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ABSTRACT
External factors such as radiation, drugs or chemotherapy can

alter the expressions of a set of genes. We call these genes the
primarily affected genes. Primarily affected genes can in time change
the expressions of other genes as they activate/suppress each other
through interactions. Measuring the gene expressions before and
after applying an external factor (i.e., perturbations) in microarray
experiments can reveal how the expression of each gene changes.
It however can not tell the cause of the change.

In this paper, we consider the problem of identifying primarily
affected genes given the expression measurements of a set of genes
before and after the application of an external perturbation. We
develop a new probabilistic method to quantify the cause of differential
expression of each gene. Our method considers the possible gene
interactions in regulatory and signaling networks, for a large number
of perturbations. It uses a Bayesian model with the help of Markov
Random Fields to capture the dependency between the genes. It
also provides the underlying distribution of the impact with confidence
interval.

Our experiments on both real and synthetic datasets demonstrate
that our method can find primarily affected genes with high accuracy.
In our experiments, our method was 100% accurate when the
difference between expected expressions of primarily and secondarily
affected genes is at least half of the standard deviation of the
gene expressions. Our experiments also suggest that our method
is significantly more accurate then SSEM, a recent relevant method,
and the Studet’s t-test.

1 INTRODUCTION
A significant set of microarray experiments measure the expressions
of genes in the presence of external perturbations [8, 20]. In these
experiments, also called perturbation experiments, perturbations
such as radiation [38], drug [28] or other biological conditions are
administered on tissues and their responses are monitored using
microarrays. The expressions of the genes that are not subject to
perturbations are called control data, while the expressions of genes
after perturbations are called non-control data [17].

As response to an external perturbation, a fraction of genes can
change their expression values significantly between control and
non-control groups. Such genes are called differentially expressed
(DE) genes [3]. All the other genes without noticeable change in
expression are called equally expressed (EE) genes.

Often, some of the DE genes are directly affected by the external
perturbation [13]. We denote them as the primarily affected genes.
Rest of the genes change their expressions due to interactions
with primarily affected genes and each other through signaling
and regulatory networks [9, 10, 29, 36, 33]. We call them as
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Fig. 1. Illustration of the impact of a hypothetical external perturbation on a
small portion of the Pancreatic Cancer pathway. The pathway is taken from
the KEGG database. The solid rectangles denote the genes affected directly
by perturbation, the dashed rectangles indicate genes secondarily affected
through the networks. The dotted rectangles denote the genes without any
change in expression.→ implies activation and a implies inhibition. In this
figure, gene K-Ras, Raf and Cob42Roc are primarily affected and MEK, Ral
and RalGDS are secondarily affected through interactions.

secondarily affected genes. We refer to signaling and regulatory
networks by gene networks in this paper. Figure 1 shows the state
of the genes [2, 35] in the Pancreatic Cancer pathway after a
hypothetical external perturbation is applied. In this figure, genes
K-Ras, Raf and Cob42Roc are primarily affected and MEK, Ral
and RalGDS are secondarily affected through interactions.

We consider the problem of identifying the primarily affected
genes in a perturbation experiment, where gene expressions before
and after the application of perturbation are provided for a set of
samples.

Existing methods to identify the primarily affected genes using
association analysis techniques [19, 28], haplotin-sufficiency
profiling [16, 15, 27] and chemical-genetic interaction mapping [31]
are limited to applications where additional information such as
fitness based assays of drug response or a library of genetic
mutants is available. Bernardo et al. [13] suggested a regression
based approach, named MNI, that assumes that the internal genetic
interactions are offset by the external perturbation. It estimates gene-
gene interaction coefficients from the control data. It then uses
those coefficients to predict the target genes in the non-control data.
Cosgrove et. al. [9] proposed a method named SSEM that is similar
to MNI. SSEM models the effect of perturbation by an explicit
change of gene expression from that of the unperturbed state. These
methods have several limitations.

1. Lack of gene interaction data: They do not employ regulatory or
signaling (i.e. gene networks) to model gene-gene interactions.
Since gene networks are manually curated using domain experts,
they are reliable sources of gene interactions. Utilizing them has
the potential to more accurately solve the problem of identifying
primarily affected genes.
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2. Limited perturbations: These methods are suitable when only
a very small number of genes are perturbed, e.g., the genetic
perturbation experiments are often designed for single gene
perturbations [19]. However, external effects such as radiation
can alter the expression of many genes directly making the
existing methods to be of limited use.

3. Simplistic models: These methods provide only the set of
genes that are directly affected by the perturbations and do not
specify any error bounds. However, the change of the state of
a gene is a stochastic event and a non-probabilistic inference
oversimplifies the problem especially in cases when a small
number of gene expression measurements are available. As a
result, these methods can overfit the data, making the solution
unreliable.

The method we propose in this paper addresses these limitations.

Contributions: Let G = {g1, g2, · · · , gM} denote the set of all
genes. We assume that a microarray dataset with N samples is
given for control and non-control groups. Let yij and y

′
ij be the

expression of the ith gene of the jth sample (i ∈ {1, 2, · · ·M}, j ∈
{1, 2, · · · , N}) in the control and non-control groups respectively.
For each gene gi, we would like to estimate the probability that gi
is DE due to perturbation or due to each of the other genes.

In this paper, we propose a new probabilistic method that
addresses the limitations of the existing methods to find the
primarily affected genes in microarray dataset as defined above.
Our method uses gene networks. We consider gene network as a
directed graph where each node represents a gene, and a directed
edge from gene a to gene b represents a genetic interaction (e.g
a activates or inhibits b). We define two genes as neighbors of
each other if they share an edge. For example, in Figure 1, genes
K-Ras and Raf are neighbors as K-Raf activates Ras. We also
classify a neighbor as incoming or outgoing if it is at the start or
at the end of the directed edge respectively. In Figure 1, Raf is an
incoming neighbor of MEK and MEK is an outgoing neighbor of
Raf. When the expression level of a gene is altered, it can affect
some of its outgoing neighbors. Thus, the expression of a gene
can change due to external perturbation or because of one or more
of the affected incoming neighbors. We build our solution based
on this observation. We represent the external perturbation by a
hypothetical gene (i.e. metagene) gR in our the gene network. An
edge from the metagene the to all the other genes imply that the
external perturbation has the potential to affect all the other genes.
So, gR is an incoming neighbor to all the other genes. We call the
resulting network the extended gene network.

