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The problem of steady laminar flow of an incompressible

viscous conducting fluid in a rectangular duct is considered with

finite aspect ratio of the cross section. An external magnetic field

is applied transverse to the flow in a Faraday generator configura-

tion. Such flows are capable of producing electrical energy from

the mechanical energy of the flow at high power densities without the

use of rotating parts. To model the use of a two-phase mixture of

gas and liquid metal, which is employed as the working fluid in

these devices, the conductivity and viscosity of a homogeneous fluid

are allowed to vary in continuous fashion over the cross section of

the channel. The governing equations for this problem are derived

from the usual magnecohydrodynamic assumptions yielding two simul-

taneous equations in terms of the velocity and induced magnetic

field. A finite difference approach is taken to the solution of

these equations using a modification of the Peaceman Rachford alter-

nating direction implicit relaxation scheme. The boundary conditions



appropriate to the MHD generator case with electrodes of arbitrary

conductivity are applied and solutions are obtained for values of the

Hartmann number between zero and 100. The solutions are then used

to determine where it is sufficient to approximate the finite aspect

ratio case with the closed form solution of the one-dimensional

Hartmann flow problem. The finite difference solution is employed

to obtain plots of the current streamlines and velocity contours,

the volume flow rate through the channel, and the efficiency of the

generator. These results are then examined to determine the effect

on the flow characteristics produced by changes in load resistance,

electrode conductivity, aspect ratio, and the assumed profile of

conductivity and viscosity variation.



CHAPTER I

INTRODUCTION

The generation of electrical power directly from a moving

fluid by various magnetohydrodynamic (MHD) schemes has been recognized

for many years to have some advantages over conventional power

generation. Chief among these is the simplicity of a device that

contains no moving parts. In the basic MHD generator configuration a

conducting fluid moves down a channel under the influence of a pressure gra-

dient while a magnetic field is applied perpendicular to the flow. The

electric current is tapped off perpendicular to both the flow and the

magnetic field by electrodes in contact with the fluid. This configura-

tion is referred to as a Faraday generator in recognition of Faraday

(1832) who first alluded to possible MHD generator schemes.

In addition to its simplicity, an approximate theoretical

analysis (Jackson 1963) indicates that these devices are capable of

very high efficiencies of 85 to 95 percent. Although this efficiency

is reduced somewhat in a practical device, since losses due to elec-

trical end effects (Sutton et al . 1962), electrode contacts (Tanatugu

et al . 1971), fluid drag, and required power for the magnetic field

were neglected, the efficiency can still be high when these losses are

compensated for in a wel 1 -designed device. The other major advantage

of these MHD generators is their very high power density, on the order

of 10 megawatts per cubic meter. This indicates the possibility of a



small and light device, which can be very important in some applica-

tions such as naval and space systems (Petrick and Roberts 1967).

However, these devices are not without their disadvantages.

Of the two possible fluids commonly used, plasmas and liquid metals,

the former suffers the disadvantage of having low conductivity at the

temperature limit imposed by the current materials technology. To

improve the conductivity at these temperatures generally requires the

added complexity of seeding the plasma with cesium to obtain suf-

ficient current, although the voltages obtained from the fast-moving

plasmas are sufficiently high. The alternative strategy of using liquid

metals as the working fluid eliminates the problem of low conductivity,

but for reasonable pressure drops the liquid moves so slowly that the

voltage output of the device is correspondingly low. This creates

the problem of having a large power output in the form of very large

currents and low voltages typical of homopolar generators. To make

effective use of these devices as generators the above problems have

to be overcome.

With the preceding advantages and disadvantages in mind,

considerable theoretical work has gone into analyzing what goes on

within the fluid of the generator. These analytical studies apply not

only to the generator case but also have application to other related

devices. Among these are MHD pumps for transporting radioactive and

corrosive liquid metals, flowmeters for use when the fluid is con-

ducting, and pump generator combinations for voltage transformation

schemes.



The problem receiving the most attention and to be further

extended here is that of fully developed laminar flow of an incom-

pressible viscous conducting fluid down a channel of rectangular cross

section with a magnetic field applied perpendicular to the flow

direction. The end effects are assumed negligible and the pressure

drop constant, so that all the variables depend only on the cross

sectional dimensions of the channel. These assumptions make the

equations manageable mathematically, as well as being an effective

approximation to the real situation, while giving insight into the

workings of these devices.

The first significant analysis of this problem is that of

Hartmann (1937) who reduces it to an ordinary differential equation

in only the one dimension parallel to the applied magnetic field by

neglecting the effect of the boundary layer formed on the electrode

walls. Although this assumption is strictly true only in the case

of a rectangular channel with infinite cress sectional aspect ratio,

the experiments performed by Hartmann and Lazarus (1937) indicate the

solutions for the flow rate and pressure drop down the channel are

good approximations, even when the aspect ratio is approaching one if

the applied magnetic field is sufficiently strong. These experiments,

done under conditions where ordinary flow would be turbulent, show

that increasing the magnetic field tends to damp out the turbulence of

the flow, which lends weight to the assumption of laminar flow in the

stated problem. The damping of turbulence by a magnetic field is fur-

ther quantified in the work by Murgatroyd (1953), Branover et al

.

(1976a, 1977), and Hua and Lykoudis (1974).



Hartmann (1937) finds in his solution that the significant

nondimensional parameter associated with the flow is the quanity M

defined as

M = aBn /§L (1-r

where Bq is the applied magnetic flux density in Teslas, a is an ap-

propriate length scale usually taken to be the half height of the

channel in the direction of the applied field, oq is the conductivity

of the fluid in mhos per meter, and yg is the viscosity of the fluid

in Newton seconds per meter squared. This nondimensional quantity

is the Hartmann number and represents the ratio of the magnetic to

viscous forces. Hartmann finds that the velocity profile scales on

this parameter, with the thickness of the boundary layer along the

insulating walls going as a/M. As the value of M becomes large the

velocity profile flattens out in the center of the channel and even-

tually approaches a uni form slug flow across the entire width of the

channel. Also the magnitude of the average velocity for a given

pressure gradient decreases rapidly as the Hartmann number increases.

Although the Hartmann solution gives good approximations

in most situations, in the case of low aspect ratio channels and low

Hartmann number the two-dimensional solution is required for accuracy.

The first solution of the two-dimensional case is that of Shercliff

(1953). Since his interest is in the application of the equations to

flow meters where no appreciable current is tapped off, but only the

electrical potential is measured, he solves the problem for the case



where the channel has insulating walls on all sides. Shercliff

derives the two simultaneous equations describing the flow in terms

of the velocity and the induced magnetic field and then converts

these to two independent equations by transforming into two variables

representing the sum and difference of the previous variables. The

solution is then given as an infinite Fourier cosine series.

Using this solution Shercliff is able to show that it ap-

proaches the Hartmann case at large values of M. He also describes

the flow as having a central core region where the profile is flat

and the viscosity does not play a part, and a boundary layer region

on each wall. He is able to confirm the a/M thickness of the boundary

layer on the wall perpendicular to the applied field and also deter-

mines the thickness on the wall parallel to the field to be of order

a//M. Shercliff also obtains an approximate solution based on a

boundary layer approach that is simpler mathematically and can be

generalized to channels of arbitrary cross section. Comparing these

results to the experiments of Hartmann and Lazarus (1937) he finds

good agreement for the exact theory and the boundary layer approxima-

tion if the Hartmann number is greater than 18 times the aspect ratio

squared. In a later paper (Shercliff 1956) he solves the problem of

flow in a circular channel with conducting walls and finds the boun-

dary layer thickness to be inversely proportional to the normal

component of the magnetic field when the Hartmann number is suf-

ficiently high.

The case of flow in a rectangular duct with walls that are

perfectly conducting represents the opposite extreme to the case



solved by Shercliff. This problem is solved exactly by Chang and

Lundgren (1961) and independently in Russia by Uflyand (1961).

Neither paper gives an exact solution for walls of arbitrary conduc-

tivity, but Chang and Lundgren do give a solution for finite wall

conductivity when the aspect ratio is infinite, which is a generali-

zation of the one-dimensional Hartmann problem. They are able to show

that for a given pressure drop the average velocity is inversely

proportional to M with nonconducting walls and inversely proportional

to M squared for perfectly conducting walls. Thus they show that

increasing the wall conductivity will decrease the average velocity

if the pressure gradient remains the same.

A paper by Hunt (1965) completes the list of exact solutions

for the rectangular duct problem by solving two cases with mixed

boundary conditions. The first case has perfectly conducting walls

perpendicular to the field and thin walls of arbitrary conductivity

parallel to the field. The second has nonconducting walls parallel to

the field and thin walls of arbitrary conductivity perpendicular to

the field. All of the exact solutions to these various problems are

in the form of infinite Fourier series with rather complicated ex-

pressions for the coefficients that make them somewhat difficult to

analyze and evaluate. Also, except for the solutions by Hunt, the

rate of convergence of the series tends to decrease as the Hartmann

number increases, making it necessary to develop approximations to

the expansions at high values of M. Of more importance is the

failure so far to come up with an exact solution to the physical



situation found in the magnetohycirodynamic generator, where the rec-

tangular duct has conducting walls parallel to the magnetic field

and insulating walls perpendicular to the field.

Chiang and Lundgren (1967) give an approximate solution to

this problem at large values of the Hartmann number. Their approach

is to use boundary layer methods which are valid at large M and cast

the problem in the form of an integral equation. They are then able

to solve for the current streamlines near the perfectly conducting

electrode wall, but at the same time showing a boundary layer on the

insulating wall that is infinitely thin. Another approach taken by

Wissmiller (1964) solves the full equations by breaking them up into

their finite differences. He then solves these on the computer using

a successive overrelaxation technique. He achieves limited results,

obtaining only the velocity profile and the current streamlines for

values of the Hartmann number less than five because of the particular

relaxation scheme chosen.

All of these solutions analyze the cases where the fluid is

assumed to be homogeneous in its properties of conductivity and vis-

cosity over the cross section of the channel. In a practical device

this may not be true either by accident or by design. To effectively

use a magnetohydrodynamic generator as part of a heat engine it has

to be incorporated in a thermodynamic cycle (Petrick 1965). To do

this usually involves adding a compressable gas to the conducting

liquid to form a two-phase mixture. This mixture is then either

accelerated through a nozzle imparting kinetic energy to the liquid



which is then separated before entering the MHD channel (Elliott

1962; Prem and Parkins 1964), or the mixture itself is used as the

conducting fluid in the generator and the gas is separated downstream

of the channel (Petrick and Lee 1964a). The gas phase goes through

either a Brayton or Rankine cycle with the MHD generator performing

the function of the turbine in the cycle, with the added advantages

that the energy is converted directly to electrical energy and

because of the high heat capacity of the liquid phase the gas expands

isothermal ly.

It is the use of the two-phase mixture in the generator

channel that causes a modification of the MHD problem stated previous-

ly, since the gas phase acts to reduce the conductivity of the mixture

as a whole. Also any nonuniform distribution of the gas bubbles

causes an effective conductivity gradient within the cross section

of the channel as well as some variation in the effective viscosity.

This problem occurs to some extent even if the phases are separated

before entering the generator, since the separation process cannot be

completely effective and some small quantity of gas inevitably is

present in the generator channel.

The development of a two-phase liquid metal MHD generator is

necessary to obtain a practical working system. Therefore, consider-

able experimental work is being done in several countries throughout

the world. The Argonne National Laboratory has a blowdown facility

operating on a mixture of sodium and potassium (NaK), with nitrogen

as the gas (Hantman et al . 1975). This apparatus is giving experimental



data on the velocities and pressures as well as measurements of the

distribution of the gas voids at various locations in the channel

(Petrick et al . 1977). There are also plans for a system using tin

and water in a Rankine cycle. In Japan an experimental apparatus is

in operation with a NaK-N? mixture, in a generator using an

induction scheme rather than the Faraday approach (Tanatugu et al

.

1973). In Israel, Branover and Gershon (1976a) are doing experiments

with a gravity-fed system using a mixture of mercury and nitrogen.

This dissertation attempts to extend the theoretical work

done on the MHD channel flow to include assumed variations in the

conductivity and viscosity of the liquid. In this way the two-phase

mixture is modeled in an average sense as a liquid with variable

properties, such that the conductivity and viscosity at a point in

the mixture is dependent on the void fraction at that point.

The addition of this aspect of the problem is such that the

equations do not lend themselves to solution in the form of infinite

series. For this reason the equations are solved by the finite

difference method. Since the successive overrelaxation scheme of

Wissmiller (1964) is limited to low Hartmann numbers, a scheme re-

ferred to as the Peaceman-Rachford alternating direction implicit

method (Peaceman and Rachford 1955) is modified to solve the MHD

equations. This scheme has superior stability and rate of conver-

gence than that of Wissmiller. This allows solution of the equations

quickly up to Hartmann numbers of 100. The finite difference solution
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also has the advantage that all the generator parameters can be

easily evaluated from it without significant loss in accuracy,

whereas the series solutions are often difficult to evaluate and

require a different series for each parameter. In addition, the

boundary conditions appropriate to the generator case with arbitrary

conductivity electrodes can be easily applied while the series solu-

tion does not exist for this case.



CHAPTER II

FORMULATION OF PROBLEM

In this section the problem of steady laminar flow of an

electrically conducting fluid in a duct of rectangular cross section

is formulated. A magnetic field is applied perpendicular to the flow

down the channel and an electric field is generated and current

removed perpendicular to these two directions. The setup and orien-

tation is as shown in Figure 2-1. In the following derivation the

approximation is made that none of the parameters or variables change

in the flow direction so that the problem is reduced to essentially

a two-dimensional one depending only on the cross section coordinates.

This approximation is consistent with previous work done on the

related problems and is found to be an effective approximation

(Shercliff 1953).

Governing Equations

The magnetohydrodynamic equations for channel flow are

derived by first taking Maxwell's equation for the curl of the mag-

netic field and writing it in two dimensions.

1 9BZ

-1 3B Z
J Y

=
u e 3 X (2-1

11
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LOAD RESISTANCE

WW

Figure 2-1. Coordinates for Magnetohydrodynamic Channel
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From this it can be seen that the magnetic induction in the z direc-

tion can be used as a stream function for the current in the plane of

the cross section. This is then combined with Ohm's law for current

flowing in a moving liquid which is given in two dimensions by

Jn -u-**

£*
i

L 9Y J (2-2)

Combining these two sets of equations gives

j. »£ . r. a* ¥ .]
ue 3 1 j_ 3X z OJ

J_ ^z = r 3$

'

Me 8x
" a

L 3Y
>3!

whose derivatives in each of the two directions are combined to give

the equation for the magnetic induction.

3 X au.p 3 X 3Y
J_ 3B Z

aye 3Y !

3V-
= (2-41

Here the assumption is not made that the conductivity is constant since

it will be used to model the two-phase nature of the fluid.

The equation for the velocity is obtained from the momentum

equation in the direction of the fluid motion with the force due to

the current perpendicular to the magnetic field added.

dP _3_ £Vz

dZ 3X |

y 3X 9Y 3Y
+ J

x
B
o

•2-5]
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Here also the viscosity is not assumed constant since it is likely

variable in a two-phase system. The inertia terms of the equation

are left out due to the assumption of steady laminar flow in the

channel with no downstream acceleration. The equation for the current

from Maxwell's equation is then substituted to give

sx

3V Z

3X 3Y

3_Vz

3Y
3

1 3B;
__ _ dP
3Y ' dZ

(2-6)

This equation and that for the magnetic induction represent the two

magnetohydrodynamic equations that are to be solved simultanously.

The equations (2-4) and (2-6) are treated more easily if theyare put

intoa nondimensional form. This is accomplished by introducing the

following nondimensional terms commonly used in the literature

5 = X/a ri = Y/a

B =

a
2 (-dP/dZ;

B,

M = aB
Q
/a /uo

J

uea
2 (-dP/dZ) '

a°

F(c»n^
ao

a
G(C.n) - Ji-

:2-7)

The magnetohydrodynamic equations then assume the form

Sd 2
B A 3 2

B~] IF 3B x 3F 3Bl 3V . • ,„ tl, nF

(]?
+
^2|

+
_3?3C

+
3W^J +Mg^=0 eduction

2 2
3C 3n

§11- + |i |3 + M {£ - -1 momentum
3£ 3? 3n 3nj 3n

(2-8)
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The nondimensionalization is such that the velocity is being compared

to the parameters found in normal Poiseuille flow with the entire

solution being scaled on the applied pressure gradient. This form

of the equations also shows the importance of the Hartmann number in

determining the character of the solution. With the Hartmann number

set equal to zero and using a one-dimensional approximation to the

channel it can be seen that the momentum equation immediately reduces

to the ordinary Poiseuille flow equation.

Although the momentum and induction equations (2-8) are

derived here from considerations of a continuous fluid with variable

properties, they can also be justified by starting with the equations

for the two phases and taking averages at points in the flow with

respect to time. This is done by Elkins et al . (1978) and results

in flow equation (2-8) in the limit of zero turbulence. In this

case the equations have variable fluid properties specified in terms

of the fluid properties of the liquid phase and the void fraction of

the mixture, which is defined as the time average at a point of the

ratio of the volume of gas to the total volume of the mixture.

The relationship between the conductivity and the void frac-

tion is analyzed theoretically by Maxwell (1904), but it is necessary

to make the assumption of low void fractions. Of more importance

are several empirical studies of the conductivity versus void frac-

tion done by Tanatugu et al . (1972), Petrick and Lee (1964b), and

Lafferty and Hammitt (1967). Petrick and Lee fit their data with the

empirical equation.
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o/oi = exp(-3.8a)

But since these data are taken in whole channels with the void frac-

tion being the total average regardless of the profile, the accuracy

for the present purposes is not great. Therefore this relation can be

taken as an indication of the proper effect and the simpler straight

line relation of Lafferty and Hammitt,

afa l
- 1 - a (2-9)

can be used without much loss of accuracy.

