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CHAPTER I

INTRODUCTION

Electron beams having high space-charge density are

of great importance in the operation of traveling-wave ampli-

fier and oscillator tubes. Those designs which have been most

successful have employed axially symmetrical beams, and a con-

siderable amount of work has been done in studying the proper-

1-5*
ties of such beams.

In the main, these tubes have employed solid beams

with an axially long interaction space (the name commonly used

to refer to the region of interaction between electron beam

and traveling electromagnetic wave) . To maintain a relatively

constant beam radius extremely strong axial magnetic fields

are ordinarily employed. In fact, an infinite field is fre-

quently assumed in theoretical analyses to render difficult

problems soluble.

This work is concerned with hollow cylindrical beams

collimated by a weak radial magnetic field in conjunction with

electric field focusing. Harris^ has demonstrated that hollow

electron beams, having a rotational as well as an axial motion,

*Superscript numerals refer to Bibliography.
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can be maintained without an axial magnetic field. Then if

such a beam were formed and properly introduced into the

interaction region, the tube would operate with a great sav-

ing of beam and magnetic field energy.

Tangential velocities are given to the electrons for

two purposes. First, assuming that collimation is possible,

the spiral trajectory provides a long interaction space in a

relatively short axial length. The slow-wave guiding struc-

ture can be wound about the beam as a helix having the same

pitch as the electron trajectory. Thus collimation over

great lengths becomes unnecessary. Second, the centrifugal

forces are useful in the collimation problem, particularly at

the inner beam radius.

In view of the desirable applications, the purpose of

this effort is a study of the dense, hollow beam problem. A

design technique for an electron gun and collimating device

is offered, and the results of tests on an experimental model

are presented and interpreted.

Chapter II deals with a general theory of beam design.

Consideration is given to beam conditions near the cathode and

in the magnetic flux regions separately. Chapter III is con-

cerned with the theoretical aspects of design techniques as

applied to the particular problem of this paper. In Chapter

IV quantitative information is presented along with a descrip-

tion of experiments and interpretation of experimental results.



CHAPTER II

THEORY RELATING TO BEAM DESIGN

The electron beam discussed here is of hollow cylin-

drical geometry, having about the same size as a one-inch

water pipe. The over-all length of the beam is about two and

one-half centimeters. For convenience of analysis the beam

is considered to exist in two regions. First, the cathode re-

gion is a space of about one centimeter in which no magnetic

field exists. In this region the current is space-charge-

limited, and Child's law is assumed to apply. Second, the

transition region begins after the beam passes through an anode

opening at the extremity of the cathode region. In the tran-

sition region the beam passes through a radial magnetic field

and achieves angular velocity. Figure 2.1 depicts these divi-

sions .

Conditions in the Cathode Region

Design in the cathode region is a special application

of the Pierce electron-gun technique. In general, this pro-

cedure assumes that if we remove all of an infinite beam ex-

cept the desired portion, and establish the same field and

potential values existing in the infinite case along the

3
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boundaries of the desired portion, then the desired portion

will remain collimated.

Consider Figure 2.2. This represents a section

between infinite parallel planes, one of which is a cathode

and the other an anode with space-charge-limited current

flow between. The cylinder, shown in dark lines, repre-

sents the beam geometry we would like to select from the

infinity of charge. Clearly, the component of electric

field normal to the surface of the cylinder is zero. There-

fore, if the cylinder is isolated from the remainder of the

charge, one condition on its equilibrium is:

*£ - at r - r and r - rb , (2.1)
6r a

where is the electric potential in volts

r is the radial coordinate in meters

a and b designate bounding radii.

The other condition for equilibrium of the cylinder

is that it have the axial potential distribution of the infi-

nite beam. To find this we make an application of Child's

law which, in its usual form, states that the current density

in the space-charge-limited case is directly proportional to

the three-halves power of potential and inversely proportion-

al to the second power of anode-cathode spacing. For the

sake of completeness a derivation of the law giving potential

as a function of spacing is included here.



For this case potential varies only in the z-direc-

tion and Poisson's equation becomes

£i a, <2.2)
dzz € o

where p is the charge density in coulombs per cubic meter

€ is the permittivity of free space in farads per

meter.

Current continuity requires that

J - - pv, (2.3)

where J is electron current density in amperes per square

meter

v is charge velocity in meters per second.

We shall also need the energy conservation equation which

for the case of zero cathode potential, states that

e0 - - I mv2 , (2.4)
2

— 19where e - -1.602 x 10 coulombs, the electronic charge

m - 9.11 x 10~31 kilograms, the electronic mass.

Solving equation 2.4 for v, equation 2.3 for p and substi-

tuting in 2.2 we obtain

dz'



Multiply this through by 2l? to obtain the integrable form,
dz

f ^t 2™ dz - 11 I- -* /i

J dz7 dz e y 2e J

-1/2
d0.

Integrating,

/jrtN2 . , / 1/2

f S^V — /- — + c i- (2.5)w f
1/

2«

For the space-charge-limited case the potential and elec-

tric field are zero at the cathode. Hence C, is zero.

Taking the square root of both sides of equation 2.5 and

integrating again yields

Zero cathode potential requires that Co be zero, so finally

.4/3, 2/3 , 1/3 ...
3\ / J x x

Equation 2.6 states that for a dense beam having current den-

sity J. the potential at all points along the beam is deter-

mined by
4/3

- Kz (2.7)

Equations 2.7 and 2.1 satisfied at radii a and b are the

necessary and sufficient conditions that the hollow beam be

collimated in the cathode region. The electrode system must

be capable of producing these conditions with the beam pres-

ent.



