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A theory of cyclic viscoplasticity is developed to describe the

observed rate- and history-dependent behavior of structural materials

under complex loading conditions. It accounts for, quantitatively, the

viscid effect, the anisotropic yield surface distortion, and the

material behavior observed under cyclic loading conditions including

cyclic hardening, cyclic softening and the material memory of prior

loading history. This theory includes a hardening rule, a rate-

dependent flow rule and an expression for the inelastic modulus of the

quasistatic effective stress-effective inelastic strain curve.

The hardening rule requires the specification of two material

parameters to describe the general nonsymmetric deformation of the yield

surface. Comparison of simulated and experimental hardening behavior

of pure aluminum is presented. A simplified hardening rule with only

one deformation rate is also introduced. The rate-dependent flow rule.

XI
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which provides the advantage of computational simplicity while

incorporating an anisotropic hardening rule, is a generalization of the

xaniaxial Malvern-type overstress law and of Perzyna's multiaxial

isotropic relations. The inelastic modulus is expressed in terms of

two cyclic hardening and softening parameters, a parameter for

inelastic strain accumulation and a discrete memory parameter. By

incorporating the criteria for material memory, this theory- is capable

of realistically describing the multiaxial stress-strain response xinder

complex loading programs

.

Computations are carried out for uniaxial random cyclic loading

for type 304 stainless steel at elevated temperature and for simula-

tions of experiments for pure alumin\am under complex combined tension-

compression and torsion loadings.
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CHAPTER 1

INTRODUCTION

One of the major problems in the theory of plasticity is to

describe the stress-strain response of work-hardening materials. This

can be achieved by formulating the constitutive law in differential or

incremental form, and then integrating the incremental relations to

obtain the stress-strain response for a given loading or deformation.

Two basic features are common to the formulation of most incremental

theories of plasticity: a hardening rule, specifying the modification

of the yield surface; and a flow rule, indicating the direction and

magnitude of the inelastic strain increment. Two widely used work-

hardening rules are isotropic hardening and kinematic hardening. The

isotropic hardening rule has the advantage of simplicity, but the

kinematic hardening rule provides a somewhat more realistic approxima-

tion to material behavior. Based on the assumptions of rate independ-

ence and normality of the plastic strain rate vector to the yield

surface, the associated flow rule relates the stress and plastic strain

increments. In addition, work-hardening is traditionally characterized

by specifying the plastic modulus, i.e., the slope of an effective

stress-effective plastic strain curve based on monotonic tests. There

is no guarantee that such formulations can adequately describe the

stress-strain response under complex loading because the inelastic

behavior varies with loading history.



The increasing need to describe as accurately as possible the

inelastic behavior of structural materials under complex loading con-

ditions motivates the study of cyclic plasticity. Recently, several

mathematical models of cyclic plasticity [1-7] have been constructed

from experimental results, usually on uniaxial cyclic tests. In these

models, emphasis was placed on the description of the effect of the

history of deformation on the uniaxial plastic modulus. The hardening

rules were coirmonly restricted to combinations of uniform deformation

and translation of the yield surfaces. However, these hardening rules

are inadequate to describe the experimentally observed hardening

behavior for which severely distorted yield surfaces are usually

observed to translate in the direction of loading (see Chapter 2)

.

Therefore, the accuracy of the multiaxial stress-strain response pre-

dicted by these models is subject to improvement. Another restriction

common to all these cyclic plasticity theories [1-7] is the neglect of

rate effect. The material rate influence is observed experimentally

even for relative rate insensitive metals, such as aluminum, subjected

to small strain rate. One of the most significant manifestations of

rate-dependent behavior is that the subsequent yield surfaces do not

pass through the loading points, and large inelastic strains can be

generated by creep. To incorporate rate effects and history-dependent

plastic flow, the rate-independent cyclic plasticity must be generalized,

such generalization leads to a theory of cyclic viscoplasticity.

The general purpose of this study is to present a theory of cyclic

viscoplasticity which is capable of describing observed structural

material behavior in some detail and in a form amenable to economical
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computation. In particular, a small strain, rate-dependent theory for

arbitrary multiaxial loading under small strain rate is presented. The

proposed constitutive relations account quantitatively for the viscid

effect, the anisotropic yield surface distortion, and the material

behavior observed vmder cyclic loading conditions including cyclic

hardening, cyclic softening, and the material memory of prior loading

history. .
.'

The proposed theory of cyclic viscoplasticity incorporates the

following major refinements:

(1) A rule for anisotropic deformation of yield surfaces is

successfully constructed. This hardening rule is a quantitative

generalization of the qualitative rule proposed by Phillips and his co-

workers [8-12] . It is capable of describing the yield surface distor-

tion under cyclic loading conditions. ,

(2) A rate-dependent flow rule in the classical viscoplastic

structure is formulated. It may be considered as a generalization of

the uniaxial Malvern-type overstress law [13] and of Perzyna's multi-

axial isotropic relations [14] . This flow rule provides the advantage

of computational simplicity.

(3) A refinement and extension of the cyclic plasticity theory

proposed by Eisenberg [7] is presented. A discrete memory parameter is

included in the expression for plastic modulus. Together with the

refined criteria for material memory, this theory is capable of

describing the cyclic stress-strain response under random programs of

loading history, while maintaining the flexibility of incorporating

different hardening rules . - .



Chapter 2 is a brief review of the history of the mathematical

development of classical rate-independent plasticity, viscoplasticity,

and cyclic plasticity. Relevant work in experimental plasticity is

also reviewed. For more information, the reader is referred to the

textbooks by Hill [15], Lin [16], Malvern [17], and Martin [18], and

to the excellent reviews of the experimental work by Zyczkowski [19],

Michno and Findley [20] , and Hecker [21]

.

Chapter 3 develops a hardening rule which describes both deforma-

tion and translation of yield surfaces. The deformation rule is

constructed by viewing the elastic domain in stress space as if it were

a deformable continuum. Then, the domain bounded by an initial Mises

surface is taken as a Lagrangian reference configuration and si±>sequent

yield surfaces are described by a deformation mapping. This rule

requires the specification of two material parameters to describe

general nonsymmetric deformation of the yield surface. Comparison of

simulated and experimental hardening behavior of pure aliaminum is

presented, A simplified rule with only one deformation rate is also

introduced in this chapter and is applied for simulations in Chapter 6.

Chapter 4 formulates both rate-independent and rate-dependent flow

rules. The rate-independent flow rvile is constructed through the

assumption of normality, continuity, and linearity. The rate-dependent

flow rule is constructed within the general framework of viscoplasticity

in which the existence of an inviscid elastic domain is assumed.

In Chapter 5, the plastic modulus is expressed in terms of two

cyclic hardening and softening parameters, a parameter for inelastic

strain acciomulation, and a discrete memory parameter. A strain-controlled



uniaxial cyclic experiment is required to specify the cyclic hardening

and softening parameters. The inelastic strain accumulation is defined

as a scalar multiple of the arc length of the trajectory in plastic

strain space. The discrete memory parameter is introduced in order to

describe realistically the material behavior under cyclic loading. The

memory criteria associated with this discrete memory parameter are

constructed from the vmiaxial experimental observations, and then

generalized for multiaxial cases. Several numerical solutions of cyclic

uniaxial stress-strain response vmder random programs of enforced strain

amplitude are presented for both rate-independent and rate-dependent

assumptions. In addition, the concept of an isotropic loading surface,

which was originally introduced by Phillips and Sierakowski [22] and

experimentally observed by Phillips and Moon [23] , is described and

incorporated into the theory.

Several simulations for pure aliiminum loaded in combined tension-

compression and torsion are presented in Chapter 6. These include:

(1) comparison of different hardening rules for simple nonproportional

loading; (2) simulations of rate-dependent and rate-independent offset

surfaces and constant plastic modulus sxirfaces; and (3) experiments in

which creep follows prestressing are simulated and the effect of the

isotropically expanded loading surfaces on the subsequent yield

surface is studied. The conclusions and discussion are given in

Chapter 7.



CHAPTER 2

HISTORICAL BACKGROUND

2.1 Definition of Yielding

Throughout this work it is assumed that the material under

discussion will always possess an elastic domain in which the material

response is instantaneous. The most exacting definition of the yield

surface, which encloses the strictly elastic domain in stress space,

is based on the proportional limit definition of yielding. However,

due to the difficulty of determining the deviation from the linearity

for strain hardening materials, a variety of alternative definitions of

yielding have been used; some of them are illustrated in Figure 2.1

(see also, Michno and Findley [20] and Hecker [21]).

The definition of yielding employed is important, because dif-

ferent yield surfaces may result from different definitions. In

general, the large offset definitions, such as point d in Figure 2.1,

can be useful for engineering designs. However, such definitions

require many specimens to be tested well into the plastic range along

different stress directions to determine the yield loci, thus the

effects of sample-to-sample scatter are inevitable. For small offset

definitions, such as points e and f in Figure 2.1, a single specimen

may be probed into the plastic region in many different directions to

determine the entire yield loci; each time it is unloaded as soon as the



a. Back extrapolation to ordinate

b. Back extrapolation to elastic modulus

c. Fixed fraction of elastic modulus

d. 0.2% plastic strain offset

e. 5-10x10 plastic strain offset

f. Phillips' back extrapolation offset

g. Proportional limit

Figure 2.1. Various definitions of yield (after [20, 21])
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required amount of plastic strain is obtained. Since the yield surface

is likely to be disturbed by the plastic strain created during the

probing process, it was proposed by Hecker [24] that a proper probing

sequence with widely different stress directions may be chosen. Then,

the hardening caused by the previous probes may be erased by the

subsequent ones. The effect of probing on the yield surface is also

discussed in detail in [25, 26]

.

2.2 Initial Yield Surface

Historically, the two most commonly used isotropic yield criteria

are the Tresca and Mises criteria. Both criteria assume that the yield

condition is not influenced by hydrostatic pressure. In 1864, Tresca

proposed that a metal yields when the maximum shear stress attains a

critical value. That is.

^1 " '^3
-^^—-^ = K (2.1)

where x. are the principal stresses, with T-, > T2 > X3/ and K is the

yield stress in pure shear. The Mises yield criterion, which was

proposed by von Mises in 1913, and independently by Huber in 1904,

defines that yield occurs when the second invariant of the deviatoric

stress tensor, J„, reaches a critical value. That is,

J2 = K^ (2.2)

where

J = |a.. a.. (2.3)
2 2 1] 13
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and the deviatoric stress a. . is obtained by subtracting the

hydrostatic stress t I'w ^^°^ ^^^ stress state T. .,

a. .
= T. .

- l-T,. . \. (2.4)
13 13 3 kk

Note that, in this work, the traditional over-bar notation (<?.•)

commonly used to denote the deviatoric stress state is not used, and

the tensor quantities a. . are assumed to be the deviatoric components

unless otherwise specified.

Other forms of isotropic yield criteria that include the third

invariant of deviatoric stress (f (J,' "^3^ ~ ^^ ^^^e been proposed by

Prager [27] and Drucker and Stockton [28] . More detailed descriptions

of these and other yield surface criteria are given by Hill [15] , Lin

[16] , Drucker [29] , and Olszak, Mroz and Perzyna [30] .

The experiments concerned with the initial yield surface have been

reviewed by Hill [15] and Michno and Findley [20] . The general con-

clusion is that initial yielding data for isotropic materials fall

between the Mises and Tresca surfaces, usually closer to the Mises

surface. The experimental results for pure aluminum presented by

Williams and Svensson [31] show that the size of the initial yield

surface is nearly proportional to the amount of offset strain used in

the definition (see Figure 2.2a)

.

2.3 Subsequent Yield Surface (Hardening Rule)

' Many hardening rules have been proposed to describe the deforma-

tion and translation of yield surfaces in the process of plastic

deformation. The simplest and most widely used assumption is that of
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2 f

X

Figure 2.2. Effect of yield definition on (a) the initial yield

locus and (b) the yield locus following 1% tensile

plastic prestrain (Williams and Svensson [31]).
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isotropic hardening which assumes that the initial yield sxirface expands

isotropically during the plastic flow. While this rule gives accurate

results for proportional loading, isotropic hardening does not account

for the decrease in the yield strength during the reversed loading—the

Bauschinger effect. To overcome this difficulty, Ishlinski [32] and

Prager [33] proposed that the yield surface retains its shape and size

but translates in stress space in the direction of the exterior normal

to the yield surface at the point of loading. In a modification due to

Ziegler [34] , the yield surface is assxomed to translate in the same

direction as the line joining the center of yield surface to the point

of loading. For greater flexibility, various combined forms of

isotropic and kinematic hardening have been formulated and applied [7,

35, 36] . . .

'. Another hardening rule proposed by Mroz [37] postulates the

existence of a nested set of yield surfaces of constant work hardening

moduli . Such yield surfaces translate in a specific manner so that two

adjacent surfaces approach each other without intersection. Several

recent models of combined uniform expansion and Mroz-direction kinematic

hardening have been formulated to model cyclic hardening [1-6] .

To account for nonuniform deformation, Baltov and Sawczuk [38]

proposed an anisotropic hardening rule which is essentially a combina-

tion of Prager 's kinematic hardening rule, a certain amount of rigid

body rotation, and a symmetric deformation of the yield surface

.

Recently, a qualitative hardening rule has been proposed by Phillips

and his coworkers based on their experimental observations [8-12]

.

This hardening rule assumes that the yield surface translates and

deforms nonsymmetrically in the prestressing directions

.
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A large amount of experimental research has been conducted to

investigate the complex behavior of subsequent yield surfaces for

metals . Thin-walled tiabular specimens are commonly used for these

yield surface experiments. In [8-11, 25, 26, 31, 39-48], combined

tension and torsion loadings are applied, and in [24, 41, 43, 49-55]

,

the tests involved tension and internal pressure. Plate specimens are

also employed. Specimens cut at different angles out of sheets pre-

strained in one direction are subjected to loniaxial tension [55, 57]

.

The metals tested include aluminum, aluminum alloys, copper, brass,

mild steel, and stainless steel.

In these studies, yielding is defined by several definitions

ranging from proportional limit to 2000 \i in/in offset. In recognition

of the sensitivity of the yield surface to the yield definition,

several authors [24, 31, 40, 49, 50, 53-55] report their results as

families of curves of constant offset strain. Figure 2.2b shows the

strong dependence of the size, shape, and location of the yield surfaces

subsequent to 1% tensile plastic prestrain on the amount of offset

strain used for William and Svensson's [31] experiments on commercially

pure aluminum. Their tests are limited to simple linear prestressing

paths. For complex prestressing, such as zig-zag loading paths and

nonlinear loading paths, the probing technique with small or zero offset

strain definitions are commonly used. In [11, 54, 55, 58, 59], the

effect of cyclic loading on the subsequent yield surfaces has been

studied. The sizes of the subsequent yield svirfaces in the loading

direction are reported to decrease when the prestressing points away

from the origin and to increase when the prestressing points toward

the origin [11, 58]

.
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In general, most of the experimental results show that the postu-

lates of convexity and normality are valid. The plastic strain incre-

ment appears to depend only very slightly upon abrupt changes in the

directions of the stress increments. The experimentally observed

characteristics of the subsequent yield surfaces are strongly dependent

on which definition of yielding is used. Typically, when the yielding

is defined by zero or very small offset strain, the yield surfaces

exhibit the following features:

(1) They do not pass through the prestressing points—an

v Ir " indication of rate-dependent behavior.

(2) They translate away from the origin, usually in the

J •• : loading direction. Very strong Bauschinger effects are

..'".'.• observed.

= - (3) Small or no cross effect is observed during radial loading.

- (4) Anisotropic yield siorface deformation occurs. A high

curvature region is exhibited around the loading point and

a flattened region is formed on the side opposite the

loading point.
*^'*

When large plastic strain offset definitions are used, the yield

surfaces expand nearly isotropically with little translation noted.

Generally, the theoretical formulation of hardening includes a

deformation rule, specifying the dilatation and/or distortion of the

yield surface, emd a kinematic rule, indicating the rigid body transla-

tion direction of yield surface. Among the existing deformation rules

are (1) the isotropic hardening rule, (2) Baltov and Sawczuk's

symmetric deformation rule which includes a certain amount of rigid
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body rotation, and (3) Phillips and his coworkers' nonsymmetric deforma-

tion rule. In stress space, the four directions of yield surface

translation defined by the existing kinematic rules are (1) the direc-

tion normal to the yield surface (Prager's rule), (2) the radial

direction of Ziegler's modification, (3) the prestressing direction

confirmed experimentally by Phillips and his coworkers, and (4) the

Mroz direction. Two surfaces are needed to specify the Mroz direction.

A comparison between the theoretical deformation rule and the

experimental results shows that (1) the rule of uniform deformation can

not describe the severely distorted experimental yield loci quantita-

tively, (2) Baltov and Sawczuk's rule does not agree with the generally

observed phenomenon of zero cross effect, and (3) Phillips and his co-

workers' rule is based on the zero cross effect observation; however,

by superposing a uniform deformation, this rule may be generalized for

the small cross effect observed by some investigators. The comparison

with the existing kinematic rules indicates that (1) for xiniaxial

loading, these four directions coincide and predict the experimental

results, (2) for nonproportional loading, the Phillips' rule is

generally valid when the loading path does not intersect the yield

surface at small angles, and (3) for loading paths nearly tangent to

the yield surface, more complicated kinematic phenomena cire observed
,

and can not be predicted by any of these four rules.

From the above discussion one may conclude that the characteristic

deformation ajid translation of the experimentally observed yield

surfaces defined by small or zero offset strain are strongly dependent

on the loading directions. At present, no quantitatively formulated
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hardening rule is capable of describing the observed hardening behavior

of yield surfaces under arbitrarily complex loading conditions.

2.4 Rate- Independent Stress-Strain Relations

The multiaxial phenomenological stress-strain relations are

usually formulated in two types of theories: the total deformation

theory and the incremental or flow theory. The total deformation

theory, which was originated by Hencky in 1924 and was generalized to

work-hardening materials by Nadai [60], relates the total strain com-

ponents to the current stress state without consideration of the

previous loading history. Although the total deformation theories have

been applied to technological problems because of their simplicity,

these theories have been shown to be unsuitable for describing plastic

behavior for any loadings other than radial and near-radial loading

[15] .

Incremental theories relate the plastic strain increments to the

cxirrent stress state and, for the rate-independent case, to the stress

increments. Such theories require an initial yield surface, a flow

rule, and a hardening rule. The early work of incremental theories

includes the perfect plasticity theory of Saint Venant-Levy-Mises

,

which neglects the elastic strains, and the perfect plasticity theory

of Prandtl-Reuss, which takes account of elastic as well as plastic

strain (see Hill [15]). These early perfect-plasticity theories assume

an isotropic yield siarface and no work-hardening, and they require the

plastic strain increment to be proportional to the deviatoric stress

components. Since the work-hardening is ignored, these theories do not

represent very accurately the stress-strain behavior of metals. However,
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because of their simplicity, the perfect-plasticity theories have been

widely applied to solve plastic boiandary value problems [15, 18, 61, 62] .

In 1928, Mises introduced the concept of plastic potential into

the stress-strain relations of the incremental theory. Based on the

hypothesis of the existence of potential function in stress space, he

suggested that the plastic strain increment may be expressed as a

derivative of a potential function with respect to the stress. When

the potential function coincides with the Mises yield function, the

Saint Venant-Levy-Mises stress-strain relation is obtained. The above

concepts were generalized by Melan 163] , Prager [64] , Hill [65] , and

Drucker [66] and others to include work-hardening . The resulting

family of theories is known as plastic potential theory.

In [66] , Drucker showed that the convexity and normality of the

plastic strain increment vector at a smooth point of the yield surface

may be proved from his postulate of stability for inviscid work-

hardening materials. When the yield surface is not smooth, the direc-

tion of the plastic strain increment then must lie within the cone of

normals at the corner. The normality of the plastic strain rate vector

then results in the following expression:

•P _ •? 9f (2.5)

X3 8T..

where f is the yield function and X is a scalar function of stress and

strain history. Usually X is expressed in terms of the plastic modulus

of the effective stress-strain curve.

The different hardening rules discussed in the last section permit

an associated flow rule to be formulated based on normality and knowledge
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of an appropriate effective stress-strain relation. The simplest form

of plastic potential theory combined the ideas of a smooth initial

yield surface (usually the Mises condition), isotropic work-hardening,

and the associated flow rule given by equation (2.5) . Further

generalizations were made by Koiter [67] , Sanders [68] , and Hodge [69]

,

who developed the idea that more than one yield surface can be operating

simultaneously and the plastic strain increment can be obtained from a

summation of contributions of the activated surfaces.

The concept of loading surfaces, which are distinct from and

enclose the yield surface, was originated by Sierakowski [70], Phillips

and Sierakowski [22] and theoretically formulated by Justusson and

Phillips [71] and Eisenberg and Phillips [72] for the rate-independent

case. The experimental results of Phillips and Moon [23] show that

(1) the loading surface expands isotropically and (2) the yield surface

remains inside the loading surface and may become tangent to it.

The simplest model of the work-hardening stress-strain curve is

obtained by approximating it by a bilinear curve . A theory of combined

kinematic hardening and linear work-hardening behavior was proposed by

Prager [73] . To generalize such bilinear representation to nonlinear

hardening materials, Eisenberg and Phillips [74] demonstrated that the

plastic modulus may be expressed in terms of the inelastic strain

c * • 1/2
accumulation, K = /(£. . e. .) dt, a monotonically nondecreasing

scalar function of time . Applying this model to a uniaxial reverse

loading, they obtained an acceptable description of the material ,

behavior. However, this model predicts the same value of the plastic

modulus at the termination of plastic loading as at the initiation of

plastic reverse loading. Obviously, such description does not entirely
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satisfy the obsez-ved material response that shows smooth translation

from the elastic to the plastic state for reverse loading. It appears

that stronger historical dependence is necessary to model the plastic

modulus which is considered as a key phenomenological feature in

describing inelastic behavior \inder complex loading.

To accomplish this, Mroz [1, 37] introduced the concept of a field

of nested loading svirfaces. Associated with each surface is a value of

the plastic modulus and a hardening rule which combines the uniform

deformation and the Mroz kinematic rule. Then, through the distribution

of these loading surfaces in the cotirse of plastic deformation, the

subsequent value of plastic modulus is determined. Independently,

Duwez [75] and Iwan [76] proposed that the uniaxial plastic stress-

strain curve may be represented by several mechanical elements, which

are made up of elastic springs and solid friction sliders, in series.

Each element of rigid-linear work-hardening material has a different

strength. In [76] , this uniaxial model was generalized for multiaxial

cases by assuming a collection of yield surfaces. Each of these

surfaces obeys Prager's kinematic hardening rule cind is associated with

a constant plastic modulus. The combined effect of these surfaces gives

rise to a nonlinear law. These two multiple surface models are capable

of describing the stress-strain response for complex loading history,

qualitatively.

A computationally simpler model which employs only two surfaces, a

yield surface and a limit surface (bounding surface) , was proposed by

Dafalias and Popov [2, 3] and Krieg [4], independently. The limit

surface always encloses the yield surface. Both surfaces may translate

and expand or contract, and the relative translation between them is
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given by Mroz's kinematic rule. The plastic modulus is then expressed

in terms of the distance between these surfaces at the loading point.