The relation between void fraction and viscosity has been

analyzed theoretically by Einstein (1906) and Taylor (1932), but again

the assumption is made that the void fraction is low and the bubbles

are spherical. The empirical work done is with respect to determining

a homogeneous friction factor for flow of two-phase fluids in terms

of a "virtual viscosity" (Wallis 1969). This gives relations such as

the following by McAdams et al . (1942), where the viscosity is given

in terms of the viscosity of the two fluids and the quality (;<) of

the mixture, which is defined as the time average at a point of the

ratio of the mass flow rate of the gas to the total mass flow rate of

the mixture.

-,-1
u

+ (1 -

'I L "g

Here again, the accuracy is not considered very good for the present

purposes.
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The nondimensional terms F and G in Equations (2-8) repre-

sent the variations of conductivity and viscosity, respectively.

Although, using the above relations, they could be specified in terms

of the void fraction or quality of the mixture, for the present analy-

sis the variations of each are to be considered separately, so that

no advantage is achieved in doing this. Therefore, the functions are

specified arbitrarily, as long as they are symmetric about the mid-

channel lines, and the value of the functions along with their deriva-

tives in the two directions are assumed to be known inputs to the

problem. The solutions are then examined to see how they are affected

by a given conductivity or viscosity variation.

Boundary Conditions

The two simultaneous governing equations (2-8) are of second

order in each of the two directions and therefore require two boundary

conditions for each of the two variables of velocity and magnetic flux

density. Because of the basic symmetry of the problem, assuming

symmetric functions for F and G, the solution does not have to be

found for the entire channel but can be limited to only one quadrant

of the channel cross section. This is helpful in reducing the amount

of calculations that have to be performed. Thus the boundary condi-

tions are derived for the upper right-hand quadrant with the origin

of the coordinate axis at the center of the channel as shown in

Figure (2-2)

.

The boundary conditions on the velocity are the usual ones

for viscous flow, that the velocity is zero at the walls. The
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Figure 2-2. Boundary Conditions for the Quadrant
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symmetry conditions are then used to obtain the conditions for the

quarter channel case, that the normal derivatives at the mid-channel

lines are zero.

The boundary conditions for the magnetic flux density are

derived from consideration of the current flow using Maxwell's law

(2-1). Since the main current flow is between the electrodes in the

E, direction, the symmetry conditions dictate that there be no current

in the n direction at the mid-channel lines. Therefore, on these lines

the derivative with respect to E, of the magnetic flux density is equal to

zero. On the mid-channel line, n=0» this implies that the magnetic

induction is constant. Since the magnetic induction serves as a

potential function only and can therefore be adjusted by an arbitrary

constant without effect, its value along the n
= line will be chosen

as zero.

At the electrode wall the boundary condition should take

into account the conductivity of the electrode wall. This can be

done easily if the assumption is made that the electrode is thin com-

pared to its length so that Maxwell's equations don't have to be

solved, but the current in the wall can be given as

I E (Y)
= J^(Y) 2Z t (2-10)

which can then be related to the electric field by Ohm's law (2-2).

I
E
(Y) = a^Y) 2Z t (2-11)
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But the current in the electrode also has to equal the integral of the

current in the £ direction flowing into the electrode. This can be

related to the value of the magnetic induction along the boundary by

W^^jJ^dY^WYJ-B,) (2-12)

Equating these two values for the current in the electrode gives the

following relation between the electric field in the Y direction and

the value of the magnetic induction.

E^) -^br <
Bz^ -V (2-13)

This must also be the value of the electric field in the fluid just

at the electrode which can then be related to the Y component of the

current through Ohm's law (2-2) since the velocity is zero at the wall

Therefore,

jy(^) - h ^r - oE
Y<

y > < 2
-u »

After nondimensional izing and defining the conductivity ratio

a a „,:,

The relation between the derivative of the magnetic induction in the

E, direction and its value at the point becomes

If
= ^ (B

1
- B(n)) (2-16)
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It can be seen that in the case of perfectly conducting electrodes

the value of the conductivity ratio becomes zero and the boundary

condition reduces to the normal derivative being equal to zero.

On the insulated wall at n=l , the magnetic induction is

constant as can be determined from the fact that no current flows in

the n direction into the wall. This constant can easily be related

to the net current flow out of the channel. Since the total current

in the channel must be conserved, this can be found by integrating the

c, component of the current density along any vertical line between the

two insulating walls to give

I = 4Z
Q f

J xdY (2-17)

or using the relation between the current density and the B field

I =4Z ^ Bl (2-18)

The net current out of the channel can be used as a parameter

of the problem and by setting it positive or negative the channel can

be analyzed as either a pump or generator. But, for the purposes

of analyzing the generator configuration it is more useful and common

in the literature to relate the net current to the load resistance in

the external circuit and to use this as the fundamental parameter

in terms of a load factor applied to the generator.

To accomplish this it is necessary to calculate the voltage

at the point where the current is tapped off the electrode. This is



22

done by integrating the electric field along the insulating wall and

down the electrode to where the current is tapped off at the center

of the electrode. This facilitates the calculation because along the

wall the velocity of the fluid is zero and therefore the electric

field can be directly related to the current density by Ohm's law

(2-2). The total potential drop for the whole channel is then twice

the calculated value due to symmetry, and given by

A*- -2|£^
f° JyI

dX + -7- dY| (2-19)
Y=a Ja

a !x=b

Using the relation between the current density and the magnetic induc-

tion (2-1), and the equation (2-16) for the boundary condition on the

electrode, the relation between the voltage potential and the magnetic

induction is found to be

JLj
f

a

( Bl - B
2
(Y))dY - U^dx] (2-20)A$ = —

Mo

It is then a simple matter to relate this to the total current leaving

the channel once the total resistance of the external circuit is known,

by

in-ir (2-21)L

R

Equating this to the total current found previously gives

-2a „ ,
2

f

a
,. . 2 [

b
1
2B Z

"I

*'

4Z Bl - R[5wt B
l

+
R[tow| B z(

Y
)
dY -Rj:i -lY" d X (2-22)
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Nondi mens ionali zing and defining the following resistance ratio sim-

plifies the expression to

R . ?M^o
y . b/a

Bi-WK B(n,Udn -{
r

^U d
il

(2 ' 23)

It is clear that this expression cannot be applied as a

boundary condition since the integrals in it cannot be evaluated until

the solution is known. Therefore, to use the load resistance ratio as

a fundamental parameter of the solution this expression must be applied

in an iterative fashion. In essence the total current, or B] , is

chosen and this expression is used to find what load conditions are

solved for. Corrections to the initial guess can then be made using

this expression. Fortunately some yery good approximations are avail-

able on which to base the initial guess.

It can be seen that for the case of perfectly conducting

electrodes the expression (2-23) reduces to the simpler calculation

Xf
Y

F
9B

YR
Jo

3n
,d5 (2-24)

n=l

For the infinite aspect ratio one-dimensional approximation this re-

duces to the following which can be evaluated using the Hartmann

solution if the conductivity does not vary.

_ F( n=l) 3B|
{2_ 2S

s

B
l R 3n!rF 1

U ^'
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It should be noted that for the case of infinite external resistance

there is no net current flow out of the channel and the boundary con-

dition is simply that the induced magnetic field is zero on the

insulating wall

.



CHAPTER III

APPROXIMATIONS TO THE FULL EQUATIONS

It has been mentioned that there is no analytic solution to

the problem of magnetohydrodynamic flow for a Faraday generator con-

figuration that takes into account the full two-dimensional nature

of the problem. However, there are approximations to the full problem

that can be solved analytically under the assumptions of either

neglecting the viscosity, or the end effects at the electrodes, or

making an approximation to the boundary layer and solving for the core

flow. These approximations are extremely useful in providing analytic

expressions that can be used to find approximate solutions and the

location of optimum values, after which the two-dimensional numerical

solution can be used to confirm the answer or refine it taking into

account the full effects present. The approximate solutions can also

be looked on as limiting cases for the full equations, or in some

cases as the ideal values from which all other effects detract. In

this respect they are useful as comparators in determining how well

the generator is optimized by a given set of conditions. And lastly

the analytic expression, as long as they are close approximations,

are more helpful than the numerical solution in obtaining an intuitive

feel for how the solutions will behave with the variation of certain

parameters and in understanding the operation of the generator.

25
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Slug Flow Approximation

The simplest approximation to the full equations in terms of

the simplicity of the equations used is the slug flow. Here the

viscosity of the fluid is neglected, and for our purposes the conduc-

tivity variation will also be ignored. The fluid then sustains no

shear gradients and produces no boundary layers on any of the walls.

This creates a uniform flow field where the velocity is constant

throughout the cross section and the fluid moves down the channel as

a uniform slug.

With the viscosity not present the momentum equation reduces

to just the pressure drop term and the cross product of the current

density and the applied magnetic induction.

f= J
x
B (3-D

Nondimensional izing as was done previously, the current density is

determined directly and the magnetic induction is derived from this

by the relation (2-1) to give

i _L _ M.
J
5

" " M
=

Sn

B = -n/M (3-2)

The velocity of the fluid can then be obtained simply from

Ohm's law once the current density is known.

Jx»°o!ff- V
z
B
o|

< 3
" 3:
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Nondimensionalizing the current density and the velocity as was done

before and the voltage potential in the following manner this equation

is put in the form

a
2
(-dP/dZ)

j = _ M _ MV (3-4)

The voltage gradient is equal to the electric field and can be found

by looking at the external electric circuit. The voltage drop between

the two electrodes is given by the product of the load resistance and

the net current out of the generator, where the net current is found

by integrating the x component of the current density along a vertical

line at any point in the channel. This gives

A$ = I
Q
R
L

= 4Z R
L [

a
J
x
dY (3-5)

From Ohm's law (3-4) the potential gradient is seen to be constant and

so can also be related to the voltage drop between the electrodes. So

that

3X 2b
(3_6)

Combining these relations and nondimensionalizing give the value of

the potential gradient to be

§§ = R J r dn = - -jj- (3-7)
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Substituting this result into Ohm's law (3-4) with the constant value

of the current density derived from the momentum equation yields the

velocity relation

V = ^—^ (3-8)
NT

It can be seen that this is a constant with respect to the

cross section dimensions and so represents a slug flow. It should be

noted that as R goes to infinity an insulated channel is approximated

and the velocity becomes infinite. This arises because in this case

no external current is allowed due to the infinite resistance, and

no internal currents due to the assumptions that produce the slug flow.

With no currents flowing there are no magnetic forces in the fluid

and no viscous forces according to the assumptions made. Therefore

there are no forces to react with the pressure force and the velocity

becomes infinite.

Hartmann Flow Approximation

The slug flow equations are the simplest approximation that

give insight into the workings of the generator, but at large values

of the load resistance the approximation breaks down. A superior

analytic solution was given by Hartmann (1937) at the expense of being

slightly more complex in form. Hartmann takes into account the viscos-

ity of the fluid but considers only the change of variables in the n

direction with all terms remaining constant in the t, direction between

the electrodes. With the addition of viscosity the velocity and the
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current density no longer remain constant throughout the cross sec-

tion.

The Hartmann flow equations can be derived by removing the

derivatives in the E, direction and the conductivity and viscosity

variation from the induction and momentum equations (2-8), yielding

,2c3 B 3 V—- + M— a o induction equation

h2u ^d—r-
+ M^H. =-i momentum equation (3-9)

The partial derivatives are now total derivatives and the equations

are one dimensional. The induction equation can be integrated to give

the derivative of the magnetic induction in terms of the velocity and

an arbitrary constant (E).

f£ + MV ~- E (3-10)
of)

This is then substituted into the momentum equation to give the ordi-

nary differential equation for the velocity.

S" & = ~ [1 +ME] (3-11)

This is solved in terms of the hyperbolic sine and cosine functions

with the two additional constants determined by the boundary conditions

on the velocity at the wall and the center of the channel

V(n=l) =
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3V_

3n r,=0 ° (3-12;

yielding for the velocity

V L^MEj1 +ME| 1
Cosh Mn.

Cosh Ma
(3-13)

This relation can then be subsituted back into the integrated value of

the induction equation (3-10) to give the differential equation for

the magnetic induction,

P- = E - 4- [l + ME
3n M

Cosh '

Cosh M
MI
M i

(3-14)

Solving this and applying the boundary condition that the magnetic

induction is zero at the center of the channel yields the equation for

the induced magnetic flux density,

_q_ H +ME] Sinh Mn
M |_ M 2 J Cosh M

(3-15)

The arbitrary constant involved in the equations for the

velocity and magnetic induction can be found by comparing the inte-

grated form of the induction equation (3-10) with Ohm's law (3-4).

This shows that the constant is just the negative of the potential

gradient and is therefore the electric field.

t = >i6:

1 he assumptions made in deriving the relation for the potential

gradient in the slug flow approximation are still valid in this case
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since there is assumed no variation in the parameters in the g direc-

tion, including the potential gradient. Therefore the potential gradi-

ent is given by

|f
- Rj\dn >17)

Using the relation between the E, component of the current density and

the n derivative of the magnetic flux density (2-1), this can be in-

tegrated to give

E = -RB-, >18)

The value of B-j can be evaluated in terms of the arbitrary constant

from the derived equation for the magnetic induction (3-15). Substitut-

ing this into the relation for the potential gradient (3-18) gives the

electric field to be

E = M - Tanh M~
|

M + R Tanh Mj
(3-19)

Substituting this into the relations (3-13) and (3-15) gives the Hart-

mann equations, similar to the derivation of Hughes and Young (1966).

V = R+l
M(M + R Tanh M)

r Cosh Mrjl

|_I

" Cosh Mj

R D
i

R + 1

B " "
M M(M+ R Tanh M)

3i nh Mr)

Cosh M
!3-20)

This relation now has a profile where the velocity drops from

a core velocity to zero at the wall according to the hyperbolic cosine
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function. By taking the proper limits as the Hartmann number goes to

zero, it can be shown that this relation reduced to the parabolic

profile of the Poiseuille flow. As the Hartmann number becomes larger,

the character of the profile becomes one of a large core region of

uniform velocity and a boundary layer region where the velocity de-

creases to zero. This can be shown more clearly if at large Hartmann

number the hyperbolic function is approximated by the exponential to give

» - R+1 H -MO-nJl
v " M(M + R Tanh M) V' " e

JL* 1

~. R+1 J
-M ( 1 -^)

B ~ " M
+

[M(M+R Tanh M)J
e '3-21

It is in this approximation that the boundary layer thickness is seen

to be inversely related to the Hartmann number.

Two relations that will be of use in further derivations are

the average velocity and the value of the induced magnetic flux density

at the wall, which is directly related to the external current. These

are given by

17 _ 1 +R f. Tanh M
v =

M(M + R Tanh M) jj
" M

_ Tanh M - M
B

l

=
M(M + R Tanh M)

(3-22)

It is seen from the velocity relation that in this approxi-

mation the core velocity goes as the inverse of the Hartmann number square

when the generator is short circuited and the resistance ratio goes to
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zero. This is the same as for the slug flow approximation. But as

the resistance ratio becomes very large, as in the insulated channel

case, the velocity goes as the inverse of the Hartmann number rather

than becoming infinite as in the slug flow approximation. The

resistance to the pressure gradient in this case is due not only to

the viscosity present but also to the electromagnetic forces arising

from internal currents in the channel. Although there is no

net current produced, this is allowed because reverse currents can

flow in the boundary layer where the velocity generated potential is

decreased. This can be seen in Figure 3-1 where the velocity,

induced magnetic field, and current density are plotted for an insu-

lated channel case at low Hartmann number. Note the current density

is just the slope of the magnetic induction which changes sign in

the boundary layer. Also the magnetic induction goes to zero indi-

cating no net current flowing through the channel

.

Generator Voltage

Of fundamental importance in the design of the gener-

ator is the voltage drop between electrodes. The relation

for this can be derived in the general case by noting that the voltage

drop is equal to the load resistance times the net current through the

generator,

A? = 2yR Jrdn (3-23)
J
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Rather than solving for the voltage in terms of the current density,

the physical interpretation will be clearer by substituting Ohm's law

(3-4) for the current density to give

A? - -2YRf7 || dn + M ! Vdn"l (
3 " 24 )

Lio
oc>

Jo
J

This equation can then be integrated in the t, direction from the cen-

ter of the channel to the electrode where the potential will be

assumed constant, so that

f

Y
Acj)dS - - YR[2 f'f

1^ dnd^ + 2M[
f

[

1

Vdnd?] (3-25)
j
o -°

J° 3 ? Jo Jo

The integrand of the left-hand side is constant and so can be easily

evaluated. By changing the order of integration on the first double

integral, and noting that the second is just the average velocity times

the area of the cross section, the relation becomes

f
1

A<j> = - R Acj>dn - 2YRMV (3-26)
-0

At this point the assumption must be made that the electrode is per-

fectly conducting so that the voltage does not vary as a function of n-

This assumption is closely approximated even for electrodes with

finite conductivity, and makes possible the evaluation of the integral

to produce the simplified relation

Ad> = -2YKMV (3-27)
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where

R

R + 1

The parameter K is the load factor and represents the fraction of the

external resistance to the total resistance in the circuit. It is

found more often in the literature than the resistance ratio and varies

from zero for the short circuit case to 1 for the insulated channel.

The above relation for the voltage potential is shown to be

true in the general case as long as the electrodes are perfectly con-

ducting. Therefore the voltage for the Hartmann or slug flow case can

be found simply by substituting in the average velocity into (3-27).

