of Chapter 8, is the

self-consistent treatment of the radiator center of mass motion and the electric field

of the perturbing ions. Previous work in this group has included the stochastic

change in the electric field, as described here as well, but neglected the relationship

of this field to the radiator motion and the Doppler profile. This consistency

problem is a matter of kinematics due to the fact that the rate of change of the

center of mass position is proportional to the center of mass momentum, and the

change in this momentum is proportional to the total field at the radiator. Thus

any formulation of a spectral line shape including ion dynamics must include the

deterministic form of the equation given here.
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The ion Stark broadening is again extracted explicitly as in the static ion case,

with the same screened ion field. The first order perturbation term is also similar

to that in the static ion result, with the same dependence on the constrained av-

erage electron distribution around the radiator. The electron broadening operator

is now quite different. It still entails an autocorrelation function of the charge

density around the radiator, but now with a double constraint: the field and radi-

ator momentum must have specified values in the initial and final states. If these

quantities do not change during the correlation time the previous static ion results

are regained. More generally, nothing is known about such correlation functions.

Perhaps some guidance is possible from MD simulation. The main conclusion is a

warning that when ion dynamics is important, the electron broadening can become

quite complex.

In addition to the Stark broadening of the ions, a dynamical ion broadening

operator is also present. This is essentially another doubly constrained autocor-

relation function for the rate of change of the field. The effects of this operator

have been modeled for plasmas with good success using a master equation. It is

proposed here for practical purposes as well. In particular, the Kangaroo process

is based on two plasma properties as input, the microfield distribution as its sta-

tionary state and a jump frequency for the fields. Both can be provided for a two

component plasma without compromising the correlations among charges.

In summary, this part of the thesis has exposed the important consistency

conditions of ion dynamics and provided the beginnings for the controlled analysis

necessary for practical model building.

With new experiments, containing extreme regimes of temperature, density,

and radiator charge, and the recent increasing interest in using MD simulations

for attractive, highly charged systems, the problem of treating charge correlations

consistently is important. Our study provides practical results to guide MD
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simulations in the quasi-static ion approximation. For the more general case of ion

dynamics, we have provided a foundation for future work to build on.



APPENDIX A
HOOPER’S GROUP COMPUTER CODES

A set of codes has been developed based on recent theories of plasma spec-

troscopy. There are three main calculations to be done for the calculation of a line

shape: the atomic wave functions of the bound radiator electrons, the electric mi-

crofield due to the screened ions, and the electron broadening term, which accounts

for the effects of the free electrons beyond their screening of the ions. Accurate

theories to deal with the first two have been in place for a number of years, while

recent research has largely focused on the electron broadening term.

In addition to the calculation of theoretical line shapes, other codes have been

developed which apply experimentally relevant effects, such as doppler broadening,

opacity, and instrumental broadening, so that the theoretical results can be most

directly compared with experimental line shapes.

A.1 Atomic Wavefunctions

The atomic wavefunctions to be calculated are for multi-electron, ionized

radiators [7]. To calculate these, a modified version of a collection of four programs

developed by Robert Cowan of Los Alamos National Laboratory is used[17]. The

starting point is calculating the one-electron relativistic radial wavefunction for the

electron configuration of interest. The Hartree-Fock approximation is used for this

calculation. Some other needed quantities, such as energy levels, transformation

matrices, and dipole and quadrupole interaction strengths, are also calculated and

stored at this stage.

A.2 Electric-Microfield Calculation

The electric microfield distribution is calculated using the Adjustable Param-

eter Exponential Approximation, or APEX[53]. This approximation is similar to

80
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the exponential approximation used in fluid theory for the pair correlation function.

In the present case, the approximated function has the interpretation as a pair

correlation function for a fluid with a complex potential energy, which introduces

difficulties in a physical understanding. However, the approximation gives good and

quick results that agree well with more rigorous theories for strongly-coupled and

weakly-coupled plasmas.

Once the APEX routine generates a microfield distribution, the asymptotic

part of the distribution is calculated using a nearest-neighbor approximation and

the two are matched for a final result. The integral of the field-constrained line

shape is taken over this distribution for the final result.

A.3 Electron-Broadening Operator

Much of the recent work in plasma spectroscopy has been focused on accurate

evaluations of the effects of the plasma electrons[7, 8]. The codes calculate the

electron broadening operator using three different methods. To describe these

differing methods, the following terminology is used. The first term is to what

order term in perturbation theory that the method uses to evaluate the electron

broadening terms. These methods either evaluate these terms to second-order or

to all order. Recall that this study evaluated the electron broadening to second

order in the interaction potential δLpR. The second term is what type of dynamics

to use for the electrons. Both quantum mechanics and classical mechanics are

used. The final term refers to what type of interaction is calculated between the

electrons and the radiator. Recall that in this study, the ion-radiator interaction

was dealt with as a dipole interaction due to the large repulsion occurring. In the

past and especially with neutral radiators, the electron-radiator interaction was also

considered to be a dipole interaction. Recent theories treat the electron radiator

interaction with the full Coulomb expression. With this terminology explained, the

three methods are described next.
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The first method is a second-order, quantum mechanical dipole theory[54, 55].

In this case, the interaction between the plasma electrons and the radiator is

taken to be a pure dipole interaction, in the same way that the plasma ion-

radiator interaction was handled. The dipole interaction was then expanded using

perturbation theory to second order for the result. This type of electron dipole

interaction was originally used for neutral radiators, in which case the electrons

were not pulled close to the radiator by the radiator charge. The second method is

a second-order, full-Coulomb quantum theory[6, 7]. With this method, the plasma

electron-radiator interaction is taken to be the Coulomb interaction between

the plasma electrons and the radiator. (In the analysis, this interaction may be

separated into several parts, such as removing the monopole interaction from

the interaction Hamiltonian, but all of the Coulomb interaction is present in the

analysis. See Eq. (3.7) and Eq. (5.22) for how similar modifications were made

in this study.) With this full Coulomb interaction, a perturbation expansion is

again used to calculate the electron broadening operator to second order in this

interaction. A third method is an all-order, full-Coulomb, semi-classical theory[8].

Here, the same interaction is used as in the previous method. However, the electron

broadening operator is calculated to all orders in this interaction. In addition, the

plasma electrons are modeled as classical objects with well defined trajectories. The

following sections give more details about the full Coulomb theories, as they are

most relevant to the type of highly charged radiators considered in this study.

A.3.1 Second-Order, Full Coulomb, Quantum Theory

As the plasmas under consideration achieve higher electron densities, the

dipole approximation gives inaccurate results for the electron broadening [7]. The

effect of the perturbing electrons then must be evaluated using the full Coulomb

interaction. The reason that the dipole approximation is still valid for the plasma

ions but not the plasma electrons is due to the attraction between the positive
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radiator and the electrons, which is strong enough to allow the electron perturbers

to penetrate the radiator orbitals. This theory was able to calculate the line shifts

due to the electrons from a relaxation theory in a consistent manner.

In this calculation, the electron broadening operator is split into two parts:

a time independent term corresponding to initial correlations that shift the

line shape, and a time dependent term that both shifts and broadens the line

shape. These two terms are calculated to second order in the radiator-perturber

interaction potential. Limiting the calculation to second order places two main

constraints on this calculation. First, the calculation is valid in a range that

corresponds to less than twice the electron plasma frequency[7]. Second, it is valid

only for weak collisions. This weak collision constraint means that the kinetic

energy of an average plasma electron must be large enough so that it spends a

small amount of time near the radiator so that its momentum change is negligible.