Note that in the derivation of 2.7 the current den-

sity was treated as a constant. A notable exception to this

7
assumption is shot noise. This effect is due to the ten-

dency of cathodes to emit electrons in "bunches" rather than

in continuous flow. However, the space-charge has an absorb-

ing effect on these bursts of charge and minimizes current

density variations. This is one of the reasons for using

high electron densities in the tube.

Conditions in the Transition Region

The electrons are focused in the cathode section of

the gun and are accelerated to the desired velocity by an

anode operating at an appropriate potential. The anode has

a circular opening which permits the beam to pass into the

transition region. In this section of the tube the electrons

are caused to pass through a steady, radial, magnetic field.

In so doing they receive an angular component of velocity

which is very important in this tube from two standpoints.

First, it is the purpose of a gun of this type to provide a

dense beam with a long interaction path in order that maxi-

mum utility may be made of the tube. Beam rotation requires

an individual electron to travel along a spiral trajectory,

thus stretching its interaction space to several times the

linear length of the beam. Second, the centrifugal forces

experienced by the electrons turn out to be quite useful in

the collimation problem.



In what follows the differential equations perti-

nent to transition region design are developed. Lagrange's

equation states that

_d /6L\ 6L__
Q (

dt V 6qi/ 6q i

where L - (T - U) , the Lagrangian

T - Kinetic energy of the particle

U - Potential energy of the particle such that

F - -7U is a conservative force field

q. is the i tn coordinate of the particle

q^ is the total time derivative of the i
tn

coordinate.

The kinetic energy, T, of any given electron is simply

T - I mv2 .

2

The potential energy, U, is not so easily expressed. It is

not electric potential but a potential such that its gradi-

ent is a force. In the absence of magnetic flux

U - e0, (2.9)

where e, the electron charge, is to be considered a negative

number. This leads to the proper force field since

F - -vu e(70) - eE.
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E represents the conventional electric field. When the

moving electron enters a magnetic field, a new component

of force is encountered.

F
m - e(v x B) (2.10)

where Fm is the component of force due to the magnetic

field

B is the density of the magnetic field.

The total force on the electron is then

F - -e70 + e(v x B)

, * - - (211 >
- -e( - v x B)

.

Let us postulate that the above equation may be

written

F - -e(70 + 70') - -7U, (2.12)

where 0\ as well as 0, is a proper potential function.

Note that this is equivalent to assuming that 0' exists

such that

v-0' - -v x B. (2<13)

Such a potential does exist 9 and is defined by the equation

0' - -v-A, (2.14)

where v is vector velocit y
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A is the vector potential of the magnetic field;

i.e., B - v" x A. Finally, the Lagrangian is applicable and

it takes the form

L - I mv2 - (e0 + e0'

)

(2.15)
2

12 — —
- - mv - e0 + e(vA).

This classical, general equation is now applied to the prob-

lem at hand, making use of cylindrical coordinates. Refer

to Figure 2.3. The most general vector velocity of a given

electron is

v - l r r + l r0 + l zz ,

where l r , 1q , and l z are the unit vectors of the coordinate

system. The flux density vector has only a radial component*

hence the magnetic potential is

A = 1eAe-

Substitution of these values in equation 2.15 gives

L - I ra(r 2 + r2 92 + z2 ) - e0 + er0A . (2.16)

Lagrange's equation is applied to this expression to find

the conditions for beam equilibrium.

For the r- coordinate we find that

mr - mr92 - e*J? + ee£_ (rA ); (2.17)
6r 5r

*This is explained in the following section.
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for the 9-coordinate,

mr2 - -erAQ C 3 ; (2.18)

and for the z- coordinate,

mz e
6£ + e9— (rA e ). (2.19)oz 5 Z °

Equations 2.17, 2.18, and 2.19 constitute the de-

sign requirements for the beam. The utility of these ex-

pressions is clarified in the next section.

Interpretation of Magnetic Potential

in Terms of Flux

Magnetic vector potentials are easily defined math-

ematically. They are not, however, easy to visualize.

In general, they have the direction of currents which esta-

blish the field. Where currents are absent one may imagine

a current direction which could have produced the field.

The magnetic field cut by the beam in this tube is

radial. It is established by two concentric pole pieces

with a circular gap. The magnetic potential is defined by

B - x A (2.20)

Since B is radial and axially symmetrical, the vector A

need only have a tangential component. Assume this is the

case and consider an expansion of equation 2.20.
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6A9
r - component B - B_ - -

6z

9 - component Bg = (2.21)

z - component Bz - - TZ^ r^d^

The equations 2.21 suggest that Ae - !*(*) 1° what follows

this is verified, and the particular solution of interest in

this paper is found. Figure 2.4 shows how the flux density

may be expressed in a manner most applicable to this prob-

lem. Clearly, the flux density is given by

B . B . £* 1_ £1 (2.22)
r da 2irr dz

where * is the flux traversed by the beam as it progresses

in the transition region. Substituting this result in the

first of the equations 2.21 yields

1 df 6Ae
2irr dz $ z '

or

df - - 2ir— (rA
fl
)dz.

6z a

But in view of axial symmetry and the third of the equations

2.21, all derivatives of the quantity (rA ), except with

respect to z, are zero; hence *_(rA )dz is the total differ-
6z

ential, d(rAg). Therefore,

¥ 2 ffrA + C4 (2.23)

When the beam has passed completely through the field, it

has traversed the total flux, which we shall call Y c , and
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is in a region of zero magnetic potential. Introducing

this boundary condition evaluates C^

.