The relation is also true in the two-dimensional case regardless of

the boundary layers on the electrodes.

Since the value of the integral of the £ component of the

current density in Equation (3-23) can be evaluated in terms of the

magnetic induction, it is of interest to note the following relation

between the average velocity and the value of the magnetic flux

density at the insulating wall, namely

M
7 (3-28)u

l 1 + R

This relation in effect links the average velocity of the fluid in the

channel to the net current produced by the generator.

Efficiency of the Generator

Of primary importance in the design of the generator is the

overall efficiency with which it converts the mechanically input flow
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work to the desired electrical power output. The generator ef-

ficiency is then defined as the ratio of the electrical power out

to the power of the fluid going through the pressure drop of the

generator section.

The work done by the fluid is given in terms of the pressure

gradient down the channel and the average velocity of the fluid by

~ 8Z abVz (3-29]

The electrical power generated in the channel is given in terms of

the load resistance and the square of the net current. Integrating

the current density as the derivative of the magnetic flux density

gives the value of the net current as a function of the value of the

magnetic flux density at the insulated wall, so that the electrical

power is given by

R fl
Pr = 8Z nab -tt— — B,
E ° a

2
a

[

ye *

I
2

n=l (3_30)

The efficiency is then the ratio of these two powers. After non-

dimensional izing the terms as was done previously, the efficiency is

P
E _ RB 2

7
= Tn e

= pT = — (3-31

If the slug flow values of the magnetic induction and

average velocity are substituted into the above equation, the ef-

fiencv is seen to be



ne = rrr = K (3_32)

This indicates that as the load resistance becomes infinite the gener-

ator becomes perfectly efficient even though no current leaves the

channel. This is only true because the viscosity of the fluid has

been neglected in the slug flow approximation. If the viscosity is

present, energy will be dissipated in the boundary layers when the

resistance ratio is infinite so that the efficiency must be zero.

This effect can be seen by substituting the value of the magnetic

induction and average velocity derived from the Hartmann approxima-

tion into the equation for the efficiency, to give

R

1 + R

"M - Tanh Ml
M + R Tanh M (3-33)

Here the load factor of the slug flow approximation is modi-

fied by a term that goes to zero as the resistance ratio becomes in-

finite. It can also be seen that as the Hartmann number becomes very

large the slug flow efficiency is more closely approximated. Because

of the viscosity present, there is a maximum in the efficiency curve

with respect to the resistance ratio, located at

^max
M

Tanh M
(3-34)

This relation will be modified to a small extent in the two-dimensional

case by the added viscous losses in the boundary layer on the elec-

trodes. But, because the major factor is the reverse currents along

the insulating wall, this is found to be a very good approximation.
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Since the efficiency for the normal case is never equal to

one, the two sources of energy dissipation should be noted. One is

the ohmic dissipation of the internal currents flowing through the

fluid of finite conductivity. The other is the viscous dissipation

of energy in the boundary layers on the walls of the channel due to

the friction of the fluid. Since both of these effects are heat

generating, the ultimate result of the inefficiency of the generator

is that the fluid temperature increases while passing through the

channel

.

The relative magnitude of these energy input, output, and

losses can be approximated by analyzing the Hartmann flow equations.

The energy equation is most easily derived by multiplying the momentum

equation (3-9) by the local velocity of the fluid. To give

vH+ M# + V = (3-35)

The velocity in the middle term is el iminated by substituting Ohm's

law (3-4) yielding

V
l!v + E

|i. [£l]\
v . (3-36)

an
2 3n H

The entire equation is then integrated over the volume of the generator

section to give

V—9 dn + t — dn - — dn. +

o ^2
Jo

8n JoM

rl

Vdn = (3-37;
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The electric field can be substituted for in terms of the load re-

sistance ratio and the value of the magnetic flux density at the

insulating wall by the relation (3-18). The second integral can be

integrated exactly and the first can be integrated by parts to yield

dri - RBf - ££. dn + V =
1 3n

3-381

Each of the terms in this equation is positive and when divided

through by the average velocity can be interpreted as an efficiency

or loss ratio;

RB
2
/V >29)

is the efficiency as derived previously as the ratio of the electrical

power output to the pressure work done;

n.

i fVavK
Jot3n

(3-40)

is the ratio of the viscous power dissipated to the pressure work done;

and

.12

'0
dn (3-41

is the ratio of the ohmic power dissipated to the pressure work done.

For the case of the Hartmann approximation, the efficiency was given

previously (3-33) , and the viscous power losses are given by

n,

l M
l

f 1 + R

v 2 iM-Tanh Ml |m + R Tanh Ml
;Tanh M + M Tanh 2 M-M) (3-42)



The ohmic power losses are most easily evaluated by taking the differ-

ence between one and the sum of the efficiency and the viscous power

losses, according to

n =
1 - n e

- n v (3-43)

Again these relations are only valid for the Hartmann approximation

of the one-dimensional case and will be slightly modified for the

two-dimensional case where there is the added viscous dissipation in

the boundary layers on the electrode walls and the added ohmic dissi-

pation of currents in the n direction near the electrodes. In real

channels there are even more significant losses due to entrance and

exit effects that can greatly reduce the efficiency. These relations

are then just optimum values that can be approached in a well-designed

channel

.

Figure 3-2 shows the Hartmann efficiency and viscous and

ohmic losses evaluated for a typical case at a Hartmann number of 20.

Plotted against the load factor, the curves follow pretty much the

the slug flow approximation until the peak efficiency is reached at

R=v/M. For this first part the viscous loss is fairly negligible

with the efficiency and ohmic losses linearly increasing and decreas-

ing respectively. After the peak the generator approaches the in-

sulated channel case where the load resistance is infinite and the

efficiency goes to zero because no current flows out. At this point

the viscous and ohmic losses equally share the dissipation of the

pressure work done by the fluid.
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Fiqure 3-2. Hartmann Efficiencies versus Load Factor
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Figure 3-3. Hartmann Efficiencies versus Hartmann Number



Figure 3-3 shows the evaluation of the equations for a

range of Hartmann numbers from zero to infinity, with the resistance

ratio set at the maximum efficiency point. At a Hartmann number

of zero the equations represent laminar Poiseuille flow of a fluid

in the channel with only the viscous forces present to dissipate the

pressure work. The efficiency increases from zero at this point to

one as the Hartmann number approaches infinity, where the flow ap-

proaches the slug flow conditions. This demonstrates the advantage

of going to higher Hartmann numbers which in most cases means going

to more intense applied magnetic fields.

InviscidCore Approximation

As was mentioned in the introduction, when the Hartmann

number becomes large, the flow can be described as having separate

characteristics in two regions of the channel. Near the walls the

flow takes on a boundary layer approximation derivable from the

Hartmann flow equations. But in the core region the velocity profile

becomes flat and the flow takes on an inviscidslug flow approximation.

In this core region the inviscid approximation can be generalized to

include the effects of changes in the conductivity of the fluid at

different points in the channel.

With the viscosity absent, the current density is given

directly as in the slug flow approximation by the simplified

momentum equation

J = " T ( 3
~ 2 >
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But Ohm's law can be generalized to include the conductivity of the

fluid. This yields

j a 1 (E - MV) (3-44]

Solving for the velocity and making the substitution for the current

density gives the velocity in terms of the electric field and the

conductivity ratio, as

i r r
(3-45)

As long as the conductivity varies only in the core region and not in

the Hartmann boundary layers, the electric field will remain constant

throughout the channel until the boundary layer on the electrodes is

reached. Therefore the electric field obtained in the derivation of

the Hartmann flow equations (3-19) can be substituted to obtain the

equation

u = J_ J

K(M - Tanh M)
.

"

M2 LM+R Tanh M _
>46:

From this equation it is seen that as the conductivity de-

creases the velocity increases to maintain a constant current density

in the core. This equation remains an effective approximation until

the conductivity starts to change significantly over distances of the

order of the Hartmann boundary layer. This case would produce sig-

nificant gradients in the velocity that would again make the viscosity

a comparable force and negate the assumptions made in the approximation.



45

To analyze this case the full two-dimensional equations are required

to account for the effects produced.



CHAPTER IV

FINITE DIFFERENCE SOLUTION

The two simultaneous equations (2-8) that have been derived

for this problem cannot be solved analytically in any convenient

fashion. Therefore it is necessary to find numerical solutions to

the equations by breaking them up into finite differences and pro-

gramming the computer to obtain the desired results. This is the

major effort behind the work done in this dissertation and is the

basis of the results achieved.

PRADI Solution

The choice of the proper numerical technique to best solve

the equations in terms of speed and accuracy is essential in making

any extensive analysis of the physical aspects of the problem. Since

no standard technique will fit the problem exactly, the choice of a

technique with good qualities of stability and speed of convergence

is necessary so that the modifications which must be made will not

destroy its ability to obtain a solution.

The two simultaneous equations are elliptic in nature, and

with the two second derivatives being the primary terms, they appear

to most closely resemble the Laplace equation. For this reason a

technique that has proven most effective on the Laplace equation was

chosen. This method is the Peaceman Rachford Alternating Direction

46
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Implicit (PRADI) method (Mitchell 1969; Mitchell and Fairweather

1964). This technique is a relaxation scheme that sets the Laplacian

term equal to the time derivative of the dependent variable, thus

converting the equation into a parabolic form of the diffusion type.

9
2B , 9

2
B 98 ,. ..

An initial guess is taken for the solution and the equation is solved

stepwise in time. This solution will, after a number of iterations,

reach a steady state since the boundary conditions are constant with

respect to the time variable. In the steady state the added time

derivative term disappears and the solution satisfies the original

equation.

To derive the PRADI finite difference form for the two simul-

taneous equations, first look at the Taylor series expansion some time

step k ahead for the variable B, given by

D / + . . x _ R / t \ + 3B|
, , 1 9

2
B| ,2, 1 9 3 Bl ,3 . ,, 9)B(t + k)-B(t)+—

j tk+T _| t
k
+3T^3J £

k +.. . (4-2)

Viewing the variable at t and t+k as the n tn and the n+l
th iterations

respectively and the expansion as an operator on the variable gives

B
n+

1 = EXPlk^- B
n

(4-3)

Using this equation would give an explicit scheme since all the opera-

tion is performed on the variable at the n
th iteration. Peaceman and

Rachford followed the lead of Crank-Nicolson, who derived a method for
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the diffusion equation in one space dimension, and created an implicit

scheme by splitting the operation to apply equally to the value of

the variable known and the value to be derived for the next time step.

EXP!--^k|dBn+1
= EXP

1

at
(4-4)

This use of an implicit scheme rather than an explicit one gives a

great advantage in the stability of the scheme and insensitivity to

the choice of the time step constant k, although it adds somewhat in

the complexity of the calculation for each iteration.

The two simultaneous equations (2-8) derived previously with

the artificially added time derivatives are given by

p
2
B

,

3
2
B~] [i£ 3B

+ 9£ a£[ +M 3_V a 3B

i_3n2 35?J
+

[3n 3n 3C 3y 3n 3t

)

2
V + 3

2
OT [Mil 3G3fl. M

3B + 1

)n 2 3 r2j
+

[an 3n
+
3C 3d 3n

9V

3t
(4-5)

Defining the following four linear operators,

F_3_f_
. 3F_1

3n; 3n 3n

, v R

3

2
3 G 9

3n' 3n 3ri

plL + §£ A.
3C 2 3C 35

Q
3
2

+
3G J_

3?2 sr 35
(4-6)

gives the relation for the time derivative operator on the variable

B, as

at n
L
5 3n

(4-7)
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Substituting this into the iteration equation (4-4) puts it in the

form of space derivatives which can be calculated

exp|-^cl|
2 n 2 9n

B
n+1

= EXP|licL
B
, +^ + IkM^|B n

2 3n

>8)

Breaking up the exponential of the sum into the product of exponen-

tials and then expanding them for just the first two terms gives the

following approximation to the complete equation, namely

l-^L BUl-i<L 31|l-4M^ ,n+l i . K, b! f. i , b]

[

1+
2
k
4j[

1+
2
kL

TlJ

1...3Vl„n
l +>^Bn

(4-9)

The term (lkMi¥-) is viewed as a constant operator that operates on B
2 3n

to produce itself. Since V is also a variable that will be relaxing

in tine and governed by the other of the two simultaneous equations,

it is necessary to specify an iteration number for it also. It is

found in working with the numerical solution that the two variables

V and B have to be solved simultaneously in order to achieve a stable

solution. Therefore in keeping with the implicit nature of the

numerical scheme the term on the left is taken at the n+1
L time step

and that on the right at the n . Therefore letting the last term

operate on B gives the following equation which represents the finite

difference expansion in time of the fundamental equation.
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1-JkLj

n+1

= l+jkL" L B Ln T-.X
l41kLn

B +2^

!4-10)

In similar fashion the other of the two simultaneous equations is

approximated from the expansion of the time derivative of the variable

V, giving

l-lkL
V l4kL V

V
n+1

-lk
1 n 2

1+M^
3ri

n+1

-K 2 n

2
I 3^ J

!4-ll)

To use these two equations in the present form would be very difficult

due to the nature of the implicit terms on the left side. The differ-

ential operators must be evaluated by considering the adjacent nodes to

any point to be evaluated, which produces sets of coupled equations that

must be solved simultaneously. With the operators in both the £ and n.

directions on the left side of the equation, all the nodes in the en-

tire channel must be solved simultaneously for each iteration. To

alleviate this problem, which makes the scheme unworkable, Peaceman and

Rachford made the following innovation which allows the problem to be

solved one row at a time in alternating directions. They did this by

introducing an intermediate value to be calculated and breaking up each

of the two finite difference equations into two parts.

[,-K]' i+K n
.

1

+ 2^
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i-W 1 V
V* = '1+2*1^

>-kX v
ntl

- >f^y
2 3d

n+1 i+Ww (4-12)

It can be shown by multiplying each by the appropriate operator and

combining, that these represent the same equations, but in this form

the implicit operations are separated along the directions E, and n-

Thus each equation couples implicitly only with the nodes along a

given row or column. This greatly simplifies the task of solving for

the values of the variables at the next time step or intermediate

value, since it is only necessary to solve a number of simultaneous

algebraic equations equal to the number of nodes in the row, and, as

will be shown, these form a tridiagonal system.

The two equations for the calculation of the starred quanti-

ties, V* and B*, can each be solved independently but the two equations

for finding the values at the next time step must be solved simul-

taneously since both involve the two variables V and B. This adds

only a small complexity to each iteration and the method is still

remarkably efficient. It should be noted that the starred quantities

are mathematical fictions and do not necessarily bear any physical

relation to the quantities V and B. Therefore it is necessary to

derive boundary conditions to be applied to the two equations in terms
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of the known boundary conditions for V and B. This is very easily

done by subtracting the two equations containing the V* and similarly

the B* to get

2V* = (V
n

+ V
n+1

) + lkM-i-(B n
- B

n+1
)

2 3n

,n
, n n+l N , 1,. M 3 M/ n _ un+h (4-13)2B* = (B" + B" ') + ^Mf-(V

M
- V

When the steady state is reached, the n
tn term will equal the n+l tn so

that the boundary conditions for the starred quantities are easily seen

to be the same as for the V and B variables in this case. Since the

starred quantities are only solved for in the £, direction, only the

boundary conditions at £=0 and at the electrode are required. These

are

3V* _ 5B*

3? 35

and

^=0 (4-14)

respectively.

Generalized Nodal Spacing

To effectively use the equations derived so far requires the

proper evaluation of the linear operators for the space derivatives.

When the nodes to be evaluated are evenly spaced the normal procedure
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is to use the central difference method where the first and second

derivatives are determined at the central node by proper weighting

of the value at that node and at the two immediately adjacent to it.

For the purposes of this work it is felt that more flexibility would

be an advantage so the central difference has been generalized so

that an arbitrary spacing may be used between nodes. Using the

operator acting on B in the £ direction as an example, the following

spacings are defined about the m tn node in the row.

Xm ?m-l ~ ^m Xp ^m " ^m+1

Xmp
=

^m-1 " -m+1 (4-15)

The first and second derivatives are then approximated by the finite

differences

.

°^ |XpXm pj

^Bm+1 + [^B^ ±-\
XmXp

i

m [XmXmp

r 2

-2
'-p^Tipl

- iR
m+l

+
l

XmXp!

2

"nv-mp

|Bm -i

Bin-1 (4-16)

Inserting these into the definition of the linear operator (4-6) give:

the finite difference operator to be

^ "pAmp L °^ _i

J I .9C 4. 3f>y _y
X XAmA p

5F(Xn ,) Bn

:-
fe

+ Ipjvi :4-i7)

m mp
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The other operators are derived in a similar fashion with the substi-

tution of G for F in the velocity operator and n for £ when the n

direction is used.

The derivatives of the functions F and G in these equations

are not broken up in the finite differences, although they could be

approximated using the value of the function at m-1 and m+1 . This is

done for the sake of accuracy, since the functions F and G are inputs

to the problem and their derivatives are presumably known exactly.

Using the equation for V* as an example, it can be seen that

these finite difference equations become a series of simultaneous al-

gebraic equations that can easily be written in the following matrix

form.

la, b
1

I C9 3/-, On

c~ a-, b„
3 3 3 .

.

am-l bm-l

I

-m um

V?

