
TWO-DIMENSIONAL
OSCILLATING FLOW OVER A STEP

By

DOUGLAS CARL HOFER

A THESIS PRESENTED TO THE GRADUATE SCHOOL
OF THE UNIVERSITY OF FLORIDA IN

PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF MASTER OF SCIENCE

UNIVERSITY OF FLORIDA

1987



TWO-DIMENSIONAL
OSCILLATING FLOW OVER A STEP

By

DOUGLAS CARL HOFER

A THESIS PRESENTED TO THE GRADUATE SCHOOL
OF THE UNIVERSITY OF FLORIDA IN

PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF MASTER OF SCIENCE

UNIVERSITY OF FLORIDA

1987



ACKNOWLEDGMENTS

I first express gratitude to Dr. Tom I-P. Shih for his invaluable

guidance and essential encouragement during the course of my research.

I also thank Dr. Shih for his exceptional help in preparing this manu-

script. I am grateful to Dr. R. A. Gater and Dr. U. H. Kurzweg for

serving on my master's committee. In particular, I am indebted to

Dr. Gater for his editorial completeness.

Finally, I thank my wife whose patience, encouragement, moral

support and hard work made this study possible.

11



TABLE OF CONTENTS

Page

ACKNOWLEDGMENTS ii

LIST OF TABLES iv

NOMENCLATURE v

ABSTRACT viii

CHAPTERS

I INTRODUCTION 1

II DESCRIPTION OF PROBLEM 3

III FORMULATION OF PROBLEM 6

3.1 Governing Equations in Cartesian Coordinates 6
3.2 Boundary and Initial Conditions in Cartesian

Coordinates 8
3.3 Governing Equations in Transformed Coordinates 11
3.4 Boundary Conditions in Transformed Coordinates 12

IV NUMERICAL METHOD OF SOLUTION 16

4.1 Grid Generation 16
4.2 Finite Difference Equations at Interior Grid Points . . 21
4.3 Finite Difference Equations at Boundary Grid Points . . 22
4.4 Solution Procedure 31
4.5 Vectorization of Computer Program 32

V RESULTS 34

5.1 Steady Flows Past a Step 34
5.2 Oscillating Flows Past a Step: Pistons Oscillating

in Phase 37
5.3 Oscillating Flows Past a Step: Pistons Oscillating

Out of Phase . 39

VI SUMMARY 88

REFERENCES 90

BIOGRAPHICAL SKETCH 94

iii



LIST OF TABLES

Page

3-1. Conservation equations in cartesian coordinates 7

3-2. Conservation equations in vector form 9

3-3. Governing equations in transformed coordinates 13

4-1. Finite difference equations at interior grid points 23

4-2. Finite difference equations at boundary grid points 28

5-1. Summary of cases studied 35

5-2, Parameters v?hich remain constant for all cases 36



NOMENCLATURE

A2

d

e

HI

H2

IL

IP

JL

JP

k

Li

amplitude of oscillation for left piston

amplitude of oscillation for right piston

see Eq. (4.4-2)

total energy—see Eq. (3.1-5)

height of left piston--see Fig. 2-1

height of right piston--see Fig. 2-1

number of grid points in the £ -direction—see Fig. 4-2

grid point corresponding to E, =C(0, t)--see Fig. 4-2

number of grid points in the n~direction--see Fig. 4-2

grid point corresponding ton =n(H2)--see Fig. 4-2

thermal conductivity

position about which left piston moves

position about which right piston moves

operator--see Eq. (4.2-15)

operator — see Eq. (4.2-14)

pu

pv

pressure

heat flux in the x-direction

heat flux in the y-direction

universal gas constant

temperature



LP

RP

LP

RP "

y

Greek

time coordinate in the physical domain

x-component of velocity

internal energy

y-component of velocity

velocity of left piston--see Eq. (2-6)

velocity of right piston —see Eq. (2-7)

coordinate in physical domain—see Figs. 2-1 and 4-1

position of left piston — see Fig. 2-1 and Eq. 2-1

x._ - position of right piston—see Fig. 2-1 and Eq. 2-2

coordinate in physical domain—see Figs. 2-1 and 4-1

Cij - phase shift for left piston—see Eqs. (2-1) and (2-6)

a2 - phase shift for right piston—see Eqs. (2-2) and (2-7)