Our method estimates the probability that a gene gj is DE due
to an alteration in the activity of gene gi (∀ gi, gj ∈ G ∪ {gR}) if
there is an edge from gi to gj in the extended network. We use a
Bayesian model in our solution with the help of Markov Random
Field (MRF) to capture the dependency between the genes in the
extended gene network. We optimize the likelihood of the joint
posterior distribution over the random variables in the MRF using
Iterated Conditional Mode (ICM) [6]. The optimization provides us
the state of the genes and the pairwise causality among the genes
including the metagene.

Our experiments on both real and synthetic datasets demonstrate
that our method can find primarily affected genes with high
accuracy. In our experiments, our method attains 100% when

the difference between expected expressions of primarily and
secondarily affected genes is at least half of the standard deviation
of the gene expressions. We compared our method with SSEM and
Student’s t test and obtained significant higher accuracy in finding
out the differentially expressed genes.

The rest of the paper is organized as follows. In Section 2
we describe our method in detail. In Section 3 we discuss the
experiments and results. Finally, in Section 4 we describe our key
conclusions.

2 METHODS
In this section, we describe our mathematical model and methods.
Section 2.1 presents the notations. Section 2.2 provides an overview
of our solution. Section 2.3 discusses the modeling of the MRF
based prior distribution. Section 2.4 describes how we formulate a
tractable approximate version of the objective function. Section 2.5
discusses how we compute the joint likelihood distribution of the
expression of a gene. Section 2.6 explains how we optimize the
objective function.

2.1 Notations and problem formulation
We start by describing the notation we use in the rest of this paper
and provide a formal definition of the problem. We use two types
of parameters to model this problem, namely observed and hidden.
Observed variables are the ones whose values are available in the
underlying data set. We derive the values of the hidden variables
from the the observed data using the method.
Observed variables: There are two sets of observed variables.

• Microarray dataset: We denote the number of microarray
samples and the number of genes by N and M respectively.
We represent the set of all genes in the dataset with G =
{g1, g2, · · · , gM}. For each gene gi, the dataset contains the
expressions before and after the perturbation (i. e. control and
non-control) respectively. We denote the expressions of gi with
yij and y

′
ij in control and non-control group respectively, (1 ≤

i ≤ M , 1 ≤ j ≤ N ). Let yi = {yi1, yi2, · · · yiN} and
yi
′
= {yi1′, yi2′, · · · yiN ′} denote the expression values of gi in

control and non-control groups respectively. We use Yi to denote
all the data for gene gi in control and non-control groups (i.e.
Yi = yi ∪ y

′
i ). We denote the collection of the entire gene

expression data by Y =
SM
i=1 Yi.

• Neighborhood variables: We use the term W = {Wij} to
represent if any two genes gi and gj are neighbors. We set the
value of Wij (1 ≤ i ≤ M , 1 ≤ j ≤ N ) to 1 if gi is incoming
neighbor of gj (i.e. gj has an incoming edge from gi in the
extended gene network.) and 0 otherwise.

Hidden Variables: There are two sets of hidden variables.

• State variables: Each gene gi can attain one of the two states
(i.e. DE or EE) We introduce the variables S = {Si} to indicate
the states of the genes. Formally, Si is DE if gi is differentially
expressed and EE if gi is equally expressed.
• Interaction variables: We define the set of random variables
X = {Xij} to represent the joint state of genes gi and gj
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(1 ≤ i ≤M , 1 ≤ j ≤ N ). Formally,

Xij =

8>><>>:
1 if Si = DE and Sj = DE;
0 if Si = EE and Sj = EE;
2 if Si = DE and Sj = EE;
3 if Si = EE and Sj = DE;

Problem formulation: We have microarray expression data
Y and the gene network {G,W} as input to the problem. We
would like to estimate the conditional probability density function
p(Xij |X −Xij ,Y) when Wij = 1.

2.2 Overview of our solution
An approach to solve our problem can be to maximize a likelihood
distribution over the gene expression Y where X are the parameters
of the distribution. The objective is to obtain the maximum
likelihood estimate (MLE) of X . However, there are two problems
in this this approach. First, MLE requires a large number of data
points to accurately estimate the parameters. Second, MLE depends
only on the observed data and cannot utilize domain specific
knowledge leading to overfitting of data and poor generalization.

We develop a method that uses a Bayesian estimation of X to
address the above-mentioned limitations of the existing approaches.
We compute a probability distribution over X . To ameliorate
overfitting, we incorporate the domain knowledge as the prior
distribution. Also, Bayesian approach can generally estimate the
parameters with fewer data-points, which makes our approach more
suitable for perturbation experiments [7].

We estimate the probability of Xij given the other observed and
hidden variables. In this approach, we aim to maximize the joint
probability of theXij variables given the gene expressions Y . Thus,
the objective is to maximize the joint distribution of X given by,

P (X|Y, θY , θX) =
P (Y|X , θY )P (X|θX)P
X P (Y|X , θY )P (X|θX)

(1)

Here θY is the set of parameters for the data likelihood density
function P (Y|X , θY ) and θX is the set of parameters for the density
function of X (i.e. P (X|θX)). We define the set of parameters for
θX and θY in Sections 2.3 and 2.5 respectively.

We obtain an assignment of the X , θX and θY after
the optimization of Equation 1. Using these hidden variable
assignments and the observed dataset we calculate the posterior
probability of allXij variables given byP (Xij |X−Xij ,Y, θX , θY ).
Using this posterior probability, we quantify the contribution of one
DE gene on its outgoing neighbor for being DE.

In order to evaluate the joint distribution of X (i.e. Equation 1)
we have to define the prior density function P (X|θX) and the
data likelihood function P (Y|X , θY ). We also have to define the
formulation of the posterior probability of Xij . We discuss these in
the following sections.

2.3 Computation of the prior density function
In this section, we describe how we build the prior density function
P (X|θX). We build this distribution based on two assumptions that
follow from the underlying biological problem.

1. Each gene can affect the expressions of its outgoing neighbors.

2. The metagene gR (i.e. external perturbation) can affect the
expression of every other gene.
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Fig. 2. (a). A small hypothetical gene network with perturbation. The
circle gR represents the abstraction of the external perturbation i.e. gR.
Rectangles denote genes. → implies activation and a implies inhibition.
The dotted arrow from gR indicates potential effect on each genes. The
directly impacted DE genes g1 and g3 are denoted by solid rectangle. Dashed
rectangles g4 and g5 imply secondarily impacted DE genes. Dotted rectangle
is for the EE gene g2. (b). The graph for Markov random field created from
the hypothetical gene network in (a). For each neighbor pair we create a
circular node. We create three rectangular nodes that do not correspond to
any neighbor pair, however they are part of the MRF graph. Two nodes are
connected with an undirected edge if they share a subscript at same position.
For example, node XR4 and X14 are connected as they share 4 at second
position.