The valid temperature region is given by

kT >
Z(Z − 1)

n2
(Ryd) (A.1)

which is determined by comparing the perturber’s kinetic energy far away from the

radiator and at its closest approach to the radiator[7].

The no-quenching approximation is applied to the theoretical derivation. This

indicates that there are no non-radiative transitions between initial and final states,

which is valid when the energy difference is large. The perturbing electrons are

described using positive energy Coulomb wavefunctions, and the screening that

arises from electron correlations is accounted for by using a cutoff at the Debye

length. (This method of using a cutoff is not the only available method, but it

allows for convenient comparison with other theories.)

The static shift is split into two parts, one that is first order in the interaction

potential, and a term that includes all higher order effects. When this is done, it
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is found that the first order shift arises solely from the monopole interaction of an

electron that has penetrated the radiator orbitals.

A.3.2 All-Order, Full-Coulomb, Semi-Classical Theory

When the perturbing electrons undergo strong collisions with the radiator,

an all-order classical theory for the electrons can be used [8]. The structure of the

derivation is similar to the second-order theory, in that the radiator-perturbing

electron effects are described by an electron broadening operator split into a static

part and a dynamic part. The static part describes the time-independent initial

correlations, which is separated into a term that is first order in the interaction

potential and a term that contains all higher order effects.

The approximations made in this theory are also similar to the second order

theory. The no-quenching approximation is used, and it is assumed that there are

no dynamical correlations between the electrons and the ions. Thus the electrons

only affect the ion broadening by screening the ion field. It is also assumed that

there is only one strong electron collision during the radiation time, so that the

electron broadening effect on a radiator is given by considering only one electron.

This approximation would also indicate that there are no electron correlations. To

correct for this, a Debye length cutoff is used to account for electron screening.

The interaction of a single perturbing electron with the radiator system is handled

with a multipole expansion. The (modified) monopole term and the dipole term

are dominant here, and angular momentum rules allow only a limited number of

nonzero terms.

This semi-classical theory treats the perturbing electron as classical objects.

This assumption places certain limits on the validity of the theory. There are

several main changes needed to evaluate the electron broadening term in this way.

First, that part of the density matrix which arises from the perturbing electron

Hamiltonian is replaced with its classical analogue. The physical interpretation
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of this is that those plasma electrons outside the interaction range are in thermal

equilibrium and their velocity distribution can be handled using a Maxwell-

Boltzmann velocity distribution. For this to be valid, it is required that

EFermi << kBT (A.2)

where EFermi is the plasma Fermi energy given by

EFermia
2
0

{
3π2ne

}2/3
(Ryd) (A.3)

which ensures that the degeneracy effects are small for the plasma electrons [8].

A second change is to replace the quantum time-dependent electron-radiator

interaction operator with an interaction term that depends on the coordinates

of the perturbing electron as it moves along its path. This hyperbolic path is

calculated in a rotating frame. A third change is that the quantum trace must be

replaced by a classical trace. Finally, to account for the quantum diffraction effects

for distances close to the radiator, a minimum distance cutoff is used.

The results from the second-order and all-order theories are in agreement with

each other for current experimental results.



APPENDIX B
DOPPLER BROADENING IN THE QUASI-STATIC APPROXIMATION

In Chapter 5, it was stated that for the quasi-static ion case, the radiator

center of mass degrees of freedom were not coupled to the plasma degrees of

freedom, which allows a doppler term to be factored out in the time dependent

equation. This section will provide the details of those calculations.

At the beginning of Chapter 5, the line shape formula was written in the form

of

I(t) =
〈
d†k · dk(t)

〉
(B.1)

where

dk(t) = eiHt/~de−ik·qre−iHt/~ (B.2)

was defined in Eq. (3.5). The details of the quasi-static ion approximation were

then used to separate out the radiator center of mass degrees of freedom from the

other plasma degrees of freedom. In that approximation, the motion of the ions in

the plasma (and the radiator in particular) was considered to be independent of the

rest of the system. Then the density matrix factors into

ρ = ρc.o.m.ρp (B.3)

where ρc.o.m. depends on the position and momentum of the radiator, and ρp

depends on all other degrees of freedom. Then Eq. (B.1) can be written

I(t) = Tr
[
ρc.o.m.ρpe

ik·qdd(t)e−ik·q(t)]

= Tr
c.o.m.

[
ρc.o.m.e

ik·(q−q(t))] Tr
p

[ρpd · d(t)]

= Φ(k, t)Tr
p

[ρpd · d(t)] (B.4)
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In the above, the trace was separated and performed separately over the

center of mass degrees of freedom and the degrees of freedom of the rest of the

plasma; Φ(k, t) describes the effect of the radiator motion on the line shape and

is responsible for doppler broadening. We now turn to evaluating this expression,

as the quasi-static ion approximation allows Φ(k, t) to be considerably simplified.

Recalling that the quasi-static ion approximation predicts no acceleration for the

ions during the time scale of interest, and also that the ions are treated classically,

the position of the radiator center of mass at the time −t is

qR(t) = qR(0) +
pR

m
t (B.5)

where pR is the (constant) momentum of the radiator. Using this in Φ(k, t) gives

Φ(k, t) = Tr
c.o.m.

[
ρc.o.m.e

−ik·(pRt/m)
]

=

∫
dp φ(p)e−ik·(pRt/m) (B.6)

If the frequency-dependent line shape is considered, it is found that the

Doppler effect can be incorporated into the line shape through a simple convo-

lution. Recall that the frequency-dependent line shape is related to the above

time-dependent line shape through

I(ω) = Re

∫ ∞

0

dt eiωtI(t) (B.7)

We have shown that I(t) is a product of a doppler line shape Φ(k, t) and the dipole

autocorrelation function for static ions. Taking the transform converts this product

into the following convolution

I(ω) =

∫
dω′ID(ω − ω′)J(ω′) (B.8)

where ID(ω) is the Doppler line shape given by[17]

ID(ω − ω′) =
1√
2πσ

exp

(
−(ω − ω′)2

2σ2

)
(B.9)
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2σ2 =
ω′2

c2

(
2kBT

mr

)
(B.10)

and J(ω) is the static ion line shape with

J(ω) =
1

π
Re

∞∫

0

dt eiωt 〈d · d(t)〉 (B.11)

With this the doppler broadening is fully accounted for in the quasi-static ion

approximation.



APPENDIX C
PROJECTION OPERATOR EQUATION OF MOTION

In this study a projection operator technique is used to derive an equation of

motion for both the quasi-static ion line shape and the more general ion dynamics

line shape. The definition of the projection operator is different in each case, yet

the general derivation is the same in both cases. Here the general derivation of an

equation of motion for an arbitrary operator is presented. The results are later

used in Appendix D and Appendix F.

We choose an operator P . The actual definition of P will vary for different

applications. If we assume that it is a projection operator, then P2 = P . We also

define a complementary operator Q ≡ 1− P . Note that QP = 0, since

QP = (1− P)P = P − P2 = P − P = 0 (C.1)

and also that Q is a projection operator itself (Q2 = Q). Finally, we assume that

for all cases of interest, P(0) = 0 and P ∂
∂t

X = ∂
∂t
PX.

The Liouville equation for some general operator X(t) is

(
∂

∂t
+ L

)
X(t) = 0 (C.2)

Acting from the left with P and inserting 1 = P +Q gives

P
(

∂

∂t
+ L

)
(P +Q)X(t) = 0 (C.3)

Letting the projection operator commute with the derivative and separating the

term that includes Q gives

(
∂

∂t
+ PLP

)
PX(t) = −PLQX(t) (C.4)
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The procedure is to calculate an expression for QX(t) and substitute it into Eq.