In order to predict properly the plastic modulus under the effect of

xmloading-reloading in different directions, the concept of discrete

memory parameters entering the constitutive equations is introduced,

however, with not entirely satisfactory results [5].

In recent papers Peterson and Popov [5] and Jhansale and Sharma

[6] , two improved mathematical models were proposed by adopting the

Hroz multisurface approach. In [5] , the above-mentioned Dafalias-

Popov's model was generalized by introducing intermediate surfaces

between the yield and limit surfaces. Alternatively, Jhansale and

Sharma [6] proposed that, based on the phenomenological studies [77, 78],

the cyclic phenomena are uniquely described in terms of a history

dependent yield strength, and then all the loading surfaces expand or

contract by the same amount equivalent to the variation in yield strength

increment in the uniaxial case. While those two models may accurately

predict the material behavior for random xoniaxial cyclic loading, more

experiments are needed in order to verify the accuracy of these models

voider multiaxial loading conditions.

An alternative to the multisurface approach, the classical theory

of plasticity of combined isotropic and kinematic hardening rule was

generalized by Eisenberg [7] to describe better the behavior of metals

for complex loading histories. Similar to the concept proposed by

Dafalias and Popov [3] , a discrete memory parameter was introduced into

the expression for the history dependent plastic modulus. Again, not

entirely satisfactory results are obtained for all loading histories

frcxn this theory. ^ ^ v - -:v<j



20

In effect, all the models for cyclic plasticity discussed above

require the quantitative representation of the experimental results of

uniaxial cyclic loading, particularly the stress-strain response under

constant stress or strain amplitude control. Figure 2.3 illustrates

various cyclic dependent phenomena associated with stress or strain

amplitude cycling (see also [79]). When a metal is cycled between

equal positive and negative strain limits, as shown in Figures 2.3a, b,

the cyclic hardening and softening are denoted by the increase and

decrease of stress amplitude, respectively. In general, initially soft

metals harden and initially hardened metals soften. When the rate of

cyclic hardening or softening decreases to zero, the stress amplitude

approaches an asymptotic limit and a stable hysteresis loop is

approached simultaneously [80] . To describe the stable hysteresis

loop, the most commonly used model is based on Masing's hypothesis that

the hysteresis curve is geometrically similar to the cyclic stress-

strain curve but magnified by a factor of two.

The cyclic mean stress relaxation is illustrated in Figure 2.3c.

For most metals the absolute mean stress decreases when cycling between

unequal strain limits. Figure 2.3d shows that cyclic creep behavior is

defined by an increasing mean strain when cycling between unequal stress

limits. Extensive studies of the above uniaxial cyclic phenomena may

also be found in other references [81-87] .

Experiments in cyclic plasticity were generalized to multiaxial

loading in [88] where studies of axial, torsional and proportional

axial-torsional cyclic stress-strain behavior are reported. Lamba and

Sidebottom [89] extended these experiments to nonproportional
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(a)

Control History

e .a

Cyclic Hardening

(b)

(c)

(d)

Control History Cyclic Creep

Figure 2.3. Cycle dependent deformation phencanena in metals
(after [79]) .
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out-of-phase cyclic loading under strain control. The effect of

proportional prestressing on the s\±)sequent stress-strain responses to

different degrees of loading reversal was reported by Liu and

Greenstreet [58],

Another important phenomenon observed under variable load

amplitude cycling is the strong dependence of the cyclic stress-strain

paths on the prior history of deformation. This memory phenomenon may

best be explained by the schematic representation illustrated in Figure

2.4. After a stable hysteresis loop abc has been established, un-

loading at d and reversing the load at e, produces a s\±icycle loop def.

Further loading follows the path fg the continuation of the previous

path ad. At point f, the material apparently "remembers" the previous

unloading point d and follows along the path fg, thus exhibiting a

shifting of response at f [77] . Note that the closed subcycle def is

to be expected only after cycling has stablized the material response.

For materials in the hardening and softening phase, the hysteresis loop

will not be closed. Also note that the shifting phenomenon is signifi-

cant when the plastic strain amplitude enclosed by the subcycle is

small, because the plastic modulus of the subcycle is much larger than

that at point d before unloading. The above-mentioned rheological

model introduced by Duwez [75] and Iwan [76] has been applied to

simulate such subcycle related memory phenomenon by Iwan [76] and

Jhansale [79]

.

Among the existing theories of cyclic plasticity [1-7] , the Mroz

multiple surface approach appears to be capable of describing the

memory phenomenon. However, the uniquely defined Mroz kinematic rule
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Figure 2.4. Schematic illustration of memory of prior history.



24

and the shape of nondistorted loading surfaces severely restrict the

flexibility of these models from describing the experimentally observed

hardening rules, e.g., Phillips' hardening rule. On the other hand, a

refined history dependent memory criteria may be incorporated in the

theory proposed by Eisenberg [7] to describe anisotropically deformed

yield surfaces, isotropic loading surfaces, and cyclic subcycling.

2.5 Rate-Dependent Stress-Strain Relations

For materials with inviscid elastic response, the flow rule of

viscoplasticity theory may be formulated in a manner similar to that

of the rate-independent potential theory. That is.

£?. = A^ (2.6)

where the scalar function F may be considered as the rate-dependent

counterpart of the rate-independent potential function. However, the

rate-dependent potential function may not coincide with the yield

function if defined. The scalar X may be determined through the formu-

lation of stress-strain rate relation.

In 1922, the uniaxial rate dependent constitutive equations were

first introduced by Bingham for rigid-perfectly plastic material. These

uniaxial relations were based on the assumption that the inelastic

strain rate is proportional to the excess of the stress over the yield

point stress. In 1932, the multiaxial generalization of Bingham's

uniaxial theory was presented by Hohenemser and Prager (see Prager [90]).

1/2
For this multiaxial theory, the Mises yield surface, J = K, is

assumed to be rigid, i.e., K = constant, and the potential function has
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the following form:

.1/2

F = 1 2. (2.7)

The scalar function is then

= <

for F <

riF for F >.

(2.8)

where ri is a material constant. This theory was further generalized for

elastic-perfectly plastic materials by Freudenthal [91] who assumed that

the total strain rate may be separated into elastic and inelastic com-

ponents and that the elastic stress-strain relation is governed by

Hooke's law.
.-

For work-hardening material, the well-known uniaxial overstress

law was introduced by Malvern [13] and Sokolovskii [92] , independently.

They postulate that the inelastic strain rate is a function of the

excess stress above the yield stress which, for any given strain state,

is determined by the quasistatic stress-strain relation. Further

generalization was made by Perzyna [14] for multiaxial cases. He

defines a dynamic loading surface (equation (2.7)) which passes through

the loading point and coincides with the potential surface . The Mises

1/2
yield surface J„ /K - 1 = is assumed to obey the isotropic hardening

rule. Perzyna 's viscoplasticity theory has been widely used for the

solution of many boundary value problems (see [93]) .

To account for the path dependent nature of inelastic deformation,

an alternative theory was proposed by Phillips and Wu [94] . By postu-

lating the coincidence of the quasistatic yield function and potential
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function, the inelastic strain rate is assumed to be normal to the

quasistatic yield surface at the active stress point, T. ., which is

determined by dropping a perpendicular to this yield surface from the

loading point T. .. The scalar function X of equation (2.6) is then

expressed in terms of the overstress, H = It. .
- T. . I . For

' ID 13'

plastically incompressible materials H reduces to \o . .
- o. .\. In [94],

the dynamic loading surface is assumed parallel to the quasistatic

yield surface, and thus the inelastic strain rate vector is also normal

to this surface. However, Phillips and Wu's dynamic loading surface

plays no major role except for the definitions of the inelastic strain

rate at corners of the quasistatic yield surface. Phillips and Wu's

version of viscoplasticity theory allows one to incorporate an

anisotropic hardening rule. Therefore, this theory is capable of

describing better the material behavior for complex loading histories.



CHAPTER 3

HARDENING RULES
V-' >

3.1 General Description of Existing Hardening Rules

For the purpose of describing the modification of subsequent

yield surfaces during plastic flow, let S. . and s . . be corresponding

(*)
deviatoric stress states on the initial and the subsequent yield

(**)
surfaces, respectively. If a Lagrangian description of the yield

surface is used, then the motion s. . = s. .(S , t) gives the position

s . . at time t occupied by a point on the subsequent yield surface

whose initial position is at S. .. Thus, the elastic domain, bounded by
ID

the yield surface, can be envisaged as a defornable continuum in stress

space.

Throughout this work, we designate the deviator of current stress

state by a. .. For rate-independent models, during loading, O. . is

assumed to be on the yield surface . We call this point the active

stress point and denote it by O. .. That is, for rate -independent

* *
materials, a. . = a. .. For rate -dependent models, O. . may be determined

13 13
^

13

by two alternative definitions:

(*)
All tensor quantities are assxamed to be deviatoric components

unless otherwise specified. '

(**)
See pages 138-139 in [17].

27
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(a) the intersection of the yield surface and the radial line

segment o . . - a. . , where a . . represents the position of the

center of the yield surface in deviatoric stress space, and

(b) the point on the yield surface closest to O. . . That is, the

line of action of the normal (if defined) to the yield

surface n. Ao .) passes through O. ..

The special case of rigid body translation of the yield surface is

known as kinematic hardening . By defining the total rigid body

translation of the yield surface, a. ., in deviatoric space, we conclude

that

s. .
- a. .

= S. . (3.1)
13 1] 1]

If the initial yield surface is defined by the Mises condition, then

f(S. .) = ^ S. .S. . = kI (3.2)

where K represents the size of the initial yield surface. From

equations (3.1) and (3.2), the subsequent yield surface is defined by

f (s. .
- a. .) = ^(s. .

- a. .) (s. .
- a. .) = k^ (3.3)

13 13 2 13 13 13 13

d( )

Henceforth, the material time derivative with S. . held
S..dt

constant will be represented by the superposed dot (*) notation. Then,

from equation (3.1), the differential form of the pure kinematic

hardening rule is

s. .
- d. .

= (3.4)
ij ID

It is assumed that the yield surface translates in a specific direction

V. . which is defined by one of the specific kinematic rules to ben
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discussed later. That is,

a. .
= yv. . .(3.5)

,- ID ID

the scalar quantity y may be determined from the consistency condition/

i.e., the active stress point a. . remains on the yield surface during

the plastic flow. Thus, the consistency condition may be expressed as

ho* .
- a. .) = (3.6)

13 ID

From equations (3.3) and (3.6),

(a*. - a. .) (a*. - a. .) = '^ ; ^
*" '. (3.7)

,i ID ID ID ID
;

By substituting equation (3.5) into equation (3.7), we obtain

* »*
; (a. .

- a. .)a. . , .;

^ = ^JJ il_il V-. (3.8)

For the important special case when v. . coincides with a. ., (3.8)

, • • • *
predicts u = 1, and so, a.. =s..=cy...

ID ij ID

To describe both deformation and translation of the yield surface

during the plastic flow, the subsequent yield state s. . (see Figure

3.1) may be referred back to its initial yield state S . . by the

following relation:

s. . - a. . + R. . = S.

.

(3.9)
i-3 ^J ID ID

where R. . is a measure of the deformation of the yield surface. In
ID

general, R. . is a function of S. . and the history of material deforma-
iD ID

tion. Figure 3.1a represents a typical deformation and translation
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Trajectory of Yield Surface Center

(a) (b)

Figure 3.1. A schematic representation of the deformation and
translation of the yield surface.
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of a yield surface. The subsequent yield surface, S , has been

created from the initial yield surface, S , by loading very slowly

along the path OP. The translation of the center 0' of the yield

surface is represented by a. .. Also, in Figure 3.1a, the path of a

"material" stress point on the yield surface is given by ab. In

accordance with Lagrangian description, the stress states at points a

and b are denoted by S. . and s. ., respectively. In Figure 3.1b the

two surfaces are superposed by substracting a . . from s . . • By substitut-

ing equation (3.9) into equation (3.2), the subsequent yield surface

can be described by

hs. .
- a. . + R. .) (s. .

- a. . + R. .) = kI .' : (3.10)
2 xj 13 1] 13 13 13

For the case of combined kinematic and isotropic hardening, the

isotropic deformation (expansion or contraction) of the yield surface

with respect to its center may be represented by defining the tensor

R. . in equation (3.9) to be proportional to S. .. Thus, equation (3.9)

becomes

(1 + C) (s. .
- a. .) = S. .

''' (3.11)
ID ID ID

where C is a scalar quantity. Now, the subsequent yield svurface

becomes, from equation (3.10)

,

|(l + C)^s.. -a..)(s.. -a,.) = K^ (3.12)

where K_ is the initial size of the yield surface and C is a scalar

functional of the history of plastic deformation. Traditionally, the

yield surface defined by the combined kinematic and isotropic hardening

is represented in terms of the current size K of the yield surface.
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That is,

^(s. .
- a. .) (s. .

- a. .) = K^ (3.13)
^ 13 13 ID ID

Comparing equations (3.12) and (3.13) , we have K = ^^/d + C) . In

general, K is defined by a functional of the history of plastic deforma-

tion. From equation (3.12), note that the yield surface is contracted

when C > and expanded when C < . The pure kinematic hardening and

pure isotropic hardening models may be obtained by setting R. .
= and

a. . = 0, respectively.

The motion of the kinematically and isotropically hardening

surface may be calculated by differentiating equation (3.11) to obtain

's. .
- a. .

= - T--T-77 (s. .
- a. .) (3.14)

ID 13 1 + C ID ID

where C may be related to Kby C/(l + C) = -19'IC. As in the case of

pure kinematic hardening, the rigid body translation of the yield

surface a. . is again defined by equation (3.5) . The scalar may be

again obtained from the consistency condition at the active stress

point. Thus the generalization of equation (3.8) is

* •* c * * ,

(a - a. .) a. . + (a. .
- a. .) (a. .

- a. .)

^ = lij ij ^3 Ljt_C U U U il_ (3.15)

We now consider several specific kinematic rules which specify

the direction V
. . of the translation of the yield surface in equation
ID

(3.5) :
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(i) Prager's kinematic rule . According to Prager [73] V. .
=

* *

n. . (a . .) , where n. . (a. .) is the unit outward normal to the yield
ID 13 ID ID

*

surface at the active stress point a. .. Thus, from equation (3.5)

follows

*
a. . = yn. .(a. .) (3.16)
ID ID ID

(ii) Ziegler's kinematic rule . According to Ziegler [34] V. .
= r. .

where r, . is a unit vector in the direction of the line from the center
ID

of the yield surface to the active stress point. Then equation (3.5)

becomes

a. . = yr.

.

(3.17)
ID ID

(iii) Phillips' kinematic rule . The experiments by Phillips and

his coworkers [8-11] indicate a translation of the yield surface along

the prestressing direction. Let i. . be a unit vector parallel to the

line joining the current stress state and the point at which the surface

was first penetrated. For a linear prestressing trajectory this line

is parallel to a. .. Then v. . = £. ., and ecruation (3.5) becomes
. ID ID ID r -.

;.

^ .-'•''
' a. .

= 1J£. .
' */ *• (3.18)

•. ID ID
_

(iv) Mroz's kinematic rule . Mroz [37] proposed the exist^ce of

a field of surfaces (loading surfaces) of constant work-hardening

moduli that translate in a specified manner. Consider, for simplicity,

only two surfaces. The inner surface is the yield surface (see Figure

*
3.2) . If a. . is the active stress point on the inner surface then

ID
**

there exists a point a. . on the outer surface whose exterior unit
ID

* **
normal vector has the same direction, i.e., n. .(a. .) = n. .(a. .) . Let

ID ID ID ID
** *

m. . be the unit vector along the direction of the line O. .
- a. . . In

ID ID ID
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"ijiS?

-«» a
ij

Figure 3.2. Mroz's kinematic rule.
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accordance with the Mroz hypothesis V. .
= m. , and (3.5) becomes

a. . = ym.

.

. (3.19)
13 ID

This kinematic rule guarantees that the surfaces approach each other

without intersection. .

'

3.2 Experimental Observations and Phillips' Hardening Rule

The objective of the proposed hardening rule to be discussed in

the next section is to provide a mathematical model which conforms to

the hardening phenomena observed experimentally by Phillips and his co-

workers [8-11], Ivey [41] and Naghdi et al. [39]. Among the

experimental observations are

:

(1) The yield surface deforms unsymmetrically . Generally, the

deformation includes the development of a region of high curvature on

the forward part (the part directed toward the loading point) of the

yield surface; a flattening of the rear part of the surface; and a

reduction of the width of the yield surface in the direction of

monotonic loading.

(2) Zero cross effect, i.e., no change of yield strength in

directions orthogonal to the direction of loading.

(3) Translation of the yield surface in the direction of loading.

If the loading path intersects the yield surface at a shallow angle

more complicated motions are observed.

On the basis of experimental observations, a new hardening rule

for tension-torsion loading was first proposed by Phillips and Tang [9]

and was generalized to multiple dimensions by Phillips and Kasper [10]

.

An analytical expression was given to describe the hardening rule by
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Phillips and Weng [12] . The essential features of the above-mentioned

hardening rule are illustrated in Figure 3.3. The second s\absequent

(2)
yield surface, S , is generated from the first subsequent yield

surface, S , by the prestressing Aa . . . According to Phillips and

Weng [12] , the yield surface is assiimed to be divided into two parts

(forward part and rear part) by the zero cross effect hypersurface

which contains the yield points which satisfy the condition n. .(s j)Aa. .
=

0. The rigid body translation of the zero cross effect hypersurface is

-j'

P
given as XAa. . where X is assumed a functional of plastic strain e.

,

^11 i:

prestress state a. . and plastic strain history y. The nonuniform

deformation of the forward part, n. .(s „)Aa. . > 0, and the rear part,

n. .(s, „)Aa. . < 0, of the yield surface are defined by ^Aa. . and nAa. .,
13 kji 13 13 ID

respectively, where the scalars E, and n are assumed to be functionals

of e? . , O. . and Y and of position of the yield surface. In Figure 3.3,
13 13

suppose that the stress point P with the stress state k. . on the

first subsequent yield surface S translates to the stress point P

(2)
with the stress state s. . on the surface S after the prestressing

Aa. . . Then s. . is related to k. . by
ID ID ID

s,. - XAa. .
- 5Aa. .

= k. . for n. . (s,^^) Aa. . >

s,. - XAa. .
- nAa. . = k. . for n. . (s,^^) Aa. . <

If the analytical representation of the first yield surface S

(3.20)

(1)

is given by

is f^'''^(k. .), then, from equations (3.20), the second yield surface S
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a. .

h

/r
r^

?i' f^/"
.1 ^ ..' f

Figure 3.3. The hardening rule introduced by Phillips and his

coworkers [5, 6, 11].
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f^^^(s. .) = f^-*-^ (s. .
- XAa. .

- 5Aa. .)

ID ID ID ID

and (3.21)

f^^^s. .) = f^^^ (s. .
- XAa. .

- nAa. .)

13 ID ID ID

for yield points lying on the forward and rear parts of the yield

surface, respectively.

In order to apply Phillips' hardening rule, appropriate

expressions for X, E,, and ri must be specified. However, no specific

rules for the calculation of X, 5, and n are given by Phillips and Weng

[12] .

3.3 Proposed Hardening Rule

To describe the experimental phenomena discussed in the last

section, it is assumed that the yield surface is deformed and trans-

lated in the direction u. . and V. ., respectively. It has been shown in

Section 3.1 that, depending on the choice of kinematic rule, V^ may be

parallel to the unit vectors n. ., r. ., i^., and m^ . For flexibility,

unless otherwise stated, it is also assumed that u^ may be defined by

any of the above-mentioned fovur directions. In general, u^. and V^

need not be defined in the same direction. For proportional loading of

a material whose initial surface is the Mises surface, n^^ = r^^ = il^^ =

m . That is, all four kinematic laws predict the same direction of
ij

translation.

To obtain the proposed hardening rule, begin by computing the

material derivative of equation (3.9),

s - a. . + R. . = (3.22)
iD ID ID
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a. .

13 ^^ij
(3.23)

and

R. . = -Xu.

.

,13 13
(3.24)

where y may be obtained from the consistency condition, and X is a

scalar functional representing the nonuniform deformation of the yield

surface. By substituting equation (3.24) into equation (3.22), we

have

X = (s. .
- a. Ju. .

13 ID 13
(3.25)

At this stage, we shall need to divide the yield surface in two

parts separated by the hyperplane in Figure 3.4, which contains the

center of the yield surface a. . and is perpendicular to the direction

of deformation u. .. The forward part is directed toward the positive
ID

direction u. ., the rear part in the opposite direction. The points on
ID

the forward and rear parts of the yield surface obey the inequalities

and

(s. .
- a. .) u. . >

ID ID ID -

(s. .
- a. .) u. . <

ID ID ID

(3.26)

respectively. Thus, the distance d (see Figure 3.4) measured from a

typical stress point on the forward part of the yield surface to the

dividing plane is given by

d = (s. .
- a. .) u .

ID ID ID
(3.27)

^
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a . . a . .

Figure 3.4. The deformed yield surface in deviatoric stress

space

.
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and the distance e measured from a typical stress point on the rear

part to the dividing plane is given by '

e = -(s. .
- a. .)u. .

12 ID ID
(3.28)

From the definition of the four alternative kinematic directions

it is apparent that they are slowly varying fionctions of time. Thus,

it is not unreasonable to assume that u. . is constant during an

incremental loading event. Therefore, from equations (3.25) and (3.28),

we obtain

d

X =

W
= (s.. - a..)u.. when (s.. -a..)u..

ID 13 ID 13 ID ID

I"
(3.29)

Based on experimental observations, it appears that d and e may be

represented by functions f ^ (d) and f„(e), respectively. To a first

approximation, it is assiomed that

X = '

d = Ad

• •

-e = -Be

/ \

>

when (s. .
- a. .) 'u. .

*

ID ID ID <
> (3.30)

where A and B are independent of position on their respective portions

of the yield surface. These scalar functionals will be discussed later

in more detail.

Now the proposed hardening rule is obtained by substituting

equations (3.24), (3.27), (3.28), and (3.30) into equation (3.22):

A
s. .

- a. .
- <

13 ID B

\ /

' ^\i - V^V^ij = ° ^^^^ ^\z -\i^\i\ >

(3.31)

For monotonic loading, higher curvature is observed to develop in the
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forward part of the yield surface, thus, A > B. To determine the

appropriate expressions for A and B, it is assumed that

and

A = g^Y

B = g^Y

(3.32)

where

• ,2 2 'p 'p
(Y) = T £ • • ^ • •

' 3 1] 1]
(3.33)

In general, g and g are scalar functionals of the history of the

deformation.

In deviatoric stress space, the proposed theory is essentially

equivalent to the hardening rule proposed by Phillips and his coworkers,

provided that (a) u. . = £. . and (b) the zero cross effect hypersurface

coincides with the plane which is perpendicular to the loading direc-

tion and contains the center of the surface. As does Phillips'

hardening rule, this theory predicts zero cross effect. However, an

isotropic deformation as given in equation (3.14) may be added to the

proposed theory in order to describe a cross effect which has been

experimentally observed by some authors (see Chapter 2)

.

For proportional loading of an initially isotropic Mises surface,

u = V = a and equations (3.22), (3.24) and (3.29) reduce to
ij ij iD

s. .
- a. .