The first assumption follows from the fact that each gene can
activate or inhibit its outgoing neighbors. So, if the activity of a
gene is altered, the effect can propagate to its outgoing neighbors.
The second assumption is evident as the external perturbation such
as radiation can change the activity of any of the genes.

Under these assumptions, we observe that the Xij variables can
depend on each other. To capture this dependency we create a graph
called Markov Random Field (MRF) graph over the X variables
that encompasses the two above mentioned assumptions. This graph
represents the probabilistic dependency between the genes in the
extended gene network.

The MRF graph is an undirected graph G = (X , E), where X
= {Xij} variables represent the vertices of the graph. We denote
the set of edges with E = {(Xij , Xkj)|Wki = Wij = 1} ∪
{(Xij , Xip)|Wjp = Wij = 1}. For example, in Figure 2(b) X12

and X13 are neighbors as in Figure 2(a) g1 interacts with g2 and g2
interacts with g3. Notice that, this graph represents the probabilistic
dependency between the genes in the X domain, not in the domain
of genes. So, the dependency of two neighbors are captured by an
edge between two X variables. For example, in Fig 2(b) we draw
the MRF graph corresponding to the hypothetical gene network in
Figure 2(a). In the gene network, there is an edge from g1 to g4.
So, g1 can possibly alter the state of g4. We have an edge between
XR1 and XR4 that corresponds to the edge from g1 to g4. As R is
common for XR1 and XR4, if they attain the same value it implies
that the genes g1 and g4 are in same state (i.e. DE or EE).

We employ MRF over E to evaluate this dependency among
genes. We first describe how we build MRF over the MRF graph.
Let us denote the neighbors of Xij in the MRF graph as X∗ij =
{Xkj |Wki = 1} ∪ {Xip|Wjp = 1}. In a Markov random field, a
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p(Xij |X −Xij , θX) =
exp(γ1ζ(Xij) + γ2

P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))P

Xij∈{0,1,2,3} exp(γ1ζ(Xij) + γ2
P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))

(2)

Fig. 3. The equation for the conditional likelihood function.

node is independent of other nodes given its neighbors. Formally,
p(Xij |X − {Xij}, θX) = p(Xij |X∗ij , θX). Using Hammersley-
Clifford theorem [4, 18], we express the joint distribution of X
in MRF as the product of potential functions in a way that it
represents the conditional independence of the Xij variables. More
specifically, we express p(X|θX) as the product of the potential
functions defined over the cliques in the graph G, divided by a
partition function Z as, p(X|θX) = 1

Z

Q
Cij ,Wij=1 ψ(Cij). Here,

Cij is a clique in the MRF and ψ(Cij) is a potential function over
Cij respectively. We create a cliqueCij over the variableXij and its
neighbors X∗ij when Wij =1. To limit the complexity of our model,
we consider only cliques of size one and two. We normalize the
probability distribution with Z =

P
X

Q
Cij

ψ(Xij).
The potential functions capture the dependency of the variables

in the MRF graph. So, we incorporate our assumptions about the
genetic network in the potential functions. The potential functions
consist of feature functions. Each feature function takes two integers
as input and produces a binary integer as output. Here, we define
each feature function as f(v1, v2) =1 if v1 = v2 and 0 otherwise.

The optimization of MRF assigns weights to the feature functions
according to their actual prevalence in the MRF graph. In the
following paragraphs, we discuss the proposed feature functions.

1. We define two feature functions for the set of singleton cliques.
These two feature functions capture the two events, when Xij =
1 and Xij 6= 1.We write a feature function f(Xij , 1) which
equals to 1 when Xij = 1 and 0 otherwise. For notational
convenience, we also denote this feature function by ζ(Xij)
with the same semantics as that of f(Xij , 1). We define another
feature function f(Xij , t), where t ∈ {0, 2, 3}, which equals to
1 when Xij equals to t and 0 otherwise. We define two separate
feature functions to capture these two events, as their frequencies
are not equal.

2. Let us consider a sequence of four genes g1, g2, g3 and g5 in
Figure 2(a). Consider the X23 variable in the MRF graph that
consists of the states of g2 and g3. X13 is a neighbor of X23

in MRF graph as g1 is an incoming neighbor of g3 in the gene
network. Similarly, X25 is a neighbor ofX23 as g5 is an outgoing
neighbor of g3. So, if S1 equals to S2 then X23 = X13. Similarly
if S3 equals to S5 then X23 = X25. We capture these events in
two feature functions forXij based on the incoming neighbors of
gi and the outgoing neighbors of gj .

• Incoming neighbors of gi: Let us denote the incoming
neighbors of gi with In(gi). We write a feature function
f(Xkj , Xij), ∀k, gk ∈ In(gi). f(Xkj , Xij) = 1 if Si = Sk
and Wki = Wij = 1. Otherwise, f(Xkj , Xij) = 0.

• Outgoing neighbors of gj: Let us denote the outgoing
neighbors of gj as Out(gj). We define a feature function
f(Xip, Xij), ∀p, gp ∈ Out(gj). f(Xip, Xij) = 1 if Sp =
Sj and Wjp = Wij = 1. Otherwise, f(Xip, Xij) = 0.

In the last two feature functions, Xkj or Xip may not represent any
interactions from the extended gene network when Wkj = 0 or Wip

= 0 respectively. We represent them by rectangles in Figure 2(b).
After embedding these feature functions in the potential functions

the joint prior distribution of X is,

p(X|θX) =
1

Z
exp(γ1

X
i,j,Wij=1

ζ(Xij) + γ2
X

i,j,Wij=1,t∈{0,2,3}
f(Xij , t)

+ γ3
X

i,j,k,Wij=1,Wki=1

f(Xij , Xkj)

+ γ4
X

i,j,p,Wij=1,Wjp=1

f(Xij , Xip))

(3)

Here we denote {γ1, γ2, γ3, γ4} as the MRF parameters θX .
In the next section, we discuss how we define the objective

function with respect the MRF. We also describe how we formulate
the posterior probability density function for Xij .

2.4 Approximation of the objective function
To optimize the objective function in Equation 1, we need to
evaluate the prior density function p(X|θX). In Equation 3, we
defined this function as a combination of feature functions. This
requires estimation of θX . Also, a maximum likelihood estimation
of θX requires evaluation of the partition function Z in Equation 3.
Evaluation of Z is intractable even for a small number of Xij , as
the number of terms in the summation is exponential in the number
of Xij . We use an approximate formula to solve this problem. A
standard approximation scheme is pseudo-likelihood [5], where the
objective function is the simple product of the conditional likelihood
function of the Xij variables. Geman et al. proved the consistency
of the maximum pseudo-likelihood estimate [14].