(C.4). We follow the same method as above to derive an analogous expression for

the complementary projection operator Q, resulting in

(
∂

∂t
+QLQ

)
QX(t) = −QLPX(t) (C.5)

or

∂

∂t
[QX(t)] = −QL [QX(t)]−QLPX(t) (C.6)

A general solution for an equation of the form

∂X

∂t
= AX + B(t) (C.7)

is[43]

X(t) = eAtX(0) +

t∫

0

dτ eA(t−τ)B(τ) (C.8)

A solution for QX(t) is then

QX(t) = e−QLtQX(0)−
t∫

0

dτ e−QL(t−τ)QLPX(t) (C.9)

Using this result in Eq. (C.4) gives

(
∂

∂t
+ PLP

)
PX(t) = −PL


e−QLtQX(0)−

t∫

0

dτ e−QL(t−τ)QLPX(t)


 (C.10)

The specific form of the projection operator and the details of the system under

consideration is used to modify this further.



APPENDIX D
AVERAGE DIPOLE EQUATION OF MOTION—QUASI-STATIC CASE

This chapter uses the projection operator results from Appendix C to derive

an equation of motion for the time dependent constrained average dipole operator.

Here the focus is on finding the result in the quasi-static ion approximation.

In Eq. (5.17), the constrained plasma averaged dipole operator was defined as

D(ε,−t) = Tr
p

[ρ(a, ε)d(−t)] (D.1)

ρ(a, ε) = f−1(a, ε)ρδ(ε−ES) (D.2)

The equation of motion for D(ε,−t) will be put into the form

[
∂

∂t
+ L(a, ε) + B

]
D(ε,−t) +

t∫

0

dτ M(ε, t− τ)D(ε,−τ) = 0 (D.3)

We define a projection operator P

PX ≡ Tr
p

ρ(a, ε)X (D.4)

First note that P satisfies the definition of a projection operator, since P2 = P

P2X = PPX =

(
Tr
p

ρ(a, ε)PX

)
=

(
Tr
p

ρ(a, ε)

)
PX = PX (D.5)

In the above, the fact that PX is independent of plasma coordinates (because it is

an average over plasma coordinates) was used to bring PX out of the plasma trace.

Then, the constrained trace of just the constrained density matrix equals unity,

giving the last step. Another consequence is the action of the projection operator

on d(−t)

Pd(−t) =

(
Tr
p

ρ(a, ε)d(−t)

)
= D(ε,−t) (D.6)
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We also define the operator Q ≡ 1−P .

The Liouville equation for d(−t) is written as

(
∂

∂t
+ L

)
d(−t) = 0 (D.7)

The result from Eq. (C.10) is then

(
∂

∂t
+ PLP

)
Pd(−t) = −PL


e−QLtQd(0)−

t∫

0

dτ e−QL(t−τ)QLPd(τ)


 (D.8)

Using Eq. (D.6), we then have the equation of motion for D(ε,−t)

(
∂

∂t
+ PLP

)
D(ε,−t) = −PL


e−QLtQd(0)−

t∫

0

dτ e−QL(t−τ)QLD(ε,−t)




(D.9)

The initial value term for the dipole operator will cancel, since Qd(0) = 0. This is

because d(0) does not depend on plasma coordinates, so

Qd(0) = (1− P)d(0) = d(0)− Tr
p

ρ(a, ε)d(0)

= d(0)−
(

Tr
p

ρ(a, ε)

)
d(0) = d(0)− d(0) = 0 (D.10)

so the form for the equation of motion is

(
∂

∂t
+ PLP

)
D(ε,−t) = PL

t∫

0

dτ e−QL(t−τ)QLD(ε,−τ) (D.11)

The specific form of the Liouville operator for the quasi-static ion approxima-

tion can now be used to write the equation of motion in a form in which different

plasma effects are separated. Recall that the total Liouville operator was written as

L = Lp + LR(ε) + δLPR (D.12)

where Lp included the plasma degrees of freedom and their interactions, LR(ε) was

the Liouville operator for a radiator in an electric field ε, and δLpR is the Liouville
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operator for the plasma-radiator interaction, but with the interaction of the ion

microfield and the radiator removed and included in LR(ε).

PLD(ε, t) = Tr
p
{ρ(a, ε)LD(ε, t)} = Tr

p
{ρ(a, ε)(Lp + LR(ε) + δLPR)D(ε, t)}

(D.13)

Now LpD(ε, t) = [Hp, D(ε, t)] = 0, as the plasma Hamiltonian commutes with

the atomic degrees of freedom. Note that D(ε, t) does not depend on the plasma

degrees of freedom. We then have

PLD(ε, t) = Tr
p
{ρ(a, ε)(LR(ε) + δLPR)D(ε, t)}

= Tr
p
{ρ(a, ε)(LR(ε) + δLPR)}D(ε, t) (D.14)

i.e., D(ε, t) can be removed from the trace. Also, LR(ε) can be removed for the

same reason, and the result is, using Tr
p
{ρ(a, ε)} = 1,

PLD(ε, t) = LR(ε)D(ε, t) + Tr
p
{ρ(a, ε)δLPR)}D(ε, t) (D.15)

This allows the equation of motion to be written as

(
∂

∂t
+ LR(ε) + B(ε)

)
D(ε, t) =

t∫

0

dτ M(ε, t− τ)D(ε, τ) (D.16)

B(ε) = Tr
p
{ρ(a, ε)δLPR)} (D.17)

M(ε, t− τ) = PLe−QL(t−τ)QL (D.18)

This is in a compact form; however, parts of this definition of M(ε, t − τ) can

be shown to be zero when the Liouville operator is once again separated into

L = Lp + LR(ε) + δLPR. Since Q2 = Q, therefore M(ε, t− τ) can be written

M(ε, t− τ) = P(Lp + LR(ε) + δLPR)Qe−QL(t−τ)QL (D.19)
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using the definition of the exponential of an operator. Since PLR(ε)QX =

LR(ε)PQX = 0 for any X,

M(ε, t− τ) = P(Lp + δLPR)Qe−QL(t−τ)QL (D.20)

The term involving Lp should be zero in the quasi-static ion approximation, leaving

M(ε, t− τ) = PδLPRe−QL(t−τ)QL

= Tr
p

δLpRρ(a, ε)e−QLt

(
δLpR − Tr

p
ρ(a, ε)δLpR

)
(D.21)

We can now detail some of the simplifications that occur in simplifying M(ε; t)

with regard to the projection operator Q ≡ 1− P . The starting form for M(ε; t) is

M(ε, t) = Tr
p

[
ρ(a, ε) (δLpR) e−QLtQ (δLpR)

]
(D.22)

and the second order form is found by letting L = LR + Lp in the exponential

factor, giving

M(ε, t) = Tr
p

[
ρ(a, ε) (δLpR) e−Q(LR+Lp)tQ (δLpR)

]
(D.23)

Here we want to show that exp(−Q(LR + Lp)t)QX = Q exp(−(LR + Lp)t)QX for

any X. The first result to show is that LpQX = LpX. This is

LpQX = Lp(1− P )X = LpX (D.24)

where LpPX = 0 since PX is independent of plasma degrees of freedom. The

second result is

Q(LR + Lp)QX = Q(LR + Lp)X (D.25)

for arbitrary X. The steps to show this are

Q(LR + Lp)QX = Q(LR + Lp)(1− P )X (D.26)

= Q(LR + Lp)X −Q(LR + Lp)PX (D.27)
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From above, LpPX = 0. Expanding again:

Q(LR + Lp)QX = Q(LR + Lp)X − (1− P )LRPX (D.28)

= Q(LR + Lp)X − LRPX + PLRPX (D.29)

= Q(LR + Lp)X (D.30)

where the last equality follow from PLRPX = LRPX, since neither LR nor PX

depends on plasma degrees of freedom. The terms of the exponential can be seen to

be all of this form. The desired form is

e−Q(LR+Lp)tQX = Qe−(LR+Lp)tQX (D.31)

Looking at successive orders in the exponent, the first term is

QX = QQX (D.32)

and the second term is

−Q(LR + Lp)tQx = Q(−(Lr + Lp)t)QX (D.33)

The third term to examine is

Q(LR + Lp)Q(LR + Lp)

(
t2

2!