- <
13 13 -e

Jl. .
=

13
(3.34)

Equation (3.34) may be integrated to obtain

s. .
- a.

.

13 13

d-d

e - e

i. .
= S.

.

13 13
(3.35)
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' . -...

,

........ .^^.

where d and e are evaluated at the beginning of the loading event ;

o o

during which Ay, plastic strain is accumulated. Also from equations

(3.27), (3.30), and C3.32),

d/d = A = g.Y

then

d=d exp[/ g^dy] • (3.36)
o ox

The unit change in dimension of the yield surface is given by

* '^ - ^o ^^1

g^ = ^ ° = 1 - exp[-;^ g^^dy] (3.37)

Similarly,
. .

e = e exp[/ g_dY3 : (3.38)
o O .<i

e - e Ay
g* = = 1 - exp[-/ -^g^dy] (3.39)
Z 6 O ^

From equations (3.27), (3.28), (3.35), (3.37), and (3.39)

^ij-^'ij-^^^k^- V)\Aj = ^ij
^'-''^

* *
where g assumes the values g.. and g on the front and rear surfaces,

respectively.

If the initial yield surface is defined by the Mises condition.

i- S. .S. .
= K^ (3.41)

2 ij ij "^0

then the first subsequent yield surface is given by

i[s.
.

- oc. .
- g(s^,- 0^,) V,il. J [s,. - a. .

- g(s^^ - a^^)£^£. .]
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where

= < when ( s

.

ID
a. .)l. . {
ID ID (3.43)

Consider a second subsequent yield surface created by a linear

loading in the direction m. . with respect to the center of the first

svibsequent yield surface. Let the corresponding effective plastic

strain accumulated be Ay„. For simplicity, let u. . = V. . = m. . during
2

i- J X2 2.2 ±2

the second loading event. Then the yield stress states (t. .
- 3. .) on

ID ID

the second yield surface may be referred to the yield stress states

(s. .
- a. .) of the first subsequent yield surface. Following the same

procedure used to derive equation (3.42), we have

t. .
- 3.j - h(t^^ - 3j^^)m^^in. .

= s. .
- a.. (3.44)

where scalar quantities h may be defined by

' . - a,
^

h = <

>

e - e.

> when (t. .
- 3. .)m. . < > 0.

ID 1] iD

V e

<

(3.45)

Here, d and e are the initial values of d and e defined on the first

subsequent yield surface by the loading direction m. .

.

Substituting equation (3.44) into equation (3.40), yields

^ij - ^j " \jk!L^\si - ^£> - ^ij
(3.46)

where

^ijkil
hm. .m, . + gZ. .L . - ghii. .1 m m^.

13 Vil ^ xj ki " 13 pq pq kl
(3.47)
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Here, on the second subsequent yield surface, g may be determined by

sxabstituting equation (3.44) into equation (3.43) and together with

equations (3.37) and (3.39)

r d - d ^

o

g^
e - e

t\ > •»"

> when [t. .
- e. .

- h(t^^ - 3j^^)n^^m. .]£. .

-
> 0.

(3.48)

Now, the second subsequent yield surface is obtained from equations

(3.46) and (3.41)

|[(t. .
- 3. .) - L,.^,(t^, -

3,^,)] [(t. .
- 3. .) - L. .^Jt^ - 3^)]

= K? f- (3.49)

The convexity of the yield surface is one of the basic assumptions

in classical plasticity. The convexity of the yield surfaces given by

equations (3.42) and (3.49) is conveniently examined in the iT-plane

shown in Figure 3.5. Starting from the initial Mises yield surface,

the zero cross effect axis (a-a) is perpendicular to the loading

direction V. . . After the first prestressing, the first subsequent
ID

yield surface S is composed of two half ellipses. The ellipses have

a common major axis, the zero cross effect axis (b-b) . The minor axes

are in the loading direction. Consequently, the first subsequent yield

surface is convex.

(2)
If the second prestressing is in the i. . direction (see Figure

(2)
3.5), then the axis orthogonal to X,. . is (e-e) and the zero cross

effect axis is (d-d) . Since g and h assume different values on the



46

Figure 3.5. The proposed hardening rule in tt plane

.
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forward and rear surfaces, the second subsequent yield surface is a

composite of four different ellipses bounded by the cixes (b-b) and

(e-e) . Since different values of the deformation rate are assumed fore

and aft of (e)-(e), corners will form at points P and R in Figure 3.5.

At R the corner will be convex and thus poses no problem. At P, the

corner will be concave. To avoid this local concavity, it is necessary

to modify the deformation rule for the portion of the surface bounded by

points PQ. A simple nonholonomic constraint related to the tangent

(computed from a forward limit) at P will suffice . Further discussion

of the convexity condition is given in Appendix I.

We note that the description of the first subsequent yield surface

(3.42) requires specification of the two parameters, g = g , g , and

the dividing plane . The description of the second si±)sequent yield

surface (3.47, 3.49) requires the specification of two additional

* *
parameters, h = h , h„, and an additional dividing plane. The

description of the subsequent yield surface is given by an equation of

the form (3.49), where L. . g contains 2n parameters, and assumes 2n

different values on subdomains of the surface. Thus, for complex non-

proportional loading paths, it is impractical to utilize an explicit

analytical expression for the yield surface. Calculation of the

Eulerian positions of a finite number of points on the yield surface

and numerical interpolation provides a more attractive alternative.

3.4 A Simplified Hardening Rule

Considerable simplification of the proposed hardening rule may be

achieved by assuming only one deformation rate, i.e., A = B. With this

approximation, the subsequent yield surface given by equation (3.49)
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represents an ellipsoid in six dimensional deviatoric stress space.

In equation (3.49), the deformation of the yield surface is given by

the fourth order tensor L. , « which is single-valued over the entire

surface. Thus, the condition of the convexity of the yield surface is

satisfied automatically.

By generalizing equation (3.46) for arbitrary loading paths, the

current yield state, s. ., may be referred to its initial state, S. ., by

^ij -
^'ij

- ^ijkil^^kil
- \i^ = ^ij

^^-^^^

By considering the initial Mises yield condition, the subsequent yield

surface is now

|[s.. - a. .
- L..j^^(s3^^ - a^^)J[s. .

- a.. - L..^^ (s^^^ - a,^^) ]

= kJ (3.51)

By computing the material time derivative of equation (3.50) , we obtain

^ij
- \j - *ijkii(\ii - \i' - \^^Ai -\i^ =' ^'-^^^

For one deformation rate, equation (3.31) may be rewritten as

^ij -^ij -^<^k£ -\il^\£^j = ° ^'-"^

From equations (3.52) and (3.53),

A(S - a )u U. . + L. ., (s, - a, J - A(S^ - a „) "nn"i.c:^,Mr<!
" °

mn mn mn 13 xjkZ kl k.1 pq pq pq rs ijrs

(3.54)

Note that L. ., „ is independent of position on the yield surface. Thus,
13 kx,
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based on equation (3.54) , L. -j^n n»ay be defined by

^ijk£ =
*^ij \!L

^'-"^

where K. . may be obtained by siabstituting equation (3.55) into equation
ID

(3.54) and eliminating the scalar quantity (s^^^ - ctj^jj^^^j^- ^h^t is

L. ., „ = K. .U, . = A[u. .
- L. . u ]u, (3.56)

ijki xjkl i] i3mn mn kl

The scalar quantity ]i may be computed from the consistency con-

*

dition at the active stress point, s. . = 0. .. Then, from equations
ij j-j

(3.23), (3.51) and (3.56), we obtain

• ^*±/±i ~ Ki^'^l ~ ^ilmn^mn^ V^^pq ' %q^ "^ ^^t^tuvC
U ~

* *
(S + S L )V
pq uv uvpq pq

(3.57)

where

In its specialized form, the simplified hardening rule is similar

to Baltov and Sawczuk's [38] anisotropic hardening rule, which also

includes a combination of kinematic hardening, rigid body rotation and

symmetric deformation of the yield surface.

3.5 Experimental Results

Phillips and his coworkers [8-11] presented experimental results

in tension-torsion space. Yield surfaces for four different tempera-

tures were obtained after a variety of prestressing paths. The loading

paths are shown in Figure 3.6. The yield surfaces obtained after
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|S-1
I

S-3
S-4

S-9

/

S-5

. S-i /
S-7

S-10

f
S-4

S-3 . .

S-1 I

f

I n

4 /3

S-8 J
fK-4

-J-^ S-9

S-10

j
K-4

Figure 3.6. Loading paths of experiments (after Eisenberg, Lee

and Phillips [95]) .
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radial loadings at room temperature are used to determine the

functionals g^ and g. in equation (3.32) . In general, these yield

surfaces do not pass through the prestressing point. This phenomenon

was explained by Phillips [96] and will be discussed in detail in the

next chapter.

In these experiments, the yield surfaces exhibit zero cross effect

euid symmetry with respect to the proportional loading path in deviatoric

space. Thus, we can draw a straight line, perpendicular to the loading

path, which intersects the subsequent yield surface at the zero cross

effect points. The intersection of the zero cross effect line and the

loading path is designated as the center, (a , 3 ) , of this subsequent

(*)
yield surface. Also, the loading path intersects the yield surface

* * ** **
at the two points, (a , T ) and (a , T ) , which lie on the forward^ X xy X xy

and rear parts of the yield surface, respectively (see Figure 3.4)

.

* *
The stress state (a , T ) is called the active stress point (or the

X xy

quasistatic loading point) . Then, the reference width, D , the forward

* *

part of the width, d , and the rear part of the width, e , measured in

deviatoric stress space are

* 2 * ** 2 * ** '

D = [^ (a - a ) + 2(T - T )]
•

3 X X xy xy

* 2 * 2 * 2 1/2
d =

[f
(a^-a^)'-2(x^^-3,^) ]^/'

eund e = D* - d (3.59)

(*)
From examination of the elevated temperature surfaces it can be

shown that this definition of the center agrees well with the thermo-
dynamic reference stress defined in [95]

.

rf.
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The effective plastic strain is given by

' X 3 xy

1/2

* * * *

The experimental data for a , T , D and d together with corre-

sponding values of Ay^f which represents the effective plastic strain

acciomulated in the Nth loading event, and the loading directions are

given in Table 3.1.

By using these experimental data. Figures 3.7 and 3.8 in a double

* * * *

logarithmic scale show that the relations itn(D /D ) -y and ln(.5/D /e ) -y

may be individually represented by two straight lines, each line has the

break point at y = 150x10 . These two relations may be expressed by

= <

exp[-4344.85(y) -^"^^"^J

r , -.-.r., 1 .0584,
exp[-1.338(y) ]

. for Y *

< 150x10
-6

> 150x10
-6

(3.60)

and

584
1-.5 exp[-119.75(Y) *

]

127
1-.5 exp[2.142(y) '^

]

for y I

< 150x10
-6

> 150x10
-6

(3.61)

where D represents the width obtained from the initial yield surface.

ie it ic it

Note that the ratios, D /D , e /D start from 1 and .5 and approach

emd 1, respectively, as y -> «>.

Rewriting equations (3.60) and (3.61) in differential form, we

have

T = PY (3.62)
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where

and

K^ = qy (3.63)

(e /D )

p = -a^b^(Y)^l
^

(3.64)

q = -a2b2(Y)^2"^ (3-65)

a = 4344.85, b = .9767

-6
a- = 119.75, b = .584 for Y 1150x10

a = 1.338, b^ = .0584

-6
a„ = 2.142, b = .127 for Y > 150x10

At the active stress point, equation (3.30) may be rewritten as

.* . *
d = A d

e = B e

• it • * • *
D = d + e

(3.66)

then

.* . * . * (3.67)
D = A d + B e

From equations (3.62) and (3.63)

e*/e* = (p + q) Y (3.68)

From equations (3.66) and (3.68) we have

B = (p + q) Y (3.69)
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From equations (3.62), (3.67) and (3.68) we obtain

A = (P - — q) Y
d

(3.70)

3.6 Examples

In this section we shall apply the proposed hardening rule to

simulate the experimental results S-5, S-9, S-10 and K-4 . These

experimental data points together with the theoretical results (solid

lines) are given in Figures 3.9-3.12, respectively. In this section

we depart from the conventions employed elsewhere and denote deviatoric

components by the ( ) notation.

For the case of plane stress, the components of s^ - a^. are

s. .
- a. .

ID 13

s - a
X X

t - exy xy

t - 3xy . xy

s - a
y y

(3.71)

where s , s and t represent the axial, circumferential, and shear
X y xy

stress, respectively. The stress rate tensor is

a. .
=

ID

xy

xy
(3.72)

. <

The unit vector tangent to the loading path may be represented by
,^
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a. .
=

ID

m
xy

m a
xy y
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where

T r2,„2 ^ „ „2, ^2 ,1/2
3 X X y y xy

(3.76)

Let

R = (s. .
- a. .)l. ..

ID ID ID
(3.77)

Substituting equations (3.74) and (3.75) into equation (3.77),

R = -[(|a -•|a)(s - a )+(|a - 1^ ) (s - a )+2m (t - B )]r3x 3y X X 3y 3x y y xyxy xy

(3.78)

From equations (3.74) and (3.75), equation (3.44) may be written as

/ \

s - a
X X

-a >
y y

t - 3xy xy
i-1 .

I 2-^ (21 - I )

' 9(1)2 X y

\ 2_ {21 - £ ) (2£ - a )

3 9(j;)2 X y y X

—3-^ (2£ - £ )m
3(£)2 X y xy

1 g
3

_ (2£ - I ) (21 - i )

9(1)^
xyxy

4 ^ (2£ - £ )

^ 9(£)2 y ^

—2-^ (2£ - £ )m
3(£)2 y ^ ^y

-|—2r-m (2£
3 (^j2 xy X

-|—2r-m (2£
3

(Jj2
xy y

2g 2^ m
(£)' ^^

£ )

y

^x>
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s - a
X X

X < s - a >
\ V V /y y

t - 3xy xy (3.79)

where { } . represents the stress state of the ith svibsequent yield

surface and [ ] . is related to the ith loading event. In stress space,

equation (3.79) becomes

{s - 0.}^_^ = [T]^{s - a}^ (3.80)

T

where {s - a}^ = {s^ - a^, s^ - a^, t^^ - 3^^} , and

[T].=
1

1 2_ (251 - £ )£

3(i)2 ^ ^
^

—2-— {21 -1)1
3(^)2 " ^ ^

(25, - Z )m
3(1)2 X y xy

—2-— (-21 - 2Z )Z
3(£)2 ^ ^

^

1 2_ (.1 + 21 )l

3(£)2 ^ y y

(-JI - 2£ )in

3(^)2 X y xy

2g_

(-^)^
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Fran equations (3.45) and (3.79), 9,-^t which represents g and

corresponds to the ith loading event, becomes

'm =

/ * *

^(i) ~ ^s(i-l)
*

^i)
\ , when R^^j

>

}

^(i) " ®s(i-l)

'(i)

(3.82)

* * * *
where d ,. ,, and e ,. ,. are the initial values of d... and e, .

s(i-l) s(i-l) (i) (1)

defined on the (i-1) subsequent yield surface.

Equations (3.40), (3.44) and (3.80) suggest that the generalized

relation between the stress point on the Nth subsequent yield surface

{s - a} and its initial yield state {s} has the form
N

N
{S} = n [T]^ {s - a}^

i=l

(3.83)

and

^ * * ^

^i) - ^s(i-l)

(i)
> , when R / • 1

^

^(i) ®s(i-l)

<

in which, from equation (3.78),

(3.84)

R,., = {l}. {s - a}.
(i) 1 1

T N
{l}. (. n^, [T] .) {s - a}^

1 3=1+1 ] N
(3.85)

where
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T

{l}, ={h-h,h-h,2m}
i 3x 3y3y 3y xy.

The initial Mises yield state, equation (3.41), becomes

2 2 2 2
S - S S + S + 3S = 3k„ (3.86)
X X y y xy

T T
r *i r * * * \

For comparison, the active stress points, io j . = ia , o , t J-., of
1 X y xy X

the corresponding svibsequent yield surfaces are obtained from the

experimental results (see Table 3.1) . Since only linear loading paths,

which are radial with respect to the centers of the subsequent yield

m
surfaces, are considered, the centers, {a}. = {a , a , ^ ). > may be

calculated by

*

{a}. = {a*}. - —^ {£}. (3.87)

^(i)

*
Note that d... is measured in deviatoric stress space,

(i)
ie ic

We also note that D and e may be obtained by integrating equa-

tions (3.62) and (3.68), respectively. Together with equations (3.64)

and (3.65) we have

*
. . 1.

°(i) _
exp[-a.^(Y^(.) +Ay^.^) ]

l^Ys(i)

*
"^1

°s(i-l) exp[-a, (Y^,. J ]

(3.88)

and

b b^

e*. exp[-a,(Y ,.. +^y,^ -a-,(Y^,.x *^YH^) ^

(i) _ ^ 1 S(l) (l) 2 S(l) U; p ggj
* " ^1 ^2
%a-l) exp[-a^(Y3(.)) -a2(Y3(ij) 3

* th
where D , . , , may be calculated from the (i-1) yield surface for given

s(i-l)
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loading direction {l} . and given accumulated plastic strain in the ith

loading event Ay,.^ (see Table 3.1) . The reference effective plastic

strain of the ith event Y , •
\ "*ay be computed from the following

svU

relation .-^
'

-

*

-^ = exp[-a^(Yg(.)) h (3.90)

*
where D is the width of the initial isotropic yield surface. By

ic ic ic

denoting d... =D,., -e,.,, the scalar quantities g . may be obtained
(i) (i) (i) U^

fi * *
by siobstituting the calculated values D . . . and e , . . into equation

(3.84) . Note that the material constants a , a„, b^ , and b^ in

equations (3.88) and (3.89) are given by equations (3.64) and (3.65).

These constants are obtained from the experimental data for pure

aluminum at room temperature (see Table 3.1 and Figures 3.7 and 3.8)

.

In the following paragraphs the predictions of the proposed model

are compared with the experiments S-5, S-9 and S-10 reported by Phillips

and Tang [9] and K-4 reported by Phillips and Kasper 110] . The corre-

sponding loading directions (i , i , m ) and the experimental data for

* * *
(a , a / T ) and Ay,., are given in Figure 3.6 and Table 3.1,
X y xy ' (i)

respectively. The size of the initial Mises yield surface was /3k: =

17.24 MPa (2500 psi) for all experiments.

S-5 . The specimen was loaded in uniaxial tension, (l , i , m )
=

(1, 0, 0), and four subsequent yield surfaces were obtained in a ~ T„
,

space. Figure 3.9a shows that the theoretical results (solid lines)

provide a quantitative representation of the experimental data (discrete

points) . In addition, four subsequent yield surfaces corresponding to



64

those given in Figure 3.9a are shown in Figiire 3.9b in a^ - a space.

From Figures 3.9a and 3.9b, it can be seen that the zero cross effect

is predicted and the zero cross effect axis is not rotated. Note that

in a - a space, the zero cross effect axis (denoted by (a-a) and (b-b)
X y

for the first and fourth subsequent yield surfaces in Figure 3.9b,

respectively) is a - a = jio - a ) . In deviatoric stress space,

this axis is a - a =0, and is perpendicular to the loading direction
X X

along the axis O .

S-9. The first subsequent yield surface was obtained by loading

the specimen on the T-direction, (0, 0, 1), and then the next three

subsequent yield surfaces were obtained by prestressing in the direction

(1, 0, 0). Figure 3.10 shows that this model predicts with substantial

accuracy the results of experiments for which the second prestressing

path coincides with the zero cross effect axis of the first prestressing.

S-10. Two si±)sequent yield surfaces corresponding to two con-

secutive prestressings in the directions (/2, 0, /2) and (1, 0, 0),

respectively, were presented. Since the second prestressing is not

perpendicular to the first one, this model predicts the local concavity

(A) on the second subsequent yield surface shown in Figure 3.11. Such

concavities may be eliminated by imposing the nonholonomic constraint

proposed in Appendix I. Even without this correction the experimental

results are quantitatively well represented by the theory.

K-4 . In this experiment data were collected for three subsequent

yield surfaces in (a , a , T ) space. The surfaces were generated by
X y xy

three consecutive prestressings in the directions (0, 0, 1), (1, 0, 0)

and (0, 0, 1) , respectively. Although the third prestressing was not
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performed in a radial direction with respect to the second subsequent

yield surface, nevertheless, experiment shows that the Phillips'

kinematic rule is valid for the third subsequent yield surface.

Figures 3.12a and 3.12b present the cross sections of these three

subsequent yield surfaces in (a , T ) and (a , a ) subspaces, respec-

tively. Figure 3.12a shows that the theoretical results agree with the

experiments in shape, while the width of the third subsequent yield

surface does not fit well. In Figure 3.12b, both experiment and theory

show that the first subsequent yield surface coincides with the initial

yield surface and the third subsequent yield surface coincides with the

second subsequent yield surface. In addition, the experiment shows

that the second subsequent yield surface tends to become symmetric with

respect to the a axis. This indicates that the zero cross effect axis

rotates while prestressing in a direction. Obviously, such a

phenomenon is not described by the proposed theory.

Based on the above simulations for a variety of prestressing direc-

tions, we conclude that

(1) The proposed hardening rule generally provides a

quantitative representation of the experiments in a - T

space, while the formulation of the material equations for

the two deformation rates A and B may be improved by

collecting more data.

(2) The rotation of the zero cross effect axis in a - a space,

which is not predicted by the current theory, is observed

only in one experiment. Additional experiments are required

to verify the existence of and clarify the importance of this

phenomenon.
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CHAPTER 4

FLOW RULES

4.1 Rate -Independent Flow Rule

Hardening rules, which describe the nonuniform deformation and

rigid body translation of yield surfaces, have been introduced in

Chapter 3. For the rate-independent case, the loading point is

assumed to lie on the yield surface. Thus, at the loading point,

s . . =
. . , the yield condition is given by

13 ID

f(K. .) = K^ (4.1)
ID

and

K. .
= a. .

- a. .
- R. .

(4.2)
ID ID ID ID

where the deformation R. . may be expressed in terms of a . .
- a. ..

Whenever the stress is on the yield surface, the subsequent change

in stress is described as loading, unloading or neutral loading when

the stress rate vector is directed outward, inward, or along the

tangent to the yield surface, respectively. Therefore, if the normal

to the yield surface at the loading point is n^ , the criterion for

unloading is

n. . a. . < , f = ^l <4-3)
ID ID

72



Neutral loading occurs when

73

n. . a. .

3-3 ID
= f = K, (4.4)

Loading is given by

n. . a. . >
ID ID

f = K, (4.5)

;^p
The normality of the plastic strain rate vector e. . to the smooth

yield surface requires that

e?. = An..
ID ID

(4.6)

where A is a nonnegative scalar quantity. Conditions of continuity and

linearity lead to the result that the magnitude of the plastic strain

rate is proportional to the projection of the stress rate O^. on the

unit normal n. . to the yield surface. That is,
ID

^ = k VkJl (4.7)

From equations (4.6) and (4.7) we have

^?3 = I \il\£"ij
(4.8)

•p , * . .

'-'

Thus, for a given stress rate, the maximum e . . occurs when a . is m
•J "^

the normal direction n. ., and no plastic strain is produced for the
ID

• 'p
neutral loading case. The assumed linearity between O^. and e is a

sufficient condition for the time independence of the constitutive

relations.