> = <

'

i

I
, I

K \m

!4-18)

Here the elements of the matrices are defined in the following manner.

i t_ r sG, n
3i

= 1 - j^TT" ' 2G + 3?(X -X )!
1 ' mA p L oc

-- m p —

b* = h-T^r- 2G
1 L '-p'tnp L

3G1
9c m
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1 ~A^ L
2G + ^Xp

_

R
i 2 n

+ T^P + M^ >-19)

To establish the equations for the first and last rows the boundary

conditions must be invoked. For the first, the derivative of V* equals

zero. Therefore the VS term is set equal to the Vi, so that the b] term

is then the sum of the b] and z-, terms and the c-| term is dropped. In

the mtn row the V* is explicitly given the value of zero, so a
m
=l and

cm and Rm equal zero.

This choice of approximating the operators by just the

adjacent nodes gives the very desirable result that the matrix is in

a tridiagonal form with just the terms on the three center diagonals

having values. This simplifies much of the calculations since the

tridiagonal system is easily solved by Gaussian elimination rather

than having to go to very sophisticated means of matrix inversion.

The calculations involved in the solution are to simply find sequen-

tially the values

a
?

= a
i

- ciV a
i-i

R
?

= R
i

- c
i

R
i-i/

a
i-i

:4-2o:

where a*=a and R? = R-,

Then the required solution is given in the reverse sequence

by the calculations

V* = (R* - b.V* ,)/a*
i i li+l i

14-21
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where V*=R*/a*. It is the simplicity of this calculation that gives

this method its speed and provides the reason for the alternating

direction approach to the finite difference equations.

The equation for B* is solved in a similar manner, but when

the next time step is solved, a modification to the basic method

is required. The two equations must be solved for simultaneously

since they contain both V and B. The matrix equation takes the form

a v h
V

a
1

b
1

C£ a14.

d
1

ei

f\ 4 4

-i r

bXn-1 • eX-l

f
N
'dv

n n

vy+i

n+l
V 2

;n+l

afb?

Co ap Do

a
1

e
1

f
§

d
2

e
2

'n-l 5H-1

fB d
B

T n a n _n u
n

if

,n+2

1 h R
l

,n+l

I
R
n J >22)

where the elements are defined as the coefficients of two equations

from (4-12) by

l..iBLn+l 1
1 -^L

2 n 2 3n

n+l
1 + ^L? B*

L "i, vLn+1 l,..3B n+1 1

1-2KLJV " 2^ gk + 1 +
1 VI

2*4;;
V !

4-231

With the appropriate boundary conditions applied the matrix is seen to

be a combination of four tridiagonal systems. Although this is more

complex than the tridiagonal system, it can be solved in an analogous



57

fashion taKing into account the simultaneous nature of the equations

The following intermediate calculations are made in sequence.

fV
+1
(afbV - afbflVUfdf - afdf)

<C -^, + tcV
+1
(dreB-dBV|)

-V , B* V V* B,-,,, V*.B* B*,V*>
* fi+l( a 1

e
i

" a
i

e1>3/Ca' d. - a, d, )

<c, df+1
[c?

+1 (dH - <r«*>

+ f?
+1 (areV-are?)]/(ardf-afdr)

RV* -
R V + r r V fd

V*
R
B*

d
B* V*

N

Vl R
i+1

Lc
i+l

(d
i

R
i l

R
i

;

- ^(afRf- afRf )]/(afdf - afdf) (4-24)

The solution is then found from the following calculations made in the

reverse sequence.
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V
n+1 =[d?V*- bV" 1

- e
V
B
n

t])
l 1 i i i+l i+V

sf - caftRf - bVv?u . aj:;>

-ar(Rf-b?V?:!-e^:])]/(afdr-afdf)

(4-25)

with the n^n term given by the following.

vf . [«* . dJfRB-3/cdg*.*- - «*]

B
" + l

= [a B«RV* . a V*RB*]/[aB*dV* - a»*0 B*] (4-26)n u nn nn JL nn nn ;

Both of these matrix solutions have the advantage of be"ing

straightforward simple sequences of calculations that allow each

iteration to be solved quickly and efficiently. The tridiagonal

system (4-18) must be solved once for each variable on each row in

the 5 direction. The other matrix (4-22) is then solved once for both

variables on each vertical column in the n direction in the grid.

Reasons for the PRADI Method

The PRADI method is chosen because of the similarity of the

governing equations to the Laplace equation for which the method was

developed. There are other methods though that could have been used

such as the Gauss-Seidel or the Successive Overrelaxation method used



59

by Wissmiller (1964). But because of the modifications that are

required for any method to work for these equations, such as the

addition of terms to the equations and the simultaneous nature of

the problem, it was necessary to choose the method that was most

advantageous in terms of the stability of the iterations, the speed

of convergence to the solution, and insensitivity to choice of spacing

between the nodes and the time step between iterations.

In the book by Mitchell (1969) a significant analysis is

done of the stability and convergence of the various methods. The

conclusions reached indicate that the implicit schemes are inherently

more stable than the explicit ones, and the PRADI method is stable for

the Laplace equation at any choice of the iteration parameter (k). It

is also found that for the Laplace equation on a square grid of equal

spacing the method will converge to the steady state answer for any

constant value of the iteration parameter. Although it was found to

be of little use in solving the present problem, the book also indi-

cates the work of Varga (1962), Wachspress (1966), and Douglas (1962)

that shows the rate of convergence can be increased by increasing

geometrically the value of the iteration parameter at each iteration

for the Laplace problem.

The assumptions made in determining these properties of the

PRADI method are not satisfied by the magnetohydrodynamic equations

to be solved here. This is because of the added terms in the

equations, the simultaneous nature of the two equations, the non-

square nature of the grid, and the use of variable spacing between
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nodes to reduce the total number required. In spite of the many

modifications that had to be made, it will be assumed, and found to

be generally true, that the required properties of stability and

convergence will be carried over due to the powerful nature of the

method. A separate analysis of these properties was precluded for

this dissertation due to the complex nature of the present modified

method.

Selection of Nodal Spacing

The selection of where the nodes are to be placed and the

arrangement of the grid become very important considerations when

looking at the storage requirements for a computer program to solve

the finite difference equations. The use of the symmetry conditions

available in the problem reduces the required number of nodes to one-

fourth that needed to solve for the whole channel, but the need to

carry two variables at each node has in essence doubled the storage.

Therefore by proper selection of the placing of the nodes significant

reductions in the storage requirements can be made.

The grid of nodes must be arranged in a rectangular array

of rows and columns to satisfy the method of calculating the deriva-

tives, but other than this the spacing between individual rows can

be set at any constant value or variably adjusted across the channel

independently in either direction. It would seem desirable to be

able to vary the spacing so that the nodes would be close together in

regions where the value of the variables are changing rapidly or in a
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nonlinear fashion, and keep the spacing broad where little change is

taking place. In the ordinary case, these regions would be unknown

until after the problem is solved and therefore little would be

gained in variable spacing, but in the present study it is possible

to draw on the analytical work of Shercliff (1956) and others to ad-

just the grid spacing in a more efficient manner.

As was stated in the introduction, it is found from the

analytical solutions that the magnetohydrodynamic flow in the duct can

be viewed as being divided into two regions. One is the boundary

layer region that is found along the insulating walls and the elec-

trodes, and the other is the broad center of the flow that is nearly

constant in terms of the velocity profile and linear as far as the

induced magnetic field is concerned. It is realized that the core

flow region does not retain its slug flow form when the conductivity

and viscosity are allowed to vary within it, but the primary region

of variability is still the boundary layers. Therefore it is advan-

tageous to initially put half the rows along each direction in the

boundary layer evenly spaced, and then broaden the spacing fcr the

rest to extend across the channel .

Fortunately, good approximations are available for the

-hickness of the boundary layers. Hartmann's (1937) solution to the

one-dimensional infinite aspect ratio problem shows the boundary

layer on the insulating walls to form an exponential profile in the

velocity with an exponential folding distance equal to a/M, where

a is the half-height of the channel and M is the Hartmann number.
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Shercliff's (1956) work shows that the thickness of the layers on the

electrodes is of the order of a/M. Using these estimates, which are

very good, it is found that good results are obtained by placing the

first ten rows evenly spaced from the wall to a point five times the

exponential folding distance into the channel. Then an equal number

of rows are placed at a greater spacing to cover the remaining

distance to the center of the channel, as is shown in Figure 4-1. Of

course, at very low Hartmann number the spacing in the boundary layer

is greater than the spacing in the core and so the scheme defaults to

an evenly spaced array.

This scheme of grid spacing creates a twenty-by- twenty grid

with a total of four-hundred nodes and two equations at each node.

Thus the method is in effect solving a matrix of some eight-hundred

simultaneous algebraic equations. This arrangement is found through

the course of the calculations to work quite well as long as the

Hartmann number is less than thirty. Above this, the solution arrived

at is stable but the answer contains a significant oscillation between

nodes, as shown in Figure 4-2, that are known not to be part of the

desired results. This is not a problem of the solution of the finite

difference equations but is a result of the errors involved in how

close those equations approximated the original differential equations.

This problem and its solution can be analyzed by the following error

analysis.

For the purposes of this analysis it is sufficient to con-

sider only one dimension of the MHD equations, since at the higher
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Hartmann numbers the flow at the center of the channel is determined

by the derivatives in the n direction alone. Also neglecting the

variations in conductivity and viscosity the equations become

3
2B m3V—p + lVr = induction equation

3n
n

3 V 3 R—2 +
^dri

+
^

= ° momentum equation (4-27)

The finite difference approximation to these equations assuming a

constant spacing between nodes is given by

1 M
-?(B

j+1
Bj., - 2 Bj ) +5F (V

j+1
- Vj.,) -0

This is not the form of the finite difference equations in which they

are solved, but under the assumptions made, the PRADI solution must

satisfy these equations.

The values of the variables at the adjacent nodes of the

finite difference equation can be evaluated in terms of the value of

the variable and its derivatives at the central position by the series

expansions,

B _ a , . 3B ,
h
2

3
2
B h

3
3 3B ,

J+i 3n 2
3n

2 6
3n

3

3B h 2 3
2
B h

3
3
3
B
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3V h 2 3
2
V h 3 3

3
V

Vj+1 =V + h^ +T^ +T ^3 +
. . .

3V h
2

3
2
V h

3
3
2
V ,„ 00 .

Vj-1
= V - h^ + T ^- T ^3 + . . . (4-28)

Substituting these into the finite difference equations (4-28) gives

the following differential equations which are in effect being solved

for by the PRADI solution scheme.

3
2
B

_,_
h
2

3
4B x M 3V x 1

, 2M 3
3
V—

o + To
—
T + M r- + 7 ti'H —s- + .

3n
2 12 3n 4 3n 6

3n
3

4 + ll4 +M l!4h 2M^f + l +
. .

.=0 (4-30)
3n

2 12
3n

4 3n 5
3n

3

The difference between these equations and the original MHD equations

is the error term involved in the finite difference approximation

being made. Taking only the first term in each of the series as the

primary source of error (Z), it is desirable to adjust the spacing to

keep these terms as small as possible without making the number of

nodes prohibitively large. The error terms are

zi-iLO +M r3
>— or) dr\ —

(4-31)Z
2 - 6 h

? a 4
+ M

, 3L 3ri 3r|-

The complete solution to the expanded finite difference series is not

known, but since it is desired to have it approximate the original one-

dimensional solution, it is possible to substitute into the equations
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the Hartmann solution which is known analytically. The known solution

is given by the equations

r i, cosh Mn
'

_ L
' '

" cosh M

n sinh M

M
+ c cosh M (4-32)

Substituting the derivatives of these quantities into the error terms

gives the desired result of the primary error in terms of the Hartmann

number and the spacing, namely

JL ™\2 sinh Mn
12 CM h cosh M

7 - 1
rM 4 fe

cosh Mn ,, r><i)
Z
2 - " 12

CM R
cosh M

(4_33j

Comparing the error term for the momentum equation (Z 9 ) with the major

term in the equation (4-27), which is the constant term equal to one,

shows that the error relative to the equation is very small except

in the boundary layer. In this region, where n=l , the relative error

is comparable to CM 4 h 2 . For the Hartmann solution C goes as as 1/M

so that the error can be kept at its same relative magnitude for all

values of M by keeping (Mh) constant. This is exactly what is done

with the above scheme of adjusting the nodal spacing to the boundary

layer thickness a/M.

The problem with this scheme arises from the consideration of

the error term for the induction equation. In this equation there are
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only two terms, each of which is not constant but varies with position

and Hartmann number. Comparing the relative magnitude of the error

term with the second derivative of the B field gives the relative

error

Zt / 3
2
B 1 U 2 U 2

7^2 = -12 Mh (4-34)

It can be seen that in this equation the relative error is not con-

fined to the boundary layer but is constant for a given spacing and

Hartmann number throughout the core region also. Therefore, keeping

the (Mh) spacing constant in the boundary layer is not enough to main-

tain the finite difference as a close approximation to the differen-

tial equation, since using the large spacing in the core region to

reduce the number of nodes is equally detrimental to the solution.

Because the two equations are coupled together, the error is induced

into both variables, V and B, and so it is not possible to correct the

one equation alone, but the entire grid in the core must be adjusted

to correct the problem.

The straight forward approach to the problem would be to

simply extend the boundary layer spacing completely across the core

region. But, at the large Hartmann numbers where this problem occurs,

the number of nodes required would become prohibitively large, due to

the storage requirements involved with the computer program and the

time requirements to iterate to a solution for that many nodes. Look-

ing at Figure 4-2, it can be seen that the largest error occurs at the
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edge of the boundary layer and the solution nearly recovers the

desired approximation by the time it reaches the center of the chan-

nel. This observation suggests an intermediate method of spacing

the grid that is found significantly to reduce the error involved,

while at the same time minimizing the number of nodes to be added.

The approach taken is to continuously vary the spacing

linearly with each step from the boundary layer to the center of the

channel, with the first step at the edge of the layer being taken

as the same size as the spacing in the boundary. By simply doubling

the number of nodes in the core region, the final spacing size at the

center of the channel is approximately what it was in the previous

scheme. This method then keeps the spacing at a small value at the

edge of the boundary layer where it is needed to reduce the error term

in the finite difference scheme, and then increases it to cover the

most space with the fewest number of nodes toward the center, where

empirically the error term plays less of a role, thereby reducing the

amount of storage required.

This scheme places ten rows in the boundary layer and then

for Hartmann numbers up to 100 adds 20 variably spaced rows in the

direction of the core region. It was found that the spacing in the £

direction did not require the addition of any columns for the Hartmann

numbers solved for, so that the previous scheme was used in that

direction. The final scheme used is sketched in Figure 4-3.

A comparison between the analytically derived Hartmann

solution and the results of the finite difference calculations provides
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the easiest means of gauging the magnitude of the errors involved in

the entire method. For this comparison a finite difference case is

solved for large aspect ratio and Hartmann number to minimize the

effects of the electrode end plates and make the solution as one

dimensional as possible. The comparison is then taken with the

vertical row of nodes down the center of the channel where the deriva-

tives in the E, direction are negligible. It would be possible to

compare the solution with certain of the specialized two-dimensional

cases that do happen to have analytical results, but these cases are

given in terms of long series solutions that are somewhat difficult

to evaluate.

The results of the comparison with the Hartmann case are

given in the following table along with the relative error at each

nodal location. The value of the magnetic flux density is specified

at the center of the channel and at the wall, along with the value of

the velocity at the wall, so that the relative error goes to zero at

these points. It is interesting to note that the error in the

velocity goes to zero at the center of the channel even though the

first derivative and not the value is specified there. Presumedly

this is due to some integral condition that the finite difference

equations satisfy as well as the differential equation does.

Other than these points the error is still kept within a

reasonable amount for the size of the spacing chosen in the boundary

layer (Mh=0.5). It can be assumed that the error in the core region

will increase from these very low values when the conductivity is
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TABLE

COMPARISON OF FINITE DIFFERENCE ERRORS
M=20, R=4, Y=10
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allowed to vary and the other terms in the finite difference equation

come into play.

Iteration of the B] Boundary Condition

It has been mentioned previously that the value of the mag-

netic flux density at the insulating wall is a boundary condition

that is directly related to the net amount of current flowing through

the external circuit, but that this is not the quantity that is desired

for a fundamental parameter of the problem. The value of the re-

sistance in the external circuit is what is wanted, and this can be

related to the magnetic field boundary condition by the relation

(2-23),

'1 YR+Wr
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The quantities on the right-hand side are known quantities

except for the two integrals that must be evaluated from the finite

difference solution. The first integral is evaluated in the simplest

and most straightforward manner, by using the average value of the two

nodes on each interval in the desired line of integration and multi-

plying by the distance between the nodes. The sum of these quantites

is then a simple and effective approximation to the integral.

The second integral is evaluated in a similar manner except

the value of the derivative along the wall must first be determined.

This is calculated from the value at the wall and at the nodes imme-

diately adjacent to it, with several degrees of approximation being
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possible, depending on the number of nodes used. In general, the

greater the number of nodes used, the greater will be the accuracy

of the approximate derivative. For the purposes of this problem a

four-point fit is found to give satisfactory values (Hamming 1973).

This approximation is given by

— = aB„ - + bB + cB , + dB
3n n-3 n-2 n-1 n

where n is the number of the node at the wall, and the coefficients

are determined to give the best possible fit for the lowest order

polynomials. These are given by

a = [(n n. 2 -n n
)(Ti

n _r n n )]/C(n n
_3-Ti

n _ 2 )(n n.3-nn-i)(n n_3-n n )]

b = " [(n n-3- n n
)(nn-l-%)]/[n n _ 3

-n n _ 2 )(n n
_2-n

Pi
_

1
)(n

n _ 2
-n

n
)]

c = [1 - a(n
n _ 3-n n )

- b(r,
n _ 2 -n n )]/(n n _rn n )

d = -a-b-c

These are defined for a generalized nodal spacing which may be used in

some future calculation. For the present set up the spacing in the

boundary layer is constant so that in essence the approximation is

given by

l^=Jri-2B , + 9B , - 18B , + HB^ (4-36]
or] 6h n-3 n-2 n-1 ni

The value of the magnetic induction boundary condition can

then be found once the finite difference solution is known. Since
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this is impossible to know until the boundary condition is set, an

iteration scheme is required to relax to a solution. Although a

better calculation of the boundary condition would be obtained by

iterating several steps at a given value until the solution had

reached an approximate steady state, it is felt that this method

wastes too much calculation time converging on the wrong boundary

value. Therefore, the method used calculates a new boundary value

on each iteration of the PRADI solution.