B - stretching parameter—see Eqs. (4.1-5) and (4.1-7)

7 - ratio of specific heats

FI - spatial coordinate in transformed domain —see Fig. 4-2

u - dynamic viscosity

£ - spatial coordinate in transformed domain—see Fig. 4-2

p - density

T - time coordinate in transformed domain

shear stress defined by Eq. (3.1-6)

shear stress defined by Eq. (3.1-7)

shear stress defined by Eq. (3.1-8)

shear stress defined by Eq. (3.1-8)

u>2 - frequency of oscillation for left piston —see Eq. (2-1)

w^ - frequency of oscillation for right piston--see Eq. (2-2)

XX

yy

xy

yx



Subscripts

i - grid point location in the ^-direction

j - grid point location in the n-direction

LP - left piston

RP - right piston

0 - initial position

x - differentiation with respect to x

y - differentiation with respect to y

t - differentiation with respect to t

£ - differentiation with respect to £

H - differentiation with respect to n

t - differentiation with respect to T

Superscripts

n - n time level

\th n+1 - (n+1) time level

n+1 - a fictitious (n+l)th time level

* - dummy time index corresponding to n

** - dummy time index corresponding to n+1

vii
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Requirements for the Degree of Master of Science

TWO-DIMENSIONAL
OSCILLATING FLOW OVER A STEP

By

DOUGLAS CARL HOFER

December 1987

Chairman: Dr. Tom I-P. Shih
Major Department: Mechanical Engineering

A computer program was developed that can be used to study

oscillating flows past a two-dimensional step in which the oscillation

is induced by two oscillating pistons, one on each side of the step.

The computer program was based on the conservation equations of mass

momentum, and total energy valid for unsteady, laminar flow of an ideal

gas. The computer program generated numerical solutions to the

conservation equations by using the time-split method of MacCormack.

To demonstrate the usefulness of the computer program for studying

oscillating flows past a two-dimensional step, the computer program was

used to study the velocity field of three different types of flows past

a step. The three types of flows studied were

1. Steady flows past a step

2. Oscillating flows past a step with the pistons oscillating in

phase
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3. Oscillating flows past a step with pistons oscillating out of

phase

It is noted that the two types of oscillating flows investigated here

have never been studied by previous investigators.

The velocity fields generated by the computer program for these

three types of flows are presented in graphical form, to illustrate the

flow patterns. Analysis of the flow patterns indicated that the

computer program is useful for studying oscillating flows past a two-

dimensional step.
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CHAPTER I

INTRODUCTION

The physics of oscillating flows past solid surfaces have attracted

the attention of many investigators. Stokes and Rayleigh studied the

oscillating flow induced by a flat plate undergoing sinusoidal

oscillations in a plane parallel to the plate [1]. Rayleigh [2],

Andrade [3], Schlicting [4], and Davidson [5] studied the oscillating

flow induced by a circular cylinder oscillating in a plane perpendicular

to its axis. Roy [6] performed a similar study except instead of

oscillating a circular cylinder, he oscillated an axially symmetric

ellipsoid in a plane perpendicular to its major axis. Lin [7] studied

an oscillating flow past a stationary flat plate in which the free

stream velocity far away from the wall oscillated about some mean

value. Steger [8] and Chyu et al. [9] studied dynamic stall from

oscillating airfoils. Sexl [10], Uchida [11], Brocher [12], Watson

[13], and Kurzweg [14, 15] studied oscillating flov?s inside very long

pipes. Finally, references 16 to 37 report studies of the oscillating

flow inside piston-cylinder configurations that resemble reciprocating-

piston engines.

The above account of previous studies on oscillating flows is far

from complete. However, it does indicate the wide interest displayed

toward such flows.



To date, the author knows of no study reporting the physics of

oscillating flow past a two-dimensional step induced by two oscillating

pistons, one on each side of the step. A good understanding of the

physics of such oscillating flows is important to the design of certain

types of heat exchangers [14, 15].