From Equation 3 the conditional likelihood of a nodeXij is given
by Equation 2 in Figure 3. We refer the reader to the Appendix I for
the derivation of Equation 2.

In this framework of pseudo-likelihood, we can approximate the
objective function of Equation 1 as the product of posterior density
function of Xij and optimize it using the ICM [6] algorithm given
θX . We consider thoseXij whenWij =1, as for otherXij variables,
gi and gj are not correlated. Thus, our objective function becomes,

F = argmaxX (
Y
i,j

Fij) (4)

We derive the posterior density function Fij of Xij as,

Fij = p(Xij |X −Xij , θX , θY )

=
p(Yi, Yj |Xij , X∗ij , θY )p(Xij |X −Xij , θX)P

Xij∈{0,1,2,3} p(Yi, Yj |Xij , X
∗
ij , θY )

(5)

We present the derivation of Fij in Appendix III due to page
limitation.
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There are two different terms in objective function of Equation 4.
We already discussed one, the conditional likelihood density
function in Equation 2. We discuss the other, the data likelihood
density function p(Yi, Yj |Xij , X∗ij , θY ) in the next section.

2.5 Calculation of likelihood density function
The next challenge in computing the posterior density function,
is to define the data likelihood function (i.e. the function at the
denominator of Equation 5). In this section, we describe how we
derive this function.

We start by making a mild assumption that the expressions of a
gene in its control or non-control groups follow normal distribution.
Note that we can rewrite the derivation below with minor changes
when the expressions of genes follow another distribution. To keep
the discussion brief we will use normal distribution.

When a gene is equally expressed, all the data points in both
control and non-control groups share a latent mean [25]. For a DE
gene, the shared latent means in the two groups are different. So,
for a DE gene the control and non-control groups should follow
separate normal distribution. Let us denote a set of measurements
for a gene gi by zi = {zi1, zi2, · · · , ziN} that follows a single
Gaussian distribution. Let us denote the latent mean of zi as µ and
the standard deviation as σ. As different genes can have different
average expression, we assume that µ follows a genome wise
distribution [25] with mean µ0 and standard deviation τ . µ varies
between the control and non-control groups of a DE gene. Thus, for
zi, the joint likelihood for the data points in that group is given by,

L =

Z
[

nY
i=1

N (zi|µ, σ2)]N (µ|µ0, τ
2)dµ

=
σ

(
√

2πσ)n
√
nτ2 + σ2

exp(−
P
i z

2
i

2σ2
−

µ2
0

2τ2
)·

exp(

τ2n2z2

σ2 +
σ2µ2

0
τ2 + 2nzµ0

2(nτ2 + σ2)
)

(6)

The reader can find the derivation of Equation 6 at Demichelis et
al [12].

If a gene is DE, its expression measurements in control and non-
control groups follow separate distributions. On the other hand, for
equally expressed genes, all the measurements in both the groups
share the same mean.The joint data likelihood for a DE gene is given
by,

LDE(gi) = p(yi|µ0, σ
2, τ2)p(y

′
i |µ0, σ

2, τ2) (7)

Similarly, for EE genes it is given by,

LEE(gi) = p(yi ∪ y
′
i |µ0, σ

2, τ2) (8)

Now we are ready to derive the joint likelihood distribution for
different values ofXij . Let us denote the set of parameters {µ, σ, τ}
by θY .
Case 1. (Xij = 1) In this case, both gi and gj are DE. We
define the neighbors of Si by S∗i = {Sk|Xik, Xki ∈ X∗ij}. We
substitute Xij with the set {Si, Sj}, where Si and Sj denote the
states of gene gi and gj respectively. We substitute Xij ∪ X∗ij by
{Si, Sj , S∗i , S∗j }. So, for Xij = 1, p(Yi, Yj |Xij = 1, X∗ij , θY ) =
p(Yi|Si = DE, θY )p(Yj |Sj = DE, θY ) = LDE(gi)LDE(gj).

Case 2. (Xij = 0) Here, both gi and gj are EE. As earlier,
we substitute {Xij , X∗ij} with {Si, Sj , S∗i , S∗j }. From Equation 8
we obtain the likelihood density function as, p(Yi, Yj |Xij =
0, X∗ij , θY ) = LEE(gi)LEE(gj).
Case 3. (Xij = 2 or Xij = 3) In this case only one
of the genes is DE. From Equation 7 and 8 for Xij =2
we obtain the likelihood density function as, p(Yi, Yj |Xij =
2, X∗ij , θY ) = LDE(gi)LEE(gj). Similarly for Xij =3 we
obtain the likelihood density function as, p(Yi, Yj |Xij =
3, X∗ij , θY ) = LEE(gi)LDE(gj) We defer the detailed derivation to
the Appendix IV.

A special case arises when gi is the metagene, i.e. gR. We assume
that LDE(gR) = 1 and LEE(gR) = 0. Thus, the likelihood of the
metagene given than SR is DE equals to 1 and 0 otherwise.

2.6 Objective function optimization
So far, we have described how we compute the posterior density
function. The final challenge is to find the values of the hidden
variables that maximize the objective function (Equation 4). We
develop an iterative algorithm to address this challenge.

At each iteration, we first estimate the hyper-parameters of joint
conditional density function and joint likelihood density function
based on the estimated value of X in the previous iteration. Next,
based on the estimated hyper-parameters, we estimate X .

The joint likelihood density function is non-convex in terms
of the parameters θY = {µ0, σ , τ ). Also, the joint conditional
density is non-convex in terms of θX = {γ1, γ2, γ3, γ4}. We use
a global optimization method called differential evolution [37] to
optimize both of them. To optimize the objective function we
employ the ICM algorithm described by Besag [6]. Briefly, our
iterative algorithm works as follows.

1. Obtain an initial estimate of S variables. In our implementation we use
student’s t-test assuming the data follows normal distribution. We use 5%
confidence interval for this purpose.

2. Estimate parameters θY that maximizes the joint data likelihood function,Y
Xij ,Wij=1

p(Yi, Yj |Xij , X∗ij , θY )

=
Y

ν∈{0,1,2,3}

Y
Xij=ν,Wij=1

p(Yi, Yj |A,Xij = ν, θY )

We implement this step using Differential Evolution, which is similar to
genetic algorithm.

3. Calculate an estimate of parameters θX that maximizes the conditional
prior density function by

Q
Xij ,Wij=1 p(Xij |X −{Xij}, θX). We also

implement this step using Differential Evolution.

4. Carry out a single cycle of ICM using the current estimate of S, θX and
θY . For all Si, maximize

Q
Xmn

p(Xmn|X −Xmn,Y, θX , θY ) when
Xmn ∈ {Xi∗, X∗i} and Wmn =1.