Thus
,

C 4 " *c-

A0 -
J— (* c -¥). (2.24)
2-nr c

Now substitute 2.24 in 2.18 to obtain

mr2e - - £_<? c -f) + C 3 .

2ir

Before cutting of flux begins (i.e.,¥ - 0) the angular

velocity is zero and

This leads to the result,

Q " - —„ • (2.25)
m 2 ffr2

Equation 2.25 is recognized as Busch's Theorem

applied to the geometry and problem at hand. It was found

in 2.21 that ^_(rA ) - 0. Substituting this result and
6r

equation 2.25 in 2.17 yields

rar - nr(£ -J-__) - e*J?
n» 2ttt2 6r '

For colliraation it is required that there be no

radial acceleration at the beam boundaries. Calling these

values of radii rQ , the above equation requires that
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4 ir2r 3
(2.26)

Equation 2.26 is a most significant one. It speci-

fies the value of the radial component of electric field at

beam boundaries in terms of flux traversed. To complete the

boundary conditions the potential must also be specified.

This is accomplished by substituting 2.25 in the energy

conservation equation,

e0 - - ijn(r2 + r29 2 + z2 )

2
(2.27)

At boundaries the electrons are permitted no radial velocity,

therefore

(0).
1 m
2 e

2 e
2
Y
2 ,\2

r
° m^4^r4 + U) r

or

(0) - - 1 e^ „ . I™ (z)
2

ro 8 imrr^ 2 e^
z;

rQ
(2.28)

Equations 2.25, 2.26, and 2.28 might be considered

the beam design conditions. Similar relations were sug-

gested by Harris , derived in a somewhat different manner.

The derivations are included here for completeness and to

give further insight into the solution of the collimation

problem.

At first it would seem that 2.28 leaves us in some-

thing of a dilemma because of its dependence upon z.



17

Actually, this is not the case. Simply specify (0)_ as a
1 o

function of z and let (z) r as a function of z be what it

60will. This procedure is possible because
( ^- I is inde-

pendent of (0) r . Certainly an initial velocity in the
o

axial direction must be imparted to the beam, and this

velocity must be maintained great enough to keep shot

noise subdued. Also, if the tube is to be of practical

value the beam must progress axially after emerging from

the transition region. The selection of a function for

(0) r and the reasons therefor are presented in Chapter III

Both z and Q must be known in order to utilize the

beam because the helical trajectory is specified. Equation

2.25 gives 0. The value of z follows readily from the law

of conservation of energy. Upon emerging from the transi-

tion region,

e(0). " 2* TO
2*2 * (Z)?

o

Knowing and having specified (0) r we have (z) ro ro

implicitly. Its value could be found similarly at any point

in the transition region, but there seems to be little rea-

son for this.

Nature of y as a Function of z

An ideal transition region would be one with all of

the magnetic flux concentrated in a very short axial dis-

tance. This is impossible to achieve, however, and in



18

practice the flux distribution is somewhat like that shown

in Figure 2.1

In the terminology of preceding mathematical devel-

opment the total flux passing from the inner to the outer

pole section is ¥ Thus a beam segment at point P2 would

have cut ¥ c flux lines, a beam segment at P^ would have

cut ¥} and so on. Figure 2.5 shows a typical curve of flux

versus distance through the transition region. This is an

empirical function and it may be found by flux-plotting or

analogue methods. One method for doing this is discussed

in a later chapter.
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CHAPTER III

QUALITATIVE PRESENTATION OF TUBE DESIGN

Pierce Electron Gun Approach to Cathode Region -

Analogue Method

This study was made simultaneously with a separate

study dealing with the application of a hollow cylindrical

electron beam in a specific traveling-wave amplifier tube.

The amplifier tube in itself is related to this work only

insofar as specifications of physical dimensions and working

potentials are concerned. It was required that the beam-

forming and collimating device provide a 100 milliampere

stream of electrons confined to an inner radius of 1.3 centi-

meters and an outer radius of 1.64 centimeters. The maximum

beam potential in the cathode region was specified at 720

vol ts

.

Thus, cathode region design for this particular tube

is resolved into the problem of finding proper electrode

shapes and spacings to establish a 1 power variation of po-
3

tential along the beam edges, to impart 720 electron volts of

energy to the particles, and to maintain the beam formation.

An electrolytic tank analogy is employed for the solution. 6

20
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Application of the electrolytic tank to static

field problems having axial symmetry is accomplished by

tilting the tank through a small angle. See Figure 3.1.

The wedge of electrolyte thus formed simulates a section

of the complete cylinder. Current flow lines in the elec-

trolyte create a potential-drop field which satisfies

Laplace's equation as does the true potential field in the

tube. The intersection of the edge of the electrolyte with

the bottom of the tank creates a line representing the axis

of the system.

The conditions which must be met at both inside and

outside boundary surfaces of the beam are:

^ - 0. (3.1)
5r

- KZ4/3 . (3.2)

Condition 3.1 is established in the analogue by

erecting an insulating strip parallel to the axis at a radi-

us representing the edge of the beam. This assures no cur-

rent flow in a direction normal to the boundary. (See ele-

ment (b) , Figure 3.1.) Condition 3.2 is established by

adjusting the focusing electrodes. This is a trial and er-

ror process. In the actual design it was found that two

properly shaped and spaced conducting surfaces serve ade-

quately. In general, however, as many electrodes as
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necessary might be employed. The cathode end (at a) is

operated at zero potential and the extreme end at any con-

venient potential to represent tube operating level. Shaping

and positioning of the surfaces are then adjusted until one

reads values of potential along the insulating strip in agree-

ment with equation 3.2. Electrode shapes on the inside beam

edge are found similarly, the difference being that conduct-

ing surfaces are erected on the opposite side of the dielec-

tric strip, and the strip is moved to a radius corresponding

to the inner boundary of the beam. Measurements are made

using a potentiometer arrangement so as to insure no current

flow to the probe. The system is scaled such that the sur-

face area of the electrolyte is large compared with the con-

figuration of the analogue. Figure 3.2 depicts a cross-

section view of typical electrodes found in the above de-

scribed manner.