)
Qx = Q((Lr + Lp)(Lr + Lp)

(
t2

2!

)
)QX (D.34)

and here the Q between the Liouville terms can be removed using the above result.

The higher order terms can be handled the same way, starting from the right.



APPENDIX E
CALCULATIONAL DETAILS FOR B(ε)

E.1 First Order Static Shift B(1) Calculation.

The first order static shift is an important and practical quantity to calculate.

It has a simple structure, being a plasma average of the interaction Liouville

operator. However, the specific average to perform will vary between theories, and

thus we hope to provide a useful comparison between theories.

We begin by defining length and energy scales needed for the calculation[26].

Quantities with subscript zero refer to the hydrogen atom. Thus a0 is the hydrogen

Bohr radius. Also E0 is the ground state energy of the hydrogen atom, given by

a0 =
~2

me2
= 0.529Å |E0| = e2

2a0

= 13.6 eV (E.1)

We also need analogous quantities for hydrogenic atoms with charge Z. These

analogous quantities, referred to as the generalized quantities, for a hydrogenic

atom with charge Z, and for a state with principal quantum number n is

a = n2a0

Z
|E| = Z2

n2
|E0| (E.2)

Three types of length scales are used here. The first two are the ion sphere radius

r0 and the thermal wavelength rt. The third type are the Debye wavelengths

rD,e, rD,e, and rD, for the Debye wavelengths for the electron component, ion

component, and total plasma.

r0 =

(
3

4πn

)1/3

(E.3)

rt =
rdeBroglie√

2π
=

~√
2πmkT

(E.4)
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rD,e =

√
kT

4πnee2
rD,i =

√
kT

4πnie2
r−2
D = r−2

D,e + r−2
D,i (E.5)

We begin with Eq.(6.22). The approximation was made in that equation that

the free charge density is constant inside the region of appreciable bound charge

density. This led to the following simplified form for the first order shift

B(1)(ε)X = − i

~
2π

3
〈ρe(0), ε〉p

∞∫

0

dx′ x′4 [ρb(x
′), X] (E.6)

We will make assumptions (described immediately below) that will allow the first

order shift to approximately take the dimensionless form

~B(1)

E0

= −i
η

Z2
exp

[
ZΓ1/2

η1/6

]
ζn` (E.7)

where

η =
a3

0

r3
0

=
4

3
πa3

0n0 (E.8)

is the number of electrons inside a hydrogen Bohr sphere assuming constant

density. Also, Z is the charge of the radiator, and Γ = e2/kTr0 is the usual strong

coupling plasma parameter. Finally, ζn` is a geometric factor that depends only on

the quantum numbers of the line in question. The following assumptions are made

in the calculation:

• The plasma electron charge density is assumed to be constant within the

bound electron orbital, and equal in value to the value at the center.

• The field dependence of the free charge density is neglected here.

• The Deutsch potential is used to determine the plasma electron charge

density at the origin.

These lead to a very simple form in which analytic manipulation can be done.

However, we show later that the assumption of constant plasma charge density may

be unwarranted. We then redo the computation numerically, letting the charge

density vary.
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We need an expression for the free charge distribution at the origin. In the

non-linear Debye model, the free charge distribution is given by

〈ρ(r)〉 = en0 exp

[
β

Ze2

r

(
e−r/rD − e−r/rt

)]
(E.9)

(Note that the field dependence has already been removed.) We go to dimensionless

quantities by introducing the ion sphere radius r0 and defining the distance as

x ≡ r/r0. Also, let c1 = r0/rD and c2 = rD/rt. (The two quantities c1 and c2 are

temporary and will soon be eliminated.) Then

〈ρ(x)〉 = en0 exp

[
ZΓ

x

(
e−xc1 − e−xc1c2

)]
(E.10)

At x = 0 this is

〈ρ(0)〉 = en0 exp [ZΓc1(c2 − 1)] (E.11)

We can write the temporary parameters c1 and c2 in terms of Γ and η. These

results are

c1 =
√

3Γ1/2 c2 =
1√

3Γη1/6
(E.12)

Therefore the value of the free charge density at the origin in several equivalent

forms is

〈ρ(0)〉 = en0 exp

[√
3ZΓ3/2

(
1√

3Γη1/6
− 1

)]

= en0 exp

[√
3

(
Γ1/2

η1/6
−
√

3Γ3/2

)]

= en0 exp
[√

3Γ1/2
(
η−1/6 −

√
3
√

Γ
)]

(E.13)

When the subtraction of one can be ignored in Eq.(E.11), as it can be for condi-

tions of interest to this study, this becomes

〈ρ(0)〉 = en0 exp

[
ZΓ1/2

η1/6

]
(E.14)

This is a particularly convenient form as it is independent of the density.
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We next turn to the integration over the bound electron wavefunctions. The

integral is
∞∫

0

dx′ x′4 [ρb(x
′), X] (E.15)

From the form of the trace over the atomic states in the autocorrelation function

(see Eq. (5.24)), we can determine the desired matrix elements. We give an

example for the Lyman alpha line (ly-α), the transition from n = 2 to n = 1. For

this line, the matrix elements to calculate are of the form

〈n = 2, ` = `i| [ρb(x
′), X] |n = 1, ` = 0〉 (E.16)

Here the operator X is considered a general operator. However, for the case in

this study, it is a dipole operator that has nonzero elements only between states

of differing principal quantum number (the no-quenching approximation). For the

Lyman lines, there is no lower state broadening, so

∑

`i

〈2, ` = `i| [ρb(x
′), X] |1, ` = 0〉 −→

∑

`i,`j

〈2, ` = `i|ρb(x
′)|2, ` = `j〉 〈2, ` = `j|X|1〉

(E.17)

We sum over states within the n = 2 manifold, so that crossterms must be

calculated. For purposes of comparison, however, we focus on the shift between

identical orbitals. For example, we define the following quantity as the 2s shift

〈2s|ρb(x
′)|2s〉 〈2s|X|1〉 (E.18)

The shift term B(1)(ε)X has thus been written in such a way that we can define a

first order shift for a specific orbital. The first order shift for the 2s orbital for a

hydrogenic atom is then given the following meaning

B
(1)
2s = −ie

~
2π

3
〈ρe(0), ε〉p

∞∫

0

〈
2s|x′4|2s〉 (E.19)

where ρb(x
′) = eδ(x− x′) for the hydrogenic case was used.
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The first order shift term ready for calculation is therefore

B
(1)
n` = − i

~
e2 2π

3
n0 exp

[
Z

Γ1/2

η1/6

]
a2

0

Z2
ζn` (E.20)

Recall that B
(1)
n` has units of a frequency. We can multiply by ~/|E0|, and use

|E0| = e2/(2a0) to give a dimensionless form

~B(1)
n`

|E0| = −i
1

Z2
η exp

[
Z

Γ1/2

η1/6

]
ζn` (E.21)

(Recall that the correction to the exponential term is

exp

[
Z

Γ1/2

η1/6

]
−→ exp

[
Z

Γ1/2

η1/6
− Z

√
3Γ

]
(E.22)

as shown in Eq. (E.13).)