The objectives of this investigation are as follows:

1. Develop a computer program based on the conservation equations

of mass, momentum, and energy that can be used to study the

physics of oscillating flows past a step.

2. Vectorize the computer program so that it will run efficiently

on a pipelined computer such as the CRAY XMP.

3. Use the computer program developed to study the flow patterns

in the vicinity of the step as a function of amplitude and

phase shift of the piston oscillation.

In the next chapter, the problem of oscillating flows past a step

that will be investigated here is described. In Chapter III, the

governing equations for this problem are presented. Afterwards, Chapter

IV describes the numerical method employed to obtain solutions. Chapter

V presents the results obtain by the numerical method. Finally, in

Chapter VI, a brief summary is given.



CHAPTER II

DESCRIPTION OF PROBLEM

A schematic diagram of the two-dimensional step region considered

in this study is shown in Fig. 2-1. As shown in the figure, the

boundaries for this region consist of three fixed solid walls (surfaces

2,3, and 4), two movable pistons (surfaces 1 and 5), and a plane of

symmetry (surface 6). Oscillating flow is induced in the region by

sinusoidal movement of the pistons.

The position of the left piston (surface 1) at time t is given by

the following equation:

x =-L1 -A2*COs( cDjt+ai) (2-1)

01 y 1 HI
Please refer to the nomenclature for the definition of the terms in Eq.

(2-1). The position of the right piston (surface 5) at time t is given

by:

x =L3 - A2*cos( u2t+ a2 ).. (2-2)
RP

0 <_ y _< H2

The locations of the three fixed walls (surfaces 2, 3, and 4) are

defined by the following expressions

(2-3)

(2-4)

(2-5)

Surface 2: y=H, , x < x < 0
' LP — —

Surface 3: x=0 ,< y < H2

Surface 4: y=H,, 0 < x < x
3 2 ' ~ — RP



/

(2)

CD

u \) '

HI

\

/\)

H2 (5)

(6)
/ \

«

v^

1 1 I x V- - v - -4- . . -- . v -J
LPRP

Figure 2-1. Schematic diagram of region studied



V =A! * tal*sin(

V =A2
RP

The velocities of the two pistons (surfaces 1 and 5) are given by

i) (2-6)

w2t+a2) (2-7)

The above two equations are derived by differentiating Eq. (2-1) and (2-

2) with respect to time. The values of Ax, A2 , û , and w2 are chosen so

that the maximum Reynolds number is less than 400, i.e.:

Re = -̂ < 400
U

where:

p= density at t=0 (see Section 3.2)

U = maximum velocity of the small piston

H = height of the smaller piston

This ensures that the flow in the region will be laminar [38].

The three fixed walls (surfaces 2, 3, and 4 in Fig. 2-1) are

adiabatic, while the two piston faces (surfaces 1 and 5) are maintained

at a constant temperature of 300 K. There was no leakage around the

pistons so the mass of the gas in the region remains fixed.

Initially, the two pistons are located as specified by Eqs. (2-1)

and (2-2) with t set equal to zero and the region is filled with a

stagnant gas at a uniform temperature of 300 K and a uniform pressure of

1 atm. At time t equal to zero, the two pistons begin to move according

to Eqs. (2-6) and (2-7) resulting in oscillating flow past a step (the

step is formed by surfaces 2, 3, and 4).



CHAPTER III

FORMULATION OF PROBLEM

The equations that govern the problem described in Chapter II are

the conservation equations of mass, x-momentum, y-momentum, and total

energy valid for unsteady, compressible flow of a viscous and thermally

conducting ideal gas. In this numerical study, the following

simplifications were made to the conservation equations: (i) all

thermodynamic and transport properties were taken to be constants, (ii)

gravity force was not considered and, (iii) bulk viscosity was taken to

be zero. Below, the governing equations and corresponding initial and

boundary conditions in Cartesian coordinates are first presented. These

equations are then cast in generalized coordinates to facilitate the

numerical method of analysis.