Approach to Magnetic Field Distribution

Flux plotting and analogue methods of locating mag-

netic field lines are widely described in literature 6
'
7

'
10

,

so only facts pertinent to the design of this tube will be

presented here.

Reference to Figure 2.1 shows the general arrange-

ment of the radial field in the tube, and reference to the

section on Interpretation of Magnetic Potential (Chapter II)

points out the necessity for an accurate knowledge of the
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distribution of the field. Figure 3.3 shows a top view of

the arrangement in the tank for taking magnetic field data.

Notice that this data provides equipotential lines.

The actual flux distribution is a family of curves orthog-

onal to the equipotentials . The flux lines are found by

sketching in the perpendicular set, employing the curvi-

linear square principle. When the flux plot is found, one

can correctly assume that all flux passes between the ex-

treme lines and that an equal amount is contained in each

tube defined by adjacent lines. By making an accurate plot

with a large number of tubes a uniform function of flux ver-

sus axial distance is determined. Figure 2.5 shows such a

function. Actual experimental results are presented in

Chapter IV.

Approach to Transition Region Desi gn

It is assumed that the hollow cylindrical beam enters

the transition region well collimated. In this region the

electrons cross a radial magnetic field and obtain tangen-

tial components of velocity. It is the purpose of this sec-

tion to determine an electrode configuration to maintain

collimation. The equations for equilibrium in the transi-

tion region are:

60\ e Y
2

(2.26)
Jvr

o
m 4irr J
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and

(0) r - - £ _lL -
« (z)2 r (2.28)

m 8*r 2 Til '

where rQ is either bounding radius of the beam. As men-

tioned earlier, the value of (0),. as a function of z is
1 o

somewhat arbitrary. It is well, at this point, to consider

the restraints on the selection of the function.

1. The function must be continuous all along the

beam.

2. It must permit the beam to emerge with the

proper ratio of tangential to axial velocity.

3. It must lead to a physically realizable

focusing electrode system.

4. Final beam potential is specified.

5. Beam radius must remain constant.

This last condition was applied in the derivation

of the design equations and must be adhered to. Conditions

2, 4. and 5 together specify the total flux, since from 4

v
2

- - 2^0
,c m c '

from 2

and from 2.25
v
c

- specified constant,

e Y c
m 2nr 2
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In these equations the subscript c implies final values upon

emerging from the transition region. With final potential

and total flux fixed, the final value of (z)
r

is fixed.
o

The choice of the function (0) r is arbitrary to the extent
o

that it does not matter where the beam reaches the final

energy level. It seems logical that conditions 1 and 3

might be best satisfied by a constant potential through-

out the transition region with the curve extended smoothly

into the potential function back in the cathode region.

Certainly this simplifies the numerical solution to Laplace's

equation in the charge-free space about the beam. For these

reasons a constant value for (0) r is used in this partic-
o

ular solution to the problem. Figure 3.4 illustrates the

assignment of potential values at beam radius rQ
- ra .

The normal derivative of potential at r - ra is

specified by equation 2.26. Empirical relations are in-

volved, so we resort to a net-point solution. Consider

Figure 3.5. The charge-free space at radii greater than

ra is considered to be filled with an orderly array of

equally-spaced points. The net is chosen as fine as practi-

cable to minimize error. For each point along r, a potential

point is calculated using equation 2.25.

,2,
(0> r * (0) r + (*£) h - (0), - 1 *7 - ,

1
r
a \p rJr

a m 4ir2ra
3

(3.3)
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where h - point spacing.

The net-point equation applicable to cylindrical

coordinates with axial symmetry is:

*! " \W* * 0b + 0c *d> + ^-< c ~ **>* < 3 - 4 >

where the symbols have the significance shown in Figure 3.5.

All terras in this equation are known except Solving

for C we have:

c " -^i- 01 " J?H-<*b *d> -
2r

l"h
(3 5)2r

1
+ h 2r 1+h ^Th **

'

(3 ' 5)

With equation 3.5 potentials for all points at

radius r, may be determined. The author has concluded that,

inasmuch as this is an approximate procedure, it is wise to

plot the results in accordance with a smooth curve drawn

through the average of the points. Some of these results

are presented in Chapter IV. Having determined the line of

potentials at r„, the entire procedure is moved up one step

and potentials are calculated for points at r^ . Note that

the first point is lost each time, so there is a region be-

hind the line y-y' (see Figure 3.5) for which we have no

solution. This is of little consequence, however. We have

only to fix the electrode system along equipotentials ex-

cluding this region.

*See Appendix I for a discussion of equation 3.4.



CHAPTER IV

DESCRIPTION OF EXPERIMENTS

Location of Focusing Electrodes in Cathode Region

The tube designed and tested in these experiments

was required to deliver a 100 ma beam at a total potential

of 720 volts. The inside radius was required to be 1.302

centimeters and the outside radius 1.640 centimeters. A

suitable scale was selected and the analogy set up as de-

scribed in the first section of Chapter III. Plain tap

water was used as an electrolyte with a small amount of

detergent to insure proper wetting of surfaces. Electrodes

were of .010-inch polished copper leaf, and the beam bound-

aries were simulated using a vertical strip of plexiglass

waxed to the tank floor. After a number of trials using

several electrodes, it was concluded that two properly

formed surfaces would do nicely. Figure 4.1 depicts the

data obtained for the most satisfactory run. Shown dotted

on this figure are spacings for two less accurate runs.