The value K is a function of the history of deformation. From the

inner product of equation (4.8) we obtain
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"^ = ^i ^ <^-^)
e . . e..

For proportional monotonia loading „ = si ., where s is a positive

scalar rate and L. is a unit vector in the loading direction, we

define the effective stress rate by a = /3/2 sJl n^. and effective

• 'P 'D 1/2
plastic strain rate by y = (2/3 e5 . £T.) '

. Then equation (4.9) can

be written as

2 2 _pK = :r - = -ET (4.10)

Y ^

where Er is the plastic tangent modulus of the effective stress-

effective strain curves, and may be expressed by the modified Ramberg-

Osgood parameters (k,n), e.g., see [7]. For monotonia loading, ET is

given by

E^ = kn(Y)''""^ (4.11)

where Y is the accvimulated effective plastic strain, i.e., y = fydt.

4.2 Rate Influence Under Uniaxial Stressing

For rate-independent flow rules, it is assumed that the pre-

stressing point lies on the yield surface. However, even for

relatively rate insensitive materials like aluminum, carefully conducted

experiments show that the yield surfaces do not pass through the pre-

stressing points, e.g., [9]. This phenomenon was interpreted as a viscous

or rate effect by Phillips [96 ]

.

In the theory of viscoplasticity, permanent or plastic deforma-

tions are considered to be time dependent. The instantaneous response
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of the material is assumed to be purely elastic. Experimentally, a

* * *
quasistatic stress-strain curve, O = g (e - a /E) , at a given

temperature may be obtained by loading at extremely slow stress rates.

That is, each increment of stress is applied after the total plastic

strain due to the previous stress increment has had time to develop

fully. Thus, the quasistatic stress-strain curve may be interpreted as

a sequence of equilibrium states such that the plastic flow occurs when

* P
the flow condition, a > g (e ) is satisfied. Obviously, the equilibrium

stress-strain curve coincides with the upper bound of the elastic

region. It has been shown in Chapter 3 that the upper bound and lower

bound curves of the elastic region may be determined experimentally.

** p
The lower bound curve O - e is important since negative plastic

strain increments may be caused by applying stresses below the lower

**
elastic limit, i.e., a < a .

. To describe the rate effects we may use the constitutive equation

proposed by Malvern [13] for the uniaxial work hardening case

EE = a + $(a,e) (4.12)

* * p
when the quasistatic stress-plastic strain curve a - g (£ ) is used as

a relaxation boundary or reference curve, equation (4.12) may be

rewritten in the form ,
,

, ' . , .^ • , > -

*;'
'

^ E£ = a + $(H) • w . (4.13)

and ^

H=a-a=a-g (e^) v' / (4.14)

..• "

'
.- •

where H is the over stress, i.e., the excess of the instantaneous stress
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(*)
over the stress at the same plastic strain at the quasistatic curve.

Equation (4.13) shows that the plastic strain rate is dependent on the

*
overstress H. The stress state O , which corresponds to the loading

point a, is called the quasistatic loading point.

As a generalization of Malvern's model, Cristescu [97] and others

have proposed constitutive equations of the form

e = [1/E + Y(a,e)] a + $(a,e) (4.15)

Here it is assumed that the instantaneous response of the material

also can be elastic-plastic. That is, the inelastic deformation con-

sists of an inviscid part and a stress-rate dependent part. For

simplicity, only the following special form of Malvern's model is used

through this work:

z = a/E + k(a-a*)" (4.16)

_ _ *

where k and n are material constcints. The quasistatic stress state O

is related to the plastic strain by

e^ = a*/E^ (4.17)

where the tangent modulus E^ may be obtained from equation (4.11) .

Here it is assumed that the relaxation boundary or quasistatic stress-

strain cvirve is independent of the actual strain rate history.

For clarity, let us consider the one-dimensional stress-strain

curves shown in Figure 4.1. For loadings at known strain rates, we

In [13] the overstress is defined by the total strain at the

loading point.
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Figure 4.1. Schematic illustration of rate-dependent uniaxial
stress-strain response.

't

i
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relate the stress-strain curve OAD to the quasistatic curve OBE through

equation (4.16) . The quasistatic curve is determined from (4.17) .

The curves 00 '0" and FA"G represent the change in the "center" a and

**
the lower bound a of the elastic region with strain. They may be

computed, respectively, by

a = a - d (4.18)

and

•** • * •

a = a - D (4.19)

where d and D are the forward part of the width and the width of the

yield region which may be obtained from equations (3.30) and (3.32) by

knowing the material functionals g, and g„

.

At a particular loading point A, the corresponding quasistatic

loading point A', the center of the yield surface 0', and the lower

pbound of the elastic limit A" are determined by the plastic strain e .

If at point A the stress is gradually decreased, the overstress H =

*
a - a decreases while the plastic strain continues to increase until

the point B is reached. If, at point B, the strain rate imposed during

the segment OA is reimposed, the new stress-strain path will have an

initial slope equal to the elastic modulus, and the curve will approach

the original path OAD gradually, while the quasistatic curve follows the

original path OBE

.

4.3 Rate -Dependent Flow Rule-Viscoplasticity

The theory of viscoplasticity may be formulated by generalizing

Malvern's one-dimensional model into multiple-dimensional constitutive

relations. Generalization of the uniaxial theory requires the



79

specification of two key features: the direction of the viscoplastic

strain rate, e , and the magnitude of the overstress.

Perzyna's version of the theory of viscoplasticity [14] is based

on the existence of a yield function, in deviatoric stress space

f(a. ., £?.)

F(a.,, e?., K) = ^ ^ 1 (4.20)
ID ID K

vdiere K is the strain hardening parameter. The yield condition is

given by .

: . , ./ F = '.i: ;; (4.21)

or
'

f(a. ., £?.) = K ; .

.' (4.22)
ID ID

•p
so that the viscoplastic strain rate e. . is zero when f < K and finite

when f > K.
. . .

The viscoplastic strain rate is given by

£?. = Y„ < $(F) > n. .(a. .) (4.23)
ID ID ID

where Y^, is ^ material constant, and

<$(F) ..I-
for F <_

(4.24)

$(F) for F >

At the loading point outside the yield surface, F > 0, the dynamic

loading surface is given by f = C , an isotropic expansion of the

subsequent yield surface, and from equation (4.23), the viscoplastic

strain rate is defined as the normal to the dynamic loading surface.

The overstress H is defined by
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H = <F = C - K (4.25)

which is independent of position on a given dynamic loading surface.

In [14], the theory is only proposed for isotropic hardening.

However, it may be extended to any of the existing hardening rules by

specifying the quasistatic loading point O^. properly.

As an alternative to Perzyna's theory, Phillips and Wu [94]

proposed that the overstress H be defined as the perpendicular distance

in the deviatoric space from the loading point O to the yield

surface. Thus, the quasistatic loading point O^. is given by

a*. = a. .
- H n. .(a*.) (4.26)

ID 13 ID ID

and

H = (a. .
- O* .) n. AO* .) (4.27)

iD ID ID ID

*

where n (a ) is, for smooth yield surfaces without corners, a
ij ij

*

uniquely defined unit normal vector to the yield surface at a^^.

To take into account the possibility of the existence of corners

on the yield surface, one alternative is to assume the existence of a

dynamic loading surface which is everywhere parallel to the static

yield surface and at a constant distance equal to the overstress H.

The viscoplastic strain rate is assumed to be normal to both the

dynamic loading surface and to the regular regime of the yield surface.

When the quasistatic loading point is at a singular point on the yield

surface the plastic strain rate direction is defined uniquely by the

normal to the dynamic loading surface. The constitutive relation is

then of the form
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e?. = Y^(H)
13

n. Ao. .)
13 ID

or

n..(a..)
ID ID

for H > (4.28)

and

e?. = for H < - (4.29)
ID

-

Equation (4.26) may be rewritten as

* *
a. . = a. . + H n. . (a. .) (4.30)
ID 3.3 ID ID

From the inner product of I., with itself we find from equation (4.28),

(I^^)-'-'^^ = (I//2) Y$(H) (4.31)

where

'2 ' ' ij ^ij

Equation (4.31) may be inverted to obtain

(I.P)^ = 1/2 eP. eP. .' (4.32)

H = $"^[ 4" (I?)^'^^] (4.33)

Equations (4.30) and (4.33) now define the dynamic loading surface at

each value of viscoplastic strain rate

.

From the foregoing discussion, it can be seen that the primary

role of the dynamic loading surface in Phillips and Wu's theory is to

define the direction of Z. . at points which correspond to the corners
ID

of the yield surface.

In the current work, the effective overstress H is defined by the

distance between the loading point a. . and the quasistatic loading point

*
a. . . That is,
13
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H = [|(a. .
- a. .) (a. .

- a. .)] , for (a. .
- o. .)n. .

(a. .)>

(4.34)

or

H == , for (a.. - a..) n..(a..) <

*

From equation (4.1), the yield surface is given at O^^
be an equation

of the form

f(a*. -a..) =kI (4.35)

where the quasistatic loading point a*^ is determined in one of two

ways

.

One alternative is to minimize the overstress H, i.e., minimize

the distance between the loading point and the yield surface. By

introducing the Lagrangian multiplier X, we obtain

3f (a. .
- a. .)

3h ^ ^ 13 U- = (4.36)

9a*.
30*

In six-dimensional deviatoric stress space, equations (4.35) and (4.36)

give six equations with six unknowns, X and 0* ^ .
Solving these six

simultaneous equations, 0* may be obtained. We note that this result

is equivalent to Phillips and Wu's assumption.

The second alternative is to define a* . by the intersection of the

yield surface and the line connecting the loading point and the center

of the yield surface. That is,

a*, -a.. =c(a.. -a..) (4.37)

1] ID ^D ^D

By substituting equation (4.37) into (4.35) C may be determined.
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The rate-dependent flow rule now may be expressed by

£?. = /J4>(K) v.. (a*.) , for H > »;.. (4.38)

and

£?. = , for H < '

'

ID -

where $(H) is given by equation (4.16) and v. .(a. .) is determined by
1 J 1

J

one of two criteria:

*
(a) If n. .(a. .) is uniquely defined, then

V. .(a*.) = n. . ( a*.) (4.39)
ID ID ID ID

*
(b) If n. .(a. .) is not uniquely defined, then

ID ID

; V. .(a*.) = h. .(a*.) ^. .. (4.40)
13 13 13 ID

where

h. . = (a. .
- a*.)/H (4.41)

13 13 13

The geometric interpretations of the loading point are illustrated

in Figure 4.2 for both regular yield surfaces and corners of singular

yield surfaces. In Figure 4.2, P is the loading, Q' and Q" represent •

the quasistatic loading points of the first and second kind. They are

defined by the minimum distance and the radial intersection criteria,

respectively.

Note that the use of the loading point of the first kind leads to

a theory which is essentially equivalent to Phillips and Wu's version

of viscoplasticity—although the concept of a dynamic loading surface

is not introduced. Note also, that a theory based on equation (4.38)
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IJ

(a)

^a)=.,.
:y(^)""^J(^>

13

(b)

Figure 4.2. Geometric interpretations of the quasistatic loading

points for (a) regular yield surface and (b) corner

of singular yield surface.
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and the quasistatic loading point of the second kind is similar to

4c

Perzyna's theory, since n. .(0. .) = n(a. ,) , where n. .(Cf. .) is the unit

*
normal to Perzyna's dynamic loading surface, f(a.. -a..) =C .

However, the overstress given by equation (4.37) is, in general,

position dependent, while Perzyna's overstress given by equation (4.25)

is not.

Figure 4.3 shows the differences between the predictions of

Phillips and Wu's and Perzyna's theory of viscoplasticity. At the

I II

loading point P, the unit vectors n. .(a. .) and n. .(a. .) are the unit
13 13 13 13

normals to the Phillips and Wu's and Perzyna's dynamic loading surfaces,

I * • II
respectively. Note that n. .(0. . ) is parallel to n. .(a. . ) and

ID 13 ID ID
ti A II II II

n. . (a. . ) is parallel to n. . (a. .)

.

13 13 ^ 13 ID

For many cases, the alternative theories predict identical results,

and in most situations, what differences there are, are small. How-

ever, the determination of the quasistatic loading point of the second

kind is computationally simpler than that of the first kind.

At the quasistatic loading point O. ., the rate -independent flow

rules now may be written, from equation (4.8) , as

^?3 = K ^Kl \Z' -ij
^^-^2)

where v. . is given by equation (4.39) or equation (4.40), and K=2/3Er

is given by equation (4.11) .

The specific kinematic rule for rate-independent plasticity now

may be written as

a. . = yv.

.

' (4.43)
13 13
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n"(a*:')

r-n'(ay)

Perzyna's Dynamic
Loading Surface

^—Phillips and Wu's Dynamic
Loading Surface

Figure 4.3. Comparison of the generalized Perzyna's and Phillips

and Wu's theory of viscoplasticity.
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*

At the quasistatic loading point a. . , the consistency condition

becomes

f(a*. - a. .) =0 (4.44)
ID ID

Now, let us consider the application of the infinitesmal loading

increment, da. . = a. .dt, as shown in Figure 4.4. The unknown material

response quantities are twelve, i.e., c/X, y, e^., and O^ ^ . However,

we have twelve simultaneous differential equations, i.e., five from

equations (4.36) or (4.37), five from equations (4.38), one from

equation (4.42) and one from equation (4.44) .

As in [94] , loading/unloading criteria may be introduced on the

basis of the direction v. .(a. .) defined by equations (4.39) and (4.40) .

The material is said to experience a "total loading" process, when

V. .(a*.) a. . > (4.45)
ID ID ID

a partial loading process, when ',

,

"

V (a* ) a. . < and H > (4.46)
ID ID ID

and an unloading process, when

V (a* ) a.. < and H = (4.47)
ij ID ID

Consider the simplified hardening rule described in Section 3.4.

*

Then, at the quasistatic loading point, s. .
= c?- •/ the yield surface

ij 1

J

given by equation (3.51) may be written as

f(S*.) = K- S*. = <l (4.48)^ ij' 2 ID ID

where

/
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Figure 4.4. The relation among a. ., a^. and a^ for an incremental

step.
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*

The unit normal to the yield surface at a becomes

(4.49)

9f/3a* .
Z .

„ _ iJ = "-J (4.50)

where

Z = S* - S* L (4.51)
^ij ^ij ^kX, kilij

Thus, from equations (4.8) and (4.50), the rate-independent flow rule

becomes

• *

:P ^ ^^kJl \i} ^ij (4.52)e
^^ K(Z)

where

-. 2

Z = (Z. . Z. .)

ID 13

V2 (4.53)

• *P *P \ 1/2
From equation (4.52), the effective strain rate, Y = (2/3 e^^ e^J ,

has the form

• *

' - /l !lSi-^ (4.54)

Note that E^ = 3/2 K.

The rate -dependent flow rule given by equations (4.38) and (4.39)

becomes

e?. = M nn) ^ (4.55)
"^ Z '

Equation (4.55) gives the effective strain rate the form

Y = $(H) (4.56)
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By comparing equations (4.54) and (4.56), we obtain

\ii \i iF Z $(H) (4.57)

which is the quantity proportional to the projection of the quasistatic

.*
stress rate O ^ on the unit normal to the yield surface.

The translation of the yield surface is given by equation (4.43)

in which the y may be rewritten from equation (3.57) together with

equations (3.56) and (4.51)

V =

.* * • *
Z. . a. .

- S, „ L, n (a - a )

13 13 k£ k£mn mn mn
Z V
pq pq

(4.58)

Note that V must be specified and L. . „ is given by equation (3.56)

. • '

From equations (4.57) and (4.58) y may be computed

y =
I- Er^ Z $(H) - s, „ L, „ (a - a )

3 ki kg.mn mn mn
Z V
pq pq

(4.59)

The remaining unknown quantities are C and a . . . By siobstituting

equation (4.37) into (4.48), C is obtained

Lv

c = 1 ** **
— s s . .

2 13 X3

1/2

(4.60)

where

**

ij 13 13 i3kx, kit kx,
(4.61)
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Then, the quasistatic stress rate a. . may be computed by differentiating

equation (4.37) . That is,

where C may be calculated by substituting equation (4.62) into the

constraint equation (4.57). That is,

.^ y^E^i^(H) - (1-c) z. ;. , - c z^^ g^^, ^^^^^^

la - a ) z
mn mn mn

This completes the formulation of the constitutive equations for

the proposed model of viscoplasticity combined with the simplified

hardening rule. Here the definition of the first kind for the quasi-

static loading point 0*. is used. In numerical simulations of stress

control tests, the independent variables 0.
.
are specified at a

succession of small time increments, then the successive increments of

the dependent variables e^., a. ., C and 0*. are computed from equations

(4.55), (3.56), (4.58), (4.62), and (4.63), respectively. In Section

4.5, these governing equations for combined tension-compression and

torsion loading will be given. Then, together with the proper

expressions for A, $(H) and E^, simulations for pure aluminum will be

given in Chapter 6

.

4.4 Loading Surface

in a recent paper Phillips and Moon [23] observed experimentally

the existence of a loading surface which is an isotropic expansion of

the initial yield surface and is the smallest surface in stress space
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that contains all of the previous loading points . Their experiments

also show that the yield surface remains inside the loading surface and

can become tangent to it. Note that this loading surface does not always

pass through the subsequent loading point, and that inelastic strain may

be generated by loading in the region defined between the loading

surface and the yield surface. Therefore, it is conceptually different

from that commonly used in the formulation of viscoplasticity theory

such as Perzyna's or Phillips and Wu's definition. However, based on

the rate-dependent flow rule given by equation (4.38), this concept of

isotropic loading surface can be incorporated in the proposed

viscoplasticity theory.

By assxaming that the initial loading surface coincides with an

initial Mises yield surface, the loading surface may be expressed by

1 2
F^ (a. .) = - a. . a. .

= K^ (4.64)

where

and

• _ <a. . a. .> „

•^L
~

^l ^^ when F(a. .) = K^^ (4.65)
2k L 13 L

K = When F^ (a. .) < K (4.66)

where the bracket <x> defines the singularity function <x> = x for

X > and <x> = for x <_ 0.

Denote a. . as the stress point on the loading surface whose

exterior unit normal has the same direction as that defined at the

*

s\absequent quasistatic loading point a. . on the yield surface. Then,

the Mroz direction m. . described in Section 3.1 and shown in Figure 3.2

** *

is defined by the unit vector along the line of a.. - a^. . That is
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o. .
- o. .

m.. = Ti H ^i i i72
^^-^"^^

If the simplified hardening rule is incorporated, then from equations

** *

(4.50) and (4.64) the same unit normal at a. . and 0. . on the loading

surface and yield surface, respectively, gives us the following rela-

tion:

** ^ K

a. .
= Z. . (4.68)

13 5 13

where Z is given by equation (4.53). Substituting equation (4.68) into

equation (4.67) , the Mroz direction m. . becomes

1/2 K Z. .
- Z a. .

\. = -^ /^ ^
"^

* 1/2
(^-^5)

Note that when the loading surface coincides with the yield surface,

** *
0. . = 0. ., the direction m. . is then defined by the unit normal of both
ID ID ID

surfaces. That is, s - „

**
lif-^-: , > a V ';''! ^ n ""1
^

! "j^-; ** * \ f

in. . = ^— when 0. . = 0. . v»

ij

Among the four existing kinematic rules, only the Mroz direction

predicts that the yield surface approaches the loading surface without

intersection. However, according to the experiments of Phillips and

Moon [23], the observed kinematic rule is strongly dependent on the

loading direction and \asually does not follow Mroz's assumption. Such

observations together with the experimental phenomenon that the yield
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surface tends to be tangent to the loading surface leads to the

assumption that the subsequent elastic region is bounded by a yield

2 2
surface f (s. .

- a. .) = k„ and an isotropic surface, F (s. .) = K , which
13 ID

^
y 13 y

is assumed to be the form

'

" 1 2
,. F (s. .) = - s. . s. .

= K O (4.70)
y 13 2 13 1] y

where K < K, / and, initially, K = K^ = K„. In general, K is ay— L yLO y

functional of history of deformation and will be defined later.

Let s. . ,^, denote a stress point on the yield surface f(s. . ,^. -
13(f) 13(f)

2
a. .) = K . Then, one can compute, analytically or numerically, the

distance s measured from the origin of stress space to the most
max

remote point on this yield surface . That is , s =^ • max
1/2

MAX[(s. . ,^, s. . ,^, ) ] . Let the yield surface be given by f (s. .
- a. .)

x: (f) 13(f)' '
^ ^ -^ 13 13

2 2
= K , whenever it is wholly contained by the surface F = K . That is,

when s < /2^ K , the yield surface is
max ~ y

. „ f (s. .
- a. .) = K^ (4.71)

13 13

On the other hand, if s > v^ k , then the yield surface is defined
max y

2 2
jointly by the two functions f (s. .

- a. .) = K. and F (s. .) = K . That
J ^ ^ 13 13 y 13 y

is when s > v^ K , the yield surface is given by
max y

f (s. .
- a. .) = K„, for all s < /2 K (4.72)

' 13 13 - y

1/2
where s = (s. . s. .) . Otheirwise, it is

13 13

F (s. .) = K^ (4.73)
y 13 y

Here, the rate of growth of K , K , is assumed to be
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a. . a. .

-12 il
2k

y ^

* •*
<a. . o. .>

_JJ iJ_
2k

if F (a. .) > K
y 13 y

or F (a. .) = K and a. . a. . >
y 13 y 1] ID

if F (a. .) < K
y ID y

or F (a. .) = K and a. . O. . <
y ID y ID ID -

* 2
if F (a. .) = K

y ID y

V * 2
> F (a. .) < K
/ y ID y

(4.74)

1 1/2 •

*

where K = — (a. . a. .) and a. . may be computed following the procedure
2 ID iD ID

proposed in Section 4.3. For simplicity, the yield surface defined by

2
the function f (s. . - a. .) = K^ is assumed to be stationary, i.e.,

ID ID

a. . =0, when the quasistatic stress point lies inside the surface of

2 * 2
f (s. . - a. .) = K , i.e., f (a. .

- a. .) < k . This assumption may easily

be relaxed, but additional experimental data are needed to define the

motion.

For clarity, let us consider an example shown in Figure 4.5. The

loading paths are OA-AO -O C-CO -O^E, where O , O and O are the

centers of the subsequent yield surfaces 1, 2 and 3, respectively. For

the loading path from O to A and the creep at A, the yield surface is

given by equation (4.71) , and K = a. . O. ./(2k) from the first equation

of (4.74) . Also, we have K = K for this loading event. From points
y Ij

— ? * 2
O, to B , s > /2 K , F (a. .) < K and F (a. .) < K . Thus, from
1 max y y ID y y ID y

equation (4.74) , K =0. From point B to C, again s = /2 K and

* 2 2
F (a. .) < K but F (a. .) = K , thus equation (4.75) gives ^

y ID y y ID y
1/2 •* •* ,1/2

< = a. . o. ./(2k^) = K^ . Note that if (a. . 0. .) ' > (0. . a. .) ' ,

y ID ID L' L ID iD J-D iD
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Initial yield surface 1st subsequent yield
surface

- ,*>,

, . <«,

Figure 4.5. Schematic illustration for the concept of isotropic

loading surface and the generalized yield criteria.
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2
then the portion of the yield siirface f = K truncated by the

2
isotropic surface F = K is likely to become smaller along the path

BC. Therefore, the condition s < y^ k may be satisfied again.
max y

2 .