3.1 Governing Equations in Cartesian Coordinates

The conservation equations in cartesian coordinates and an inertial

reference frame are summarized in Table 3-L. Equations (3.1-1) to

(3.1-4) constitute a closed system in four dependent variables: density

( p) , x-momentum (pu), y-momentum (pv), and total energy per unit volume

(e). The definition of total energy per unit volume (e) is given by Eq.

(3.1-5). The relationships for the shear stress terms in Eqs. (3.1-1)

to (3.1-4) are given by Eqs. (3.1-6) to (3.1-8). Expressions for

pressure and temperature in terms of the four dependent variables are

given by Eqs. (3.1-9) and (3.1-10). These expressions were derived by



Table 3-1. Conservation equations in cartesian coordinates

Continuity equation

at ax ay

X-momentum equation

„. + — pu- at 3x K
+ - DUV

3y P

Y-momentum equation

apv a a 2 — "- — + - DUV + - DV
at ax M ay

Total energy equation

If

ap atx
- + --
9x 3x

a?
ay ax

Definition of total energy

,. v2 u
e =p(u + "-(-"

Shear stress relations

•xx

•yy

3u
—

3u
—

3v
—

_
3

|u
3x
u + v

xy yx ^ gy ax '

Expression for pressure

P = (Y~l)[e - i(pu2 > pv2)]

Expression for temperature

8y

ay

(3.1-1)

(3.1-2)

(3.1-3)

(3.1-4)

(3.1-5)

(3.1-6)

(3.1-7)

(3.1-8)

(3.1-9)

T = Z [e - fpv2)](3.1-10)



using the ideal gas equation of state and the assumption of constant

specific heats. For convenience, the conservation equations [Eqs.

(3.1-1) to 3.1-4)] combined with the shear stress relations [Eqs.

(3.1-6) to (3.1-8)] are cast in vector form. The vector form of these

equations are summarized in Table 3-2.

3.2 Boundary and Initial Conditions in Cartesian Coordinates

Boundary and initial conditions must be specified before a solution

can be obtained from the governing equations [Eqs. (3.1-1) to (3.1-4)].

The boundary and initial conditions for the problem described in Chapter

II are given below.

The no-slip condition for a viscous fluid requires that the fluid

velocity immediately adjacent to a solid wall be equal to the wall

velocity. For the present problem, this condition can be expressed

mathematically as (see Fig. 2-1)

u=0, v=0 x=0, Hx _< y <_ H2 (3.2-1)

y=Hlt XLR _< x <_ 0 (3.2-2)

y=H2, 0 < x < x (3.2-3)
Kr

u=VLp ,v=0 x=\> ° 1 Y 1 HI (3.2-4)

u=VRp,v=0 *=xRp, 0 _< y £ H2 (3.2-5)

The heat flux on the stationary solid walls (surfaces 2, 3, and 4

in Fig. 2-1) is equal to zero. This condition results in the spatial

derivative of temperature in the direction normal to the wall being

equal to zero, i.e.,

9T =Q y=H15 XLR £ x <_ 0 (3.2-6)

97 y=H2» ° 1 * 1 *Rp (3.2-7)

J3T = x=0, Hi 1 / 1 Ha (3.2-8)



Table 3-2. Conservation equations in vector form

3T= Yl (u,ux) + v2 (u,uy)

(3.1-11)

U =

P
pu
pv
e

P
m
n
e

(3.1-12)

F(U) =

pu

pu2 +P

puv

(e+P)u

m
m2
— + P
P

m_n(3.1-13)

G(U) =

pv

puv

pv2 + P

(e-t-P)v

n
nm

P

(e+P) ^
P

(3.1-14)

6u

3v

2 a 2 1 a
+

o
4_ _3_ in
3 p 3x p

8 n

ax

3 3x P 2 M ax P

(3.1-15)
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Table 3-2. Continued

v (u,u, ) = ~ — - 1

w1(y,yx) =

w2(y,yy ) =

" 0
_ 2_ 3v

3 3y
3u

)j —
3y
au 2 3v

. MV ay 3 " ay .