Table 1 shows a comparison of potentials found in this

manner with the desired beam potentials. The parenthetical

numbers refer to electrode locations for a specific run.
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Potential values are shown on Figure 4.1 for the

most desirable runs. Note that at both beam boundaries

the radial component of electric field is very nearly zero.

Where it has a non-zero value it is directed away from the

beam. This insures focusing within the bounding radii.

Fabrication of actual tube electrodes is discussed

in a later sect Lon

.

Determination of Magnetic Flux Distribution

The method for taking magnetic field data is dis-

cussed in Chapter III. Figure 4.2 shows the results of

data taken in this manner, and Figure 4.3 depicts the flux

as a function of axial distance. In the actual tube the

total flux employed was 6.2 x 10~" webers , an amount neces-

sary to give the beam the required spiral pitch.

In order to be sure that the tube was operating at

the required flux value it was necessary to obtain data

relating flux and solenoid current prior to the tube-test.

To accomplish this, the magnetic circuit was completely

assembled and a magnetization curve taken, measuring flux

density at the moan radius of the beam. Flux density was

measured directly using a gauss-meter manufactured by the

Dyna-Labs Corporation. At the center of the pole structure

the calculated value of required flux density was 59 gauss.

This corresponds to a total flux of 6.2 x )0~° webers.

Figure 4.4, the magnetization curve, s'ows that this density
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was obtained for 190 milliamperes in the solenoid.

The location of the pole pieces with respect to the

cathode region was somewhat arbitrary. They had to be far

enough away to keep flux out of the cathode region, but at

the same time as near as practicable in order to shorten

the over-all collimation length. The relative positions

selected are shown on Figure 4.2 where the 720-volt elec-

trode represents the extent of the cathode region.

Locating Electrodes in the Transition Region

Finding the location of electrodes in the transition

region consisted of carrying out the net point procedure de-

scribed in Chapter III and drawing equipotential surfaces

to influence the entire region. The pole elements consti-

tuted surfaces of zero potential and had to be shielded by

the electrode system.

In the design of the tube a multitude of potential

values were calculated, corrected, and plotted in the neigh-

borhood of the beam boundary. These calculations are not

presented in their entirety, but for clarity a sample cal-

culation is given here.

Consider Figure 4.5. The points pictured are located

about halfway through the flux region. Along the outer beam

radius the potential is 720 volts. Potential at the set of

points along a radius of 1.69 centimeters is determined from

equation 3.3.
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where

thus

e h *
9a - 720 + -

4ir
2 r 3

th
0, is potential at the i point

¥ is flux traversed at this point

r - 1.69 x 10" 2 meters
o

h - .05 x 10~2 meters;

11 2
9
i

- 720 - 4.6 x 10 i^

At points 1, 0, and 2 respectively we find from

Figure 4.3 that:

^l = 2.7 x 10 -6 webers

y n - 3.05 x 10~ 6 webers

*. 3.41 x 10-6 webers

.

Corresponding potentials are:

9 716.7 volts

9Q
- 715.7 volts

92
- 714.7 volts.

The potential at point 4 is found from equation 3.5.

8r,
fc - 9

2rQ+ h "° J^L<0 1+02 )-
2Jo± 932r +h 2 r + n

- 3.94(715.7) - .984(1431.4) - .974(720)

- 710 volts.
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Calculations for values inside the beam were made

similarly except that h was a negative increment of radius.

In all, about four hundred potential values were deter-

mined. Figure 4 ,6 is a scale drawing showing the resulting

net-point plot. The equipotent i al lines shown are those

selected for f ocusing-elec trode design. Notice that these

linos become parallel to the beam after passing into the

flux-free region. This means that in the drift-tube region

the beam may be held in focus by a pair ot coaxial cylinders

one inside and one outside the electron stream.

Descripti on of Hollow Beam Electron Gun

and Collimating Device

Figure 4.7 shows a scale drawing of the tube as

actually constructed, and Figure 4.8 is a photograph of the

tube and test set-up. The radial distances, in inches, to

the important points on electrode surfaces are given next.

Axis to point D - .473 inches Axis to point - .512 inches

E - .442

F - .485

G - .463

H - .461

I - .327

J - .490

K - .225

L - .490

P - .623

R - .680

S - .720

T - .670

U - .725

V - .669

W - .905

X - .700
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This list serves to define slopes of the equipoten-

tial surfaces required by design calculations.

The magnetic circuit was of cold-rolled steel with

nickel plating. The magnetic winding was sealed in a

partially evacuated glass envelope to isolate it from the

high vacuum.

The cathode cup and back plate were pressed sepa-

rately from thin nickel sheet using special dies. One end

of the heater element was spot welded to the back plate and

the other end passed through a hole in the plate. The cup

was then prepared for cathode coating using the C-1A proc-

ess. The oxide coating used for this cathode was pre-

pared by the Sylvania Company. Prior to application the

material, in suspension, was rolled slowly for about two

hours. The cathode cup and back plate were then welded to-

gether and placed on a lathe for coating. The coating was

applied by rotating the assembly against a fine camel-hair

brush. Several applications were made, allowing each coat

to dry under a heat lamp. Finally the surface was scraped,

using a clean, sharp blade.