5. Go to step 2 for a fixed number of cycles or until X converges to a certain
predefined value.

We optimize the objective function in terms of the Si (1 ≤
i ≤ M ) variables instead of Xij variables. So, in step 4, we
maximize the product of the conditional density functions of all
the Xij variables given by

Q
Xmn

p(Xmn|X −Xmn,Y, θX , θY ),
Xmn ∈ {Xij |i = m or j = n}, Wmn = 1.
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Table 1. List of top 25 genes that are mostly affected by external
perturbation. The dataset was generated using 10 Gy ionizing radiation over
immortalized B cells obtained from 155 members of 15 Centre d’tude du
Polymorphisme Humain (CEPH) Utah pedigrees [11]. Genes are tabulated
row-wise, in increasing order of ranking.

PGF IL8RB FOSL1 F2R PPM1D
MDM2 CDKN1A TNC PLXNB2 EPHA2
DDB2 TP53I3 PLK1 TNFSF9 ADRB2

MAP3K12 JUN SORBS1 LRDD MDM2
SDC1 MYC PRKAB1 EI24 DDIT4

3 EXPERIMENTS
In this section we discuss the experiments we conducted to
evaluate the quality of our method. We implemented our method
in MATLAB and Java. We obtained the code of Differential
Evolution from the http://www.icsi.berkeley.edu/

˜storn/code.html. We compared our method with SSEM [9]
as SSEM is one of the most recent methods that can be used to
solve the problem considered in this paper. We obtained SSEM
from http://gardnerlab.bu.edu/SSEMLasso. We ran
our code on a cluster that consists of AMD Opteron 2.4 Ghz and
Intel Core 2 Duo 2.4 Ghz with 4GB memory on every machine.
Dataset We use the data set collected by Smirnov et al. [34] for
the real microarray data. The dataset was generated using 10 Gy
ionizing radiation over immortalized B cells obtained from 155
members of 15 Centre d’tude du Polymorphisme Humain (CEPH)
Utah pedigrees [11]. Microarray snapshots were obtained at 0th
hour (i.e., before the radiation) and 2 and 6 hours after the radiation.
We adapt the time series data to create the control and non-control
data for our experiments. We use the data before radiation as control
data. For the non-control data we calculate the expected expressions
of a gene at each points after the radiation. We select the one with
higher absolute difference from the expected expression of control
data for that gene.

We also collect 24,663 genetic interactions from the 105
regulatory and signaling pathways of KEGG database [24]. Overall
2,335 genes belong to at least one pathway in KEGG. We consider
only the genes that take part in the gene networks in our model.

3.1 Evaluation of biological significance
In this experiment, we investigate the biological significance of the
genes that our method detects as the primarily affected ones. We
train our method on the dataset collected by Smirnov et al. [34].
After optimization we rank the genes in descending order of the
data likelihood of the DE genes with the perturbation metagene. We
tabulate top 25 genes from the rank in Table 1.

Nine out of the ten highest ranked genes have significant
biological evidence that they are impacted by radiation. Imaoka et
al. [21] compared the gene expression between normal mammary
glands to spontaneous and γ-radiation induced cancerous glands
of rat. The PGF (parental growth factor) gene showed differential
expression in both spontaneous and irradiated carcinomas.
Nagtegaal et al. [30] applied radiation to human rectal adenocarcinoma
and compared the gene response to that of normal tissues. The
cytokines and receptor IL8RB showed differential expression
between normal and irradiated rectal tissues. Amundson et al. [1]
administered γ-radiation to p-53 wild type ML-1 human myeloid
cell line. FOSL1 (known by FRA1 that time) showed differential
expression as the stress response. Lin et al. [26] applied ionizing
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Fig. 4. Frequency of average distance of rankings over training and testing
data. The figure shows that the difference is very close to zero. This suggests
that our method can rank the probabilistic effect of the incoming neighbors
of the genes with great precision. The average difference between the ranks
obtained in the training and the testing data is less than one position in 92.7%
of the cases.

radiation on human lymphoblastoid cells. F2R, a coagulation
factor II receptor, was upregulated in that experiment. Jen
et al. [23] investigated the effect of ionizing radiation on the
transcriptional response of lymphoblastoid cells in time series
microarray experiments. PPM1D, a gene related to DNA repair,
showed response to both 3Gy and 10Gy radiation. Wu et al. [39]
conducted a high dose UV radiation experiment to observe the
relation between MDM2 gene on p53 gene. Their experiment
revealed that initially both protein and mRNA level of MDM2
increases in a p53 independent manner, which clearly substantiated
the direct effect of radiation on MDM2. Jakob et al. [22] irradiated
human fibroblasts with accelerated lead ions. Confocal microscopy
discovered a single, bright focus of CDKN1A protein in the nuclei
of human fibroblast within 2 minutes after radiation. Rieger et
al. [32] applied both ultra violet and infrared radiation on fifteen
human cell lines and observed that PLXNB2 was up-regulated for
both kind of radiations. Zhang et al. [40] reported that EPHA2
worked as an essential mediator of UV-radiation induced apoptosis.

The above discussion demonstrates that our method can find
the primarily affected genes from a perturbation microarray data
accurately.

3.2 Evaluation of the rankings of neighbor genes
Recall that our goal is to find the primarily affected genes.
We achieve this objective by computing the probability of each
gene, including the metagene to contribute the alterations in the
expression of every other gene. In this experiment, we evaluate
our success in terms of how accurately we rank the contribution
probabilities of the genes as follows.

We divide the dataset of 155 samples into training and testing set
in 2:1 ratio. For each DE gene, we sort its incoming DE neighbors
in decreasing order of their data likelihood probability with respect
to the outgoing neighbor. For example, let us assume g1 is DE. It
has four incoming DE neighbors g2, g3, g4 and gR where gR is
the metagene. LetNLij denotes the normalized likelihood function

p(Yi,Yj |{Xij},X∗ij ,θY )P
Xij∈{0,1,2,3} p(Yi,Yj |Xij ,X

∗
ij
,θY )

of Xij . For instance, If NLR1

≥ NL41 ≥ NL21 ≥ NL31, then the sorted list is {gR, g4, g2, g3}.
We denote the sorted list as a ranking of the incoming DE neighbors.
Let us denote the position of a gene gi in the ranking of gj for
training data ρgj (gi). We create another set of rankings from the
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testing data likelihood probability. Let us denote the position of gi
in the ranking of gj from testing data by ρ

′
gj

(gi). For a gene gj
we define the average ranking distance between training and testing

data as δ(gj) =

P
gi∈IN(gj) abs(ρgj

(gi)−ρ
′
gj

(gi))

|IN(gj)| , where IN(gj) is
the set of incoming DE neighbors for gi, abs(.) denotes the absolute
value and |IN(gj)| stands for the cardinality of IN(gj).