" 0
_3v
3x

_ 2_ au
3 ax

MU av _ 2 au
3x 3 3x

" 0
3u

2 3v
3" u a7

-i

•

2_ JL 2+ 1 3
3 M 3y V 2 M 3y

" 0
a m
3y p

2_ _a_ n
3 M 3y P
o d c i 2 _ 3 l.n ,L_
3 M 3y [pj ' 2

=

=

" 0
2
3 M

3 ii * —
ay

3 n
ay p
m
—P

n_ a m

yp ay P "

" 0
JL

v 3x
2

" T p

n
P
a m
ax p

a n MU ^—
3x p

1

2 , oT u2+ k -—
3y

P -*- W ̂ 3y (_pj

1

aT

6y .

-

2 _j_ n
3 u ay p

1

2 8 m
3 3x p

(3.1-16)

(3.1-17)

(3.1-18)

Where T and P in terms of the dependent variables are

P,(3.1-19)

T =
PR

e .2 p(3.1-20)

1
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On the piston faces the temperatures are fixed. For these

boundaries, the temperature of the gas next to the wall equals the

temperature of the wall. This condition yields

T=T
'LPX=X,P> ° £ y l Hi

T=T
RP

(3.2-9)

(3.2-10)

Along the plane of symmetry (surface 6 in Fig. 2-1), the following

symmetry conditions apply

(3.2-11) 7r6y 3y

— -0 v=0

Initially, the pistons are located as specified by Eqs. (2-1) and

(2-2) with t=0, and the stagnant gas inside the region is at uniform

temperature, T0 and pressure, P0. The initial conditions corresponding

to the above constraints are

RT
(3.2-12)

u=0 v=0

3.3 Governing Equations in Transformed Coordinates

Solutions to the governing equations summarized in Table 3-2 will

be obtained by using a numerical method. In order to allow the

numerical method to be implemented more easily, the governing equations

will be transformed from the x-y-t coordinate system to the £-n-t

coordinate system by the following coordinate transformations

5=£(x,t) (3.3-1)

n=n(y) (3.3-2)

T=t (3.3-3)

The x-, y-, and t-derivatives can be related to the Ej - , n ~» and T -

derivatives as follows:



3x ax

_a_ = a_n_
3y 3y

_ __
at at 35 3T

12

(3.3-4)

(3.3-5)

(3.3-6)

The coordinate system corresponding to £ , n , and T constitutes a

noninertial frame of reference since £ is a function of time.

Substituting Eqs. (3.1-1) to (3.1-6) into Eqs. (3.1-11) to (3.1-18)

yields the governing equations in transformed coordinates which are

given in Table 3-3.

3.4 Boundary Conditions in Transformed Coordinates

The boundary conditions must also be transformed according to the

transformation given by Eqs. (3.3-1) to (3.3-6). Under this

transformation, the no-slip conditions on the solid walls given by Eqs,

(3.2-1) to (3.2-5) become

u=0, v=0 C = £(0,t), n(H1) <_ n <_ n(H2) (3.4-1)

n=n(H1),(3.4-2)

n=n(H2), 5(0, t) < 5 < C(x .t) (3.4-3)
RP'

u=VLp ,v=0

u=VRp ,v=0

,t), n(o) 1 n

= S(x__,t), n(o) < n < n(H2) Kr — —

(3.4-4)

(3.4-5)

The zero heat flux condition at the solid walls given by Eqs.

(3.2-6) to (3.2-8) becomes

3T
=0LP

3T

n=n(H2)' t(o,y) £ 5 1

i,t), nd^) _< n 1 n^a)

RP

,t) (3.4-6)

,t) (3.4-7)

(3.4-8)
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Table 3-3. Governing equations in transformed coordinates

Where

-
11

^"

T

.it

(3.3-7)

am

a? P
(3.3-8)

L -9z
3 V 3n

an

v n,.au 2av

2 an
1 —
y 8q P

3 in

n 3 n 2 n

" I uny

u n

3 n
Fn" p"

(3.3-9)



Table 3-3. Continued

14

wx (u,u_) =
r av

••x as
_2_ a_u
3 P 5x 35

„ 3v 23U

3 n

n
P

jn 3 n_ _ 2_ n_ g rn

(3.3-10)