The heater for this cathode was made by winding

.007" tungsten wire on a special jig with twin-spiral grooves

cut in a plane. The heater was fired and coated by the

Radio Corporation of America in their laboratories. This

company and the Sylvania Company were very generous in ;ir-

nishing these cathode materials gratis.
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The ceramic parts shown in Figure 4.7 were machined

from Lava, Grade 1137, furnished by the American Lava Corp-

oration. This is a natural stone particularly suitable

for high vacuum work. The electrode surfaces were created

by painting the appropriate areas with Troy Burnish Silver

Paste obtained from Hanovia Chemical and Manufacturing

Company. The ceramic parts were hydrogen fired prior to

silver-coating. The coating was then applied and cured

in a slightly oxidizing atmosphere at 750°C, after which

the pieces were again fired in a slightly reducing atmos-

phere .

Prior to hardening, minute holes were drilled in

the ceramic parts to permit the passage of electrical

leads. These holes terminate in the planes of the elec-

trode surfaces. Leads of .010" OFHC copper were passed

through these holes and attached to the silver coating

using a very small plug of solder with high tin content.

The solder was then melted with a clean iron creating a

bond with the silver, and at the same time leaving the

electrode surface perfectly flat.

Collimation of the beam was checked by measuring

current to the beam collector, collector rings, and electrode

surfaces. These tube elements are identified on Figure 4.7

according to Table 2. The beam collector was machined from

nickel tubing and the collector rings were cut from molyb-

denum sheets

.
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Tube-Test Procedure and Results

The tube was tested in a demountable chamber evac-

uated by a three-stage, glass, oil-diffusion pump manu-

factured by Distillation Products Incorporated. The glass

system included a cold-trap consisting of a pyrex finger

one inch in diameter and about ten inches long. The metal

base plate was sealed to the pump with Apiezon "W" wax.

Pressures were measured using an RCA 1949 ionization gage.

After more than twenty-four hours of continuous pumping a

pressure of about 5 x 10~ 5 mm. of mercury was obtained.

A dewar containing dry ice and acetone was placed on the

cold trap and the system pressure dropped to 10~ () mm. of

Hg. At this point activation of the cathode was attempted

using, as a guide, the procedure outlined in the MIT Tube

Manual .

ll

The rapid evolution of gas ceased at a heater power

input of 30 watts. A small D.C. voltage was then applied

to the accelerating electrode system, and current flow was

noted. This was accompanied by an increase in pressure due

to bombardment. The small current was maintained until

vacuum conditions were again stable. This process was con-

tinued until the anodes were operating at rated voltage.

A current of 50 milliamperes was observed.

At this stage of the test, potentials were applied

to the other electrodes, and the magnetic circuit was
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energized. The following table is introduced to enable

the reader to make cross-reference between tube elements

shown on Figure 4.7 and Table 3 which presents tube-test

data .

TABLE 2

TUBE ELEMENT IDENTIFICATION

Beam current collector - Element 2

Ring collector - Elements 3 and 4

Inside accelerator - Surface J

Outside accelerator - Surface V

Focus 732 - Surface FHI

Focus 710 - Surface TU

Focus 800 - Surface DE

Focus 690 - Surface RS

Focus 756 - Surface F'G

Focus - Surfaces KL and WX

The accelerating electrodes (or anodes) drew a con-

siderable current throughout the entire test. For instance,

in run 7 (for which collimation was quite good) the current

entering the transition region was only 23 milliamperes

while anode current was 28 milliamperes. This behavior was

to be expected, however, because the circular opening in the

anode was quite small, the area being 3.14 square centimeters

while total anode area was 16.6 square centimeters. Even

though the focusing electrodes were designed to hold the

beam to the gap area, it is not reasonable to expect that
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none of the current would be attracted to the existing

parts of the accelerating system. The author believes a

greater percentage through the gap could be realized by

giving the surfaces KL and WX (see Figure 4.7) a greater

slope, or by operating them at a slightly negative poten-

tial. Either procedure would establish a radial component

of electric field away from the beam edges. This behavior

was noted In the analog design of these surfaces. It was

not possible to operate them at negative potential during

the test because they were connected to the cathode inter-

nally.

Collimation within the cathode region proved to be

quite satisfactory. Instruments connected in the leads

to the focusing electrodes indicated zero current, or cur-

rents so slight as to be negligible. The measure of beam

collimation by the transition region is made by comparing

beam current with ring current. As depicted in Figure 4.7,

the collector system consisted of a washer-shaped beam

collector with two ring-collectors placed one-tenth of an

inch further along the axis. The beam collector was located

slightly beyond the final focusing electrode. Per cent

collimation is defined as the ratio of beam current tc

total current entering the transition region times one

hundred. This percentage value is a good measure of colli-

mation because the area of the ring system was considerably

greater than that of the beam collector. The former was
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4.47 square centimeters and the latter 3.14 square centi-

meters. Table 4 presents collimation data for the test.

Note that runs 4 through 8 clearly indicate the

degree of beam control available with the small radial

field. For these runs beam potential was constant, fo-

cusing electrode potentials were held constant, and mag-

netic field values were varied. Run 5 indicates that for

low flux density a considerable amount of current flowed

to the inside ring collector. Strengthening the field

gave a greater angular velocity to the constant energy

electrons and increased the beam radius. This seems to be

confirmed by the data observed in runs 6 and 7. Design

information indicates that optimum collimation should occur

with a pole-center flux density of 59 gauss. The data show

best results for a density in the neighborhood of 50 gauss.