Changing the boundary condition on each iteration has one

serious disadvantage in that it invalidates the assumption made in

the derivation of the PRADI method, that the boundary conditions were

constant in time so that the solution will relax to the steady state.

By removing this condition an instability is added to the calculation

where a change in the boundary value is immediately fed back into the

determination of the next change through its alteration of the values

adjacent to it in the boundary layer. It is found by experimenting

with various methods that the instability does not arise if the boun-

dary condition is varied smoothly in small increments. This suggests

the inclusion of the following under-relaxation scheme into the

calculation of the boundary condition to be applied on the next itera-

tion, namely,

Bf
1

= Bf + w(Bf ]
- Bf) (4-37)

Here the under-relaxation parameter (to) has a value less

than one and is used to insure that the change in the boundary condi-

tion lags behind the rate of convergence of the solution. Not only
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the absolute stability but also the rate of convergence on the final

answer is dependent on the proper choice of the value of this

relaxation parameter. Noting the constants multiplying the integrals

in the calculation of B
I

j

1+
' (2-23) it can be seen that the sensitivity

of the boundary value calculation to changes in the integral terms is

dependent on the value of the resistance and conductivity ratios, and

the aspect ratio. Using the relation of these constants as an indica-

tion of the "gain" in the feedback for each iteration, and applying

arbitrary constants in place of the integrals, an empirical relation

for the value of the relaxation parameter is given as

a) - (YR + W
R
)/(175.Y + 7.W R ) (4-38)

Here the arbitrary constants are determined by performing several

calculations for various values of the resistance ratio, conductivity

ratio, and aspect ratio and then finding the value of the relaxation

parameter that produces the fastest rate of convergence. The con-

stants in the relation are then fit in the least squares sense to

these optimum parameters. This empirical relation is found to give

satisfactory results throughout the range of the parameters involved

in this study. It should be noted that for large values of the

resistance ratio the relaxation parameter becomes greater than one

since the value of the boundary condition approaches zero in all

cases no matter what the value of the integrals are. For these

calculations this is not allowed to happen and the relaxation parameter

is fixed at a maximum value of one.
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With the added relaxation that must be made, there is a

noticeable increase in the number of iterations that are required.

At the lower values of the Hartmann number (M=20) the increased

amount of calculation is modest, since the total number of itera-

tions is small. But the total number of iterations for the PRADI

relaxation seems to increase linearly with the Hartmann number, and

the addition due to the boundary value relaxation becomes increasing-

ly severe at the higher values (M=100).

To keep the number of iterations and the computer time re-

quired to a reasonable value for a given set of conditions, it is

found that for Hartmann numbers greater than 50 it is better to use

the boundary conditions given by the one-dimensional Hartmann ap-

proximation. The resistance ratio that is solved for can then be

calculated using the same relation that is used to calculate the B-j

boundary value. This in effect sets the total net current through

the generator and then calculates the load conditions that are

solved for. This significantly reduces the number of iterations

that must be made, while at the same time it is not too detrimental

to the usefulness of the calculations, since the Hartmann solution

gives an excellent approximation to the boundary value if the Hartmann

number is large and the aspect ratio is greater than one. The need

to calculate the final resistance ratio that has been solved for is

only cumbersome if one is attempting a correlation based on a spe-

cific value of the load resistance.
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Boundary Condition on the

Finite Conductivity Electrode

In order to consider the effect of having an electrode of

finite conductivity rather than being perfectly conducting it is

necessary to implement the boundary condition (2-16) at the nodes on

the electrodes given by

|| = ^( Bl -B(n))

This must be used in two places: first in the finite difference

equation (4-12) for the calculation of the B* values, and second in

the solution of the next time step for B in the column of nodes at

the electrode surface.

In both cases it is necessary to know the value of the

variable at the m+l tn node location, which is a node that is not in

the grid. To find this value, the differential in the above equation

is broken up into its finite difference approximation with the assumed

spacing to the next node the same as from the last. The value at the

m+l tn node is then given in terms of the value at the m-l
th node and

the value of the differential by

Vr'.VW.-ViiTi'r 8.) (4- 39)

The relation for the B* term is identical. This is what is substi-

tuted into the finite difference equation (4-12) for B* with the

value of B in (4-39) given by the value at the n tn time step.
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On the surface of the electrode the boundary condition on

the velocity is zero. Therefore the velocity is known and the two

equations (4-12) for the prediction of the next time step (n+1)

decouple leaving a simpler set of finite difference equations for

the value of B on this column of nodes. This now becomes a simple

tridiagonal system as was the finite difference equations for the

V* and B* terms.

Again the value of B* at the m+1* node is required and the

above relation (4-39) is substituted as before. But in this case the

value of Bm required in the evaluation of the differential is avail-

able implicitly in each equation of the system. Therefore this term

in the differential is shifted to the left-hand side of the difference

equation, where it is evaluated implicitly using the value of Bm at

the n+l
th time step.

There are two extremes of the conductivity that should be

noted. If the electrode is to be considered perfectly conducting,

the conductivity ratio is equal to zero, as is the derivative of B

for the boundary condition (4-39). In this case the above complica-

tion is eliminated and the iteration on the value of B for the boun-

dary condition (4-39) is removed from the finite difference equations.

The other extreme is when the electrode is nonconducting and

the channel is insulating at each of the four walls. In this case

the conductivity ratio is infinite. Since the derivative of the B

field must be finite at the boundary, this implies from the equation

(4-39) for the derivative that the value of 3 on the insulated



electrode is equal to the B^ boundary condition. This simplifies

the calculations on the column of nodes at the surface of the elec-

trode since both B and B*, as well as the values for the velocity,

are then known. The value of B at these nodes, and the value of B*,

which is needed for the interior calculations, are set equal to the

current estimate of the boundary condition B] for each iteration.

If the conductivity of the electrode is set to zero while

at the same time the external load resistance remains infinite, the

situation is one where a net current flows out of the generator

through an electrode that does not conduct electricity. This produces

a conflict in the set boundary conditions on the node at the center

of the electrode. It must be set equal to the value of B
1

, which

is finite due to a net current flowing out, but at the same time it

is equal to zero, as was assumed previously, since it is on the center

line of the channel. This conflict is resolved by setting the value

of B at the center node equal to zero with the difference between

this and the other nodes of the electrode indicating that all the net

current out of the channel flows out through the spacing between the

first two nodes. The interpretation of this solution is that the

current is not allowed to flow down the electrode since it is non-

conducting, but can still flow across the electrode, where the current

is tapped out of the channel in the center.

Initial Guess

In any relaxation scheme it is necessary to supply some ar-

bitrary initial values from which to start the relaxation process.
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Although the PRADI method can relax to the correct solution from

almost any starting function, the modifications made to the method,

where the one boundary condition must also be relaxed, means that

the absolute convergence of the method for any given initial guess

cannot automatically be assumed. It is desirable for the initial

calculation of the B-j boundary condition to be fairly close to the

actual final value. The one-dimensional Hartmann solution provides

a wery effective approximation for most cases, and has the advantage

that it can be solved in closed form for a given value of the load

resistance and Hartmann number. Since extreme accuracy is not

necessary, the hyperbolic functions in the solution have been approxi-

mated with the simpler exponential to give the functions for the

initial guess, namely

V = m7W Ci -expMO-n)]

B =
" M

+ M(^T ex P ^-^ (
4" 40]

These values are applied along each column of nodes for the

entire width of the channel. Since the Hartmann solution is strictly

applicable only for the case of infinite aspect ratio, this initial

guess is not a close approximation in the boundary layer on the elec-

trodes. This means that the majority of the relaxation is being

done in the electrode boundary layer with just minor adjustments

being necessary to the initial guess in the center of the channel.
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In the case where the aspect ratio of the channel is small,

the electrode boundary layers will extend to the center of the channel.

At this point it is no longer helpful to use the Hartmann approxima-

tion, since most of the nodes will not be close to its values. For

these cases it is found empirically that the solution will converge

faster if the initial values are simply chosen to be zero. This is

then the initial guess applied when the aspect ratio is less than one.

Convergence Criterion

The relaxation procedure, once started, continues iterating

forever unless a criterion can be derived that indicates when further

iterations do not produce any significant increase in accuracy. The

accuracy obtained and the number of iterations necessary depend on

the nature of what one considers to be a converged solution.

The testing for the convergence of the solution is done by

comparing the value of the variables, V and B, at each node with the

value at the previous iteration. Since this absolute difference does

not tell the significance of the error left in the solution, it is

divided by the maximum value of the variable to give the relative

difference in convergence. The maximum value for the velocity

variable is found at the node in the center of the channel, while the

magnetic flux density is maximum at the edge of the boundary layer on

the insulating walls and centered between electrodes.

The magnitude of this relative convergence is dependent on

the size of the iteration parameter (k) specified for a given itera-

tion. It is desirable to let the iteration parameter be a variable
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quantity that can be changed for a given case or within a given run

so that an optimum rate of convergence per iteration can be achieved.

Therefore the relative convergence is not used as the test, but the

slope of this with respect to time is. This gives the following

criterion for testing the convergence at each node, where e is the

convergence parameter.

!#*-" (Ml)
* v max

A similar relation is written for the B variable. The nodes at dif-

ferent locations in the grid converge at different times with each

variable not necessarily converging simultaneously at each node.

Therefore, the nodes are tested individually for convergence, but the

final solution is not considered converged until all the nodes are

simultaneously converged with respect to the criterion for each of

the variables.

The value of the convergence parameter (e) is determined

by experimentation with several solutions for different cases. It is

desired to obtain numerical accuracy to four significant places for

all cases. A choice of the convergence parameter of 0.05 is found

to achieve this degree of accuracy for a large range of conditions.

But the parameter is found not to be universally constant, since it

is seen to be dependent to some extent on the Hartmann number. For

Hartmann numbers less than 20 the parameter has to be decreased to

0.01 to obtain the four-place accuracy, while at Hartmann numbers
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approaching 100 and above the parameter can be increased to shorten

the number of iterations and still maintain accuracy.

The choice of the value of the iteration parameter (k) can

also be a significant factor in determining the number of iterations

required for convergence. If it is chosen too small, the procedure

wastes a number of iterations where the time derivatives of the

variables are linear and the values are converging at a uniform rate

for each iteration. If it is chosen too large, there is too much

variation in the time derivatives within a given iteration, thereby

giving an erroneous prediction for the next iteration. This causes

the scheme to overpredict the corrections to the values required,

and converge in a back-and-forth manner about the steady-state value.

Mitchell's book (1969) analyzes the ability of the PRADI

method to converge to a given solution and shows that eventually the

steady state will be reached no matter what the value of the iteration

parameter is. It is clear, though, that the efficiency of the scheme

in terms of the number of iterations required will vary with the

choice of its value. Mitchell refers to the work of Wachpress (1957)

and Douglas (1962) who derive, under a series of limiting assumptions,

some optimum series of values that increase the value of the iteration

parameter at each step, and are meant to accelerate the rate of con-

vergence to its maximum value. It is found through experimentation

that these series do not significantly aid in reaching the steady

state, presumably due to the several cases where the underlying assump-

tions are not met.
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This analysis was helpful, though, in indicating that the

iteration parameter should be sized according to the spacing between

nodes, and in presenting a way to moderate the initial large rates

of change from the initial guess. To size the iteration parameter

in this manner, it is necessary to select the nodal spacing for

comparison, since there are numerous spacings in the variable set

up described. It is found that the smallest spacing, which was the

spacing in the n direction in the boundary layer, provides the most

significant value on which to base the parameter size. Starting

for the initial iteration at a value of half this spacing squared,

and using the idea of Wachpress and Douglas to accelerate the size

smoothly, the value of the iteration parameter is increased geometrical'

ly in the space of four iterations to its maximum value. It is found

through trial and error that a maximum value of fifteen times the

minimum spacing squared proves to be approximately optimum for most

cases. This scheme provides small values of the iteration parameter

to step closely through the initial fluctuations and then steps

smoothly to the high values to speed up the rate of convergence, when

only the smaller error displacements were left.



CHAPTER V

NUMERICAL RESULTS

The problem of steady laminar flow of a conducting fluid

in the presence of a transverse magnetic field can now be solved

numerically for the boundary conditions appropriate to a generator

channel with the added possibility of including the effects of

variations in the conductivity and viscosity within the cross section.

Although this solution may not compare well quantitatively with real

generator channels, because of the longitudinal variations that have

been neglected, such as the entrance and exit effects, it can still

be a very effective qualitative tool for analyzing the relative im-

provement or deterioration to be expected from a given variation in

the channel parameters. It also is able to give the magnitude of

the two-dimensional and variable conductivity effects, so that it can

be determined when the approximate analytical solutions are suf-

ficiently accurate for engineering purposes and it is unnecessary to

continue with the full channel solutions.

The properties of the numerical technique selected, that

make it such an effective tool for this analysis, are its balance

between the storage requirements and the speed of finding the solution.

This allows each set of conditions to be solved for with a minimum of

expense in computer operations, thereby making it possible to do

the large number of runs needed to obtain enough data points to plot

36
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curves of the desired parameters with respect to the many variables

of the generator geometry.

The results discussed in this chapter are presented for the

purpose of illustrating the effects to be encountered in working

with the magnetohydrodynamic generators. For this purpose the ef-

fects are demonstrated for Hartmann numbers less than 100, where they

are greater in magnitude and are more easily seen. These results

will be effective in giving insight into the generator problem, with

the analysis of a specific generator condition being left to the

longer runs required for Hartmann numbers greater than 100, or for

analysis by the approximate analytical methods that become very ac-

curate at these larger values. Because the approximate analytical

expressions (mainly the Hartmann flow equations) are effective in

describing the flow and giving insight to the problems of the genera-

tor, they are often used as comparisons for the numerical results

and given as examples of the best that can be achieved in many cases.

Velocity Contours and Current Streamlines

Once the values of the velocity and induced magnetic field

have been calculated at each of the nodes of the grid, the most ef-

fective way of displaying the major aspects of the solution is to

calculate and plot the contours of constant velocity and constant

magnetic flux density. For the case of the magnetic flux density

the contours will represent streamlines of the current density. An

example of this is given in Figures 5-1 and 5-2 where the calculations

are made for a Hartmann number of 20 and a load factor of 0.95.
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For the qualitative purposes of describing the flow field

the contours may occur at any constant value, but for the purpose of

maintaining a reasonable number of contours in the plot the value of

the step between each contour is based on the maximum value of the

variable to be found in the cross section. In the case of the

velocity field the maximum value will always occur at the node in the

center of the channel. For this plot, and all the subsequent ones,

the contour lines are plotted in eight equal steps from zero at the

wall to the maximum value. In the case of the magnetic flux density

the maximum value occurs at the edge of the boundary layer, at a node

that is not the same in e^jery case. For this reason an approximate

maximum that is more consistent is used. This is the value of the

magnetic flux density at the insulating wall given by the one-

dimensional Hartmann solution when the generator is short circuited

and the load factor is zero. In the following plots one-tenth of

this value is used as the spacing between current streamlines.

The location of the contours is found by simple linear

interpolation between the values of the variable at adjacent nodes

until the constant value of the contour is found. This gives a series

of points on the vertical and horizontal lines of the grid which are

then connected by straight lines in a logical sequence. The smoothness

of the contours then depends on the closeness of the spacing between

nodes and the degree of linearity of the function. Since for these

plots most of the curvature in the contours of the velocity and

current streamlines occurs in the boundary layers where the spacing is
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compressed, this scheme of contour plotting is adequate for display

purposes. In later plots, when the conductivity is allowed to vary

in the core region where the spacing is greater, the contours appear

less smooth but are still qualitatively demonstrating the effects

to be discussed.

In these plots the contours are given for only one-fourth of

the channel in the upper right-hand quadrant, with the other quadrants

being reflections of these plots about the center lines (£=0 and n=0).

This follows from the symmetry conditions imposed in the derivation of

the governing equations and boundary conditions and the symmetery im-

posed on the conductivity and viscosity variation. For the most part

it is not even necessary to know in which direction the current flows

down the streamlines, since the current flows into the electrode in

the same way that it leaves it in the other quadrants. The plots

shown are calculated for an aspect ratio of two in most cases, with the

dimensions of the channel being geometrically similar to the dimensions

of the quadrant plotted.

The contours of constant velocity plotted in Figure 5-1

demonstrate the main features of the flow that have been discussed

previously. The most obvious feature is that all the gradation in the

velocity occurs in the boundary layer adjacent to the walls, with the

central core region being one of uniform velocity. It is also ap-

parent that the boundary layer on the insulating wall is considerably

thinner than the boundary layer on the electrode. This is confirmation

of the fact stated and used previously that the Hartmann layer on the
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insulating wall scales on the inverse of the Hartmann number, while

the boundary layer on the electrode scales on the inverse of the

square root of the Hartmann number.