We calculated the average ranking distance for all the genes that
have incoming neighbors apart from the metagene. We repeat the
experiments three times with a different set of training and testing
data. We create a histogram for the average differences from the
three experiments in Figure 4.

Figure 4 shows that the difference is very close to zero. This
suggests that our method can rank the probabilistic effect of the
incoming neighbors of the genes with great precision. The average
difference between the ranks obtained in the training and the testing
data is less than one position in 92.7% of the cases. This implies that
our method can accurately identify the primary cause of DE genes.

3.3 Evaluation of the accuracy of our method
The experiments over the real dataset suggest the validity of our
model. Two questions however follow from these experiments. (1)
What are the limitations of our method? In other words, when does
our method work accurately? (2) Does our method distinguish the
primary affected genes from the others?

To answer these questions we conducted experiments on synthetic
datasets to observe the performance of our method in a controlled
manner.
Synthetic data generation We generate the data in the presence
of a hypothetical perturbation to simulate the real dataset. We use
the gene network derived from KEGG first to select a random gene
from the network and denote it as a primarily affected DE gene.
We traverse the ancestors in a breadth fast manner. For each of
the ancestor, we made it a secondarily affected DE gene with a
probability of 1 − (1 − q)η , where η is the number of incoming
DE neighbors. Here q is the probability that a gene is DE due
to a DE predecessor. We repeat these steps to create the desired
number of primarily affected genes. After the classification of the
genes we create control and non-control data for each of them for
over N patients. We first create data for the control group for a
gene with mean µc and standard deviation σ. We sample the mean
from another Gaussian distribution N(µc|µ0, τ). For EE gene both
the groups follow the same distribution. For DE gene we separate
the mean µnc of gene expression between control and non-control
group by a fixed amount. We keep the separation in primarily
affected genes higher than that of the secondarily affect genes. In
our experiment q = 0.4, N = 200, µ0 = 7, τ = 2.9 and σ = 0.87.
Detection of primarily affected genes In this experiment our goal
is to detect the primarily affected genes by the perturbation using
the synthetic dataset. After optimization, we rank all the DE genes
in descending order of the normalized data with respect to metagene
gR. Let the set of true primarily affected genes be PA. Let RG
be the set of first |PA| genes from the rank, where |PA| is the
cardinality of PA. We define accuracy as |PA∩RG||RG| .

In our experiments we keep µc fixed at σ and vary difference
|µnc−µc| between 0 to σ to produce different dataset. We calculate
the accuracy for each of the |µnc − µc| and plot the calculated
accuracy. We repeat the entire experiments twice with |PA| = 10
and 54. The total number of DE genes is 159 and 400 respectively.
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Fig. 5. Accuracy of our method over synthetic dataset. The X axis is in
terms of σ. For instance, 0.4 means that the difference between the mean of
control and non-control groups of a gene is 0.4 ×σ. The figure shows that
we reach 100% accuracy with even a difference of 0.5×σ. Compared to the
standard deviation of noise (i.e. σ) of the data this difference is quite small.
This testifies that our model is efficient to differentiate between primarily
and secondarily affected genes with very small difference of the two groups.

Figure 5 shows that we reach 100% accuracy with even a
difference of 0.5 × σ. Compared to the standard deviation of noise
(i.e. σ) of the data this difference is quite small. This testifies that our
model is efficient to differentiate between primarily and secondarily
affected genes with very small difference of the two groups. Also,
the number of total DE genes were 159 and 400 respectively, which
were quite high compared to the number of corresponding primarily
affected genes (i.e. 10 and 54 respectively). So, our method is able
to eliminate most of the Secondarily impacted genes in most of the
cases. As the number of primarily affected genes decrease from 54
to 10 the accuracy of our method goes higher.

3.4 Comparison to other methods
In this section, we compare the accuracy of our method to that of
SSEM and a simpler method Student’s t test.
Synthetic data generation: We simulated real perturbation events
to prepare synthetic data with known primarily and secondarily
affected genes in a controlled setting. We generated this dataset by
simulating the real dataset to maximum possible extent. We used the
gene networks from KEGG database. First we decide on a random
set of primarily and secondarily affected genes based on the steps
described in Section 3.3. We use the control part of the real dataset
in Smirnov et al. [34] as the control part of our synthetic dataset. To
generate the non-control dataset, we traverse each of the genes that
participate in the gene networks. Suppose, for a gene gi, the mean
and standard deviation of its expression in the control dataset are
given by µic and σic respectively. If the gene is EE we generate its
non-control data points from the a normal distribution given by the
parameters (µic , σ2

ic ). If the gene is DE, we use the same variance
as that of the control group. However, we use a different mean. For
the primarily and secondarily affected genes we use µic ± dp and
µic ± ds respectively, where dp > ds.

To summarize, we use the same variance in the non-control group
as that in the control group. However, for an affected gene we
change the value of the mean in the non-control group from that in
the control group. For a primarily affected gene we applied a higher
deviation of mean than that of the secondarily affected genes.
Experimental setup: Given an input dataset, using each of the
three methods, we ranked all the genes. Highly ranked genes have
higher chance of being a primarily affected gene according to each
method. We explain how we do the ranking in the following.

7



Bandyopadhyay et al

50 100 150 200
0

0.5

1

1.5

rank of genes

S
en

si
tiv

ity

 

 

Our Method
SSEM−Lasso
Student’s t test

(a) Gap = 0.2 ×σ
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Fig. 6. Comparison of our method to SSEM and t-test. The number of
primarily affected genes is 50. The gap between the mean of primarily
affected and secondarily affected genes are 0.2 to 0.6 ×σ, where sigma
is estimated from the real dataset. The figures indicate that our method
outperforms SSEM and t-test.

• Our method: We sort the genes in decreasing order of joint
likelihood with the metagene. A higher joint likelihood implies a
higher chance of being primarily affected.

• SSEM: We train SSEM on the control dataset, where it learns the
correlation between the genes. We test SSEM on the non-control
dataset, where it produces a rank for each single data point.

• Student’s t test: We used the function called ttest from
MATLAB. We apply it on every individual gene, where it takes
control and non-control dataset as input and produces a p-value as
output. By default, null hypothesis is that “the differences of two
input data set are a random sample from a normal distribution
with mean 0 and unknown variance, against the alternative that
the mean is not 0”. Thus, the null hypothesis corresponds that
the gene is EE. So a substantially lower p-value implies a higher
chance of being primarily affected. We performed the test on
all the genes and rank them according the increasing order of
p-values.