It follows that as the flux was increased the beam radius

became too large and a greater percentage of current flowed

to the outer ring.
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FIG. 4.8- THE ELECTRON TUBE AND TEST SET-UP



CHAPTER V

SUMMARY

In this work it has been demonstrated that a rela-

tively dense hollow electron beam may be formed and con-

trolled without the use of a strong axial magnetic field.

Pierce's electron-gun technique proved to be quite success-

ful in the cathode region design. This was to be expected,

since all values were held within the known physical limi-

tations of such beams. For instance, the perveance (de-

fined as current divided by voltage to the 3/2 power) was

5.22 x 10""" amperes per volt^ /2 , a very moderate figure.

Another limitation in establishing dense beams is

the formation of a virtual cathode somewhere along the

beam. When the current is increased indefinitely, the

depression of potential within the beam may be so great

as to reduce the velocity of the inner electrons to zero,

even though it is assumed that the beam boundaries remain

fixed. As a result the current is limited. An equation

derived by Calbick 14 has fixed the limiting value at

6 ,3/2
I - 29.3 x 10

-
v ' amperes. This would permit a current

of 375 ma in the tube discussed in the present work. Since

53
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100 ma was the greatest value expected, the tube operated

with a more than 500 percent margin on this limitation.

Chapter III presents a very workable method for

finding focusing surfaces in the magnetic flux region.

However, obtaining the required flux density in practice

developed into a considerable problem, the difficulty

being that the total flux necessary was so very small. It

was required that the beam emerge from the transition re-

gion with an energy of 720 electron volts and with a ratio

of tangential velocity to axial velocity of 1.55. (This

requirement was based upon a practical pitch for a wound-

helix, slow-wave guiding structure. The wave guide was to

be wound on a ceramic core and operated within the hollow

beam.) The above figures led to a tangential electron

velocity of 1.34 x 107 meters per second. Substituting

this velocity and a radius of 1.302 x 10~ 2 meters (the

inner beam radius) in equation 2.25 gave 6.22 x 10~ 6

webers for the total flux. The resulting flux density at

the center of the gap was found to be 59 gauss. This low

density was difficult to obtain and difficult to measure

accurately. However, performance of the tube when sub-

jected to various flux densities in the neighborhood of

59 gauss definitely demonstrated that beam collimation was

controlled by the weak radial field.

No good method for checking the pitch of the spiral

trajectory of the beam was devised. Considerable thought
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was given to the possibility of getting a visible image of

the beam on a screen coated with willemite. Had this been

done, the cathode might have been marked causing a shadow

to appear on the screen. The angular displacement of the

shadow from the cathode scar would have furnished a measure

of beam rotation. The author was advised against this

technique, however, because of the relatively immense beam

current

.

It should be mentioned here that the design pro-

cedure deals only with the surface layers of the beam.

Conditions for equilibrium of electrons at the inner and

outer radii are presented. It is assumed that the trajec-

tories do not cross radially, hence none of the internal

electrons reach the surface boundaries with radial velocity

components. This assumption may not be entirely correct,

but there seems to be sufficient experimental justification

for its use 1 ''.

Figure 4.6 shows that the equipotential surfaces

in the Laplace field region become coaxial cylinders after

the beam emerges from the magnetic flux. Thus, in the

drift-tube (traveling-wave section) space it should be

possible to hold the electrons in collimation by a pair of

coaxial electrodes, one within and one without the beam.

The wound-helix referred to earlier might serve as the

inner electrode if operated at a suitable D.C. potential.
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Harris has presented 10 some experimental evidence supporting

the above conjecture. This was not the primary purpose of

his work, however, and further experimental work on this

type of drift-tube would seem to be a very worthwhile

project. The author is presently engaged in a continuation

of the research reported here and hopes to gather consider-

able drift-tube data during the experimental phase of his

study

.



APPENDIX I

THE NET-POINT EQUATION

Equation 3.4 results from a consideration of the

difference form of Laplace's Equation in cylindrical coor-

dinates. For the axially symmetric potential field sur-

rounding the beam, Laplace's equation is:

— + *££ + I 50 " ° •

6r2 6z2 r 5T

Consider Figure 3.5. At point 1 the partial derivative nf

potential with respect to r is given approximately by the

relat ion

:

(&- 0c - »
S

2h

The second partial derivative with respect to r at this

point is

:

(&±\ ~ i r^c - 0i X
- 0,

Simi larly

,

/6 2 0\ _ 1

Uv * h
*d - 1 ^! - 0b
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Substituting these values in Laplace's equation we obtain

,-0i 0i-0,

h

d
-0

1 1
-0

t

h " h J x
l

4^1 -0
2h _

Collecting terms and solving for /, yields the net-point

equation

,

1
" \l\ * % +

c
+ «>d> + -£r<0c " *a> (3.4)

The method of application of the above equation

depends upon the available boundary information. The value

of the potential at a point in a charge-free space is the

average of the potentials of all points equidistant from

it. Then if the potential of a sufficient number of bound-

ary points is known, one may make a judicial guess at values

for the remainder of the net-points. The assigned values

may then be used to calculate a more nearly correct set of

potentials. This process, which is known as the relaxation

12method, " should be repeated several times until further

repetitions yield no change. That the procedure is a con-

vergent one has been definitely established. See, for

instance, reference 13.

The application of this method in the present work

is rendered easier by a knowledge of the electric field

intensity as well as potential at the beam boundary. With

this information it is possible to calculate values at
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points immediately adjacent to the boundary leaving only

one value unknown in equation 3.4. This procedure is

discussed in the section on Approach to Transition Region

Design

.