However, after creep at point C, the yield surface of f = K intersects

2
the surface F = K again. At point D, the third subsequent yield

* 2
surface is probed again. Now, F (a. .) = K , then equation (4.76) gives

K = O. . 6 . ./(2k ) . Note that, along the path DF, the part of the third
y ID ID y

subsequent yield surface defined by equation (4.72) was assumed to be

stationary until the quasistatic point reaches point E at the inter-

2 2
section of the two surfaces, f = K. and F = K . Also, for the path DF,

y y
2 2 .

the surface F = K lies inside the loading surface F = K^ , i.e.,
y y L

K < Kf • Note that beyond the loading point E, which has the quasi-

*
static loading point at E , the value K is then dependent on the

*
location of the quasistatic loading point a. ., which is determined by

one of the two definitions proposed in Section 4.3.

4.5 Application to Combined Tension-Compression and Torsion Loading

In this section, the deviatoric quantities are again denoted by

the ( ) notation. By using vector notation for nonzero components of

the second order tensors, we have {o} = {-rC, - -rO ,
- ^rC, t} ,

r-*-,T r2 * 1 * 1 * *-,T ^ r PiT J- p 1 p 1 p
{a } = {j a , - 3 a , - - a , T } and {e^} = {e^, -

2 <' "
2 <'

— m ^ _ — T r2 1
er } . The unit vectors u. . and V. . are denoted by {u} = {— u , - — u ,

xy 13 13
"^ 3 X 3 X

1 T -T2 1 1 iT 22
- -r u ' 'i } and {v} ={— V,-— V,-— V,V }, where — u +

2 2 2 2
2u =1 and - v + 2v =1.

,
, .

xy 3 X xy

Write equations (3.56) and (4.49) in contracted notation,

i • _ _ _ _
L. . = A[u. - L., u, ] u. i,j, k=l,2,...,5 (4.75)
in 1 ik k 1 -^
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and

_* _* _ _ _* _
s. = (a. - a.) - L. .(0. - a.)11 1 ID D D

if3~-*-'^'* ••/^ (4.76)

where
— * T ?* 1* 1** rv r-iT r2 1 1

{s.} = {^ S ,
- - S ,

- - S^, S^ } and {a} = {- a, - - a, - - a.
3 X 3 x' 3 x' xy

3} . Noting the initial zero value of L. . for initial isotropic

material and ^o "" "3 "^ ~ 2" ^1 ^"^ ^4 ^ ^5' "^ conclude from equations

(4.75) and (4.76)

,

^2j = Sj
1 - - _ -

2 ^Ij' \2 - \3
- • • » •_ _•

- — L. w L_ . = L. . and L. j. = L. .

2 il 5] 4] i5 i4

and

23 33 2 hj' ^i2 - ^i3

(4.77)

— L
. , , L_ . = L . . and L . j. = L . .

2 il 5j 43 i5 i4

(4.78)

where i,j=l,2,3,...,5 for both equations. By denoting the four

independent components of h as ^'^^^i L^^, L^^, L^^} = {— ^^^^' J ^x,xy'

— L , L }, the matrix L. . has the form
3 xy,x xy,xy 13

L. .

ID x,x

2 x,x

2 x,x

xy,x

xy,x

2 x,x
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Frcan equation (4.79), equation (4.76) provides two independent equa-

tions in O - T space,

r \
*

s
X

) = {

xy

a - a

*
T - 3

>
-

L L
x,x x,xy

L L
xy,x xy,xy

2 *
j(a - a)

2(T - 3)

> (4.80)

From equation (4.48) , the yield surface is

* 7 * 2 2
(4.81)

By denoting {z} ={— Z,-— Z,-— Z,Z }, equation (4.51)

reduces to

/ \



strain rate gives the total strain rate.

100

( . ^

a/E

-

xy

>

T/G

^(H) {

X xy 2 xy

(4.85)

where E and G represent Young's modulus and shear modulus, respectively.

From equation (4.75),

L = A[(l - - !• )u-2L uu]
x,x 3x,x X x,xyxxy

' • 3 2
li =A[(1--L )uu -2L u]
x,xy 2 x,x X xy x,xy xy

a =A[--L u+(l-2L )uu]
xy,x 3 xy,x x xy,xy x xy

: A[- |-L uu +(1-2L )u]
xy,xy = 3 xy,x X xy xy,xy xy

(4.86)

Note from equations (3.62) and (3.66) that the expression for A is

• * • * • *

^ ~ * * * Pi
D d e

(4.87)

where the history-dependent functional is given by equation (3.64) for

pure aluminum, and the accumulated inelastic strain rate y is

•p 1 'P X 1/2
Y = (e + T £ ) =
' X 3 xy

a z + . 3t z
X xy

,2 ^2,1/2
(Z + 3Z )

^

X xy

(4.88)

The kinematic rule for the yield surface is defined by equation

(4.43),
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a

'\

X

y \ (4.89)

V
xy

where from equation (4.58) \x may be computed from

E^(S +3Z^ )^''^<I>(H)
X xy

0^« ic it m it it • it

-[s L (a -a) + 3s L (T -3) + s L (a -a)
3 X x,x X x,xy xy xy,x

y =
+ 9S i, L (T -3) ]xy xy,xy xy,xy

(Z V + Z V )XX xy xy

(4.90)

According to equation (4.62), the quasistatic stress rates (O ,

.*
T ) are.

a = c(0 - a) + ca + (1 - c) a

T = c(T - 3) + CT + (1 - c) 3

where, from equations (4.60) and (4.61),

(4.91)

/3

C =
** 2 ** 2 1 /P

(4.92)

and

>
=

xy

2 x,x

xy,x

xy,x

2 xy,xy

2,
3(a-a)

2(T-3)

> (4.93)

and from equation (4.63),
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I- E^(Z^+3Z^ )$(H) - (1-C) (z a+3z 3) - C(Z a+3Z g)

C = 2 X XX X x^ X xx_ (^g^j
[(a-a)z + 3(T-3)z ]

X xy

In a - T space, the four kinematic directions given in Section

3.1 for the directions of translation (V / V ) and deformation
X xy

(u / u ) of the subsequent yield surface are

:

(i) the unit normal to the yield surface at the quasistatic

loading point, from equation (4.50) , {n , n } =

— — — 2 2 2 1 /2
{Z /Z, Z /Z}, where Z = - (Z + 3Z )

^
;X xy 3 X xy

* _ * ^
(ii) the radial direction, {r , r } = { (a - a)/h, (x - 3)/h},

-2 * 2 * 21/2
:

where h = j [(a - a) + 3(t - 3) J^ ;

(iii) the prestressing direction, {i , i } = {a/I, T/£.}, where

n 2 ,'2 ^•2, 1/2
ii = j(a + 3t )

-^

;

(iv) the Mroz direction, from equation (4.69), {m , m } =

_ ^ _ _ * _
{(/2 K Z - Za )/m, (/2 K^ Z - ZT )/m}, where

L X L xy
' - 2 r- - * 2 J— -*21/2 -

m = [t(/2 k Z - za ) + 2(/2 K Z - ZT ) ]
-^ and Z is

3 L X L xy

given in (i) .

For stress control loading programs, O and T are specified. After

choosing the proper directions for u. . and V. ., the incremental

p p
quantities of the 13 dependent variables, e , e , e , e , y, L ,

X xy X xy x , x
* *

L , L , L , a, B, O and T , can be sequentially integrated
x,xy xy,x xy,xy

from the corresponding differential equations (4.80-4.94). Note that at

* *
the onset of inelastic flow, we have (a , T ) = (a, x) , and also initial

zero values for L , L , L , L , a and 3^
X x,xy xy,x xy,xy

For strain control loading programs, £ and e are specified.

The computation procedure is the same as for stress control problems
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except that equation (4.85) shall be rewritten as

a/E

T/E

>H >
- $(H)

xy

,2 ^„2 ,1/2
(Z + 3Z )

'

X xy
2 xy

(4.95)

For the rate-independent case, the loading point coincides with the

quasistatic loading point and lies on the yield surface. The flow rule

of equation (4.52) becomes

r \

x

•p

xy

>
=

eP(Z + 3Z )

X xy |zz
2 X xy

3Z Z
X xy

2 xy

a

T

(4.96)

and the total strain components are

and

[T] =

( * ^
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strain control rate-independent cases, equation (4.97) can be inverted

as

a

>= [T]"^
{

T

(4.99)

xy

Then, the computation procedure is similar to the stress control case.

Note from the right-hand side of equation (4.98) that the second matrix

is singular. This indicates that the stress rates cannot be uniquely

determined by the plastic strain rate while they are xmiquely determined

by the total strain rate.



CHAPTER 5

CYCLIC PLASTICITY

5.1 Monotonic Stress-Strain Representations

The uniaxial tension stress-strain curve, a-e, may be conveniently

represented by the Ramberg-Osgood Law [98]

,

e = I + (^)^/^ (5.1)
^ k

where k, n and E are material parameters to be determined from the

stress-strain curve. Allowing for a linear elastic response for

< a < a , the modified Ramberg-Osgood law may be written in the form

'

.

{o-a ) 1/n

.
E =

I H- t-j^] (5.2)

which defines a stress-strain curve of which dO/de is continuous at the

yield stress a .

^ /\ p
The parameters k and n may be determined by plotting log e versus

log a and fitting a straight line to the data. Let O and O be the

intersections of the stress-strain curve given by equation (5.1) with

the two lines of constant secant moduli, pE and qE where p and q are

conveniently chosen numbers less than unity. Then, since the stress-

strain curve given by equation (5.2) passes through (a , O /pE) and
tr P

105
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io , a /qE) , the parameters k and n may be calculated from the following
q q

relations [7]

:

iln[(a -a )/(a -a ) ]n _ p o go
/v

~ S,n(a /a )n p q
(5.3)

and

(1-p)

pE
a
P

a -a
P o

l/n

(5.4)

The plastic tangent modulus for the uniaxial stress-plastic strain

curve IS

E^ =
da

(5.5)

Then, from equations (5.2) and (5.5) , it may be assumed that

E^ = kn(Y)
n-1

(5.6)

where Y is the accumulated value of effective plastic strain, i.e..

/2 /•/ 'P 'P « 1/2 ,^

3 13 13
(5.7)

An expression similar to equation (5.6) was presented by Eisenberg and

Phillips [74] . It was then modified in order to describe the smooth

translation of the stress-strain curve from the elastic region to the

fully plastic state for load reversal [7] . That is.

E^ = kn[Y - Y ]

*,n-l
(5.8)

where Y is the value of Y defined at the point of loading direction
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reversal. The quantity Y is an example of a discrete memory parameter,

that is, a function evaluated at a specific moment in the deformation

history of the material. It remains constant for the plastic loading

event between two consecutive points of load reversal . The concept of

including such memory parameters in constitutive relations has been

described systematically by Dafalias and Popov [3]

.

5.2 Uniaxial Cyclic Loading With Constant Strain Amplitude

In describing the transient stress-strain behavior, which is

usually characterized by cyclic hardening or softening, under constant

strain amplitude, Eisenberg [7] demonstrated that the Ramberg-Osgood

parameters k and n may be considered as cyclic dependent parameters.

He suggested the following procedure. ~

Because k and n may be computed from k and n by giving O , it is

assumed that the Ramberg-Osgood parameters defined at the end of the

Nth plastic loading event, Ic and n , may be determined by the following

relations

;

and

a^=a^ + (n^- fij exp(-Y^/n) (5.9)

k„ = k, . + (k - k.. ) exp(-Yy^) '-• (5.10)
N lim o lim ^ 'N

k, . = k for N < 1
lim oo _

T - T

k,. = k + lie - kj tanh [^ -^ ^ for N > 1 (5.11)
lim 00 '

oo 1'
ic
CO

T = a - E(Y - Y J (5.12)
N N 'N 'n-1
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where Y and a represent the effective accimulated plastic strain and
N N

the effective stress defined at the end of the Wth plastic loading

event, and (k^, n^) , d^, n^) and (k^, nj represent the Ran.berg-Osgood

parameters for the stress-strain curves A'OAB, BCD and RST, shown in

Figure 5.1, respectively. Note that the initial monotonic stress-strain

curve A'OAB is measured from the lower elastic limit A' in order to

permit a consistent comparison with curves BCD and RST. The parameters

n and ^ are determined from the measured values of n and k. That is,

n = AY/iln[n^ - (ij/i\ - K) ^ ', J
^^.13)

^ = AyAnLCk^ - kj/(ki - kj] "V (5.14)

' * '

,'

where Ay is the plastic strain accumulated at point B in Figure 5.1.

The parameter ^ is introduced to model the decay of the mean stress.

It may be chosen by matching the stress limits of the first several

cycles as well as possible.

From equation (5.8), the plastic modulus of the half cycle stress-

strain curve beginning at y = Y^ "o" ^^Y ^^ expressed as

where k , and n„ are evaluated from k and n^^

.

,/.- ' By integrating equation (5.15), the absolute stress and strain

changes, ^0 and Ae, for the current half cycle is given by the relation

Aa - a l/n„

Ae - f . (-ir^)
"^ <="'

E n^
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Limit Cycle

Initial Loading ^

. e

Reversed Loading

Figure 5.1. Key features of uniaxial cyclic stress-strain response

[7].
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where the size of the yield region at the end of Nth loading event

*
may be either calculated from the equation for D proposed in Chapter 3,

or be defined by a specified constant proof strain as suggested in [7],

i.e.,

O = k„6"N (5.17)
o N

For the simulations of the stress control tests, the absolute

strain change Ae may be computed directly from equation (5.16) by

specifying the value Aa = |a - a
|

. The corresponding strain amplitude

at the end of the current half cycle is then

e = e„ + sgn(a - aj Ae (5.18)
N N

where E and a are the strain and stress amplitudes at the end of the
N N

last loading event N. For the strain control case, the absolute stress

change Aa may be computed numerically from equation (5.16) by specifying

the current value of Ae = le - e„| , and the stress response O is then

given by

a = a„ + sgn(e - ej Aa ' (5.19)

, I ...

The above theory was applied to type 304 stainless steel; Figure

5.2 illustrates the calculated cyclic stress-strain curves for the first

fifty half-cycles. These curves have been shown to be in good quantita-

tive agreement with the original data [7] . The Ramberg-Osgood parameters

determined for the initial curve, the first reversed curve and the

limit cycle curve are (k , n ) = (277.869MPa, 0.146), (k^, n^) =

(493.13MPa, 0.095) and (k^, nj = (634.823MPa, 0.052). The computed

constants are ^ = .16, n = -ISl and ^ = .0157. Also, the data implies

an initial yield strength of 53.781MPa (7800 psi) .
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Figure 5.2, Theoretical representation of experiments of type 304

stainless steel at 649°C [7],
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Figure 5.3a illustrates an imposed cyclic strain gradually varying

between the range bounded by the positive and negative sine curves

.

For 304 stainless steel at elevated temperature, in the same initial

state as the material discussed in the last paragraph, the stress-strain

response to the first four half-periods of the cyclic strain program is

shown in Figure 5.3b, c, d, and e. Note that the metal is cyclically

stabilized after the third half-period, because the stress-strain loops

of the last two half-periods have nearly coincident loop tips. Such

clearly defined loci of loop tips for a stabilized metal are called

cyclic stress-strain curves . For a metal that obeys the Masing hypoth-

esis, the cyclic stress-strain curve is geometrically similar to the

hysteresis curves but reduced by a factor of two.

5.3 Uniaxial Cyclic Hardening (Softening) With Variable Loading
Amplitudes

The theory introduced in the last section may accurately describe

the cyclic stress-strain response under constant or gradually varying

stress or strain amplitudes. However, the influence of prior strain

history must be more accurately modeled if the theory is to be capable

of describing the stress-strain response under arbitrarily variable

cyclic conditions. As is shown in Figure 2.4, the stable hysteresis

loop abc has been generated by cyclically straining a material under

constant strain amplitude. Then, after loading the material through

ode cind reversing the load at e, the stress-strain path predicted by

the theory discussed in the last section is efg', whereas the actual

path followed is efg

.

From equation (5.15) the plastic moduli of the path cd and efg' in

Figure 2.4 may be represented by
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^(cd)
= ^co"«,(Y - Y^) for Y^<Y< Y^ (5.20)

and
n -1

^efg')
" ^co^co^Y - Yg) for Y^ < Y (5.21)

where k^ and n^ denote the Ramberg-Osgood parameters of the stable

hysteresis loop, and y and Y are the values of y accumulated at points

c and e, respectively. It may be assumed that the path efg' in Figure

2.4 governed by equation (5,21) is terminated at f and the portion fg is

the proper continuation of the previous loading path cd. Thus, by

subtracting the amount of plastic strain accumulated in the si±icycle

def , Yf ~ Yj' from the total acciamulated plastic strain y, the plastic

modulus of path fg may be obtained from equation (5.15)

•

^fg) = ^«>"«,tY - (Yf - Y^) - Y^]"" •

'

(5.22)

*
From equations (5,8) and (5.20), we note that y = Y^r ~ Y^ + Y / the

new reference value for the path fg.

The above example suggests that the shifting of the plastic

modulus which results from the material memory may be modeled by

*
modifying the reference value y of the related loading path at the

shifting point. Because the subcycle is closed for materials in a

steady-state or satxiration hardened condition, the shifting point is

uniquely determined by the stress or strain amplitudes of the starting

point of the first branch of the subcycle. For material in a transient

or nonsaturation state, the subcycle is not closed. It is, however,

reasonable to assume that the shifting point is determined by the point
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where the second branch (ef) of the subcycle accumulates the same

amount of plastic strain as the first branch (de) does. This follows

because the subsequent material property is only influenced by the

changes of the loading directions in plastic strain space, which in the

uniaxial context is always obtained by \inloading-reloading, and is not

influenced by the elastic response.

Consequently, it is proposed in this work that the memory criteria

be generated by specifying the plastic strain points associated with

the changes of the plastic strain directions. Then, when the siibsequent

loading path reaches any of these specified plastic strain points, the

plastic modulus is shifted to a new value by modifying the reference

* • ...
-.- u;'..

:

value Y . However, such shifting criteria must be subject to two

restrictions: (1) the plastic modulus can only be shifted to a smaller

value; and (2) the plastic modulus shifting is limited to these siob-

cycling related loading events for which the absolute plastic strain

changes are smaller than the maximum plastic strain change Ae
max

generated by a single loading event during the loading history. The

first restriction is introduced so that the slope of the stress-strain

curve be monotonically decreasing. The second restriction is based on

the postulate that the memory created by previous loading events may be

erased by the subsequent loading event if it introduces at least the

same amount of plastic strain in the reverse direction.

*
For uniaxial cyclic loading, two memory parameters, y ^'^^ Y »

associated with each plastic strain point £ at which the plastic

strain trajectory changes direction are needed to characterize the

*
memory behavior. These parameters are denoted by Y.. ^^^ Y.. which are

M M
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retained at the Mth memory storage locations in chronological order.

Let M be the current number of points stored in the subcycle memory

Pstack and let er. be the last plastic strain point retained in the

memory, which is usually but not always the most recent point of load

reversal. Then, based on the binary behavior of the uniaxial loading-

reloading, the memorized plastic strain point to be first reached by

the current loading event is e", , which is retained at the (M-1) thM-l

memory location. Consequently, the plastic modulus of the current -

loading event needs to be modified whenever

1^^ " ^mI = I^^M
-

^M-l'
and M > (5.23)

pwhere £ is the current plastic strain state. Note that, based on the

second restriction for the shifting criteria, the memory parameters

associated with these loading events created before the most recent

loading event with the maximum absolute plastic strain change, Ae ,

may be erased from the memory. Thus, the memory parameters for the

maximum strain loading event is always retained at the memory location

M = 1, and the shifting criteria can only be generated when M >_ 2

.

*
To determine the new y at the shifting point, we note that the

effective plastic strain accumulated between the point ew_-, and the

current shifting point e^ is y ~ Ym_i where y and y^_-, correspond to

e^ and ef. ,, respectively. Also, note from equation (5.22) that
s M-l

subtracting y - y . from the total plastic strain y is eqxoivalent to

* *

redefining the reference value y by adding y - Yj^.^ to Yj^_3_' Thus,

beyond the shifting point, the current loading event has the new

reference value,

y* = Vi - (^s - Vi^ ^^-^'^
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In effect, the plastic strain amplitude between two consecutive

I P P I *
memorized points is £„-£„, = Y.. ~ Y..« This is obvious for a

M M-1' M M
*

simple cyclic loading event for which Yw = Yw i
• ^^ more complex sub-

cycling occiirs, then, according to equation (5.24) , the new reference

value Yw is modified by the effective plastic strain accumulated in the

sv±)cycles . For example, as is shown in Figure 2.4, we have |e - e |

=

*

Y - (Yf ~ Yj) ~ Y = Y ~ Y ' when the reference value for path fg is

*

Y = Yj:
~ Yj * Y • Consequently, the shifting condition of equation

(5.22) may be rewritten as

Y - Y = Ym - Yj^ ^^ ^ - ^ ^^'^^^

*
Then, from equations (5.24) and (5.25) , we conclude that Y ^^^ Y a^e

the only memory parameters required in order to characterize the material

memory behavior.

Through this work, the Ramberg-Osgood parameters (k, n) are assimied

to be functions of Y only. They are not modified during the plastic

modulus shifting process. Also, for simplicity, the modeling of the

mean stress relaxation is neglected. Thus, for ^ = 0, equations (5.9)

and (5.10) become

, .' • ..' n = n^ + (n^ - nj exp(- y/^) (5.26)

and

k = k^ + (k^ - kj exp(- Y/S) (5.27)

v^ere n and C may be computed from equations (5.13) and (5.14)

.

Note from equations (5.8), (5.26) and (5.27) that the first

restriction of the shifting criteria is satisfied automatically, because
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* *
at any shifting point the new computed value of y , denoted by y , is

always smaller than the original value, y . This can be proved by

noting that, from the definition of subcycling and equation (5.25)

,

Vl - Vl > Y3 - Y* = Y^ - Y* (5.28)

Then, from equations (5.24) and (5.25)

^N - ^o = vi " ^\ - Vi^ - f^s - ^M -^ y;;]

* *

Thus, from equation (5.28), we conclude that Y^, - Y < 0. Figures 5.4b

and 5.5b illustrate the stress-strain response of the cyclically

stabilized type 304 stainless steel subjected to programs of enforced

strain amplitudes shown in Figures 5.4a and 5.5a, respectively. These

were obtained by incorporating the proposed uniaxial memory criteria

into the rate-independent constitutive equations given in Section 5.2.

The stainless steel data given in the previous section were used in

these computations. Though the results are similar to those presented

by Jhansale and Topper [77] under cyclic steady-state conditions, it is

believed that the above proposed memory criteria, which are described

in plastic strain space, have more flexibility for multiaxial generali-

zation. The application of the theory to the same 304 stainless steel

in a transient cyclic-hardening state is illustrated in Figure 5.6b.