With this first calculation done, we give simple guidelines as to the depen-

dencies of the first order shift on temperature, density, and the radiator charge.

We use the simple form for the first order shift from Eq. (E.21). In this form, the

first order shift is directly proportional to the density (as the exponential factor is

independent of the density). Its temperature dependence is that of an exponential

of the inverse of the square root of the temperature

exp

[
Z

Γ1/2

η1/6

]
= exp

[
Z

1√
kT

e√
a0

]
(E.23)

The dependence on radiator charge is more complex

B
(1)
n` ∼

1

Z2
η exp

[
Z

e√
a0 kT

]
(E.24)

The derivative is

dB
(1)
n`

dZ
=

(
e√

a0 kT
− 2

Z

)
B

(1)
n` (E.25)

suggesting that for high Z and low temperatures, the dependence might reduce to

a simple exponential. For high temperatures, it should be dominated by 1/Z2. The

specific regimes have not been determined at this time.
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Figure E–1: Captured Bound Charge Here the required integration distance
to effectively capture the bound charge is shown. The distance r is in units of the
generalized Bohr radius. Approximations for constant free charge density must be
verified to the distance to capture the majority of the bound charge.

E.2 Constant Perturber Density Assumption

The previous calculation assumed that the free electron charge density could

be taken to be constant over the effective integration of the bound electron wave

function. This section examines that claim by calculating the charge distribution at

distances on the order of the generalized Bohr radius. The quantity to calculate is

〈ρ(r)〉 ∼ exp
[
ZΓ

r0

r

(
e−(r/r0)δ − e−(r/r0)δχ

)]
(E.26)

The generalized Bohr radius is a = n2a0/Z, so we let r = ja, where j is some

small number showing how far the appreciable bound electron charge density goes

compared with a. In Fig. (E–1) we see that choosing j to be in the range of three

to four captures well over ninety-five percent of the bound charge. The form of the
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distribution is then

〈ρ(r)〉 ∼ exp

[
Z2Γ

r0

j4a0

(
e−(j4a0/Zr0)δ − e−((j4a0/Zr0)δχ

)]
(E.27)

When r → 0, the limit was 〈ρ(r)〉 = 14.8582. If j = 1 × 10−6 is used, the result

is the same, to six figures, as the r = 0 result. If j = 1, the charge density at one

generalized Bohr radius is 4.02403; at four radii, it is 1.48613. It appears therefore

that the assumption of constant free charge density over the distance of the atomic

orbitals is not appropriate for numerical calculations. With these results, we

recalculate the first order shift. The approximation of constant free charge density

is not made, and the integral over the free charge density is performed numerically

using the result from Eq. (6.19)

B(1)(ε) = − i

~
4π

∞∫

0

dx′
x′∫

0

dx |Rn`(x
′)|2 xx′(x− x′) 〈ρe(x)〉 (E.28)

with the free charge density 〈ρe(x)〉 given by Eq. (E.9).

The temperature and density dependence of B(1) are shown in Fig. (E–2) and

Fig. (E–3).
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Figure E–2: Temperature Dependence of B(1) The temperature dependence of
the first-order static shift is shown.
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Figure E–3: Density Dependence of B(1) The density dependence of the first-
order static shift is shown.



APPENDIX F
KINETIC EQUATION FOR COUPLED ION DYNAMICS CASE

The quantity D(b, t) is the time dependent value of the dipole operator

averaged over plasma states that are consistent with the set of plasma degrees

of freedom chosen as b. For the quasi-static case, b was chosen to be the value of

the ion microfield at the radiator, and a projection operator technique was used

to derived an equation of motion for D(b, t). For the ion dynamics case, b can be

chosen to be b = (qR,pR, ε), which refers to the position and momentum of the

radiator, as well as the value of the ion microfield at the radiator. A projection

operator P can be defined with

Pd(t) =

∫
db ψ(b)Tr

p
ρ(b)d(k, t) =

∫
db ψ(b)D(k, b, t) (F.1)

ρ(b) =
1

Q(b)
δ(b− b̂)ρ (F.2)

ψ(b) = δ(b− b̂) (F.3)

Q(b) = Tr
p

δ(b− b̂)ρ (F.4)

Note that the above projection operator includes an integral over all values of the

values b, whereas the previous projection operator definition for the quasi-static

case did not. This results from the inclusion of more than one degree of freedom in

the set b. Our starting point is the Liouville equation

(
∂

∂t
+ L

)
d(k,−t) = 0 (F.5)

Note that

Pd(k,−t) =

∫
db ψ(b)D(k, b,−t) (F.6)

104
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Using the result from Eq. (C.10)

(
∂

∂t
+ PLP

)
Pd(k,−t) =

−PL


e−QLtQd(k, 0)−

t∫

0

dτ e−QL(t−τ)QLPd(k,−t)


 (F.7)

Similarly to Eq. (D.10), the initial value term goes to zero since

Qd(k, 0) = 0 (F.8)

giving
(

∂

∂t
+ PLP

)
Pd(k,−t) = PL

t∫

0

dτ e−QL(t−τ)QLPd(k,−τ) (F.9)

Here the term PLPPd(k,−t) describes the deterministic dynamics of the

plasma, which is what would occur if the set b were the only degrees of freedom of

the plasma. The remaining integral term describes the effect from the remaining

degrees of freedom, which account for the changes in the ion microfield and

the dynamic electron broadening. This appendix will first derive a form for the

deterministic part of the above equation. It will be found that the inclusion of more

degrees of freedom for the set b will require the presence here of terms that couple

these degrees of freedom. Then we will treat the new part of the non-deterministic

term.

First examine the time derivative term. Noting that the time derivative and

the integral over b commute, the result is

∂tPd(k,−t) = ∂t

∫
dbψ(b)D(b, t) =

∫
dbψ(b)∂tD(k, b,−t) (F.10)

This term has the form of an integral over b. All the terms in this equation will

be put into this form, and the integrand from the single integral that results will

be set to zero. The deterministic term, after expanding the projection operators,
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becomes

PLPd(k,−t) =

∫
dbψ(b)Tr

p

(
ρ(b)L

∫
db′ψ(b′)D(k, b′,−t)

)
(F.11)

The trace is over the plasma states, and the definition of D(b, t) included a trace

over all plasma states. Therefore, it has no plasma dependence and can be removed

from the trace. Also, the integral sign can be removed from the trace. The integral

term becomes, by expanding the leftmost projection operator

PL

t∫

0

dτ e−QL(t−τ)QLPd(k,−τ) =

∫
dbψ(b)Tr

p


ρ(b)L

t∫

0

dτ e−QL(t−τ)QLPd(k,−τ)


 (F.12)

These terms can be expressed as a single integral over b identically equal to

zero. Setting the integrand equal to zero gives

∂tD(b, t) + Tr
p

(
ρ(b)L

∫
db′ψ(b′)D(b′, t)

)
=

Tr
p


ρ(b)L

t∫

0

dτ e−QL(t−τ)QLPd(k,−τ)


 (F.13)

or

∂tD(b, t) + Tr
p

(
ρ(b)L

∫
db′ψ(b′)D(b′, t)

)
=

∫
db′ Tr

p


ρ(b)L

t∫

0

dτ e−QL(t−τ)QLψ(b′)D(k, b′,−τ)


 (F.14)

It is convenient to write this as

∂tD(k, b, t) +

∫
db′ Φ(b, b′)D(k, b′, t) =

t∫

0

dτ M(b, τ)D(k, b′,−τ) (F.15)

In Eq. (F.15), the integrand has been set to zero, and the trace quantities are writ-

ten as Φ(b, b′) and M(b, τ). The term Φ(b, b′) contains the Liouville operator which
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acts on D(b, t), so if L affects D(b, t) then Φ(b, b′) is an operator; otherwise it acts

as a simple function. The focus will now be placed on the term
∫

db′Φ(b, b′)D(b′, t)

to separate the physical factors determining the time evolution of the dipole opera-

tor D(b′, t). To begin, decompose the Liouville operator into radiator, plasma, and

interaction terms

L = LR + Lp + δLpR (F.16)

The following sections will examine each of these terms separately to determine the

form of this term.