APPENDIX II

ON THE ELECTROLYTIC TANK ANALOGY

The analytical solution to Laplace field problems

is limited to cases having only the simplest boundaries.

In applications where the boundaries cannot easily be

expressed mathematically solutions become difficult or

impossible. Solutions to such problems are often found by

making use of the electrolytic tank analogue. This method

was first used by Fortescue* 6 in 1913 and has since become

a very familiar scientific tool. Many complete treatments

of the theory and application of the tank are to be found

in literature. The reader is referred, for instance, to

Volume I of Electromagnetic Fields by Weber or to Elec-

1 7tron Optics by Coslett* . These remarks are included as an

immediate reference and as an extension of the discussion

in Chapter III

.

Consider a pair of electrodes in free space with a

source of electric potential connected between them. Con-

sider, also, a similar system with the electrodes immersed

in a homogeneous, slightly-conducting liquid. In the

former case lines of electric flux permeate the space, and
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in the latter case current flow lines pass through the

electrolyte. In both cases electric fields exist in the

regions about the electrode arrangements. These are vec-

tor fields and are, by definition, proportional to the

gradient of potential. It is now shown that each of the

potential functions satisfies Laplace's equation.

Potential in the Electrostatic Field

Around the Electrodes

It is presumed that no charge exists in the region

about the electrodes in space. By definition

E - - V0, (II-l)

where E is the electric field and is the potential.

Since an electric flux line must originate or terminate

on charge and inasmuch as charge is absent, this field has

no divergence. Expressed mathematically, this states that

v-.E - 0. (II-2)

Combining equations II-l and II-2 yields Laplice's equation

v*-E - - V • (V0) -

2
V - 0. (I 1-3)
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Potential in the Electrolyte Around

the Electrodes

The electrolyte permits current to flow. At any

point within the liquid the current density is proportional

to the electric field and is given by

J = -vE, (1 1-4)

where J is current density and 7 is conductivity. The

current density vector obeys the equation of continuity,

7-J - - *£
, (II-5)

6t

where p is volume charge density. Since as much charge

flows out of any volume element as flows into it, the

partial derivative of p with respect to time is zero, and

the divergence of the current density is zero.

V-J - 0. (II-6)

Substituting equation II-4 into II-6 yields the following:

v*-E - 0. (II-7)

Again E is the negative of the gradient of a poten-

tial field. It is significant that, in this instance, the

difference of potential from point to point is created by

an IR drop. Let this potential be designated by the symbol

V. Thus E - -VV and equation 1 1 -7 becomes

-V- (VV) -
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V2V - 0. (I I -8)

Equation II-8 is Laplace's equation, and the IR

drop field in the electrolyte is seen to be exactly analo-

gous to the electrostatic potential field. The importance

of all this lies in the fact that the IR drop can be meas-

ured whereas the other potential cannot. A description of

a typical electrolytic tank application may be found in

Chapter III

.



APPENDIX III

ON FLUX PLOTTING

Besides the electrolytic tank analogue another

good way of making a field study is the graphical flux plot

A magnetic field is chosen to illustrate the method.

Refer to Figure III-l which depicts a flux tube

within the field. The tube is bounded such that its walls

inclose the same total flux, M, from beginning to end.

The surfaces normal to the flux direction represent mag-

netic equipotentials, V
l , U"

2 , and U
3 . Assume that there

are no variations with respect to x, and that spacing is

chosen to require equal potential differences between adja-

cent surfaces. Let the following table of symbols apply.

H - Magnetic field intensity

B - Magnetic flux density

u. - Permeability

As - Spacing of equipotential surfaces

&S. - Height of flux tube

Now the potentials U3 and U
2

may be expressed as

follows

:

U3 - U2 + H2As2 (III-l)
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FLUX TUBE COHDUCTIIIG A SMALL QUANTITY OF MAGNETIC FLUX

FIGURE III - 1
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and

U
2

- U x
+ H

1
As

1
. (III-2)

Subtracting equation 1 1 1 -2 from III-l yields

U3 - U 2
- U2 - U

x
+ H

2As 2
- H 1As 1

. (II 1-3)

But since U3
- U

2
- U

2
- Uj it is seen that

HjASj^ - H2AS 2 . (III-4)

Let H now be expressed in terms of the flux within the

tube

.

H--B-I ^_ . (III-5)
M- p. lxAi

Substituting this in equation 1 1 1 -4 yields

As-. £s 9
inr- " sr- (III-6)
A*l Ai 2

Thus, spacing of equipotentials is also a measure

of the height of the flux tube. Then if families of orthog-

onal curves are drawn in the y-z plane such that they iorm

curvilinear squares in that plane and satisfy boundary con-

ditions of the potential, the result is a plot of flux flow

lines and equipotential lines. The latter generate sur-

faces when translated parallel to the x-axis.

The above discussion is for two-dimensional fields,

but with only slight modification is applicable to fields
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having axial symmetry. The graphical solution to any field

problem is rendered easier by making use of all available

information. For instance, equipotential surfaces are

parallel to boundary potentials near the boundaries. Also,

quite frequently, either flow lines or equipotential lines

will follow lines, of symmetry.

The magnetic field problem encountered in this

work was that of finding flux distribution. Magnetic po-

tential distribution was not needed. However, in order to

reduce the tedious work of flux plotting to a minimum, a

model of the magnetic system was set up in the electrolytic

tank and data providing equipotential lines were taken.

Then there remained only to sketch in the orthogonal family

of flux lines. Thus it is sometimes possible (and desir-

able) to combine these methods of field solution.
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