An interesting feature of the boundary layer on the electrode

is that it becomes thicker in the center of the electrode when com-

pared to profiles closer to the corner. This can be seen by noting

that the inner contours move out away from the electrode as they

approach the center. It should also be mentioned that in all the

calculations aone in this study there is no consideration of any

secondary flows in the 5 and n direction that might arise due to the

corner of the rectangular channel. These secondary flows are known

to arise in the ordinary hydrodynamic case and to play a significant

part in the description of the flow versus the pressure drop. But

in the magnetohydrodynamic case flow of the conducting fluid in the

E, direction is suppressed since it must cross the line of the applied

magnetic field. The assumption is then made, but not proven, that all

recirculating secondary flows are suppressed by the applied magnetic

field and the fluid flows only in the direction down the channel.

The main features of the current streamlines are demonstrated

in Figure 5-2 for the same channel conditions as the velocity field

just described. For the core region outlined by the velocity con-

tours, the current streamline plot shows a broad band of equally

spaced streamlines. This indicates the uniform nature of the current

field, where all the current is in the £ direction and of equal den-

sity.
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The current does not deviate from this uniform nature until

it encounters the boundary layers. In the electrode boundary layer

the streamlines spread out, indicating a loss of current density,

with only the streamline at the center of the channel remaining

straight. The outer lines deviate farther from straight, with the

lines near the insulating wall reversing direction and returning by

way of the conduction path provided by the low velocities in the

Hartmann boundary layers. It is seen that it is not necessary for

the current streamlines to ever arrive at an electrode. But those

that do must straighten out and arrive perpendicularly to the elec-

trode. This is necessary in this case because the electrode is

assumed perfectly conducting and is therefore of equal voltage poten-

tial . It should be noted that while current is flowing into the

center of the electrode, it is also flowing out of the edges and into

the Hartmann layers to return to the electrode at the other side of

the channel

.

The closed contour of the streamline at the edge of the

boundary layer indicates that the maximum of the magnetic flux den-

sity occurs in its center. The zero line occurs for the streamline

proceeding along the centerline of the channel.

It is important to note in both the plot of the contours of

constant velocity and the plot of the current streamlines that as

long as the contours are outside of the electrode boundary layer,

they are strongly one-dimensional in character, with essentially no

variation in the t, direction. This demonstrates the reason for the
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success of the one-dimensional Hartmann approximation in describing

the flow of the two-dimensional channel.

Variation with Load Factor

The effect of changing the load factor for a given set of

channel conditions can be seen in Figures 5-3 through 5-8. One primary

effect is the lack of major change in the velocity profiles. For the

entire range of load factors, from short circuited to insulated, the

profile is essentially unaffected in the contours as to their shape

and the thickness of the boundary layers. This is not to say that

the magnitude of the velocity itself is unaffected, because it does

change in a very similar fashion to the one-dimensional Hartmann

solution. But since the contours are chosen on the basis of the

maximum velocity in the cross section there is no apparent change in

the plots.

The plots of the current streamlines show a much more pro-

nounced change in their characteristics as the load factor is varied.

Figure 5-6 shows that as the load resistance is lowered the current

streamlines become straighter with only a slight deflection of the

outer line in the boundary layer. The Toad resistance chosen here is

that at which the efficiency would be maximum for the one-dimensional

case and is approximately so for these conditions. Rather than three

streamlines returning by way of the Hartmann layer as in Figure 5-2,

now only two fail to reach the electrode. This is due to the lower

voltage potential on the electrodes forcing the current into the
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Hartmann layers. As the load resistance is lowered, there is less

return current, until the case shown in Figure 5-4 is reached, where

the electrodes are short circuited and no return current flows in the

boundary layer.

Figure 5-8 shows the contours when the load resistance is

increased to infinity so that the electrodes are insulated from each

other. Here the boundary condition on the magnetic induction is that

it equals zero at both the center of the channel and on the insulating

wall. Therefore the same number of streamlines leave the electrode

as enter it, indicating that there is no net current through the

channel. The current merely runs down the perfectly conducting

electrode to exit into the Hartmann boundary layers.

It should be noted that in the core region of the flow all

the current streamline plots are the same. This is reasonable since

the current density has been shown to depend only on the Hartmann

number in this region and the reference for choosing the values of the

contours is also independent of the load resistance. The only effect

of the external resistance on these plots is to determine how much

of the current will be turned back into the Hartmann layer.

Variation with Electrode Conductivity

In real generators the electrodes can never be perfectly

conducting as in the cases described above. The effect of using

electrodes with a finite conductivity is shown in Figures 5-9 through

5-14. The current streamlines are now seen to no longer proceed per-

pendicularly into the electrode, since now the electrical potential
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is no longer constant along the surface, but can vary toward the center

of the channel. The resistance of the electrode adds an impediment

to the current flowing out of the channel, but the current finds a

convenient conducting path in the boundary layer of the electrode

where the velocity is low. This means that the current can flow easily

to the center of the electrode where it is tapped off into the external

circuit with only a minimal increase in the effective external re-

sistance, which can be easily seen by the negligible increase in the

streamlines of the return current.

Although the velocity contours are identical to the previous

cases for all practical purposes, there is a noticeable change. The

boundary layer at the center of the electrode is thicker with the

velocity contours moved further out from the wall. The explanation

for this effect is seen in the bunching together of the current

streamlines at the center of the electrode before they are tapped out

of the channel. This means that the current density will be higher

in this region than the other areas of the electrode. The higher

current densities consequently produce a larger electromotive

force on the fluid retarding its flow and producing the thicker

boundary layer.

Insulating Channel Case

The extreme case of increasing the resistance of both the

external load and the electrode itself produces a magnetohydrodynamic

channel where the walls are perfectly insulating all around. The
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program derived previously to calculate the generator case is capable

of handling this problem and so it is included in Figures 5-15 and

5-16 for the Hartmann number of 20 considered before.

The effect on the velocity profile is negligible as in the

previous cases, without the increase in thickness of the boundary

layer at the center of the electrode since no current is tapped out

of the channel. The current streamlines are significantly different,

though. None of the streamlines now touch the electrode, due to the

fact that no current will flow out of the channel or even down the

electrode. Technically the boundary of the channel taken along with

the center! ine of the channel (n=0) constitutes a streamline since the

magnetic flux density is equal to zero at each point on it.

Variation with Hartmann Number

As in most cases with the calculations to follow, the most

significant change is produced by changes in the Hartmann number.

This is seen by the plots of Figures 5-17 and 5-18, where the Hartmann

number has been increased to 100. In this case the velocity contours

are now dramatically changed. Since the Hartmann boundary layers on

the insulating wall have a thickness inversely proportional to the

Hartmann number, it is seen that the contours have become a solid

mass of lines. The boundary layer on the electrode is reduced also,

but to a lesser extent due to its proportionality to the inverse of

the square root of the Hartmann number. Again, the magnitude of the

velocity at the center of the channel is decreased due to the increase
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of the Hartmann number in similar fashion to the one-dimensional

approximation.

The current streamlines for this higher Hartmann number are

now seen to be straight and uniformly spaced over a much broader

region of the channel, indicating the increased size of the invicid

core. Although the load resistance in Figure 5-18 is the same as

previously, only the outer streamline returns in the Hartmann layer.

This is due to the much greater resistance of the narrow boundary

layer in this case as opposed to the thicker ones at lower Hartmann

numbers.

The major feature to be derived from these plots is how the

one-dimensional region of the channel is increased by going to the

higher Hartmann numbers. The boundary layer on the electrode, which

is now greatly reduced, is the only feature not predicted by the one-

dimensional Hartmann solution. This gives a good intuitive feel for

the reason why the Hartmann approximation is effective and becomes more

so as higher Hartmann numbers are reached.

A comparison can also be made for the insulated channel case

that is shown in Figures 5-19 and 5-20 where for this case the entire

channel has been plotted. Here all the current streamlines are turned

back and compressed into the Hartmann boundary layer. This also

shows the boundary layer on the electrode more clearly.

Conductivity Variation in the Cross Section

One of the main features incorporated in the finite dif-

ference calculations of the channel is the ability to vary the
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conductivity of the fluid from point to point in the cross section.

This feature is meant to simulate the two-phase nature of the flow,

where the bubbles in the fluid can move about due to forces in the

generator. This movement of bubbles will produce local concentrations

of gas that reduce the effective conductivity of the fluid viewed

as a homogeneous whole. For the purpose of demonstrating the effect

of conductivity variation alone, the viscosity is held constant here.

In the calculation of the velocity and magnetic induction

the conductivity and its variation from point to point is assumed to

be a known input. Any functional relation can be used for the con-

ductivity ratio (F) as long as it is symmetric about the centerlines

(5=0, and n=0). For the purposes of demonstrating the effects an

added condition will be imposed that the ratio goes to one at the

insulating wall and the electrode. This is done because a change in

the conductivity of the boundary layer would be equivalent to a change

in the Hartmann number specified, due to the Hartmann number's

dependence on the conductivity. Since the Hartmann number is already

shown to produce large changes in the flow fields it is best to

eliminate this change so that it does not obscure the effects to be

demonstrated.

A simple functional relation is used to show the effects to

be encountered in more complicated conductivity variations. The

following relation using the Hyperbolic tangent simulates a smoothed

step that starts at one at the wall and increases rapidly when halfway

to the center of the channel to produce a plateau region at the cen-

ter, where F is large and consequently the conductivity is low.
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F(e.n) = 1 - -^" [1 +Tanh 8(1-5)][1 + Tanh 8(.5-n )] (5-1)

The constant a
c

is the value of F at the center of the channel. The

constants in the hyperbolic tangent terms determine the degree of

smoothness of the transition from one at the wall to the center value,

and make the function specific to the case to be described with an

aspect ratio of 2.

The effects of this conductivity variation for a moderate

degree of change in the value of F can be seen in Figures 5-21 and

5-22. Here the center value of F goes to 4 and the conductivity is

therefore reduced to one-fourth of its value at the wall. The effect

on the velocity contours is immediate even for this small variation.

The velocity in the core region is no longer constant as is indicated

by the contours moving out into the core flow. Since the velocity

in the center of the channel has increased and the spacing between the

contours is based on one-eighth of this value, the spacing between

the contours is greater, giving the false impression that the boundary

layers have increased in thickness. In fact, the boundary layers are

nearly identical to what they were because the variation in conduc-

tivity is confined to the region outside the boundary layers. Note that

the contours in the core region occur about the point halfway to the

center of the channel. This is the location of the smoothed step in

the conductivity relation, which shows how closely the velocity is tied

to the conductivity as is indicated by the inviscidcore approximation

of the previous chapter.
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The effect of the conductivity variation on the current

streamlines is much less pronounced in this case. The contours are

almost identical to those in the constant conductivity case, which is

a situation that is also indicated by the inviscidcore approximation.

Although the conductivity is lowered in the core region and tending

to lower the current density, this is compensated for by the

increased velocity which gives an increase to the induced potential

gradient, thereby maintaining a constant current density. The

streamlines are therefore unaffected by small variations in the con-

ductivity.

As the conductivity is decreased to a greater extent in

the center of the channel, the center becomes more and more approxi-

mate of a nonconducting central core and significant changes become

readily apparent in the current streamlines. Figures 5-23 and 5-24

show the results when the conductivity is allowed to drop to 5 percent

of its original value at the wall. The velocity in the core has now

greatly increased with large gradients in the core region due to

the rapid changes in conductivity. It is these gradients in the

velocity that produce the shear forces in the fluid and make invalid

the inviscidcore approximation.

With the viscosity in the center of the channel becoming

significant, the current streamlines begin to act more as one would

expect them to upon encountering a region of low conductivity. The

streamline spacing in the center has become greater indicating a

lowering of the current density, while at the same time becoming
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closer together just outside the Hartmann boundary layer. Thus the

current tends to flow around the region of low conductivity. Once

around the region the streamlines resume the approximate spacing of

the previous cases and in the boundary layer the streamlines are

about what they were.

The velocity contours also show an effect of the increased

current density in the outer edges of the boundary layer. Because

the current must flow around the core of the flow, the fluid at the

edge of the boundary layer experiences a greater electromagnetic

retarding force and therefore has a slower velocity. This is ap-

parent in a thickening of the Hartmann boundary layer as the current

lines are forced into the boundary layer.

This conductivity variation has a rational meaning in real

two-phase flows. The large loss in conductivity is indicative of

what happens when the phases become completely separated and the flow

becomes one with a gas core known as an annular flow. The gas core

is retarded only by the viscosity present, since there is no electro-

magnetic forces when there is no current flow. Since a large amount

of energy is being expended in the viscous losses of this core flow

without generating electrical current, this is a type of flow to be

avoided in Faraday MHD generation.

Partitioned Channel

In the study of the use of two-phase flow in the generator

channel the lateral movement of the gas phase bubbles from the straight
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rectilinear flow down the channel can pose a severe problem to the

efficiency as is indicated in the above paragraph. This could be a

problem inherent in the generator itself, since there are several

mechanisms producing a cross stream pressure gradient and therefore

a lateral drift of the bubbles. These include the pressure gradient

associated with the change in the velocity profile at the entrance

and exit to the channel, and the "pinch" pressure caused by the

current density crossing the induced magnetic field lines.

To prevent this separation of phases, a partitioning of the

channel is proposed to prevent bubble drift (Trovillion et al . 1978).

Branover (1976b) advocates a similar method for controlling the tur-

bulence level in the channel. The scheme is illustrated in Figure

5-25 and described here to indicate the method of handling these types

of calculations and the ability of the numerical scheme to analyze

unusual proposals to determine their worth.

As shown in the illustration, the channel is divided into

n-j sections between the electrodes with the partitions being plates

that will be assumed to be perfectly conducting and infinitely thin.

The conductivity assumption is necessary since the current must pass

through them. Since the current will obviously only pass across

them and not down them, the setting of the conductivity at infinity

will closely approximate any conductivity. In the vertical direction

between the two insulating walls the channel is divided into n
?

sec-

tions. In the cases of these horizontal plates they are considered

perfectly insulating as it is necessary to keep them from shorting out

the generator electrodes.
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By comparing each one of the individual partitions to the

channel as a whole, it can be seen that they each represent a smaller

individual generator that can now be analyzed in the same way as the

single generator was before. The difference now is that the parameters

that define the operating conditions of each segment are not the same

as for the total channel which it is apart of, and the variables of

velocity, magnetic induction and current density are now non-

dimensional ized with respect to the different dimensions of the seg-

ments.

Denoting the quantities to be used when calculating the in-

dividual segments by the (t) superscript and the values for the total

channel in the normal way, most of the relations between the variables

and their corresponding segment values are derived simply by changing

the nondimensionalization. These are given by

y = — y
n
2

M
f =~M

n
2

t 2
V = n? V

B = r\
l
>

J
:

= nn J (5-2]

The relation between the resistance ratio and its corresponding term

is arrived at using the fact that the load resistance is the total
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voltage drop divided by the net current out of the channel. Then

noting that the total voltage drop is the sum of the identical

voltage drops for the n-j horizontal segments, and the total current

out of the channel is the sum of the current from the n2 vertical

segments, the effective load resistance for the individual segments,

all of which are identical, can be determined. Nondimensionalizing

each load resistance by its appropriate dimensions, the resistance

ratio of the segments is found to be the same as for the channel as

a whole.

R
+

' R (5-3)

The decision about the usefulness of this scheme can only be

made by comparisons of the average velocity and the efficiency of the

two cases. Because of the added surface area exposed to the flow in

the segmented channel, there are added viscous forces retarding the

velocity and dissipating energy. The only question is whether the decrease

in efficiency and velocity is minor enough to sacrifice it for the

advantages of reducing the lateral bubble movement and thereby the

conductivity variation.

A useful approximate analysis of this situation is easily

derived from the relations previously given for the Hartmann flow

solution. In order to compare the average velocities of the two cases,

the equation (3-22) for the average velocity of the entire channel is

used with the assumption that the Hartmann number is sufficiently

large to approximate the hyperbolic tangent by one.
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V- + R)(M - T

M
2
(M + R)

(5-4;

The equation for the individual segments, and therefore the entire

partitioned channel, is the same except that the partition quantities

are used. Converting these quantities so that they are based on the

entire channel gives the following equation for the average velocity

of the partitioned channel.

V =
Ti

—

£

M'(M + Rno)
5-5)

Taking the ratio of these two averages gives a relation that indicated

the approximate effect of inserting the partitions into the flow,

namely,

-t -
V /V

'M - r\{

M - 1

M + R

M + n2R
'5-6)

Remembering the direct relation between the average velocity and the

total potential drop between the electrodes, it is seen that an identi-

cal relation also holds for the voltage output of the generator. In

a similar fashion, a relation can also be derived for the ratio of the

efficiency of the two channels under the assumption of Hartmann flow.

This is given by

t, _ f
M " n

2|

e'"e I M - 1

J
[M + n

2
R

M + R
5-7!

These relations indicate that as long as the Hartmann number

for the entire channel is sufficiently large (M>100) the effect on the
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average velocity and efficiency is small for a reasonable number of

partitions. It should be noted that only the break up of the channel

in the vertical direction is significant in the Hartmann approximation

since it does not recognize any boundary layer on the vertical walls.

This will mean that a deviation from this prediction can be expected

when the aspect ratio of the individual partitions becomes small.

Otherwise, the prediction should remain good since the main viscous

dissipation occurs in the Hartmann boundary layers.

A comparison of the velocity contours and current stream-

lines is shown in Figures 5-26 through 5-29, where the Hartmann number

of the total channel is 100 and the load factor is kept constant at

0.91. Here the 2:1 channel is broken up into eight partitions of an

aspect ratio of one. For purposes of comparing the two cases the

entire channel is plotted by reflecting the quarter channel solution

about the axis of symmetry of each channel. The contours of the full

channel are evaluated for the constant values that were described

previously, but those for the partitioned channel are determined at

the same values as for the full channel rather than in relation to

their own maximum values. In this way a direct comparison can be

made between the two cases.