F.1 Atomic Liouville Operator

The effect of La in the deterministic term is

∫
db′Trp (ρ(b)Laψ(b′)) D(k, b′, t) =

∫
db′Trp

(
1

Q(b)
δ(b− b̂)ρδ(b′ − b̂)La

)
D(k, b′, t)

(F.17)

In the above, the definition of ψ(b′) was used to write it as a delta function; these

delta functions are classical and commute with everything; they would commute

with La in any event. The second delta function commutes with ρ and then gets

transformed, and the integration is performed as below

∫
db′Trp

(
1

Q(b)
δ(b− b̂)δ(b′ − b)ρLa

)
D(k, b′, t)

= Trp

(
1

Q(b)
δ(b− b̂)ρLa

)
D(k, b′, t) (F.18)

The operator La, since it depends only on the atomic coordinates, can be removed

from the trace, and the remaining trace is found to be equal to one:

Trp

(
1

Q(b)
δ(b− b̂)ρ

)
LaD(b, t) = LaD(k, b′, t) (F.19)
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F.2 Plasma Liouville Operator

The effect from the Lp term in the deterministic part of the equation of motion

is found to be ∫
db′Trp (ρ(b)Lpψ(b′)) D(k, b′, t) (F.20)

Here D(b′, t) does not depend on the plasma properties, so Lp only acts on ψ(b′).

The functions ψ(b) are assumed to be classical, so that when Lp acts on them, Lp

will act like the classical Liouville operator, and give a Poisson bracket

Lpψ(b′) =
∂H

∂p

∂ψ(b′)
∂q

− ∂H

∂q

∂ψ(b′)
∂p

=
∂H

∂p

∂b̂

∂q

∂ψ(b′)

∂b̂
− ∂H

∂q

∂b̂

∂p

∂ψ(b′)

∂b̂
= (Lpb̂)

∂ψ(b′)

∂b̂
(F.21)

Because ψ(b′) = δ(b′ − b̂),

∂ψ(b′)

∂b̂
= −∂ψ(b′)

∂b′
=⇒ Lpψ(b′) = −(Lpb̂)

∂ψ(b′)
∂b′

(F.22)

Putting this into the original Lp expression at the beginning of this section

−
∫

db′Trp

(
ρ(b)(Lpb̂)

∂ψ(b′)
∂b′

)
D(k, b′, t) (F.23)

Integrating by parts

+

∫
db′Trp

(
ρ(b)(Lpb̂)ψ(b′)

) ∂D(k, b′, t)
∂b′

= Trp

(
ρ(b)(Lpb̂)

) ∂D(k, b, t)

∂b
(F.24)

This actually represents several terms, as the symbol b stands for three degrees of

freedom. Therefore the plasma Liouville operator acting on b̂ when written out in

full is

Lpb̂ = Lp(r̂ + p̂ + ε̂) (F.25)

The next three sections successively use b = (r, p, ε) in the above expression to write

out these terms.



109

F.2.1 Radiator Center of Mass Position

For b̂ = r̂

Trp (ρ(r, p, ε)(Lpr̂)) ∇rD(k, b, t) (F.26)

The Liouville operator and its argument becomes

Lpr̂ =
∂H

∂p

∂r̂

∂q
− ∂H

∂q

∂r̂

∂p
=

∂H

∂p

∂r̂

∂q
=

p̂

m
(F.27)

So the r̂ term becomes

Trp

(
ρ(r, p, ε)

p̂

m
·
)

∇rD(k, b, t) (F.28)

Because of the delta function δ(p − p̂) in the density matrix, the expression will be

zero unless p̂ = p, so

Trp

(
ρ(r, p, ε)

p̂

m
·
)

∇rD(k, b, t) = Trp (ρ(r, p, ε))
p

m
·∇rD(k, b, t)

=
p

m
·∇rD(k, b, t) (F.29)

F.2.2 Radiator Center of Mass Momentum

For b̂=p̂

Trp (ρ(r, p, ε)(Lpp̂))∇pD(k, b, t)

The Liouville operator and its argument becomes

Lpp̂ =
∂H

∂p

∂p̂

∂q
− ∂H

∂q

∂p̂

∂p
= −∂H

∂q

∂p̂

∂p
= QRE

where E is the total field experienced by the radiator of charge QR. (The part

of the Hamiltonian dependent upon the radiator position is the potential energy

between the radiator and each plasma particle, so the derivative gives the negative

of the total electric force on the point radiator.) This field is produced by ions and

electrons, which can be written as E = Ei + Ee. This leads to

Trp (ρ(r, p, ε)(Qr(Ei + Ee)))∇pD(k, b, t)
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The trace is carried out over all ion and electron plasma states. Separating

the trace into two steps, and noting that Ei does not depend on the electron states

gives

QRTri

(
ρi

[
Ei + ρ−1

i Treρ(r, p, ε)Ee

])∇pD(k, b, t)

where ρi = Tre ρ(b). The quantity in square brackets, which does not depend on

the electron coordinates, is defined as E∗, which is the form of the ion field that

was left arbitrary in the definition of the restricted density matrix.

QRTri (ρi [E
∗])∇pD(k, b, t)

The ion restricted density matrix contains the delta function δ(ε −E∗), so E∗

is either equal to ε or the trace is equal to zero. This comes out of the trace and

results in

QRε · ∇pD(k, b, t)

F.2.3 Electric Field

For b̂=Ê

−Trp

(
ρ(r, p, ε)(LpÊ)

) ∂D(k, b, t)

∂ε

Lp describes the evolution of Ê, so

LpÊ =
∂Hp

∂p

∂Ê

∂q
− ∂Hp

∂q

∂Ê

∂p
=

p

m
· ∂Ê

∂q

because the fields are Coulombic. The p and the q in the above are those for all

particles in the plasma, so explicitly this becomes

LpÊ =
∑
ions

pi

mi

∂E

∂qi

+
∑

electrons

pe

me

∂E

∂qe

+
p

m

∂E

∂q

The last term in the above equation is with the radiator center of mass

coordinates. Taking the trace over all particle states will cause the first two terms

to vanish. However, the delta function in the density matrix allows the radiator
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momentum to be removed from the trace, leading to an expression with the form

p

m

〈
∂Ê

∂q̂

〉
∂D(k, b, t)

∂ε

To get the explicit form, look back at the expression

−Trp

(
ρb(LpÊ)

) ∂

∂ε̂

This actually stands for the sum of three terms. The x term of this sum is

−Trp

(
ρb(LpÊx)

) ∂

∂ε̂x

Evaluating the Liouville operator for just this x term gives

−Trp

(
ρb(

p

m
·∇Ex)

) ∂

∂ε̂x

= (F.30)

−Trp

(
ρb(

px

m

∂Ex

∂x
)

)
∂

∂ε̂x

− Trp

(
ρb(

py

m

∂Ex

∂y
)

)
∂

∂ε̂x

− Trp

(
ρb(

pz

m

∂Ex

∂z
)

)
∂

∂ε̂x

Doing the same for the y and z terms gives a total of nine terms. In all cases,

the radiator momentum can be removed from the trace, so the result can be

written

−pi

m

〈
∂Ej

∂qi

〉
∂D(k, b, t)

∂εj

The subscripts i and j take on the values x, y, z and the results are summed to

get the nine terms.