Here the quasistatic stress-strain response to a complex loading program

of variable strain amplitude (Figure 5.6a) is computed. Note that the

transient hardening causes the subcycles not to be closed. Note also

that the magnitude of the slope changes at the shifting points and is
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strongly dependent on the plastic strain amplitude of the subcycle

—

large slope changes result from small amplitude subcycles. Thus, the

shifting criteria are important especially for the loading history with

small hysteresis loops.

To incorporate the memory criteria into the rate-dependent flow

rvile, the following special form for function $(H) is used

$(H) = k(H)" (5.29)

where the overstress H is defined by equation (4.14) . Similar to

Ramberg-Osgood parameters (k, n) , it appears that the material param-

eters k and n are dependent on the cyclic loading history. For

simplicity, constant values of k and n were assumed to compute the rate-

dependent response (Figure 5.6c) to the strain program of Figure 5.6a.

For a strain rate of 100s the assumed parameters, k = 0.056 and n = 1,

predict an overstress of about 10% of the quasistatic stress in the

fully plastic region. Details of the numerical computation are given

in Appendix II

.

In Figure 5.6c, the dotted lines are quasistatic stress-strain

curves, which coincide with those given in Figure 5.6b. Due to the

viscid effect, the rate-dependent stress-strain curves (solid lines)

have continuous slopes at the shifting points. In effect, the rate-

dependent stress-strain response vinder cyclic loading is strongly

dependent on the quasistatic stress-strain response which is charac-

terized by the formulation of the cyclically dependent Ramberg-Osgood

parameters and the memory criteria.
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5.4 Multiaxial Memory Criteria

According to equation (5.8) , the plastic modulus is expressed in

terms of the parameter y which controls the overall material hardening

*
or softening, and a discrete memory parameter y , which characterizes

the effect of the change of loading direction on the plastic modulus

.

pCorresponding to the plastic strain e^ at the unloadxng point of the

* * *
Nth loading event, we define y = y for load continuation and y = Y»j

for load reversal. The multiaxial generalization of the uniaxial

*
cyclic theory requires that such binary criteria for Y ti® replaced by

a criterion expressed in terms of a continuous definition of degree

of load reversal [7] . Obviously, the continuous definition must agree

with the binary criteria for uniaxial loading history. In addition, ./.

they must be formulated so that the material response is continuous in

the sense that arbitrarily close stress histories produce arbitrarily

close strain histories. «*'

For multiaxial loading history, the stress path AB shown in Figure

5.7a is denoted as the Nth loading event. The subsequent yield surface

corresponds to the unloading point B. Following the elastic path BCD,

the yield surface is probed again at point D. The corresponding

material response in plastic strain space is illustrated in Figure 5.7b

where the trajectories ab and bf correspond to the stress path AB and

DF, respectively. Note that the dramatic change of the plastic strain

direction at b is obtained through the unloading-reloading process in

stress space. However, it may also occur through a phase of neutral

loading, i.e., from B to D along the yield surface. Since the direction

p
change at point b, denoted by ^ • • /^i » will affect subsequently the
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Figure 5.7. Schematic illustration of the loading path in (a)

deviatoric stress space and (b) the plastic strain

response.
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*
material behavior; the reference value y ^or the siibsequent plastic

loading event, path DF, shall be redefined. In addition, the memory

parameters associated with the change of the plastic strain direction

p
at £;.,„. shall be stored for the memory criteria. Note that, based on

13 (N)

the normality assimiption, the direction of plastic strain rate is

defined by the direction of the normal to the yield surface at the active

stress point. Thus, in Figure 5.7, the tangential directions of the

plastic strain paths ab and bf at b coincide with the unit normals of

the subsequent yield surface at B and D, respectively.

In this work, it is assumed that, corresponding to any plastic

P /v

strain point £. ., there exists a direction n. . for which the reference
ID ID

*
value of Y is minimum. We denote this minimum value by ^. Opposite

^ *
to the direction n. . the reference value Y attains its maximum value Y,

ID

pthe effective plastic strain acciamulated at e . . . Consequently, the

*
reference value y of a loading event may be determined by the angle 6

defined between the direction n. . and the direction n. . which is tangent

P "• -

to plastic strain trajectory at £. ., i.e.,

"
'

e = cos~''"(n. . n..)
"*

'^ " (5.30)
ID ID

*

Then, the general form for Y is

Y = Y (Y/ Y/ 6) and Y lY lY (5.31)

In general, the value Y and the direction n. . are functionals of the
ID

history of deformation. For simplicity, we assume that y is given by

a linear combination of y and y,

Y* = (1 - X(9)) Y + >^(9) Y (5.32)
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where X(6) is a continuous function of 8. According to the definition

of equation (5.30), the conditions to be satisfied are: X(0) =1 and

X(7T) = 0. These criteria are met by the simple form for X,

X(e) = cos"^ I (5.33)

where the material constant m has to be determined in order to predict

reasonable material response. Further discussion of this formulation

will be given in Chapter 6

.

From equations (5.8), (5.30) and (5.32), it can be seen that, at

p
einy plastic strain point, the minimum plastic modulus E . is associated

with Y in the direction n.., i.e., 6 = 0, and the maximum plastic

*
modulus (infinite) is associated with y = y and = IT . This multi-

axial theory is a generalization of the uniaxial stress-strain theory

which predicts that the minimiam plastic modulus is always defined in the

direction of loading continuation and the infinite plastic modulus in

the loading reversal direction.

For simplicity, only the loading paths with linear or nearly

linear plastic strain trajectories are considered in this section. The

generalization to arbitrarily curved trajectories is contained in

*

Section 5.6. Consequently, the reference value y for a loading event

may be assvuned to be constant until the next change of plastic strain

direction occurs. Then, the value y for current loading event may be

computed from equation (5.32),

Y* = (1 - X(e*)) Y^ + ^(9*) Ym ^^'^^^

and
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e* = cos"''"(n. . n. ., . ) (5.35)
ID ID (M)

where y , y and n. ... are the values corresponding to the starting

ppoint e . . . . of the current loading event.

It remains to determine the direction n. . associated with E . .

ID mm
This direction must be a continuous function of plastic deformation,

otherwise discontinuous material response will be predicted. Accordingly,

n. . is assumed to be gradually shifted toward the direction tangent to

the plastic strain path n. . from its initial direction n.
. ,„. of the

ID ID (M)

P y\ ^
point e. . ,... . Let 6 denote the angle between the two directions n. . and^ id(M) "^

ID

"ij(M)'
'^•'

6 = cos (n. . , n. . , . )

ID ID (M)

Here, it is assximed that 9 may be related to its initial value 9 by the

following relation:

* Y - Y,M
= 9 [1 - exp(-k' )]

• (5.37)

where k' is a material constant to be determined. From equations (5.33)

and (5.34), equation (5.37) becomes

/s *9=9
-k- (Y - Y^)

1 _ exp[ ^ ^ ^—] }
(5.38)

cos (9 /2) (Y - Y^)

Note that equation (5.38) gives 9 = when 9 =0 and 9 = TT at the

onset of inelastic flow when 9 = TT. These results indicate that, for

uniaxial cyclic loading, the loading direction always coincides with

n. . and the load reversal direction always defines the infinite plastic
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modulus. This replicates the previoiosly discussed uniaxial stress-

/s.

strain behavior. Though 6 may be expressed in differential form, it

is, however, easier to use the expression (5.38) instead.

Now, the current value n. . can be computed from its initial value

n. . , , and the calculated value by assuming that 8 is defined on the
ID (M)

* (*)
same plane as 6 in the six dimensional plastic strain space

.

Finally, the reference value y associated with the direction n. . at the

end of the current loading event may be obtained from equation (5.34),

- = Y* - (1 - A(e))Y
( 39)^ X(e)
^^' ^

By recalling 9 = 9 - 9, we note that X(9) > because 9 = it and 9 = 0,

when 9 = tt. In addition, the value y must be a nonnegative quantity,

thus, the material constants m and k' of equations (5.33) and (5.37),

respectively, must be properly chosen so that the following condition

is satisfied, from equation (5.39),

y* - a - X(9)) Y 1 (5.40)

Let n, n, , and n be the unit vectors corresponding to n. .,
~ ~(M) - '•J

n V and n ., respectively, in six dimensional plastic strain space,
i j (M) 13 *

Then, the plane defining 9 may be represented by the unit normal
if

vector n, , X n/sin9 . Consequently, the six components of the unit
~(M;

vector n may be calculated from the following six independent

simultaneous equations,

A

~<^^ -
sin9* -^""^ ~

and

n • n = 1
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It has been shown that the uniaxial memory criteria may be

characterized in plastic strain space by the stored parameters Y and Y

associated with the plastic strain at points of reversal on the plastic

strain paths. For multiaxial memory criteria the concept of shifting

points is generalized by defining shifting boundaries and storing the

memory related variables Y» Y s"<^ ^- together with the corresponding

pplastic strain point e. . when abrupt changes of the directions of the

plastic strain trajectories occur. These variables are retained at the

memory storage locations in chronological order and denoted by y , y ,

e. ... and n. ... . A memory storage and erasure algorithm similar to

that described for the uniaxial case is used. The memory variables

associated with the loading event for which the absolute plastic strain

change is a maximum, Ae , are retained at the location M = 1. Con-
max

sequently, the shifting criteria may only be generated when M >_ 2.

Let M' be an integer between 2 and the current value M. Then, as

is shown in Figure 5.8, the relative position measured from the M'th

pmemorized plastic strain point e . . , , , to the current plastic strain
13 (M')

ppoint e. . may be expressed by

D D ** **
e". - £..,„,> = Ae to. . (5.41)
13 13 (M') 13

p pand the relative position between €..,,., ,v and £. .,..,. is
ijlM'-l) 13 (M')

^^wm. l^ -^^WM.N = Ae 0). . (5.42)
.

13(M'-1) 13 (W) 13

** *
where OJ. . and 03. . are the unit vectors parallel to the defined relative

13 13
** *

position vectors, respectively, and the scalar quantities Ae and Ae

are ''
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ij(M'-\)

ij(M'-2)

Figure 5.8. Shifting boundary defined in plastic strain space.
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Ae
**

(^Ij-^?j(MV^^ij-nj(MM^
1/2 (5.43)

and

*
Ae =

^^ij(M'-l) ^ij(M')' ^^ij(M'-l)
e^ )
^ij(M')'

1/2

(5.44)

**

Also, denote Ae ,^. as the component of Ae in the direction w^^, i.e..
(T)

** ** ** *
Ae , , = Ae w . . o) .

.

(T) ID i:

**

(5.45)

Then, the other component of Ae^ in the direction perpendicular to 0)^^,

**
denoted by Ae .^. , may be computed from

Ae
**

(N)

- ** 2 ,. **
,

2

(Ae ) - (Ae^^j)
1/2 (5.46)

It is assumed that the shifting boundaries corresponding to the (M'-l)th

and M'th memorized points are defined as follows (see also Figure 5.8)

:

Ae** = Ae*, when oi^^ u)_ > and Ae^^^ < Ae
**

(N)

or
** *

Ae
(N)

Ae*, when w** co* . > and Ae**^ < Ae , or w^^ w^. <
ID ID

(5.47)

These shifting boundaries represent a semiinfinite cyclinder in plastic

strain space with its base containing the point eij(j4._i)
and its axis

coinciding with the direction OJ*^ . Note that if there are M memory

points currently stored, the number of the shifting boundaries is M-1.

^'^
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When one of those M-1 boundaries, e.g., the one corresponding to

e^ and ^ . . , is reached dxiring the current loading event, the
ij(M'-l) ij(M')

current value y is then assximed to be shifted to a new value which may

be computed from equations (5.34) and (5.35) . This is equivalent to

treating the memorized point
£ij(M'-i)

^^ ^^ starting point of the

current loading event. If Y is the effective accumulated plastic

strain at the shifting point e? . , then by adding the plastic strain

accumulated between £?•
(j^'-l)

^""^
^ij

^° ^® reference value, which is

computed from equation (5.34), the new reference value is

or

Y = Y - X(e )(Ym._i
-

Y,i._i)
(5.48)

where

6* = cos"^n.. n..,^, ,.) (5.49)
13 13 (M'-l)

Since the plastic modulus is not allowed to be shifted to a larger

value, the newly calculated reference value y in^st be smaller than its

original value. Otherwise the original reference value is kept for the

current loading event until the next shifting boundary is reached or

the direction of plastic strain trajectory changed. Once the shifting

boundary of z%^^,.^) '
^Jj (m' )

^^^ ^^^" penetrated, the stored

parameters of these memorized points following M'th point are erased

from the memory. Therefore, the current value M is reset to M'-l.

It can be seen that only the shifting boundaries defined by abrupt

changes of plastic strain trajectories will significantly affect the
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subsequent material response. On the other hand, the shifting

boundaries associated with small plastic strain direction changes will

unlikely have any significant effect on the subsequent response. Thus,

in order to minimize the memory requirement of the theory, the following

(*) • P
simplified procedures are suggested. At a plastic strain point, e^^,

where the plastic strain trajectory changes direction, the values n^.,

Y may be computed as above . Since e?

.

^^^
is the last point stored in

p p
the memory, consider a hypothetical loading event from e to e^^

^^^
.

Let e^.
^^)
-^%-^^ ^y ^iy "^^^^ ^^ = f2/^^^?j(M) - ^?j) ^^?j(M)

-

e?.)]"'"'^^ and w. . is the unit vector along the line e^
j (j^)

" ^^j • Then,

the reference value of this hypothetical event, y , inside the shifting

P P
boundary of e ..,„.-£.. is

ij (ii) 13

y* = a - X(0)) Y + X(Q) Y (5.50)

where 9 = cos~"'"(a3. .
• n. .) . When the shifting boundary is probed during

_*

this hypothetical event at e^
/j^)

' ^^^ shifted reference value, Y *

could be computed from equation (5.48) by noting that Yg = Y + A?'

Thus,

;^* = Y + AY + X(e) (Yj^
- Y^) <5.51)

where 9 = cos" (co. . n. ., ,) . It was demonstrated previously that when
13 13 (M)

Y > Y this shifting boundary has no significant effect on the subse-

quent loading event.

At the expense of storing xannecessary information the following

modification can be omitted. These changes are strictly for computa-

tional convenience

.
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^* -*
Consequently, it is assumed that if Y -^ Y / for the hypothetical

load reversal path, then the trajectory change is significant and the

memory parameters corresponding to e . . are stored at their (M + 1) th -

memory locations, and calculations for the next loading step proceed as

-* »,*

normal. However, if Y >. Y ' then the small angle change can be

P
ignored and the memory parameters of £ . . . . are erased and M is reset

to M-1. Note that, from equation (5.37), 6 is expressed in" terms of y ,

p
which corresponds to the memorized point e . . . . . This strain may be

treated as the starting point of the current loading event. Thus, when-

ever the last memorized point is erased, the values n. . and y of the

current point £?. shall be recomputed. This procedure is then repeated

until a significant memory point is located.

5.5 Cyclic Yield Surface Distortions

The hardening rule proposed in Chapter 3 predicts that the width

*

of the yield surface in the prestressing direction, D , shrinks under

monotonic uniaxial prestressing (i.e., D < 0) and that the rate of

shrinkage on the side remote from the prestressing point is greater

than that on the near side, i.e., |e| > |dl. However, the experimental

results from [11] show that when the prestressed specimen is loaded in

the reverse direction, the width of the yield surface D tends to

increase and then decrease again.

In order to describe such phenomena, it is proposed that the width

D increases, D > 0, when the rear part of the width is greater than

* *

the forward part of the width, i.e., e > d ; and the width decreases

D < when d > e . Consequently, equation (3.62) is modified as
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follows:

^ = sgn(d* - e*) p^ (5.52)

D

while equation (3.63) remains lonchanged,

* *

^/^^ = ^ (5.53)

e /D

The functions p and q of equations (3.64) and (3.65) are generalized

into the form of equation (5.8)

:

* bl - 1

P = -a^ b^(Y - Y ) (5.54)

and

q = -a^ b2(Y - Y )

"
(5.55)

*^2 -1

where Y is the reference value of accumulated plastic strain for a

loading event. It can be seen that the material parameters a , b , a_

eUid b„ are likely to be dependent on the history of cyclic loading

.

However, due to the currently limited experimental data, they are

assumed to be constant in this work.

The simulations of experiment S-12 for pure aluminum presented in

Reference [11] are illustrated in Figures 5.9a and b. The discrete

points are the experimental data from [11] . From Figure 5.9a, the
_,

hardening behavior of the subsequent yield surfaces during the initial

loading is, again, seen to be well described by the proposed hardening

rule. In Figure 5.9b, the first experimental yield surface after the

load reversal has, however, a larger width than the theoretical one.

This result suggests the need to define the cyclic dependence of
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a
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d, T (MPa)

-20. do -10.00 1jiOO

•-J

10. nn / sn.QO ^ ,"Jo (MPa)
/

y
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o

OJ--
I

o
I

Figure 5.9a. Theoretical representation for the initial loading

of experiment S-12.
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•• ^H

20.00, ^ ,

X o (MPa)

Figure 5.9b. Theoretical representation for the load reversal of

experiment S-12.
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parameters a , b , a^ and h^. Nevertheless, these simulations show

that the observed decrease, increase and then decrease of the width of

the siabsequent yield surfaces for the initial and reversed loadings can

be qualitatively characterized by the proposed theory.

When the simplified hardening rule with only one deformation rate

is used, equation (3.52) is rewritten as

*

A = -T- = sgn(a. . n. .) py (5.56)

*
where n. . is the unit normal to the yield surface at a. .. Here, the

*
loading away from the origin is represented by a. . n. . > and toward

*

the origin by a. . n. . < 0, qualitatively.

5.6 Curvelinear Loading History

For the loading events generating curvelinear plastic strain

trajectories, every incremental loading step may be approximated by a

linear loading event. Then, the memory criteria proposed in Section 5.4

can be applied and eveiry incremental plastic strain point is a memorized

point. Though, for the loading events generating the plastic strain

trajectories with high curvatures, it is important to update the

*
reference value y and to generate the memory criteria for every incre-

mental step. It is, however, not necessary to do so for those loading

events with nearly linear plastic strain trajectories.

Specifically, it is proposed that a new plastic strain point

memory be imprinted only when, along a plastic strain trajectory, the

change in direction relative to the tangent at the previously memorized

point reaches a critical value (J).
This concept is illustrated in Figure
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5.10 where three linear plastic strain paths are followed by a path

with gradually varying curvature . At point A, the plastic strain path

abruptly changes by an angle 6 , which is greater than the specified

angle tj), thus point A is a memory point. Point B is not a memorized

point, because the changed angle 9^_ is smaller than (j) . At point C,
AB

the total angle change of path ABC is 6 , which is again greater than

(f),
thus C is memorized. Along the continuously curving path, the

memory points D, E, F, G, H, and I are then determined by the specified

deviation angle (}). Note that if a very small angle (}) is chosen, then,

virtually, every incremental point is a memory point along a curve-

linear trajectory.

The proposed memory criteria may be incorporated into the rate-

dependent flow rule by the computational procedure described in the

flow chart of Figure 5.11. The constitutive algorithm for material

memory implied by this flow chart consists of two major steps: (1) the

determination of the imprinting and erasure of memory at the appropriate

points and (2) the implementation of the shifting criteria.
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«DE=*

Figure 5.10. Curvilinear loading path.
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CHAPTER 6

SIMULATIONS

6.1 Rate-Independent Surface of Constant Offset Strain

In this section, the loading pattern shown in Figure 6.1a is

used to study the effect of prestressing on the subsequent plastic

strain offset surfaces predicted by the proposed theory under the rate-

independent assumption. In Figure 6.1a, the uniaxial prestressing path

is OA. Point O' is the center of the subsequent yield surface corre-

sponding to A. Following the prestressing, the plastic strain offset

surfaces may then be probed by the loading paths O'B, O'C, O'D, etc.,

which are independent loading events and are in radial directions

relative to the subsequent yield surface. By considering only the pure

kinematic rule for a Mises yield surface, we have i .
= n . .

= r .,
ij ij ij

along any of the probing paths. Let the paths o'b, o'c, o'd, etc., in

Figure 6.1b be the plastic strain responses to the stress paths O'B,

O'C, O'D, etc., respectively, then the radial loadings give o'b| |o'A,

o'c| JO'C, etc.

Now, the stress rate may be expressed by

a.. =/^a£.. (6.1)13/3 ID

- * * 1/2
where the effective stress rate is a = (3/2 O ^. a ) . Here, from

equations (4.8), (4.10) and (4.11), the rate-independent flow rule

150
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H

Subsequent Yield
Surface

ij

(a)

o ,a
ij

(b)

Figure 6.1, (a) Probing paths following a uniaxial prestressing
and (b) plastic strain response.
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corresponding to any of the locally radial loading paths is given by

- * n-1 •

a = kn(Y - Y ) Y (6.2)

where, for simplicity, the Raitiberg-Osgood parameters k and n are assumed

*
to be constant; thus, the value Y is the only parameter dependent on

the loading direction. Let Y tie the effective plastic strain

accumulated at point a, and K be the size of the Mises yield surface.

Then, the effective yield stress a measured from the center of the
y

subsequent yield surface O' is

O = /I K (6.3)
y o

Consequently, the effective stress O measure from the center O' along

one of the probing paths for a specific plastic strain offset y ^^ "i^y

be obtained by integrating equation (6.1) from a to o and Y to Y +

Y ^^. The result is
' off

a - a = k(Y + Y .r*
- Y ) - k(Y - Y

)" (6.4)
y 'a 'off 'a '

, 1/2 *
where a = /3/2[(a. . -a..) (a., -a..)] . The parameters k, n and Y

ID ID ID ID

are assumed to be constant for any of the radial loading paths and are

evaluated at point a (Figure 6.1b), which is the starting point of the

locally radial loadings

.

*

For the prestressing OA, the reference value y is zero, and the

> -

direction n. . coincides with the prestressing direction. Denote the
ID

angle between the prestressing direction and a probing direction as 9,

*
then at point a, the reference value y ^o^ this probing path may be

computed from equations (5.33), (5.34) and (5.35),
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Y = [1 - cos"'(9/2)] Y (6.5)

Substituting equation (5.5) into (6.4), one obtains, in deviatoric

stress space, a family of surfaces of constant effective offset plastic

strain. These surfaces are shown schematically in Figure 6.1b, and are

given by

a - a =k{tY +Y^^-Y +Y cos"'(e/2)]" - [y - Y, + Y cos"*(e/2) ]"}
^ 3i OXX 3i 3L d a 3.

or

Aa = a - a = kY "{ [Y r*/Y + cos'"(e/2)]" - cos"^(9/2)} (6.6)
y a 'off a

By integrating equation (6.1) together with equation (6.6), the

family of offset surfaces becomes -

/2~ - -
o. .

- a. . , ,. = /- (Aa + a ) £. . (6.7)
1] l](o') V 3 y 13

where a. . . ,. is the center of the subsequent yield surface corresponding

to A in Figure 6.1a.

Note that, for the present case, the offset surfaces are symmetric

with respect to the prestressing axis . It can be shown that equation

(6.6) implies either zero or infinite slope of the offset surfaces at

6 = TT. Consequently, a necessary condition for convexity of the family

of offset surfaces given by equations (6.6) and (6.7) is

^[z^^ = where 9 = and 7r (6.8)
dU

Substituting equation (6.6) into equation (6.8),
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d(Aa) . n. mn Joff ^ m S.-n-l m-l,e, . ,9,

mn mn-l 6. . .9. 1 ... ^.+ — cos (2-)sin(-)} (6.9)

when 9=0, the convexity condition d(Aa)/d9 = is always satisfied,

and when 9 = ir, d(Aa)/d9 = provided mn >^ 1 and m > 1. Consequently,

the restriction on m is m >^ 1/n for <_ n <^ 1.