The plot of the velocity contours for the full channel, when

the Hartmann number is 100, shows how thin the Hartmann boundary

layers become and how the main velocity defect is associated with the

boundary layers en the electrodes. Comparing this with the velocity

contours for the partitioned channel the boundary layers are seen to
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be roughly similar in profile and thickness but now there is more

surface area exposed to the flow and therefore a greater length of

the boundary layers. From the numerical results this is seen to

produce a one percent reduction in the maximum velocity and an 11

percent reduction in the average velocity. This compares well with

a 9 percent loss predicted by the Hartmann approximation (5-6).

The current streamlines, likewise, show the uniform nature

of the broad core region of the flow, deviating from straight lines

only in the boundary layers on the electrodes. Because the contours

are widely spaced and the load resistance is set for the approximate

maximum efficiency, the contours near the insulating walls do not

indicate the reverse current in the Hartmann boundary layers. They

do exist, though, because the load resistance is not zero. The effect

then of introducing the insulating segment wall between the electrodes

is to add two more Hartmann layers in which the current can return.

The return current that is lost is then approximately double that of

the full channel case. This is born out by the numerical results that

give a decrease of eleven percent in the net current out of the

channel for the same load resistance. Performing the calculations

for the efficiency, it also is found to decrease by this same amount

from its original value, although this can be improved a little if

the load factor is taken at the optimum for the individual segments,

that are at a lower effective Hartmann number than the full channel.

In all cases the loss in velocity, current, and efficiency are less

as the Hartmann number of the full channel becomes larger, and greater
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as the number of partitions is increased, especially the breaking up

of the channel in the direction parallel to the applied magnetic

field.

Efficiency of the Generator

Up to this point the discussion of the results of the cal-

culations has centered mainly on the qualitative aspects of the

channel flow that can be seen in the plots of the contours of flow

velocity and current streamlines. The program, as derived, can also

produce quantitative data points so that curves of the significant

generator quantities, such as average flow velocity and efficiency,

can be plotted against the design parameters of the channel.

The efficiency represents the most significant quantitative

result. The worth of the whole two-phase system rests on being able

to achieve the high efficiencies predicted by the Hartmann approxi-

mation. In turn the main parameter affecting the efficiency is the

load factor imposed on the generator. This is noted in the discussion

of Figure 3-2, where the Hartmann approximation for the efficiency

is plotted against the load factor. The main assumption, and the

chief source of error, for the Hartmann approximation is the require-

ment that the aspect ratio be infinite so that the problem is one-

dimensional. With the two-dimensional finite difference solution

available, it is possible to make this same plot for finite aspect

ratios.

This plot of efficiency versus load factor for several

aspect ratios is shown in Figures 5-30 and 5-31 for the Hartmann
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numbers of 20 and 50. Here the comparison can also be made with the

approximate calculations for the slug flow and Hartmann flow cases.

The slug flow is the straight line from zero to one and the Hartmann

approximation is the solid curve. It is seen at both these Hartmann

numbers, which are fairly low, that the data points for the calcula-

tion done at an aspect ratio of 10 fall right on the Hartmann curve

for an infinite aspect ratio, thus demonstrating the correctness

of the finite difference calculation and the suitability of using the

Hartmann approximation at any reasonable value of the aspect ratio.

In the case of the partitioned channels the aspect ratio may

become small enough to be of the order of one or less. These curves

then show a significant loss in efficiency if the Hartmann number is

low enough. While the curves retain their same shape they are

shifted down due to the now significant viscous losses in the boundary

layer on the electrode. Also the peak efficiency point of the curve

has been shifted to a slightly lower load factor.

A comparison of the two figures each at a different Hartmann

number shows that both the decrease in efficiency and the shift of

the optimum load factor is reduced at the higher Hartmann number.

This is clearly due to the decrease in thickness of the electrode

boundary layer, which is the main source of the decrease in efficiency.

Therefore, the Hartmann approximation can be used with good accuracy

to a much lower aspect ratio if the Hartmann number is large.

This can be seen more clearly in Figure 5-32 where the ef-

ficiency is plotted against the aspect ratio for several Hartmann



140

o «5



141

numbers where the load factor is set to a value very near the optimum

of R=v^T. The horizontal lines in this plot indicate the Hartmann

prediction and therefore the maximum value these curves can achieve.

It should be noted that all the curves approach this value assymtoti-

cally as the aspect ratio becomes large. It is clear from these

curves that the higher Hartmann number cases will hold their efficien-

cy to a much lower aspect ratio. In the case of low Hartmann numbers

the small aspect ratios impose a severe loss in efficiency on the

operation of the generator.

The thickness of the electrode boundary layer is proportional

to the inverse of the square root of the Hartmann number. Since the

electrode boundary layer is the significant additional loss from

that calculated by the Hartmann approximation, it is a matter of de-

termining when the boundary layer thickness is a significant fraction

of the generator width to find where the Hartmann approximation breaks

down. Therefore it is found that VM is a reasonable criterion for

determining when the Hartmann approximation is sufficiently accurate.

From these calculations it is found that if Y-M was greater than about

10, the Hartmann approximation gives an accurate indication of the

efficiency as long as the fluid properties do not vary in the cross

section.

Another source of loss for the efficiency is the conductivity

of the electrode itself. The changing of the electrode from one

that is perfectly conducting to one that has a finite resistance,

lowers the voltage output of the generator where the current is tapped
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off at the center of the electrode, and therefore the efficiency.

Figure 5-33 shows how the efficiency drops off as the electrode

resistivity factor is increased from zero, where it is perfectly

conducting, to one, where it is insulating. The ne
"
fr° r Kw

=
l is not

calculated since this involves the previously mentioned problem of

current flowing out through an insulating electrode, although this

can be done if it is assumed to be tapped only at the center of the

channel

.

The dashed lines in this plot indicate the efficiency of

the Hartmann case at infinite aspect ratio. The curves for the

finite difference calculations were made at low values of the aspect

ratio to show more clearly the effects of the finite conductivity

cases, which are naturally more pronounced in this limit. In all

cases the load- resistance is set at the optimum value predicted by

the Hartmann approximation. It is tempting to assume that the ef-

fect of the decreased conductivity is to merely put an added

resistance in series with the load resistance, thereby forcing the

generator to run at a higher load factor than is its optimum. This

is not entirely true, since not all the current flows through every

part of the electrode, but enters and leaves at different places on

the wall. Thus the change in conductivity is not simply a change in

the load factor, but thinking about it in this way would suggest that

it is necessary to determine a new optimum in the load factor that

would be less than the Hartmann optimum when the increased resistance

of the electrode is taken into account. Thus, each one of the curves
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in the figure could be raised somewhat by varying the load resistance

along the curve to obtain the new optimum.

To give some idea of where real generator data would fall on

curves in the plot, the electrode resistance factor can be calculated

under the assumptions that the thickness of the electrode is one- tenth

of its height, and the conducting fluid is an alloy of 22 percent

sodium and 78 percent potassium (NaK). If the electrode material is

copper, the resistance factor is 0.2, and if steel is used, it is 0.68.

The curves would indicate a loss in efficiency for these cases from

one to eight percentage points. Again, it should be noted that the •

curves given represent the worst case of both low aspect ratio and

low Hartmann number. These are cases not likely to be found in prac-

tice, where even in the low aspect ratios found in the partitioned

channels the walls can be assumed to be perfectly conducting for all but

the end segments, since the current flows across the inner conducting

walls and not along them. It should also be noted that the losses

can always be diminished by using thicker electrodes and thereby

going to lower electrode resistance factors, although it should be

remembered that the boundary conditions of the finite difference

calculations are based on the assumption of a "thin" electrode. In

general, though, the loss of efficiency due to the finite conductivity

of the electrode can be assumed negligible in a well-designed genera-

tor channel

.
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Average Velocity of the Fluid

Of great importance in the design of the generator is the

average velocity of the working fluid moving through the channel.

This gives the volumetric flow rate of the fluid and therefore

determines the amount of fluid required to operate the generator.

In general, low flow rates are desired since they indicate that the

electromagnetic forces are retarding the flow and presumedly are

generating the current for the output power.

In the normal case where the fluid properties are constant

and the electrode conductivity is well approximated by the perfectly

conducting case, the average velocity of the channel can be obtained

from the efficiency of the generator given the Hartmann number and the

load resistance factor. This relation is obtained from the equation

(3-31) for the efficiency in terms of the average velocity and the

magnetic flux density at the insulating wall.

2

_ RBf
ne

=

~f~

Then from the calculations for the voltage of the generator, the average

velocity and the magnetic flux density at the wall have been related

for a given Hartmann number and load resistance ratio (3-28).

n - _ M XT

1 1 + R

The combination of these two relations gives the average velocity

in terms of the efficiency.
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Although this relation makes the calculation of the average

velocity possible, it is helpful for the interpretation of the

results to plot curves of the average velocity itself. This is done

in Figure 5-34, which shows the main features of the flow plotted as

a function of aspect ratio. In this figure the average velocity

is divided by the aspect ratio in order to change the nondimensionali-

zation of the velocity from the square of the half-height of the

channel, to the area of the cross section of the channel. This quan-

tity then gives a comparison of the flow rates at the different aspect

ratios, but at the same time maintains the cross-sectional area of

the channel constant.

By modifying the program slightly it is possible to calcu-

late the case with the Hartmann number equal to zero. In this case

there are no electromagnetic forces so that the flow velocity is

determined by the viscous forces alone. As can be seen in the figure,

the curve as a function of the aspect ratio is symmetric about the

case with aspect ratio of one. In the limit as the aspect ratio

becomes large, the zero Hartmann number case becomes the one-

dimensional Poiseuille flow between two infinite parallel plates,

the curve of which is plotted in the figure. As the Hartmann number

is increased apd current is allowed to flow in the conducting fluid,

the electromagnetic forces have a retarding effect on the flow

velocity, so that the curve for the zero Hartmann number case is the

maximum bound for all the other curves.
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The two curves for the Hartmann numbers of 10 and 25, each

at a load factor of one, show the effect of the increasing Hartmann

number on the average flow of the fluid. It is evident that the curve

is no longer symmetric about the square channel case with aspect

ratio of one. This follows from the fact that the boundary layers

on the electrode wall are of much greater thickness than the Hartmann

layers on the insulating walls. This plot also makes it graphically

clear that when the pressure drop down the channel is held constant

the velocity of the fluid will drop very rapidly as the Hartmann number

is increased.

The effect of changing the resistance ratio is seen from the

curves plotted at the Hartmann number of 25. When the load factor is

one and the load resistance is infinite, the current in the channel

is limited to that which can be returned in the Hartmann boundary

layers. This minimum amount of current in the channel produces a

minimum amount of retarding force on the flow, and therefore this

curve represents a maximum bound on the velocity for a given Hartmann

number no matter what the aspect ratio is. As the load resistance

is lowered the current is allowed to increase, thus retarding the flow

and lowering the velocity for a given pressure drop. The case of a

load resistance of zero, which represents the short circuit case,

would give the minimum velocity for a given Hartmann number at any

aspect ratio.

The effect produced by the changes in the conductivity of the

electrode is shown by the two curves at the Hartmann number of 10. Bv
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decreasing the conductivity to the point where it is insulating, the

current is further impeded so that the velocity is allowed to in-

crease. It should be noted, though, that the effect is noticeable

only at the low aspect ratios, where the electrode and its boundary

layer become a major effect in the flow. As the aspect ratio becomes

larger the effect vanishes with the two-dimensional aspects of the

flow, and the curve approaches the one-dimensional Hartmann solution

in the same manner as the perfectly conducting electrode case.

In calculations of this nature, where the flow rate or the

efficiency of the generator is plotted as a function of the major

parameters of the flow, it is difficult to find in the literature

calculations of a similar nature that support the accuracy of these

results. This is due mainly to the fact that the equations for the

generator with the boundary conditions set for the generator case have

not been solved by other analytical methods, such as the infinite

series approach. For the insulating channel case where the load

factor and the electrode resistance factor are both one, an analytical

solution does exist for the flow rate and so can be compared to the

finite difference calculations given here for this special case.

A book by Hughes and Young (1966) gives values of the ratio of the

flow rate at various Hartmann numbers and aspect ratios to the rate

at zero Hartmann number. Using the value of the flow rate at zero

Hartmann number given by the present calculations the points from the

analytic method at a Hartmann number of 10 are plotted in the figure.

It can be seen that the agreement between the two methods is excel-

lent and confirms the accuracy of the present calculations.
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Conductivity Variation

When the conductivity of the fluid is allowed to vary in the

cross section, there are two main effects produced. One is the

increase in the velocity of the fluid in the regions where the con-

ductivity is lowered, and the other is the loss in efficiency of the

generator. The loss in efficiency is almost entirely produced by

the increase in the average velocity, since the need to supply a

larger volume of fluid through the pressure drop for a given output

of power means a greater input of power is required. A small addi-

tional loss in efficiency occurs when the conductivity variation

produces a sufficiently large velocity gradient, that then dissipates

more energy through viscous shear.

The effect of an increasingly peaked conductivity profile

on the efficiency and average velocity of the channel is shown in

Figure 5-35 for the case where the Hartmann number is 49. Here the

generator is being operated near its maximum efficiency load

resistance ratio of 7, and a large aspect ratio of 10 is used to

facilitate a comparison with the results of the inviscidflow calcu-

lations.

Rather than use the hyperbolic tangent profile used pre-

viously for the plots of the contours with conductivity variation,

a simpler parabolic conductivity variation in both the E, and n direc-

tions is used, with the value at the walls maintained at one. The

curve of efficiency and average velocity are then plotted against

the value of the conductivity ratio at the center of the channel,

which will be the point of minimum conductivity.



151

1.0

0.8 1

0.6

0.4 -i

0.2-

O
-1"

r.005

M=49 R=7

Y=10

.4 .6

o/a
Q

AT CENTER

n e r-004

.003

^.002

*- .001

AVERAGE
VELOCITY

,8 1 .0

CONDUCTIVITY VARIATION a/an = 1 - a (1
c

(

x
/y)

2
)(i - y

2
;

Fiaure 5-35. Flow Rate and Efficiency for Conductivity Variation



152

The figure shows clearly that as the conductivity profile

becomes more and more peaked the efficiency drops off markedly, while

at the same time the average velocity is increasing in like manner.

The inverse symmetry of these two functions can be demonstrated by

multiplying them together and noticing that the product is a constant

value. This is an indication that the efficiency less for the case

here is due entirely to the increased flow rate requirements and any

additional viscous shear losses are negligible.

Although the viscous shear in the core region of the flow

is not significant enough to produce an effect on the overall

efficiency of the channel, it does have an effect of reducing the

maximum velocity point in the flow when the conductivity has become

sufficiently low. This can be seen in Figure 5-36, where the velocity

at the center of the channel, which is the maximum in the cross

section, is plotted against the conductivity ratio at that point.

The solid curve in this figure represents the velocity that would be

calculated using the inviscidcore flow model (3-46). Remember that

the assumption in this model is that all the viscous effects of the

flow are confined to the boundary layers on the walls of the channel,

and the core can be assumed free of viscous effects. Under these

assumptions the velocity becomes infinite as the conductivity ap-

proaches zero.

The symbols plotted represent the finite difference calcu-

lation with the viscous effects included. It can be seen that where

the variation in the conductivity is small the inviscidcore gives a
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very accurate model of the flow, but as the conductivity becomes

very low the velocity is prevented from diverging by the viscous

forces present, so that the finite difference calculations drop

well below the inviscid approximation. It can be expected that as the

Hartmann number becomes larger the flow will be able to go to much

lower conductivities before the solution deviates from the inviscid

approximation, since all the velocities, and therefore the gradients,

of the flow are ^ery much reduced. Also, if the conductivity profile

is allowed to vary in a smoother fashion, the approximation is more

accurate, due to the reduced gradients in the flow.

Viscosity Variation

In the derivation of the governing equations for the flow,

it is convenient to incorporate the possibility of a variation in

the viscosity of the fluid in the cross section. The effect of a

viscosity variation is shown in Figure 5-37, where the efficiency is

plotted against the value of the viscosity ratio at the center of

the channel. Here a parabolic profile is used in the same manner

as for the conductivity variation described previously. Taking into

account the possibility that the viscosity might increase, rather

than decrease, toward the center of the channel, the efficiency is

calculated for various peak values of the profile, for cases where

the Hartmann number is very low and the resistance ratio is at its

most efficient value. Doing the calculations for very low Hartmann

numbers tends to accentuate any effect that may be present, since

the viscous forces are then increased relative to the magnetic forces.
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From the plot it is clear that there is very little effect

produced on the efficiency by the variation of the viscosity in the

cross section. This once again shows that practically all the viscous

effects are confined to the boundary layers on the wall and the

effect of the viscosity variation in the core region of the flow is

negligible. It should be noted that if the viscosity, or the con-

ductivity, is allowed to vary along the wall, it produces an effect

due to the apparent change in the Hartmann number of the channel.

In this case, though, the specification of the Hartmann number of the

generator becomes confused, and the results represent a case that is

somewhat physically unrealistic.
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CHAPTER VI

CONCLUSIONS

The main achievement of the work done in this study is the

production of a computer program to solve the magnetohydrodynamic

equations for laminar flow of a conducting fluid through a channel of

rectangular cross section under the influence of a transversely ap-

plied magnetic field. Although these equations have been solved

in an analytic form of an infinite series when the walls of the

channel are either insulating or perfectly conducting, this is not

possible for the more important case of the MHD generator where the

alls perpendicular to the applied field are insulating and the walls

parallel to the field are of arbitrary conductivity. The calculations

presented in this report achieve a solution by breaking up the

equations into their finite differences and solving them by a modified

form of the Peaceman Rachford alternating direction implicit method.