Wz(U,U ] "* "* *" * I

au

2_ ^v_
3 y 3n
2 8 2J_ 1
I^y^V+ 2

32
u

y an
3T
—

y an

2_
3

3 in

_3 n

aj_
2

_a_
an

m3T

(3.3-11)

and U, F, and G are given by Eqs. (3.1-12) to (3.1-14) in Table 3-2.
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The temperature boundary condition given by Eqs. (3.2-9) to

(3.2-10) becomes

T=T
'UP

T=T

n(o) 1 n 1 n^) (3.4-9)

, ,... ,-, n(o)inln(Ha) (3.4-10) KP RP

The symmetry conditions at the plane of symmetry given by Eqs.

(3.2-11) become

3 _n 3u _n (3.4-11)

p̂ =0 v=0

The initial condition given by Eq. (3.2-12) remains the same in the

transformed coordinates.



CHAPTER IV

NUMERICAL METHOD OF SOLUTION

Solutions to the governing equations described in the previous

section can only be obtained by using a numerical method. Here, an

explicit finite-difference method was used to obtain solutions.

In order to use finite-difference methods, two types of

approximations must be made. First, it is necessary to replace the

continuous domain of the problem with a system of grid points and time

levels. Second, the governing partial differential equations (PDE's)

must be replaced by a system of algebraic equations known as finite-

difference equations (FDE's).

The two types of approximations mentioned above are described in

the next three sections (Section 4.1-4.3). In section 4,4, the

procedures used to obtain solutions are given. Finally, in Section 4.5,

efforts made to vectorize the computer program are briefly described.

4.1 Grid Points and Time Levels

As noted earlier, in order to apply finite-difference methods, the

continuous domain of the problem must be replaced by a system of grid

points (grid points are located at the intersections of grid lines) and

time levels. Numerical solutions will be found only at grid points and

time levels.

Finite-difference methods are most readily applied when the grid

points are stationary and uniformly distributed. The purpose of grid

16

1
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generation is to map moving and nonuniformly distributed grid points in

the physical domain (Fig. 4-1) onto a transformed domain (Fig. 4-2)

where the grid points are stationary and uniformly distributed. This

mapping is accomplished through the appropriate choice of the

transformation functions C(x,t) and n(y) given by Eqs. (3.3-1) and

(3.3-2).

In this study, the transformation functions were chosen so that £

and p vary between 0 and 1. This results in the following grid spacings

in the transformed domain

An =
(4.1-1)

IL-1 ' JL-1

where IL denotes the number of grid points between £=0 and C=l along a

line of constant n and JL denotes the number of grid points between n=0

and n=l along a line of constant £•

For this study, the spacing between adjacent grid lines parallel to

the x-axis in the physical domain was constant. This allowed the

shearing transformation to be used to determine n(y) as follows

n =y H,
J max -1

(4.1-2)

In order to facilitate finding the function £(x,t), the physical

domain is divided into three regions as shown in Fig. 4-1. For the

center region (region II in Fig. 4-1), the grid spacing in the x-

direction is constant and the shearing transformation is used to map

this region onto the transformed domain as follows

x-x,
x, < x < x,(4.1-3)

The transformations for regions I and III in Fig. 4-1 are similar

and only the details for region III will be given here. Region III

undergoes two transformations. The first is a shearing transformation



tY=H,

Y=H,

IIIII

X=XLPX=X,x=x.x=xRP

Figure 4-1. Grid system in the physical domain. In the physical domain, grid points (located
at intersection of grid lines) are nonuniformly distributed and they move as the
two pistons move.



n=n(Hi)
j=JL

IIIII

n=n(H2)
j=JP

LP,t)
i=IP= IL

Figure 4-2. Grid system in the transformed domain. In the transformed domain, the grid
points are uniformly distributed and stationary regardless of the motion of
the two pistons.
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based on the piston position (x ) and the second is a stretching
RP

function. The shearing transformation results in an intermediate

variable £' given by

X-X2

x -x,
RP

x2 < x < x
RP

(4.1-4)

The stretching function used is from a family of general stretching

functions proposed by Roberts [39,41] and has the form

E -
^ ~

00(4.1-5)

where B controls the distribution of grid points. As & approaches 1 the

grid spacing near x=x2 becomes smaller and the grid spacing near x=x
RP

becomes larger. For this study B was solved for iteratively to find a

value such that the minimum grid spacing for region III will match the

grid spacing for region II. This was done so that grid spacings would

change smoothly when going from region II to region III.