For pure aluminum AllOO, the Ramberg-Osgood parameters of the

initial curve, the first cycle reversed curve, and the limit cycle curve

are (ic , n ) = (125 .99 MPa, 0.1014) , (k, , nj = (137 .8MPa, .0885) , and00 11
/^ /\

(k , n ) = (151.69 MPa, 0.05) . The parameters for the initial curve are

directly computed from the upper equilibrium stress-strain equation,

which was obtained by using the data of Table 3.1 by Eisenberg, Lee and

Phillips [96] . The second set of parameters is estimated based on the

data of experiment S-12 [11] . By assioming the stress-strain loop

Stabilized rapidly after the first load reversal, the values (k^, n^)

are chosen to be close to (k , n ) . From equations (5.13) and (5.14),

where Ay = 0.01, the computed constants are n = 0.015 and ? = 0.0057.

The mean stress adjustment is neglected, i.e., E, = . Also, based on

Phillips and his coworkers' experiments, the size of the initial Mises

yield surface is /3 K = 34.38MPa (5000 psi) . Due to the lack of

experimental data for the cyclic hardening and softening properties of

pure aluminum, only a qualitative representation for this material is

obtained. *

Figure 6.2a, computed from the above data for pure aluminum, shows

the effect of the parameter m on the 0.001 offset surface subsequent to
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a 0.01 plastic prestrain. Figure 6.2b is a plot of A0 vs. 6 computed

under the same assumptions. Note that the slope d(Aa)/d9 at 8 = IT

shifts from infinite to zero when m changes from 8 to 10, because

1/n ~ 8.5 for this case. Also, Figures 6.2c and 6. 2d illustrate the

effect of the offset plastic strain on the offset surfaces in deviatoric

space for m = 10 and 12, respectively. The offset surfaces tend to

become isotropic with the increase of offset strain. It can be seen

that there are small concavities developed for small offset strain

-6
(5x10 ) in Figures 6.2c and 6. 2d. These results show that the equa-

tions (6.6) and (6.7) do not ensure a family of convex surfaces even

though their slopes are continuous. However, such a concavity is not

considered to be a serious problem. The degree of concavity is small

and only occurs for small offset strain. Moreover there is no

theoretical requirement for a convex offset surface. Also, the

concavities of constant offset surfaces may be eliminated by using more

complex functions than equation (5.33).

The loading paths OA - AO' - O'E of Figure 6.1a may be used to

study the material constant k' of equation (5.37). According to the

previously proposed memory criteria, when the subsequent yield surface

*
is probed by the loading event O'E, we have 6 = 9 = Tr/2 and M = 1,

and the memory parameters are Y.. = and Y.. = Y • Since there is no
M M a

experimental data currently available, suppose that for the loading

event O'E, 6 = tt/4 when (y - Y..)/(Yw " Y ) = 1, or that 9 = 0.96 when
M M

*

(Y " Y..)/(Y., ~ Y ) =2. Then, from equation (5.38), we obtain k' =MM
0.1225 or 0.2035, respectively, for m = 5. Obviously, the value k'

should be determined experimentally. However, the order of magnitude
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of k • may be estimated by such reasonable hypotheses . The curves

6 vs. (Y - 'Yw)/(Yw ~ Y ) for different 6 are illustrated in Figures

6.3a and 6.3b for m = 5 and k' = 0.123 and 0.204, respectively. Note

that, for 6 = it, 9 shifts abruptly from zero to 6 at the onset of

plastic flow. For 9 < TT, 9 gradually approaches 9 at a rate which

increases with k'

.

6.2 A Comparison of the Existing Hardening Rules

The effect of using the four different directions, n.., r.., I. .,
i: ID 1]

and m, ., for the translation and deforroation directions, v. . and u. ,,
3-D 13 13

on the subsequent yield svurface following a nonproportional prestressing

is studied in this section. The nonproportional prestressing path is

obtained by loading in tension while holding the shear stress constant.

For the present case, the constant shear stress is assumed to be

5.973MPa (or 0.6 K^) , and the tensile prestressing is terminated after

0.6% of effective plastic strain is accumulated. This nonsymmetric pre-

stressing simulates the experiment K-5 presented by Phillips and Kasper

[10]. While the prestressing is different from radial loading, the

experiments show that the Phillips' hardening rule is valid, i.e., the

subsequent yield surface translates and deforms in the loading direction

with zero cross effect.

The procedure of numerical computation for pure aluminum presented

in this chapter is given in Appendix III. The governing equations are

given in Section 4.5 for both rate-independent and rate-dependent flow

rules. The observed nonsymmetric deformation of the subsequent yield

surfaces is now qualitatively represented by the symmetric deformation
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predicted by the simplified hardening rule. In Figures 6.4-6.7, the

centers of the subsequent yield surfaces are denoted by symbol -f- , and

the loading points are denoted by X • For the rate-independent case.

Figures 6.4a and 6.4c, the loading points coincide with the quasistatic

loading points and lie on the sxobsequent yield surfaces. For rate-
!
I

dependent cases. Figures 6.5-6.7, the loading points lie outside the

subsequent yield surfaces, and the quasistatic loading points are

determined by the intersection of the subsequent yield surfaces with the

radial lines from their centers to the loading points. The specific

directions of deformation u. . and translation V. . are indicated in each
ID ID

figure.

For the rate-independent case, the subsequent yield surfaces pre-

dicted by (u. . and V. .) = n. , or r. . or Jl. . are compared in Figure 6.4a.
ID ID ID ID ID

It can readily be seen that the influence of the hardening rule on the

subsequent yield surfaces is significant. While the hardening rule of

Z. . predicts no rotation and zero cross effect, large rigid body rota-

tion and large cross effect are predicted by both n. . and r. . rules.
ID ID

However, the difference in size of the subsequent yield surfaces is not

significant. Plastic strain trajectories are plotted in Figure 6.4b

with every five incremental steps marked by a symbol . It can be seen

that the plastic strain trajectories are also strongly dependent on the

hardening rules. The strain trajectories predicted by the n. . and r. .

rules are similar, while the £. . rule predicts a somewhat larger devia-

tion from the loading direction.

In Figure 6.4c, £,. . is assumed to be the direction of deformation
ID

u. . for all three cases which differ in choice of the translation rule.
ID
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Then the rigid body rotations shovm in Figure 6.4a are eliminated. The

cross effects predicted by the kinematic rules n. . and r. . result from
ID ID

the rigid body translations in the direction perpendicular to the

loading direction. Figure 6.4d shows that the directions of the pre-

dicted plastic strain trajectories for the u. . and r. . rules are more
13 ID

nearly parallel to the loading direction than are those shown in Figure

6.4b.

By neglecting the deformation of the yield surface, the effect of

choice of kinematic rule upon the rate-dependent yield surfaces is

illustrated in Figures 6.5a and 6.5b. Note that, in this work, the

kinematic directions are described in deviatoric space, thus the Mises

yield surface provides n. . = r. .—the subsequent yield surfaces of n.

.

and r. . coincide. Also note that, in Figure 6.5b, the large slope of

the nearly linear plastic strain trajectory predicted by the I. . rule

is related to the fact that, in Figiire 6.5a, the final loading point for

this rule is significantly larger than that of other rules. This occurs

because the plastic strain increment is proportional to the projection
.

of the stress increment on the unit normal to the yield surface.

Also under the rate-dependent assumption, the development of the

sxobsequent yield surfaces for the specified directions of deformation

and translation are presented in Figures 6.6a-6.6g. A Mises loading

surface passing through the final loading point is also plotted in each

figure. The final subsequent yield surfaces for seven different rules

are then compared in Figures 6.7a and 6.7c, respectively. The corre-

sponding plastic strain trajectories are illustrated in Figures 6.7b

and 6.7d, respectively. It can be seen from Figure 6.7a that the



o
165

II li II

zf zjT If

d" L." _-=

II II II

;i°' ;ir ;:r

Q <1

QQ'O

a
o

oa

i."\j

{ <

1

•8

S

I

1

I

u

I
a
o

3
w •n
•d -H
1-1 o?
0)

•H JJ

>i O
+J -n

0) ^

D* U
Q) O
to

W fi



166

Q£"G 02'C 01 '0 QQ"0

-- a
I

a

Qi-Q- O^-Q-

•

•H
[^

•rl

S"

c

(D

5

•rt

s

«

<u

s
c
•rl

Id

V4

•P
(0

o
-rl

cm

•H
fa



167

11 II II

zT zT if

C" L_" —

=

II II II

;Nr ;r ^"^

Q <^

a.

f

QQ-QE iQ'Oa

o

/'

^

^Hs^ '^..-^'-

>*."--

"<^>'

am

N.

-1- .^D

\

\i

00 -qi 00 'Qc

o

o

0)



168

0£"Q Q-ro Ql'Q QQ-Q- QfQ- Q2-Q-

a

-- o
I

o

0)

I

(0

s

•H
c

nJ

o

s

c
•H

!
n

s
M
O
O
(0

«

s
o

I

a
o

I

-LO
I



169

II il II II

QO'Q

i *

in

s

o
p
o
(U

H

in

i
•H



170

Qe"Q 02'Q QI "Q QQ'Q- QfQ- 02-Q-

o
«

a
a

n
o
•rH
4J
(0

m

.o
I

a
I'M

-a
I

;:



171

/

/

-5 s

/

9

o
u~

^

/
i g

I

A

o

0}

i

I

o
-rl

>1

o
Cl

i-^

OG'OS oa'c;

/
\

d /

I" /

/

^\ /

\

JU U I OG'Gc-

(1)

(0

«
M
13

4)

04
0)

T)
I •

O -n
P -H

II

0)

>
«t-l

O II

C -n

•H 3
-P
nj m
g °
o 0)

VD

0)

•H



172

/

II
li

6^>

CL

h^

/

00

/

/

.%

/

"'\

+

y

-J /

X
X

QO'OI-

/

OG'Oc-

e
+»
u

•a

Qi

CO

o
o
Id

o



173

y

II
i!

K-

GO-Qii 00 "GS

^S^^.

9 D /

\
en

T
o
CM

/

\ ;<

jo'di

O A

oQ

00 OO'OJ-

a
. >•

I

-i-(M

i~! I i

" ri --' —OU uc

ft

«
«

1
d
r4
<D
•H
>i

7

I

II

C -n
O -H

n) II

CO -n

(0 3

o

n( rH

C M
O
•H 0»
-P C
(0 -H

i (=:

P (1)

O TJm u
0) (d

Q ^

o

0)

U

•H
[14



174

00 Qc-

•H
a
o

>i

•d

o
ns

s

c

I

•§

O

o

§
-H
+) •

rH -H
m 6

n] II

U
4J n
"O ;>

i II

o
•H
+J

6 O

<0

32

•n
•H

C^



175

GO'Gi
in • '"^

T'

-

c:
•H
c

o
(d

t!
CU
4J

O
-H

ft

ui

(1)

u

<4-l

3
to

X5H
<U

•H
>i

4-)

C
(U

&
(U
M

01

0)

n
o a

IIc
o

US

w 'd

rd nJ

^4

C
« II

C T
O J"
•H 3
P
ns M-i

o <u

0)

vo

•n

VC

0»
•H



176

o

h^

GQ-QS QG"G2



177

/

/

ii
II

a
Cl

1-^

/ r-j£ Cl

OQ'OS QO'GZ

+•

° O
/X

y

/

-t- =!

00 'di 00 0' 00

I
>i



178

QO'QS QQ'Qc-

I

<o
+»
(d

u

u

c
3

O
•n

-H
C

II

•n

a)
rH

<u o

U -P

O 01

ft Q)

e ft
O 0)

u tj

(0

0)

3

•rH



179

It II II II

Q£'Q Q2'Q oro QQ'[

a

-l-a
t

o

-L-a
I

CTQ- Q2*Q-

fi

t
B

I
S

8
a
o

I
o
<D
•n

s

a
a
o

CO

(d

rH
0(

«0

u
3

-H
b4



o
180

II II II II

dT zT zT zT

II II ii II

;:r ;:r ;:r ;ir

Q <1 <$>

i.-n

QQ'QE

•H

n

1

u
o

H

C

II

•n
•rl

O

8
1-1

u a
o

C -P
•^^ D,

Q) 3
•O en

u w

O

C
O

C
0)

0)

01 Qt

IS

Q, <U

O nj

u

I
IT
•H



181

II II It 11

dT -zT iT zf

II II II II

;:r ;::r ;^r ;ir

. E <1 <$>

&«

Q£"Q QZ-\} Ql "Q QQ"(1- ora- 02'0-

--a
i

-LC3
I

r-"

o

V0

O
u

D>
•H
h
O
+J

a>
c
•H

e
o

0)

VI

V4

o

0)

0)

•H
V^

O
-P
o
Q)
•n
nJ

V4

P

•H

4J
CO

o
•H
4J
CO

r~

vD

fl)

3
cr>

-H
Cm



182

surface predicted by the u. .
= V. . = m. . rule is rotated in the direc-

iD ID ID

tion opposite to that of the n. . and r. . rules (see also Figures 6.7a,

b, and c) . Also, the cross effect predicted by the u. . = V. . = m. . rule
13 ID ID

is small. In Figure 6.7c, the V. . = m. . and u. . = H . . rule predicts
ID ID ID ID

the result closest to the experimental hardening behavior u. . = V. .
=

ID ID

£. .. In Figure 6.7b, the plastic strain trajectories for the rules £. .,

n, . and r. . are almost coincident; however, this is not the case for
ID ID

the rules shovm in Figure 6.7d.

6 . 3 Simulations of Experiment R-4

In the experiment R-4, which was presented by Phillips and Ricciuti

[48] , the data for three subsequent yield surfaces were collected after

creep following prestressing. The specimen was first prestressed to

point (a, t) = (29.5MPa, 0) with the plastic strain response (Ae , Ae )

—6
= C3.xlO ,0). After remaining at this stress for 2 hrs., an additional

axial strain (4.7x10 , 0) was accumulated, and then the first subsequent

yield surface was determined. The specimen was then subjected to a

second prestressing in torsion to the point (19.08MPa, 18.73MPa) with

the plastic strain response (13.7x10 , 171.7x10 ). After remaining

23 hrs. at the second prestressing point, the additional creep strain

(37.3x10 , 173.5x10 ) appeared and the second subsequent yield surface

was determined. The third prestressing point is (41.31MPa, 0) . The

plastic strain and creep strain for the third prestressing are

(62.6x10 , -53.6x10 ) and (80.7, -38.8), respectively. The pre-

stressing remained at the third prestressing point for 100 hrs. In

Figures 6.8-6,12, the data points for the three subsequent yield surfaces
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are plotted and are denoted by symbols Q , O and ^ for the first,

second and third subsequent yield surface, respectively. The three

prestressing points used for ccanputation are denoted by A, B, and C in

Figures 6.8-6.12. The computed centers of the three subsequent yield

surfaces are denoted by O , O^ and O^ in order. The computation was

performed for three radial prestressing paths OA, O^^B and O C. The

experimental paths were also radial paths, but differ slightly from the

theoretical paths since they were defined relative to the experimentally

determined yield surface centers. Points A and C are identical with the

experimental points, whereas point B lies on the same Mises loading

surface as the experimental point but differs by about 3MPa in the

direction.

Although different hardening rules were incorporated into the rate-

dependent flow rule, all simulations were computed under a constant

effective stress rate 0.3448MPa/min (50 psi/min) , which was chosen to

correspond with the experiment conditions. Also, the concept of the

Mises loading surface and the generalized yield criteria proposed in

Section 4.4 are included. Following each prestressing, the stress was

assumed to remain at the prestressing point until 99% of the original

overstress vanished. The computed results are plotted in a - T and

e - e spaces and illustrated in Figures 6.8-6.12. Along the plastic

strain trajectories, every five incremental steps are marked by a

symbol \^ , and every starting point of creep is denoted by a solid

symbol | . The centers of the subsequent yield surfaces are denoted by

4- and the prestressing points by X • Three Mises loading surfaces

passing through the corresponding prestressing points are plotted in

each figure

.
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The predictions of the hardening rules u..=v..=£.., n.. and m.

.

are illustrated in Figures 6.8, 6.9 and 6.10, respectively. For the

first prestressing, since i. .
= n. .

= m. ., three hardening rules predict

the same first siabsequent yield surface. As a result of creep, this

surface becomes tangent to the loading surface at the prestressing point

A. The entire yield surface lies inside the loading surface. It can be

seen that the experimental surface is quantitatively represented by the

theoretical result. However, the plastic strain response is much greater

than that of the experiment.

As for the second subsequent yield surface, both the hardening rules

of u. . = V. .
= 2.. . and n. . predict the same result, because n. .

= I. . for
ID ID ID ID 13 ID

the second prestressing. Note that the second subsequent yield surface

for the cases I. . and n. . is truncated by the second isotropic loading
ID ID

surface. It provides a quantitative representation of the experiment,

even though the simplified hardening rule is used. Also for the cases

of il. . and n. ., the plastic strain of the second prestressing in Figures
ID ID

6.8b and 6.9b is similar to the experiment. However, the small amount

of tensile plastic strain is not predicted, and the creep strain reported

is much smaller than the experiment. In order to become tangent to the

loading surface at the prestressing point B, Figure 6.1Ca shows that the

hardening rule u. . = V. . = m. . predicts the second subsequent yield
ID ID ID

surface with large rotation and translation in the direction perpendicular

to the prestressing direction. Obviously it can not represent the

experiment qualitatively.

Since the third subsequent loading event is not perpendicular to the

zero cross effect axis of the second subsequent yield surface, the
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hardening rule governed by £. . predicts a slightly rigid body rotation

of the third subsequent yield surface, which is similar to the experi-

ment. However, the size of this surface in the T-direction is much

smaller than that of the experiment. Also, the large cross effect of

the experiment cannot be described by the theory with u. .
= V. .

= H^..

The third surface predicted by the hardening rule of n. . provides the

rigid body rotation and the cross effect as obseirved from the experi-

ment, while the size of this surface in the T-direction is much smaller

than the experiment. Again the third si±>sequent surface for the u. .
=

V. . = m. . rule becomes tangent to the third loading surface at the pre-
iD ID

stressing point C, and it can not qualitatively represent the experi-

ment. As for the third plastic strain trajectories shown in Figures

6.8b, 6.9b and 6.10b, the n. . rule gives the closest prediction to the

experiment. However, the s creep strain for rules i . . and n. .
are much

smaller than the experiment. Since the third prestressing is from O- to

A, the large plastic strain is predicted by the case m. .

.

Among the above three simulations, the hardening rule governed by

direction n. . seems to give the best representation of the experiment.

However, based on the studies of the previous section, this is not

necessarily true for other prestressings. In general, if a prestressing

does not intersect the yield surface with a small angle, the hardening

rule described by the loading direction is valid. On the other hand, it

is observed by Phillips and Moon [23] that this hardening rule is not

valid for prestressing nearly tangent to the yield surface due to the

lack of translation in the direction perpendicular to the prestressing

predicted by this rule. To overcome this difficulty, the following
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combined kinematic rules are suggested:

or

V. . = ^ Z.. + (1 -
\li) m. . (6.10)

13 '^ 13 ^13

V. .
= ^ I. , + il - ^) n.

.

(6.11)
13 ^ 13 ^ 13

and

ijj = (n. . £. .)° (6.12)

where c is a positive material parameter. Note that when the loading

direction coincides with the normal of the yield surface, if;
= 1, then

V . . = a. .; when the loading direction is tangent to the yield surface

,

13 13

\b = and v. .
= m. . or n. ., thus lateral translation is obtained. Also^ ID 13 ID

if C « 1, the kinematic direction V. . is determined by I. ., and if
13 "^ ID

C ->- 00, V. .
~ n. . or m. .

.

13 13 13

By incorporating the hardening rules, which are governed by the

two combined directions of equations (6.10) and (6.11) (c = 1) , into

the rate-dependent flow rule, one obtains the results shown in Figures

6.11 and 6.12, respectively. It can be seen that the second subsequent

yield surfaces in Figures 6.11a and 6.12a follow the hardening rule of

a. . because \b = n. . I. . =1. The third subsequent yield surfaces for
ID ID ID

both cases are similar to that of £. . in Figure 6.8a; however, the cross
ID

effect is now predicted. The mixed I. . and m. . rule predicts larger

cross effect than does the combined £. . and n. . rule. The plastic
ID ID

strain trajectories in Figures 6.11b and 6.12b are only slightly dif-

ferent from that shown in Figure 6.8b for case u . = V. .
= I...
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Based on the above studies, we conclude that

(1) the experiment shows strong evidence of the existence of an

isotropic loading surface. In general, the concept of

loading surface together with the generalized yield criteria

given in Section 4.4 provides a quantitative representation

of experiments.

(2) The hardening rule governed by the Mroz direction, u. . = V. .
=

m. ., appears, at least for the cases studied, to provide an

inferior representation of the experiment.

(3) As a result of using qualitative material parameters for the

constitutive equations, the plastic strain response does not

match the experiment well.

(4) Among the simulations based upon five different hardening

rules, the cases of n. . and the combination of £. . and m.

.

13 ID ID

seem to give better representation of the experiment.

However, together with the results of Section 6.2 in which

the hardening rule of V. . = m. . and u. . = Z. . gives the result
ID ID ID ID

closest to the experimental hardening behavior u.. =V.. =£,..,
13 1] 13

we expect that the mixed hardening rule of Z. . and m. . will
13 13

provide the better qualitative representation of experiments

for a variety of prestressings.

6.4 Rate-Dependent Surfaces of Constant Offset Strain and Constant
Tangent Modulus

In a - T space, the probing pattern shown in Figure 6.1a is again

used to compute the rate-dependent offset siorfaces and constant tangent

modulus surfaces and also the corresponding quasistatic offset surface
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and constant tangent modulus surfaces. Along a probing path, the

points on a rate-dependent offset surface and on the corresponding

quasistatic offset surface are the loading point and its corresponding

quasistatic loading point for which the designated eimount of offset

strain is accxomulated. The stress point on a rate-dependent constant

tangent modulus surface is determined by the given value of tangent

modulus. In this section, the rate-dependent tangent modulus is defined

by the ratio of the effective stress rate and the effective plastic

strain rate, i.e., O/y. Then from equation (4.56), the rate-dependent

tangent modulus becomes a/$(H) . Finally, a quasistatic constant

tangent modulus surface is determined by the quasistatic loading points

corresponding to a designated value of the modulus Er in equation (4.54)

.

Figures 6.13a, b, c, and d illustrate the four families of

surfaces of rate-dependent and quasistatic offset surfaces and rate-

dependent and quasistatic tangent modulus surfaces, respectively,

following 0.2% of plastic strain prestressing in uniaxial tension.