The equations presented are derived with the added possibility of

varying the fluid properties of conductivity and viscosity from

point to point over the cross section of the channel, thereby enabling

the program to simulate in an average way the properties of a two-

phase mixture of gas and liquid metal used as the working fluid of

the generator. The program gives accurate solutions to these equa-

tions by relaxing the finite difference equations in a stable and

raDidly converging manner for Hartmann numbers ranging from zero to

157
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the relatively high value of 100, and an arbitrary value of the

channel aspect ratio. This speed of calculation allows the genera-

tor parameters to be studied by calculating results for a large

number of cases so that curves of efficiency and average velocity of

the fluid can be plotted against Hartmann number, load factor and

aspect ratio.

Contour plots of the magnetic flux density, which gives the

streamlines of the current density, and contours of the velocity

field are presented to indicate the main features to be encountered

in the flow. The calculations confirm the results of previous

investigators, that the thickness of the boundary layer on the in-

sulating wall is proportional to the inverse of the Hartmann number

and the thickness on the electrode wall is inversely proportional

to the square root of the Hartmann number. The core region of the

flow reported in the literature is found to be of uniform velocity

only in the case where the conductivity of the fluid is constant.

When it is allowed to vary, the velocity increases as the conductivity

decreases, but the current streamlines are unaffected until the

gradient of the velocity is enough to make the viscosity a signifi-

cant retarding force on the flow.

The efficiency of the generator as a converter of pressure

work of the fluid to electrical output is studied as a function of

the general parameters. The main determinants of the efficiency are

the Hartmann number and the load resistance of the external circuit.

The effect of these parameters on the efficiency is well approximated
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by the one-dimensional Hartmann solution. The peak of the efficiency

versus load factor curve occurs when the resistance ratio equals the

square root of the Hartmann number, and the maximum efficiency

approaches one as the Hartmann number increases. Introducing the two-

dimensional effects produced by a finite aspect ratio results in a

decrease in efficiency due to losses in the electrode boundary layer,

and a slight shift of the peak efficiency resistance ratio. For a

given aspect ratio, this effect becomes smaller as the Hartmann

number increases.

Another significant factor in the loss of efficiency is the

conductivity decrease in the channel to be expected when a void

fraction profile is introduced into the flow to simulate the two-

phase condidions. This loss is produced by the requirement for a

greater volumetric flow rate to sustain a given pressure drop. It

is shown that if the conductivity gradients in the flow are not too

great and the Hartmann number is high, then the flow at all points

is well approximated by the inviscidcore flow calculations. A

small added loss of efficiency can be anticipated if the electrodes

are less than perfectly conducting, and the losses for variations in

the viscosity of the fluid are negligible.

The volumetric flow rate, being a significant design

parameter of the generator, is studied for the effects produced by

the changes in the generator conditions. Again as with the ef-

ficiency calculations, the Hartmann approximations are found to give

good results for the effects of Hartmann number and load factor as long
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as the aspect ratio is not too small. It is found that a good criter-

ion for where the Hartmann approximation is accurate is that the

product of the aspect ratio and the square root of the Hartmann number

be greater than 10. A peak is found in the curve of flow rate versus

aspect ratio at a low value of aspect ratio that decreases with

increasing Hartmann number, but that this is not in any sense an

optimum operating point. Again small variations are incurred for

the cases when the conductivity of the electrodes is less than perfect.

Also greater increases in the flow rate result as the conductivity

decreases due to a peaking of the void fraction profile toward the

center of the channel

.

The computer program presented here is an effective tool for

analyzing the magnetohydrodynamic generator under a wide variety of

conditions. Although it is somewhat limited in only having rapid

convergence for Hartmann numbers less than 100, this is the region

of conditions under which it is most needed. For Hartmann numbers

greater than this the approximate relations of the inviscidcore flow

calculations should be sufficiently accurate. But, in the case of

low Hartmann number and low aspect ratio the two-dimensional solution

is required and is effectively provided by the analysis done here.

For a number of practical situations the program can be

seen as giving an effective means of determining whether a suggested

change in the generator configuration is worthwhile. One such situ-

ation is the partitioned channel case analyzed previously. With the

object of reducing the void fraction profile in the channel, the
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partitions can only be determined to be effective in a trade-off

between the improved efficiency of the flatter void fraction profile

it provides, and the decreased efficiency due to the added walls and

increased surface area of the channel. Since there are other reasons

for breaking up the channel, such as decreasing the slip of the

bubbles through the fluid, this analysis is not the only one that need

be considered, but the program does indicate that the efficiency will

not be seriously impaired if the Hartmann number of the entire channel

is sufficiently high. In other situations where a change in the con-

figuration is suggested, such as putting baffles in the Hartmann

boundary layer to impede the return currents, the program can be help-

ful in determining its worth, but the internal parts of the program

must first be modified slightly.

Although the program derived here is effective in analyzing

the flow of the fluid at a given cross section, this is not the only

area in which losses in efficiency occur, or in some cases even the

most important one. Therefore, future work will concentrate on

developing programs to analyze the end effects with the losses brought

about by the three-dimensional aspects of the channel, and incorporat-

ing the more important two-phase aspects of the flow, such as the slip

of the gas with respect to the liquid phase.



APPENDIX
COMPUTER PROGRAM

The program described here solves the magnetohydrodynamic

equations in a rectangular duct with conductivity and viscosity

variation within the cross section. The boundary conditions used are

those appropriate for use with a Faraday generator configuration.

The method of solution is by finite differences using the Peaceman

Rachford Alternating Direction Implicit relaxation scheme.

The program listing follows this discussion. The program

is broken up into a series of logical sections, each titled by a

comment card. This description of the program proceeds along the

lines of these divisions.

***** INITIALIZING STATEMENTS

These statements specify the dimensions of the arrays to be

used. The indices specified as 20 represent the maximum number of

nodes in the X direction. Indices of 50 represent the maximum number

of nodes in the Y direction. To specify a grid beyond these limits

requires a change of these statements.

***** START CASE ITERATION

Statement 100 is the start of a loop that includes the rest

of the program. This section simply reads in the parameters for a

given case and sets up the default values. All the data for a case is

162
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NO and EMAX relate to the calculation of the time step or

iteration parameter. The value of the time step between each itera-

tion starts at half the square of the spacing between nodes in the

Y direction in the Hartmann boundary layer, and increases geometri-

cally in NO steps to a maximum value of EMAX times the spacing squared.

The proper choice of EMAX for a given H and R relates to

how fast the solution will converge, but the default of 15 is found

to be fairly good in most cases.

TEST relates to the convergence criterion and the default

gives four-place accuracy for Hartmann numbers 30 to 100. Smaller

Hartmann numbers require TEST to be a little smaller to get four-place

accuracy, while larger Hartmann numbers can use a larger value to

stop the iterations sooner.

M and N specify the number of grid points. M is not criti-

cal and the default value is satisfactory. N of 20 is good for

Hartmann numbers less than 30, but for Hartmann numbers 30 to 100 an

N of 30 is necessary for accuracy. NB of 10 is a satisfactory number

of nodes in the boundary layer for most cases.

If ITBF is one, the boundary condition B] is iterated on

to give the specified value of R. If not the constant value given by

the one-dimensional Hartmann solution is used, and the corresponding

value of R is calculated. If the Hartmann number is greater than 50,

the iteration on the boundary condition requires a large number of

iterations so it is not used. The one-dimensional solution is suf-

ficiently accurate in this case so that R is not far off the value

specified.
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If IGF is one, the program initially guesses all zeros for

V and B, rather than the one-dimensional Hartmann solution. In the

case of low aspect ratios the guess of zero was found to produce

faster convergence.

If IPLOT is one, the program gives a GOULD plot of the

velocity contours and current streamlines. This is presently set up

to plot only for an asepct ratio of 2.

***** CALCULATE THE GRID POINTS

This is a simple routine to calculate the Y position of the

horizontal rows and the X position of the vertical columns. X(l) and

Y(l) are at the center of the channel, and X(M) at the electrode wall

and Y(N) at the insulating wall. RowsY(NH) to Y(N)are evenly spaced

in the boundary layer of thickness DEL/H, where DEL is initialized to

5. Likewise, the columns X(MH) through X(M) are evenly spaced but to

a thickness of DEL/H
2

, unless the thickness of the boundary layer is

greater than half the channel. X(l) through X(MN) are equally spaced

Y(l) through Y(NH) have linearly increasing spacing from the value in

the Hartmann layer to the center of the channel. The nodal locations

are printed out.

***** INITIAL GUESS

Depending on the value of the flag IGF the initial values

of the arrays V(I,J) and B(I,J) 1=1, M; J=1,N are set equal to the

one-dimensional Hartmann solution or zero. The value of the previous

iteration VP( I , J) and BP( I , J) , which are used for test purposes, are

set equal to zero in the initializing statements.
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***** CALCULATE THE CONDUCTIVITY AND VISCOSITY VARIATION

This is done in subroutine FFGG where a /a=F(I,J,l) and

u/uq=G(I,J,1) are calculated. The last indices of the arrays indi-

cate these are the values of the functions. F(I,J,2) and G ( I , J , 2

)

are the derivatives of the functions in the X direction, and F(I,J,3)

and G(I,J,3) are the derivatives in the Y direction at the node

(I.J).

***** CALCULATE COEFFICIENTS FOR DIFFERENCE OPERATORS

The MHD equations to be solved for are given in terms of

1 inear operators by

(L^ + L^)B + MP
y
V =

(LJ{ + Ly
;
)V + 1 + MP B =

where the operators are defined as

l^ = f4 + -- ^f4^1
A 3// 3X 3X ' 3Y 2 3Y 3Y

3X* 3X n Y
a Y

^ 3Y 5Y

P = —P
Y ay

In this section these operators are calculated as the coefficients for

a three-point finite difference approximation at each node in the

grid assuming arbitrary spacings between nodes. For the operator
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BLX=%Ljj

BLX(I,J,1) is the coefficient multiplying the value

of B(I,J)

BLX(I,J,2) is the coefficient multiplying the value

of B(I+1,J)

BLX(I,J,3) is the coefficient multiplying the value

of B(I-1,J)

The indices of the other finite difference operators are

related in a similar manner to their linear operators and nodal loca-

tions. PY is also multiplied by the Hartmann number for convenience

(PY^MP
Y
).

The coefficients SA, SB, SC, SD at the end are special four-

point fits for calculating the slope of the functions at the insulating

wall from the value of the functions at the first four points at the

wall.

2|| = SA*B(I,N-3)+SB*B(I,N-2)+SC*B(I,N-1)+SD*B(I,N)
°mWALL

***** START ITERATION AND SET TIME STEP

This marks the start of the Peaceman Rachford Alternating

Direction Implicit relaxation scheme. This point through statement

50 is in one DO loop that each time through makes one complete itera-

tion step. The size in time of each step (E) is calculated here.
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The PRADI relaxation scheme calculates the next iteration

by the following equations

(1 - ^ELJ()VS = (1 + JsELjOv" + J*EO + MP
y
B
n

)

(1 - JjEL^BS = (1 + JsEL^B" + JsEMPyV

(1 - %ELV)Vn+1 - ^EMP
Y B

n+1
= %E + (1 + %ELJ{)VS

B,„n+1
(1 - ^EL?)B

n+1
- JsEMP

y
V
n+1 = (1 + ^EL§)BS

where V
n

is the present value, VS is the intermediate value, and V

is the value of the next iteration. Likewise for B
n

, BS, and B
n+1

n+1

***** CALCULATE V STAR

The value of VS is calculated from the first equation which

is implicit only in the X direction and so is solved horizontally

row by row. Using the finite difference coefficients calculated

previously for the operators, the elements of the following tridiagon-

al matrix equation are evaluated.

AV(1) BV(1)

CV(2) AV(2) BV(2]

BV(M-2)

CV(M-l) AV(M-l)

VS(1)

VS(2)

VS ( M-

1

RV(D

RV(2)

RV(M-1

The boundary conditions are then applied on the first equation and

VS(M) is known to be zero.
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***** SOLVE TRIDIAGONAL SYSTEM

This is a simple routine to solve the tridiagonal system of

equations by -Gaussian elimination. It is cut down to use the minimum

amount of storage possible.

***** CALCULATE B STAR

The elements of the matrix equation for BS are then found in

much the same manner. The following matrix equation is then solved

once for each row in the grid.

DB(1) EB(1)

FB(2) DB(2) EB(2)

" EB(M-1

FB(M) DB(M) - y

BS(1)

BS(2)

BS(M)

|RB(1)

RB(2)

rb(m:

The boundary conditions are applied on the first and last equations

with the conductivity of the electrode (WR) coming into play on the

M
th term. If WR>999, it is set to infinity by replacing the M

equation to give BS(M)=B1. The tridiagonal system is then solved

using essentially the same routine as for the VS equation.

***** CALCULATE V AND B SIMULTANEOUSLY

The final two finite difference equations must be solved

simultaneously for the value of the next iteration. The elements

of the following matrix equation are then evaluated.
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These equations are implicit in the Y direction only and so are

solved once along each vertical column of nodes. The boundary con-

ditions are applied to the first and last equations in each half of

the matrix, and the equation for B is modified to set B(l) equal to

zero.

***** SOLVE THE MATRIX EQUATION

This section is an analogous relation to the previous equa-

tion of the tridiagonal system, although the routine is more compli-

cated due to the matrix required for the simultaneous solution.

***** CALCULATE RIGHT COLUMN B

Since the far right column is on the electrode the velocity

is zero, so that this column is solved separately for B alone. The

first and last nodes in the column are known from the boundary condi-

tions. The matrix equation is given by

DB(1) EB(1)

FB(2) DB(2) EB(2;
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***** TEST FOR CONVERGENCE

TESTV and TESTB are the test values for the increment in the

values of V and B from their previous values, and are calculated based

on the approximate maximum of V and B in the cross section, the size

of the time step, and the TEST parameter input. Each node is tested

for convergence and a zero or an asterisk is put in its position in

arrays ICV and ICB depending on whether it is converged or not. If

all the nodes are converged in each parameter, the DO loop is exited

to statement 33. Otherwise the values of VP and BP are reset to the

present iteration and the loop continues. If the scheme fails to

converge by iteration LLLMAX, the loop exits at statement 50, and ICV

and ICB are printed out showing the nodes that fail to converge.

***** CALCULATE Bl BOUNDARY CONDITION

The value of the boundary condition Bl is given in terms of

the load resistance, electrode resistance, and the solution for B by

r -
| }

]Q[R_ [VaR Y)dY -1- Tp 9B
I a?\b

l
" [l+WR/R*ARj|_R*AR

jQ

^ AK > Y J dY r*A R ^
F
3Y|Y=l d

^J

This is calculated and set equal to BIS for later printout as the

calculated value of Bl. So that the boundary condition is not changed

too fast, it is modified by the underrelaxation parameter W. W is

calculated previously at the start of the case iteration and depends

on R and WR in an empirically derived equation. It is kept less than

one.

If ITBF is zero and Bl is not to be iterated on, this cal-

culation is discarded and the one-dimensional value from the Hartmann
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solution is used. If the load resistance is to be infinite (R>999),

this is discarded and zero is used. The array values are set for the

Bl and the loop returns for the next iteration.

***** END OF PRADI SOLUTION OF DIFFERENTIAL EQUATIONS

After the end of the PRADI solution the number of iterations

it took, the time and relaxation parameters, and the test values are

printed out. The calculated value of the load resistance (RS) that

the solution corresponds to is then determined based on the calculated

value of BIS and the set values. If the Bl is iterated on this should

be yery close to the set value. The load factor is then calculated

from this.

***** CALCULATE AVERAGE VELOCITIES

The average velocity VAVE is obtained by averaging the

values at the corners of each elemental rectangle of the grid and

multiplying by its area and summing.

***** CALCULATION OF EFFICIENCIES

The efficiency ETA is calculated from the imposed value of

Bl , the correct load resistance RS, and the average velocity VAVE.

ETAO is a calculation of the one-dimensional Hartmann efficiency at

the specified value of R.

***** CALCULATE VELOCITY CONTOURS

The velocity array V is written out and then the contours

of constant velocity are calculated using the subroutine CONTOR.



174

The inputs to CONTOR are the velocity array V, node location X,Y,

the desired spacing between contours VSP, number of contours searched

for (10), number of nodes M,N, the Hartmann number H, load factor RK,

electrode resistance factor WK, and IPLOT.

***** CALCULATE CURRENT STREAMLINES

The magnetic flux density B is written out and the stream-

lines are calculated by a call to CONTOR similar to the previous

case for the velocity. The velocity and the magnetic flux density

are printed out in the order that the nodes would appear if they were

in the fourth quadrant of the channel, with the insulating wall at

the bottom row and the electrode wall at the right. The program

then returns to statement 100 to read in the data for the next case.

All the format statements are at the bottom of the program.

SUBROUTINE FFGG

This subroutine calculates the conductivity and viscosity

variation through the common variable FG. The set up here is to

calculate the functions and their derivatives using a double parabolic

function with the parameters A and B. To use a different functional

profile requires only changes to this subroutine and redefining the

parameters A and B.

SUBROUTINE CONTOR

This subroutine calculates the contours of any field array

by linear interpolation between nodes. These locations are put into

arrays XX and YY up to 200 points per given contour. These linear
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arrays are printed out one contour at a time. The routine is also

set up to plot the contours on a GOULD plotter, but this set up is

specifically designed to plot the quarter channel for the aspect

ratio of 2:1. If another aspect ratio is desired, the plot is

incorrectly drawn unless this routine is modified. The contours can

be plotted by hand using the printed locations of the contour points

In this case the value of IPLOT should be left at zero.
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