F.3 Interaction Liouville Operator

The interaction Liouville term is

∫
db′Trp (ρ(b)LIψ(b′)) D(k, b′, t)

The interaction Liouville acts like

LIψ(b′)D(b′, t) = [H, ψD] = ψ[H, D] + [H, ψ]D = ψ(LID) + (LIψ)D
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so there are two terms to look at; one for the interaction Liouville operator acting

on ψ and one for it acting on D(k, b, t).

F.3.1 Interaction Liouville Operator on D

∫
db′Trp {ρ(b)ψ(b′)LI}D(k, b′, t)

In the above, LI is acting on D(k, b′, t). In commutator form, this is written

as [D(k, b′, t), HI ]. The interaction Hamiltonian consists of the interaction of the

plasma ions with the atomic states and the plasma electrons with the atomic

states, or HI = HI,i + HI,e. The interaction Hamiltonian for the ion-radiator

interaction can be written as

HI,i = −
Ni∑

α=1

nR∑

β=1

Qie

(
1

|qα − qR − rβ| −
1

|qα − qR|
)

In the above, Qi is the charge of the plasma ions, e is the electron charge,

qα, qR, and rβ are the positions of the ion, radiator center of mass, and radiator

electron. The first term will be expanded; since the ions have the same charge as

the radiator, they are assumed to be far enough away that only terms up to the

dipole term need to be considered. Expanding the first term in the parenthesis to

dipole order gives

(
1

|qα − qR| +
∑

i=x,y,z

rβi(qαi − qRi)

|qα − qR|3 − 1

|qα − qR|

)
=

(
rβ · (qα − qR)

|qα − qR|3
)

Putting this back into the interaction Hamiltonian for the ions gives

HI,i = −
Ni∑

α=1

nR∑

β=1

Qie

(
rβ · (qα − qR)

|qα − qR|3
)

= d ·Ei

Looking at the interaction Hamiltonian for the electron-atomic interaction

gives the same result for dipole order, but there are also higher order terms. This
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can be written as

HI,e = d ·Ee + (∆HI,e)

So the trace at the beginning of the section becomes

∫
db′Trp {ρ(b)ψ(b′)LI}D(k, b′, t)

→
∫

db′Trp {ρ(b)ψ(b′)[D(k, b′, t)HI −HID(k, b′, t)]} (F.31)

This is a sum of two terms; looking at the second term from the commutator,

and only including second order terms for the interaction gives

∫
db′Trp {ρ(b)ψ(b′)HID(k, b′, t)}

=

∫
db′Trp {ρ(b)ψ(b′)(Ei + Ee)} · dD(k, b′, t)) (F.32)

The inner parenthesis contains the same expression seen in §4.2. This gives

∫
db′D(b′, t)d · Tri {ρiψ(b′)(E∗

i )} · dD(k, b, t)

= Tri {ρi(E
∗
i )} · dD(k, b, t) = d · εD(k, b, t) (F.33)

So to dipole order, the total expression becomes [d · ε,D(k, b, t)] and will be

defined to be LI(ε)D(k, b, t). The effects of the higher order terms will be grouped

together, and the final result from this section is

LI(ε)D(k, b, t) + 〈∆LI〉D(k, b, t)

where the brackets indicate an average over the plasma, and ∆LI are higher order

electron interaction effects.

F.3.2 Interaction Liouville Operator on ψ

The other term in the interaction Liouville is

∫
db′Trp {ρ(b)(LIψ(b′))}D(k, b′, t)
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This works out similar to the Lp term.

∫
db′Trp

{
ρ(b)(LI b̂)

∂ψ(b′)
∂b′

}
D(k, b′, t)

Integrating by parts moves the derivative to D(k, b′, t), and then the integra-

tion is carried out

−Trp

{
ρ(b)(LI b̂)

} ∂D(k, b, t)

∂b

Now LIÊ is

−Trp

{
ρ(b)(LIÊ)

} ∂D(k, b, t)

∂ε

Writing out the Poisson bracket for
(
LIÊ

)
shows that it is zero, since neither

LI nor the electric field depend on the momentum.

The other term is

−Trp {ρ(b)(LI p̂)} ∂D(k, b, t)

∂p

and corresponds to the force on the radiator center of mass due to the force on the

dipole, which is (d · ∇)E.

−Trp

{
ρ(b)di

∂Ej

∂qi

}
∂D(k, b, t)

∂p

−di

〈
∂Ej

∂qi

〉
∂D(k, b, t)

∂p

F.3.3 Summary–Deterministic Part

We have calculated the various parts of the deterministic part of the equation

of motion. From Eq. (F.15), we have found that

∫
db′ Φ(b, b′)D(k, b′, t) = (F.34)

[
La +

p

m
·∇r −QRε ·∇p − pi

m

〈
∂Êj

∂qi

〉
∂

∂εj

−di

〈
∂Êj

∂qi

〉
∂

∂pj

+ LI(ε) + 〈∆LI〉
]
D(k, r, p, ε, t) = 0
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Defining
〈

∂Êj

∂qi

〉
≡ σij, and transforming from position to k space gives the

form in the thesis.

F.3.4 Dynamics Term

We now turn to a detailed derivation of M(b, b′, t). We start with

PLQe−QL(t−τ)QLPdk(−t) (F.35)

Performing the P projection operators:

∫
db ψ(b)

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)QLψ(b′)

}
D(k, b′,−t) (F.36)

From Eq. (F.13), the relevant part is

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)QLψ(b′)

}
D(k, b′,−t) (F.37)

Expand the rightmost instance of L, and using QLRψ(b)D → 0

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Q ((Lp + δL)ψ(b′))

}
D(k, b′,−t)

+

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Qψ(b′)δL

}
D(k, b′,−t)

(F.38)

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Q

(
−(Lp + δL)b̂

) ∂ψ(b′)
∂b′

}
D(k, b′,−t)

+

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Qψ(b′)δL

}
D(k, b′,−t)

(F.39)

Performing an integration by parts:

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Q

(
−(Lp + δL)b̂

)
ψ(b′)

}
∂D(k, b′,−t)

∂b′

+

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Qψ(b′)δL

}
D(k, b′,−t)

(F.40)
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∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Q

(
−ḃ′

)
ψ(b′)

}
∂D(k, b′,−t)

∂b′

+

∫
db′ Tr

p

{
ρ

f(a, b)
ρψ(b)LQe−QL(t−τ)Qψ(b′)δL

}
D(k, b′,−t)

(F.41)

To expand the other instance of L, note that the above can be written as

∫
db′ f−1(a, b)Tr

p
{ρψ(b)LQX} (F.42)

We then can write

∫
db′

1

f(a, b)
Tr
p
{Lρψ(b)QX − (Lρψ(b))QX} (F.43)

where

X ≡ e−QL(t−τ)Q
(
−ḃ′ψ(b′) + ψ(b′)δL

)
D(k, b′,−t) (F.44)

With the stationarity of ρ, we have

∫
db′

1

f(a, b)
Tr
p
{Lρψ(b)QX − ρ (Lψ(b))QX} (F.45)

Using L = Lp + LR + δL, LR vanishes in both terms, and Lp vanishes in the first, so

∫
db′

1

f(a, b)
Tr
p
{δLρψ(b)QX − ρ ((δL + Lp)ψ(b))QX} (F.46)

∫
db′

1

f(a, b)
Tr
p

{
δLρψ(b)QX − ρ

(
−ḃ

∂ψ(b)

∂b

)
QX

}
(F.47)

With the definition of X from Eq. (F.44) used here, this expression is quite

complicated. However, some simplification can immediately be made. The set of

chosen plasma quantities b can be simplified. In the above expression, the quantity

ḃ and ḃ′ appears. When they appear, they appear as Qḃ. Now ṙ = ṗ, which is one

of the constrained plasma quantities, and so Qḃ = Qp = 0. The quantity ṗ has

two contributions: the force on the monopole qε, which is a constrained quantity

and thus vanishes, and the force on the dipole. Neglecting the force on the dipole
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in these terms, we are left with ḃ = ε̇ in the dynamics terms. We therefore have,

resulting from each of the two explicit appearances of L, a part containing δL and

a part containing ε̇. Neglecting the cross terms of these quantities gives the two

terms discussed in Chapter 8.