Let us assume the set of primarily affected genes as PG and
first k elements of the ranking as RGk. We define the sensitivity
of the ranking at position k by ηk = |PG∩RGk|

|PG| . Thus, a higher
value of ηk denotes a higher sensitivity. We prepare a sensitivity
vector {η1, η2, · · · η|R|}, by arraying the sensitivity of a ranking
at all the positions of the ranks. Here, |R| denotes the cardinality
of the ranking. For SSEM we obtain a sensitivity vector for every
data points in the non-control dataset. We create a consolidated
sensitivity vector by averaging them.

Results: We conducted experiments by for ds−dp

σ
= {0.2, 0.4, 0.6,

0.8, 1.0, 1.2, 1.5, 1.75}, number of primarily affected genes = {10,
50} and number of data points = {10, 20, 40, 60, 80, 100, 125, 155}.
Here, σ corresponds to the standard deviation of the expressions of
genes in the dataset. However, due to space limitation we discuss
only two of them in this paper (see Figure 6). The results we discuss
correspond to the case when we have 40 primarily affected genes
and 155 data points. The results of the other experiments are similar
to those in Figure 6(b).

Figures 6(a)and 6(b) show the sensitivity of the three methods
when (ds − dp) = 0.2 ×σ and 0.6 ×σ respectively. The former
one corresponds to the computationally harder case as the difference
between the control and non-control datasets is small. As the gap
between ds and dp increases identifying primarily affected genes
becomes easier.

Form the figure, we observe that our method is significantly more
accurate than the other two methods for all datasets consistently. It
reaches 100% accuracy (i.e., it can find all the 50 primarily affected
genes) in the top 150 ranked genes in when the gap is small and
in the top 50 genes as the gap increases to 0.6 ×σ. The results
were similar for larger gap values (results not shown). The t test
reaches around 40% and 50% sensitivity at 200 ranking position
respectively. SSEM’s sensitivity is below 0.25 for all experiments
even within the top 200 positions.

We believe that there are two major factors for the success of
our method over the competing methods among other. First, our
method can successfully incorporate the gene interactions using
MRFs while others ignore this informations. Second, our method is
capable of dealing with both large and small number of primarily
affected genes while other methods’ performance deteriorates as
this number grows. In real perturbation experiments, often multiple
genes are primarily affected. Thus, we conclude that our method is
suitable for real perturbation experiments.

4 CONCLUSION
In this paper, we considered the problem of identifying primarily
affected genes in the presence of an external effect that can
perturb the expressions of genes. We assumed that we were
given the expression measurements of a set of genes before and
after the application of an external perturbation. We developed
a new probabilistic method to quantify the cause of differential
expression of each gene. Our method considers the possible gene
interactions in regulatory and signaling networks, for a large number
of perturbations. It uses a Bayesian model with the help of Markov
Random Fields to capture the dependency between the genes. It also
provides the underlying distribution of the impact with confidence
interval.

Our experiments on both real and synthetic datasets demonstrated
that our method could find primarily affected genes with high
accuracy. Our method was 100% accurate when the difference
between expected expressions of primarily and secondarily affected
genes is at least half of the standard deviation of the gene
expressions. It achieved significantly better accuracy than two
competing methods, namely SSEM and the student’s t test method.

Our experiments suggest that our method is applicable to real
applications as it works well when the number of primarily affected
genes grows. SSEM can be more appropriate for small scale
experiments, where a few genes are primarily affected. When
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confronted with a dataset with higher number of affected genes and
multiple replications, SSEM is negatively impacted by the variance
of the genes over those replications. Hence, it fails to model the
patterns that exists over the entire dataset The efficiency of our
method justifies the use of gene networks in our methods.

Our method produces a probability distribution rather than a fixed
binary decision. The major advantage of this approach is that it
augment every decision with a range, and hence endows it with a
confidence. A distribution is most of the time more useful, as is it
models the very stochastic nature of gene interactions.
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APPENDIX
I CONDITIONAL LIKELIHOOD
From Equation 3 the conditional likelihood of a node Xij is,

p(Xij |X −Xij , θX) =
exp(γ1ζ(Xij) + γ2

P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))P

Xij∈{0,1,2,3} exp(γ1ζ(Xij) + γ2
P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))

(9)
We provide the derivation of Equation 9 in Appendix II. As the number of incoming and outgoing neighbors can vary for a gene we modify version of

Equation 2 to normalize γ3 and γ4 as,

p(Xij |X −Xij , θX) =
exp(γ1ζ(Xij) + γ2

P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij ,Xkj)

|N1(Xij)| + γ4

P
p,Wjp=1 f(Xij ,Xip)

|N2(Xij)| )P
Xij∈{0,1,2,3} exp(γ1ζ(Xij) + γ2

P
t∈{0,2,3} f(Xij , t) + γ3

P
k,Wki=1 f(Xij ,Xkj)

|N1(Xij)| + γ4

P
p,Wjp=1 f(Xij ,Xip)

|N2(Xij)| )

(10)

Here, N1(Xij) = {Xkj |Wki = 1} and N2(Xij) = {Xip|Wjp = 1} are the set of neighbors for Xij and |N1(Xij)| is the cardinality of N1(Xij).

II DERIVATION OF P (XIJ |X − {XIJ , θX}), WIJ =1 :

p(Xij |X −Xij , θX)

=
p(X , θX)

P (X −Xij , θX)

=
p(X , θX)P

Xij∈{0,1,2,3} P (X −Xij , Xij , θX)

=
A(Xij).B

(A(0) +A(1) +A(2) +A(3)).B

(11)

Here, A(Xij) is exp(γ1ζ(Xij) + γ2
P
t∈{0,2,4} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip)). B is given by

exp(γ1
P
mn 6=ij,Wmn=1 ζ(Xmn) + γ2

P
mn 6=ij,Wmn=1,t∈{0,2,4} f(Xmn, t) + γ3

P
q,ij 6=mn,Wmn=1,Wqm=1 f(Xmn, Xqn)

+γ4
P
l,ij 6=mn,Wmn=1,Wnl=1 f(Xmn, Xml)). We cancel B from numerator and denominator and the density function simplifies to,

f(Xij , 1)p(Xij |X −Xij , θX)

=
exp(γ1ζ(Xij) + γ2

P
t∈{0,2,4} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))P

Xij∈{0,1,2,3} exp(γ1ζ(Xij) + γ2
P
t∈{0,2,4} f(Xij , t) + γ3

P
k,Wki=1 f(Xij , Xkj) + γ4

P
p,Wjp=1 f(Xij , Xip))

(12)

Here, we denote the prior density parameters {γ1, γ2, γ3, γ4} by θX .