They are computed by incorporating the pure kinematic hardening rule

into the rate-dependent flow rule for a constant stress rate of 0.345MPa/

min (50 psi/min) . The offset strains range from 0.002% to 0.5%, and

the tangent modulus from lOOOGPa to 5GPa. Fifteen probing paths are

computed and, then, the surfaces are completed by interpolation. It

can be seen that the rate-dependent offset surfaces are similar to those

reported by Williams and Svensson [31] in Figure 2.2. The surfaces are

significantly distorted for small offset strain and tend to be isotropic

for large offset strain. The quasistatic offset surfaces of Figure

6.13b show the same characteristics as the rate-dependent offset
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surfaces. In Figure 6.13c, the rate-dependent tangent modulus surfaces

tend to become isotropic for small tangent moduli, while the surfaces

of tangent moduli show significant distortion and local concavities.

Note that the initial values of the quasistatic tangent moduli (given

by equation (5.8)) for the probing paths are dependent on the reference

*
value Y ^^'^ approach infinity only for fully reverse loading. Thus the

quasistatic surfaces (Figure 6.13d) of large tangent moduli terminate on

the yield surface. For small moduli, the quasistatic surfaces of

tangent moduli again approach isotropy as expected. Although the con-

cept of a family of constant tangent modulus surfaces proposed by Mroz

[37] has been widely applied to formulate the theories of cyclic

plasticity [5, 6] . No biaxial experiments to determine such surfaces

have been reported. ~

•-^_ For the next two simulations illustrated in Figures 6.14 and 6.15, '

the surfaces are probed following two prestressings. The first pre-

stressing involves loading in uniaxial tension until 0.2% plastic strain

is obtained. Then the material is loaded in the reverse direction

(second prestressing) until a specified amount of plastic strain is

accumulated. Second prestressings to 0.02 and 0.005% plastic strain

were specified for the cases shown in Figures 6.14 and 6.15, respec-

tively. According to the memory criteria proposed in Section 5.4, a

shifting boundary is created after the second prestressing (M = 2) . As

is shown in Figure 5.8, the sizes of the shifting boundaries of these

*
two cases are Ae = 0.02 and 0.005%, respectively. In Figures 6.14 and

6.15, the stress points at which the shifting boundaries in plastic

strain space are probed by the probing paths are denoted by the [_[
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symbol. Based on the shifting criteria proposed in Section 5.4, at the

*
shifting boundary, a newly computed reference value Y / equation (5.48)

,

must be smaller than its original value, otherwise, the shifting is not

generated. Thus, the shifting points at which the shifting is generated

are denoted by solid symbols H . It can be seen that, in Figure 6.14,

the shifting is generated for the first six loading paths (coianted from

the tensile direction) , while it is generated for the first eight

loading paths in Figure 5.15. In addition, it is observed that the

smaller the size of the shifting boimdary the more significant is the

effect on the subsequent surfaces.

By incorporating the deformation rule and the combined kinematic

rule of equations (6.10) and (6.12), where C = 1, into the rate-

dependent flow rule, four families of surfaces are computed and plotted

in Figures 6.16a-d. It can be seen that local concavities appear not

only for the constant tangent modulus surfaces but also for the constant

offset surfaces, even for large offset strain. This is a result of the

large curvature change along the subsequent yield surface and of the

specific form of the distribution function X(9) given by equation (5.33) .

Such concavities may be eliminated by introducing alternative functions

for A (6) . Experiments with loading paths similar to Figure 6.1a may be

used to study the material response to different degrees of load

reversals following a prestressing. From such experiments the proper

form for function X(G) may be determined.
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CHAPTER 7

CONCLUSIONS AND DISCUSSION

The following conclusions can be drawn from the work contained in

this dissertation:

(1) The proposed theory of cyclic viscoplasticity includes a

hardening rule, a rate -dependent flow rule and an expression

for the tangent modulus of the quasistatic effective stress-

effective plastic strain curve . By incorporating criteria

for material memory, this theory is capable of realistically

describing the cyclic multiaxial stress-strain response under

random programs of loading history.

(2) The hardening rule includes a kinematic rule and a deformation

rule which requires the specification of two material

parameters to describe the general nonsymmetric deformation

of the yield surface . Specifying the kinematic direction and

the deformation direction by the prestressing direction, this

rule generally provides a quantitative representation of the

experiments in uniaxial tension-compression and torsion space

for a variety of prestressing directions including load

reversal. However, for complex nonproportional loading paths,

it is more suitable to compute the Eulerian positions of a

finite number of points on the yield surface instead of
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utilizing an analytical expression for this hardening rule.

While predicting the zero cross effect, this rule can be

.: generalized for small cross effect by superposing a uniform

' deformation. In addition, the general form of this rule is

not restricted to the small offset definitions of yield

surfaces.

. (3) By considering only one deformation rate, a hardening rule in

closed-form is obtained. This rule is computationally simple

and provides a reasonable representation of material behavior.

(4) To account for the rate-dependent and path-dependent nature

of inelastic deformation, the theory of viscoplasticity is

formulated by generalizing the uniaxial overstress law into

'"

i . a multiple dimension constitutive relation. A quasistatic

yield surface is assumed to exist and to enclose a region of

,- elastic response. The inelastic strain rate is then assumed

'•^ to be in the direction of the normal to the quasistatic yield

surface at a quasistatic loading point and to be a function of

the magnitude of overstress which is the distance measured

from the loading point to the quasistatic loading point. The

. „ • two alternative definitions of the quasistatic loading point

are (a) the point on the yield surface closest to the loading

point, and (b) the intersection of the quasistatic yield

surface and a radial line drawn from the center of the yield

surface to the loading point. The quasistatic loading point

of the second kind has the advantage of computational

simplicity.
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(5) Based upon the experimental observations of Phillips and his

coworkers, an isotropic loading surface, which is the smallest

surface in stress space containing all the previous loading

points, is expressed analytically. Then, the subsequent

elastic region is assumed to be bovmded by a yield surface

cind an isotropic surface which is contained by the loading

surface and expands with a rate dependent on the location of

the loading point and of the quasistatic loading point.

(6) To complete the rate-dependent flow rule, an expression is

required for the quasistatic plastic modulus. In order to

describe the material behavior observed under cyclic loading

conditions including cyclic hardening, cyclic softening and

the material memory of prior loading history, this modulus

is expressed in terms of two cyclic hardening and softening

parameters, a parameter for inelastic strain accumulation and

a discrete memory parameter. According to the proposed

memory criterion, which is described in plastic strain space,

the discrete memory parameter is modified at the points where

plastic strain trajectories undergo abrupt change in direc-

tion at the shifting boundaries which are related to the

previous points of abrupt direction change of the plastic

strain trajectories.

To extend cind improve the work contained in this dissertation, it

is recommended that: \

(1) The hardening rule should be generalized to describe the

effect of temperature change on the subsequent yield surface.
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A generalized yield function to include the temperature as

an independent variable should also be formulated. To

incorporate such a yield function into the proposed theory of

viscoplasticity, the definitions for the quasistatic loading

point may be applied in the stress-temperature space. Here,

it is interesting to note that the point on the yield surface

closest to the loading point does not lie on the same

temperature plane as does the loading point. The loading in

the stress-temperature space is a topic worthy of additional

experimental and theoretical investigation.

(2) Additional experimental data should be obtained to improve

constitutive relation formulation. For a uniaxial test,

under constant stress or strain rate, the quasistatic loading

point, which is the upper limit of the elastic region, may

be determined through the process of unloading-reloading.

The lower limit of the yield surface may be probed by loading

in the opposite direction until a specific amount of plastic

strain is observed. In addition, the center of the yield

surface may be determined from the upper and lower limits of

the elastic region at different temperature levels [96]

.

Additional experimental data obtained from uniaxial cyclic

tests should enable one to formulate quantitatively the con-

stitutive relations for the rate-dependent stress-strain

curve, the quasistatic stress-strain curve and the curves

governing the size of the subsequent yield surface during the

history of deformation.
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(3) While the proposed deformation rule with two deformation

rates generally provides the quantitative representation of

experiments in tension and torsion space, the validity of

this rule remains to be verified by experiments of biaxial

tension and compression tests and, even, triaxial tests. The

COTibined kinematic rule given in Section 6.3 should provide

the flexibility needed to simulate the experimentally observed

hardening behavior. However, more simulations of experi-

mental results should be computed in order to fully understand

the material hardening behavior.

(4) Based on the simulations of Section 6.3, the rules that con-

trol the expansion and shrinkage of the si±>sequent yield

surfaces are in need of refinement.
. .

,

'

(5) The simulations of Section 6.3 also show that the isotropic

loading surface together with the generalized yield criteria

can quantitatively represent the experiment. However, there

are details that remain to be clarified by further experi-

mental and theoretical studies . . •- •-

(6) It has been demonstrated that one of the key features in the

formulation of the viscoplasticity theory is the determina-

tion of the quasistatic loading point. It can be seen that

the minimum distance and the radial intersection definitions

of the loading point are analogous to Prager's and Ziegler's

kinematic hypothesis, respectively. Other possibilities are

suggested by the Mroz and Phillips kinematic hypotheses.

Therefore, the influence of the alternative definitions of
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quasistatic loading point and of the magnitude of the over-

stress is an important topic for future theoretical and

experimental study.

(7) Although reasonable stress-strain response for uniaxial and

biaxial cyclic loadings are predicted by the proposed cyclic

viscoplasticity theory, there is room for improvement, , ;

particularly in the memory criteria. Experimental investiga-

tion of different degrees of load reversals following the

simple prestressings are needed for such improvement.

(8) This theory may also be used to solve initial boundary value

problems for combined stress wave propagation. Since most of

the existing multiaxial dynamic plasticity theories are

restricted to the use of an isotropic hardening rule, and the

cyclic inelastic behavior is expected to differ significantly

from the isotropic behavior, it can be anticipated that for

load reversal caused by unloading waves, more realistic

results may be predicted by the proposed cyclic viscoplasticity

theory.



APPENDIX I

NONHOLONOMIC CONSTRAINT TO ELIMINATE LOCAL
CONCAVITIES OF YIELD SURFACES

It has been shown in Chapter 3 that local concavities of the

siabsequent yield surfaces may be predicted by the unmodified deforma-

tion rule with two deformation rates. Here, a nonholonomic constraint

is incorporated into the deformation rule in order to ensure the

convexity of the yield surface. Note that the regions at which the

local concavities may occur are bounded by the two surfaces,

(s. .
- a. .) u. .

=
. :. ; i .' (I.l)

and

n. . u. . = (1.2)
13 ID

Within this boundary the locations of possible concavities are further

restricted to the rear part of the yield surface

(s. .
- a. .) u. . < (1.3)

13 ID ID -

In Figure I.l, such a concave region, CP is schematically illustrated.

Note that, at point C, n. . u. . =0 and, at point P, the dividing plane,

(s.. -a..) u.. =0, intersects the yield surface, thus the yield points
ID ID ID

in the region CP are on the rear part of the dividing plane. Based on

the proposed deformation rule, the absolute deformation rate of the rear
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^^^ij(B))

subsequent yield
surface

Figure I.l. Nonholonomic constant to eliminate concavity of

yield surface

.



225

part is greater than that of the forward part of the dividing plane.

Thus, during the history of deformation, it is possible for predicted

yield points in the region CP of Figure I.l to pass the tangent PB

computed from the forward limit at the point P. Under these circum-

stcinces a concavity would be predicted. This difficulty may be over-

come by using the tangent plane as a nonholonomic constraint on the

yield points in region CP.

Consider the yield point Q(s. .) in Figure I.l. Drop a perpendic-

ular from Q to the dividing plane to locate point A (a. . / „v ) • Then

-^"ij = ^ij(A) - ^ij = ^^%l - \l^ \l^ ^j ^^-^^

where e = "(\o " \o} \o' Point P(a. . .^.) is the intersection of the

radial line OA with the yield surface. It is determined by substituting

the relation

s. .,„, - a. . = k[(a. .,^, - a. .)] (i.5)
id(P) id id (a) id

together with equation (1.4) into the yield function f(s. ... - a. .) =

2
K , and computing the value k and thence the stress point s. . , , . Note

that the unit normal of the yield surface at point P, n. . . , may not be

on the plane containing u. . and s. .
- a. . . Let X. . ,„. be the projection^ "^ ID ID ID id(P)

of n. ... on this plane, then, the angle between the two directions

X. . ,„> and u. . is
xj{P) ID

= cos~ (X..,„.u. .) = cos (n..,„.u..) (1.6)
id(P) id id (P) id

Let point B(s. .,„») be the intersection of the segment AQ and the tangent
ij '°'

plane at point A. Then, from equation (1.5), we can compute
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e = h tan = (1 - k) la.
. ,,, - a. . Itan

' 13 (A) 13

'

2
where e = (a. .

- a. . )u. . and h = (a. - s. ) (a. - s. . , . )

13(A) 13(B) 13 13(A) 13 (P) 13(B) 13 (P)

Now, during an incremental step of loading, the change of the width of

the rear part yield surface, Ae, can be computed from the proposed

deformation rule. Thus, the new value of e is e = e+Ae, and it can
new

be seen that, if e > e , the newly computed yield point s. . falls
new J ur ^ iT

^^

between the tangent plane and the dividing plane and a concavity is

formed. Consequently, it is assumed that, if e < e , the yield point— new

s. . is computed from the deformation rule. On the other hand, if
13

e > e , the yield point is assumed to lie on the tangent plane and,— new

then, the new yield point is given by s. . + (e - e)u .

.

-i.



APPENDIX II

NUMERICAL COMPUTATION OF UNIAXIAL
CYCLIC VISCOPLASTICITY

It has been demonstrated in Chapter 5 that the uniaxial cyclic

stress-strain response vinder the rate-dependent ass\miption Ccin be

computed from the overstress law

£ =e^ + eP = | + k(a -a*)" (ii.l)
E .

and the quasistatic constitutive relation

e^ = a*/E^ (II. 2)

(*)
where, according to the Ramberg-Osgood law,

E^ = kn(Y - Y*)""^ (II -3)

To compute the quasistatic stress-strain relation, let y be the

accumulated plastic strain at a point of load reversal or at a shifting

point, then, for the subsequent loading event, equations (II. 2) and

* *

(II. 3) may be integrated from the starting point (a , e ) to the terminal

* *(*) w -

Note that the asterisks on a and y in equations (II. 1) and

(II. 3), respectively, are motivated from entirely different considera-

tions .
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* *
point of the event (a , e ) . That is.

k(Ae^ + Yq)" - kCy^)" = A0* (II. 4)

and
*

Ae = -^ + Ae^ (II.5)

where y =Y - y , ^0 = \0 - a
\ , Ae =|£ - ^ \r and Ae is the

absolute plastic strain change for this loading event. Note that the

*
modified hardening rule requires that the starting point O be inter-

preted as the initial quasistatic loading point. For a simple loading

event, M <_ 1 and y =0, the quasistatic stress-strain response may be

computed from equations (II. 4) and (II. 5) by using the procedure given

in Section 5.2. However, for complex loading history, if the shifting

conditions of equation (5.25) are satisfied between two consecutive

points of load reversal. Then, based on the proposed memory criteria,

the absolute plastic strain change Ae between the starting point at

which Y = Y and the next shifting point is

Ae^ = Yj^ - Y* - (Yg - Y*) (II.6)

By substituting equation (II. 6) into equations (II. 4) and (II. 5), and

* *

knowing the loading direction, the quasistatic point (a , e ) at the

shifting point may be determined. After evaluating the new reference

*
value Y from equation (5.24) , the next load reversal point or next

shifting point may be computed by following the above procedure.

Here, a numerical method is proposed in order to integrate the

rate-dependent constitutive equation (II. 1) . Under a constant strain

rate, e , the i incremental stress Aa. is evaluated from equation
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* p th
(II. 1) for a given time increment At. . Let o., a. and e. be the i

computed stress point, quasistatic stress point and plastic strain

point, respectively, then

Aa. = E[£ - k(a. - a.) ] At
1 C 11

and

a. ,, = a. + Aa.
1+1 1 1

p
Now, the corresponding plastic strain point e . may be computed by the

p
following procedure. As is shown m Figure II. 1, the actual point £ . ,

-,

lies between the initial upper bound e and the initial lower bound
a. - O ^

e^, where e^ = e? and e^ = (
; ^) . Here, the first estimate of

L Liu k

e? , is e , ,. = (e + e )/2. The corresponding quasistatic stress point
1+1 t(l) u L

* P> i^ .

*

is a^,,, = a + k(e ) cind the overstress is H ,,, = a. ,, - O.,^..
t(l) y t(l) 1+1 t(l)

Consequently, the estimated value of plastic strain e^ can be evaluated

from equation (II.l), that is

el = e^ + k[H" + h" .,.] At/2
N 1 1 t(l)

Note that, if £„ > £?/,x then the estimated value icH^.^. is too small,
N t(l) t-\x)

as is the overstress H . . . Thus, from Figure II.l, we conclude that

for a monotonically increasing a - £ curve, the actual plastic strain

P P
point must lie between e. and e~_ . . . Therefore, the upper bound now is

1 ^ \ 1/

P P P . P P
replaced by e~_ . . , i.e., £ = £T./-,x • On the other hand, if £^ < ^^/-ly

P Pthen e^ = £*,,,. The iteration procedure is then repeated until the
L t (1)

P P * * 1 P
er, - £T^,,, converges to a small value. Then, a.,, = O. ,,. and £.^, =
N t(l) ^ 1+1 t(l) 1+1

£^, ., and the next time increment At. is computed.
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I.>^

pP _ pP pP pP = pP pP
^L " ^i t{2) ''t(l) u(l)^u

Figure II. 1. Iteration procedure for the proposed algorithm.
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Note that this method provides a rapid rate of convergence for

large plastic modulus, while the rate of convergence decreases with

P P
increasing initial value e - ei^. Thus, the above procedure is

U Jj

particularly suited to the evaluation of the initial plastic portion of

the stress-strain curve . The Runge-Kutta scheme cannot be used in this

region because the initial plastic modulus is infinity. Thus, the

above procedure is used as a starting algorithm for the Runge-Kutta

scheme. The rate-dependent stress-strain response was computed for a

constant strain rate of 100s by using the above proposed method for

E^ > -rE. After this point, the differential equation of (II. 1) is then

solved by a fourth order Runge-Kutta method

.

A . t '4 "S ^



APPENDIX III

'\-;
';

J
:. NUMERICAL COMPUTATION OF MULTIAXIAL CYCLIC

,;! V V- I
'^

' - . - ,. „.. VISCOPLASTICITY

Hamming's modified predictor-corrector method [99] is used to

solve the system of first order differential equations given in Section

4.5. Given a system

dY
Y- = — = F(X,Y) with Y(Xq) = Yq

then, by knowing the results at points X. ,, X. „, X. ^ and X., the
D-3 D-2 j-1 2

results at point X. , = X. + dX . are computed by the formula below:

4h
Predictor: P.,, = Y. _ + ^r- (2 Y'. - Y! , + 2 Y'. „)

3+1 j-3 3 : 3-1 3-2

112
Modifier: M.,, = P.,, - tTT (P •

" C.)
3+1 3+1 121 3 3

^j+1 = ^^^3+1' Vl^

Corrector: C.., = ^[9Y. - Y. „ + 3h(M:^, + 2Y'. - Y! )]
3+1 8 3 3-2 D+1 D D"!

Final value: Y.^^ = C.^^ + ^ (P.^^ - C.^^)

where X, Y, Y', P, M, M' , F, and C are column vectors with n components.

Starting Hamming's modified P-C method requires the functional and

derivative values at four preceding equidistant points; that is, X^, X ,

X_, and X . The values Y and Y' = F(Xq, Y^) are specified by input.
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For computation of Y^ , Y', Y , Y', Y , and Y", a special Runge-Kutta

procedure is used. Starting at X . , the values at point X. = X. + dX^

are computed by the following formulas:

K, = hY'.
1 D

K = hF(X. + 0,4h, Y. + 0.4K )

K = hF(X. + 0.4557h, Y. + 0.297K + 0.1588K )

K^ = hF(X. + h, y, + 0.2181K, - 3.05lK„ + 3.8329K,)
4 : D 12 3

Y.,, = Y. + 0.1748K, - 0.5515K- + 1.2055K- + 0.1712K.
3+1 3 1 2 3 4

where Y, K , K , K , and K are all column vectors with n components.

For the present case, the time scale t is used as the independent

P Pvariable, and the fifteen dependent variables are 0, T, e , e , e ,

* *
e ,Y,a,3/Cf,T,L ,L ,L , and L . Here, for a
xy I ' '

^''
jj,x x,xy xy,x xy,xy

stress control program, the value (a, x) may be computed from the given

history of stress rate s and of loading direction (£ , m ) . That is,
X xy

a

>
=

I

X

m
xy

- 2 2 1/2
where )l = (£ + 3M ) . The other variables are computed from the

x xy

corresponding differential equations (4.79-4.93). By incorporating the

memory criteria, the procedure of computation is described in the flow

chart of Figure 5.11. The required constitutive equations for Er , <I>(H)

and p are given by equations (5.8), (5.29) and (5.54), respectively.

The material parameter k' of equation (5.37) is assumed to be k ' = 0.123

,'' i
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for all cases . The parameter m of the distribution function was

assigned the value m = 10 for simulations of R-4 and M = 8 for offset

surfaces and tangent modulus surfaces simulations in Section 6.4.

In order to avoid the computational difficulty associated with the

initial infinite value of Er , the expression for Er is modified by

shifting the stress-strain curve of equation (5.1) toward the negative

stress direction by an amount of plastic strain 6 which is determined

*
by the size of the subsequent yield surface D . That is,

E^ = kn(Y - Y* + 'S)"""'' (III.l)

and
*

-I • 6 = (^) ^/"
(III.2)

k

This expression provides an initial slope of Er = kn(6) . The

quantity 6 introduces an error in the stress-strain curve of the same

order of magnitude as the error introduced by the classical Ramberg-

Osgood curve, on which there is no true linear region. In the current

application the difference in the stress-strain curves computed from

the expressions of equations (5.1), (5.2) and (III.l) are at worst 5%

in stress and most cases significantly less. Alternatively, a multi-

dimensional generalization of the starting algorithm described in

Appendix II could be used. In view of the experimental uncertainty in

the values of the stress-strain parameters, it was felt that such a

refinement was not presently justified.

Because of lack of experimental data, the following procedure is

used to estimate the coefficient (k, n) of equation (5.29) . From the
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rate-dependent and the quasistatic constitutive relations, we have

£P = k(H)" = ^
.*
J

.*
where O is the quasistatic stress rate. Then, by assuming two

reasonable values of overstress H and H corresponding to two plastic

moduli E? and E?, the coefficient n may be computed

ilnrEj/E^]

and the value k may be obtained by the estimated quasistatic stress

.*
rate a .
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for the simulation of R-4 by using Mroz's rule, u.. =V.. =m...
ID ID ID

Therefore, for all the simulations of R-4 given in Section 6.3, the

*
overstress law is defined by the projection of a . .

- a. . onto the
ID ID

*

normal to the yield surface at a. .,^ ID

* *
H' = (a. .

- a. .) n. . (a. .)
ID ID ID ID

The overstress law based on H* predicts a smaller plastic strain rate

than does the law based on H. In the limit of a locally flat yield

surface, the modified low predicts an overstress H' which approaches

*

the overstress defined by the minimum distance definition of a . The

*

choice of the radial definition of a for the simulations was based

upon computational convenience. A detailed study of the influence of

*

the alternative definitions of a and of H is yet another topic for

future experimental and theoretical investigation.
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