APPENDIX G
THE KELBG AND DEUTSCH POTENTIALS

G.1 Derivation of the Quantum Potential

The two particle partition function Z2 for the canonical ensemble is

Z2 = Tr e−βH(1,2) =

∫
dr1dr2 〈r1, r2| e−βH(1,2) |r1, r2〉

≡ 1

h6

∫
dp1dp2e

−β

�
p2
1

2m1
+

p2
1

2m1

� ∫
dr1dr2e

−βVq(|r1−r2|) (G.1)

Here we assume the particles are different, and spin is neglected. The last equality

of (G.1) defines the quantum potential e−βVq(|r1−r2|). We next transform to relative

and center of mass variables to get

∫
dR 〈R| e−βHcm |R〉

∫
dr 〈r| e−βHr |r〉 ≡ Ω

λ3
cmλ3

r

∫
dre−βVq(|r|)

Ω

h3

∫
dPe−β P2

2mcm

∫
dr 〈r| e−βHr |r〉 ≡ Ω

λ3
cmλ3

r

∫
dre−βVq(|r|)

∫
dr 〈r| e−βHr |r〉 ≡ 1

λ3
r

∫
dre−βVq(|r|) (G.2)

λ2
i =

2πβ~2

mi

, Ω = volume (G.3)

Note that the definition of λ2
i is not arbitrary, as it comes from performing the

classical momentum integrals. The quantum potential can now be identified from

Vq(r) = −β−1 ln
(
λ3

r 〈r| e−βH |r〉) . (G.4)

It is convenient to write this in interaction representation

e−βHr = e−β
p2
r

2mr U(β), (G.5)
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U(β) = 1−
∫ β

0

dτV (r, τ)U(τ), V (r, τ) = eτ
p2
r

2mr V (r)e−τ
p2
r

2mr (G.6)

Then

Vq(r) = −β−1 ln

(
1− λ3

r

∫ β

0

dτ 〈r| e−β
p2
r

2mr V (r, τ)U(τ) |r〉
)

. (G.7)

This is still exact. The “weak coupling” approximation is obtained by expanding

the right side in V (r) to first order

Vq(r) → β−1λ3
r

∫ β

0

dτ 〈r| e−β
p2
r

2mr V (r, τ) |r〉

= β−1λ3
r

∫ β

0

dτ 〈r| e−(β−τ)
p2
r

2mr V (r)e−τ
p2
r

2mr |r〉

= λ3
rβ

−1

{ ∫ β

0

dτ

(
Ω

h3

)2
1

Ω

∫
dp

∫
dp′

e−(β−τ) p2

2mr e−τ p′2
2mr 〈p|V (r) |p′〉 e−i(p−p′)·r/~

}

=
1

h6
λ3

rβ
−1

{ ∫ β

0

dτ

∫
dp

∫
dp′

e−(β−τ) p2

2mr e−τ p′2
2mr Ṽ (p− p′)e−i(p−p′)·r/~

}
(G.8)

where

Ṽ (p) =

∫
dreip·r/~V (r). (G.9)

Scaling out the temperature and mass gives

Vq(r) → (2π)−6

(
2mr

~2β

)3

λ3
r

{
×

∫ 1

0

dτ

∫
dp

∫
dp′

[
e−(1−τ)p2

e−τp′2Ṽ ((p− p′)

√
2mr

β
)e
−i(p−p′)·r

q
2mr
β~2

] }

=

∫
dr′Π (|r− r′|) V (r′) (G.10)
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This last form follows from using the definition of Ṽ and the identification of the

“polarization function”

Π (r) = (πλr)
−3

∫ 1

0

dτ

∫
dp

∫
dp′e−(1−τ)p2

e−τp′2e−i(p−p′)·r/` (G.11)

` ≡
√

β~2

2mr

=
1

2
√

π
λr (G.12)

The angular integrals can be performed

Π (r) =

(
4π`

r

)2

(πλr)
−3

∫ 1

0

dτ

∫ ∞

0

dp p sin

(
p′r
`

)
e−(1−τ)p2

∫ ∞

0

dp′p′ sin
(

p′r
`

)
e−τp′2

=
1

λ3
r

∫ 1

0

dτ
1

((1− τ) τ)3/2
e−

1
(1−τ)τ ( r

2`)
2

=
1

λ3
r

∫ 1/2

0

dτ
1

((1− τ) τ)3/2
e−

1
(1−τ)τ (

r
2`)

2

+
1

4λ3
r

∫ 1

1/2

dτ
1

((1− τ) τ)3/2
e−

1
(1−τ)τ ( r

2`)
2

=
2

λ3
r

∫ 1/2

0

dτ
1

((1− τ) τ)3/2
e−

1
(1−τ)τ (

r
2`)

2

(G.13)

Change variables to

x =
1

(1− τ) τ
, τ =

1

2

(
1−

√
1− 4

x

)
, (1− 2τ) dτ = −dx

x2
(G.14)

Π (r) =
2

λ3
r

∫ ∞

4

dx√
x− 4

e−x( r
2`)

2

= e−( r
` )

2 1

2λ3
r

∫ ∞

0

dx√
x
e−x( r

2`)
2

= 4

√
π

λ3
r

`

r
e−( r

` )
2

(G.15)

The quantum potential (G.10) is now given in the simple form

Vq(r) →
∫

dr′
√

π

λ3
r

`

r′
e
−
�

r′
`

�2

V (|r− r′|) (G.16)
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G.2 Coulomb Potential and Kelbg/Deutsch Results

For the special case of the Coulomb potential the quantum potential becomes

Vq (r) → q1q2

∫ ∞

0

dr′r′2Π (r′)
∫

dΩ
1

|r− r′|
= q1q216π

√
π

λ3
r

`

(
1

r

∫ r

0

dr′r′e−
�

r′
`

�2

+

∫ ∞

r

dr′e−
�

r′
`

�2
)

=
q1q2

r

16π3/2`3

λ3
r

(∫ r/`

0

dr′r′e−r′2 +
r

`

∫ ∞

r/`

dr′e−r′2
)

=
q1q2

r
2

(
−1

2
e−( r

` )
2

+
1

2
+

r

`

1

2

√
π (1− erf (c))

)

=
q1q2

r

(
1− e−( r

` )
2

+
√

π
r

`

(
1− erf

(r

`

)))
(G.17)

This is the Kelbg result.

For small x this behaves as f(x) → √
πr/` and goes to 1 for large x. An

approximate fit to the Kelbg potential is given by the Deutsch potential

Vq (r) =
q1q2

r

(
1− e−r/λDeutsch

)
(G.18)

so the quantum screening length is

λDeutsch =
`√
π

=

(
β~2

2πm

)1/2

(G.19)
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