III DERIVATION OF FIJ :

Fij

= p(Xij |X −Xij ,Y, θX , θY )

= p(Xij |X −Xij , Yi, Yj , θX , θY )

=
p(Yi, Yj ,X −Xij −X∗ij , Xij , X∗ij , θX , θY )

p(Yi, Yj ,X −Xij −X∗ij , X∗ij , θX , θY )

=
p(Yi, Yj ,X −Xij −X∗ij |Xij , X∗ij , θX , θY )p(Xij , X

∗
ij , θX , θY )

p(Yi, Yj ,X −Xij −X∗ij |X∗ij , θX , θY )p(X∗ij , θX , θY )

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(X −Xij −X∗ij |Xij , X∗ij , θX , θY )p(Xij , X

∗
ij , θX , θY )

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij −X∗ij |X∗ij , θX , θY )p(X∗ij , θX , θY )

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(X −Xij −X∗ij , Xij , X∗ij , θX , θY )

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij −X∗ij , X∗ij , θX , θY )

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(X , θX , θY )

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij , θX , θY )
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=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(X , θX)p(θY )

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij , θX)p(θY )

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(X , θX)

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij , θX)

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(Xij |X −Xij , θX)p(X −Xij , θX)

p(Yi, Yj |X∗ij , θX , θY )p(X −Xij , θX)

=
p(Yi, Yj |Xij , X∗ij , θX , θY )p(Xij |X −Xij , θX)

p(Yi, Yj |X∗ij , θX , θY )

=
p(Yi, Yj , Xij , X

∗
ij , θX , θY )p(X∗ij , θX , θY )p(Xij |X −Xij , θX)

p(Xij , X∗ij , θX , θY )p(Yi, Yj , X∗ij , θX , θY )

=
p(Yi, Yj , θX |Xij , X∗ij , θY )p(Xij , X

∗
ij , θY )p(X∗ij , θX , θY )p(Xij |X −Xij , θX)

p(Xij , X∗ij , θX , θY )p(Yi, Yj , θX |X∗ij , θY )p(X∗ij , θY )

=
p(Yi, Yj |Xij , X∗ij , θY )p(θX |Xij , X∗ij , θY )p(Xij , X

∗
ij , θY )p(X∗ij , θX , θY )p(Xij |X −Xij , θX)

p(Yi, Yj |X∗ij , θY )p(Xij , X∗ij , θX , θY )p(θX |X∗ij , θY )p(X∗ij , θY )

=
p(Yi, Yj |Xij , X∗ij , θY )p(Xij , X

∗
ij , θX , θY )p(X∗ij , θX , θY )p(Xij |X −Xij , θX)

p(Yi, Yj |X∗ij , θY )p(Xij , X∗ij , θX , θY )p(X∗ij , θX , θY )

=
p(Yi, Yj |Xij , X∗ij , θY )p(Xij |X −Xij , θX)

p(Yi, Yj |X∗ij , θY )

=
p(Yi, Yj |Xij , X∗ij , θY )p(Xij |X −Xij , θX)P

Xij∈{0,1,2,3} p(Yi, Yj |Xij , X
∗
ij , θY )

(13)

In step 2 of the derivation, we substitute Y by Yi and Yj as Xij is independent of all Yk such that k 6= i and k 6= j.

IV DERIVATION OF LIKELIHOOD DENSITY FUNCTIONS:
In this section we derive the data likelihood density functions. We use Equation 7 and Equation 8 as the data likelihood function for DE and EE respectively
in these derivations. We start with proving that that Yi and Yj are independent of S∗i and S∗j given Si and Sj . We represent the parameters {µ0, σ, τ} by θY .

p(Yi, Yj |Si, Sj , S∗i , S∗j , θY )

=
p(Yi, Yj , Si, Sj , S

∗
i , S
∗
j , θY )

p(Si, Sj , S∗i , S
∗
j , θY )

=
p(Yi, Yj , S

∗
i , S
∗
j |Si, Sj , θY )p(Si, Sj , θY )

p(Si, Sj , S∗i , S
∗
j , θY )

=
p(Yi, Yj |Si, Sj , θY )p(S∗i , S

∗
j |Si, Sj , θY )p(Si, Sj , θY )

p(Si, Sj , S∗i , S
∗
j , θY )

=
p(Yi, Yj |Si, Sj , θY )p(Si, Sj , S

∗
i , S
∗
j , θY )

p(Si, Sj , S∗i , S
∗
j , θY )

= p(Yi, Yj |Si, Sj , θY )

(14)

We use this conditional independence in the following proofs.

Case 1. Xij = 1 We can replace Xij by the set {Si, Sj}, where Si and Sj denote the states of gi and gj . We define the neighbors of Si by S∗i =
{Sk|Xik, Xki ∈ X∗ij}. Thus, we can replace Xij

S
Xij∗ by {Si, Sj , S∗i , S∗j }. So, for Xij = 1, we write,

p(Yi, Yj |Xij = 1, X∗ij , θY )

= p(Yi, Yj |Si = DE,Sj = DE,S∗i , S
∗
j , θY )

= p(Yi, Yj |Si = DE,Sj = DE, θY )

= p(Yi|Si = DE)p(Yj |Sj = DE, θY )

= LDE(gi)LDE(gj)

(15)
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Case 2. Xij = 0 As earlier, we shall replace {Xij , X∗ij} by {Si, Sj , S∗i , S∗j }.

p(Yi, Yj |Xij = 0, X∗ij , θY )

= p(Yi, Yj |Si = EE,Sj = EE,S∗i , S
∗
j , θY )

= p(Yi, Yj |Si = EE,Sj = EE, θY )

= p(Yi|Si = EE, θY )p(Yj |Sj = EE, θY )

= LEE(gi)LEE(gj)

(16)

Case 3. Xij = 2 In a similar fashion we can can write that,

p(Yi, Yj |Xij = 2, X∗ij , θY )

= p(Yi, Yj |Si = DE,Sj = EE,S∗i , S
∗
j , θY )

= p(Yi, Yj |Si = DE,Sj = EE, θY )

= p(Yi|Si = DE)p(Yj |Sj = EE)

= LDE(gi)LEE(gj)

(17)

Case 4. Xij = 3 Similarly,

p(Yi, Yj |Xij = 3, X∗ij , θY )

= p(Yi, Yj |Si = EE,Sj = DE,S∗i , S
∗
j , θY )

= p(Yi, Yj |Si = EE,Sj = DE, θY )

= p(Yi|Si = EE)p(Yj |Sj = DE, θY )

= LEE(gi)LDE(gj)

(18)
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