As noted earlier, the transformations used for region I were

similar to those used for region III and are given below

x-x
LP

X, -X
LP

x < x < x,
LP

0 < E'< 1

(4.1-6)

(4.1-7)

For convienence, each grid point is classified as either a boundary

or an interior grid point. Boundary grid points are those grid points

which lie on the boundaries (i.e. surfaces 1,2,3,4,5 and 6 in Fig. 2-1).

Grid points that do not lie on boundaries are refered to as interior

grid points.

The continuous time domain was replaced by a set of time levels.

In this study the time levels were equally incremented so that the

numerical solutions were found at t given by



21

t=nAt n=0,l,2,3,. . . (4.1-8)

4.2 Finite Difference Equations at Interior Grid Points

Once the continuous domain of the problem has been replaced by a

system of grid points and time levels, the governing PDE's can be

replaced by a system of FDE's. In this section, the FDE's at the

interior grid points are derived. Finite-difference equations at

boundary grid points are derived in Section 4.3.

Finite-difference equations to be applied at the interior grid

points are derived by using the time-split method of MacCormack [40,41].

The first step in applying the time-split method of MacCormack is to

divide the two-dimensional governing equations (summarized in Table 3-3)

into two one-dimensional governing equations as follows:

3£| ~ x 35 ~
— V
35 -1"

2

JL u + n -2- G = n — wl+ n — w2 ax - 'y an - 'y an ~ y en ~2

(4.2-1)

(4.2-2)

Each of these one-dimensional governing equations was solved by

using MacCormack1s predictor-corrector method which prescribes how

temporal and spatial derivatives are to be replaced by finite-difference

formulas. MacCormack1s predictor-corrector method is a two step

method. In the first step (predictor step), the time derivative term is

replaced by

au un+1- u n
(4.2-3)

AT

where U is the solution at time level n and U is an intermediate

solution. In the second step (corrector step), the time derivative term

is replaced by
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(4.2-4)

where U is the solution at time level n+1.

Finite difference formulas used for the spatial derivative terms

are as follows. The first derivative terms were replaced by backward-

differencing formulas for the predictor step and forward-differencing

formulas for the corrector step. The second derivative terms, including

the cross derivative terms, were replaced by central-differencing

formulas for both the predictor and corrector steps.

Replacing derivative terms in Eqs. (4.2-1) and (4.2-2) in the

manner described above yields a set of FDE's that are applied at each of

the interior grid points. These FDE'S are summarized in Table 4-1.

To facilitate description of the solution procedure in Section 4.4,

L (At ) and L (At ) are defined. The operator L (At ) is defined so
5 € n n 55
that

Un+1 = L (At ) Un
C 5 ~

(4.2-14)

is equivalent to the two-step formula given by Eqs. (4.2-5) and (4.2-6)

when At_ is equal to At. The operator L (At ) is defined so

n+1 n(4.2-15)

is equivalent to the two-step formula given by Eqs. (4.2-7) and (4.2-8)

when At is equal to At.
n
4.3 Finite Difference Equations at Boundary Grid Points

Finite-difference equations at the boundary grid points are found

by using the boundary conditions described in Section 3.4. In addition

to the boundary conditions described in Section 3.4, a fourth numerical

boundary condition is needed. The numerical boundary condition used is
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Table 4-1. Finite difference equations at interior grid points

For Eq. (4.2-1)

Predictor:

-*• c

• Ai
x AC [
. AT
\ 9 AT

<Yi>?+, . - <Yi>?

/•IT \ /-,r -i n
^2^ . . . (-Y2-1.

(4.2-5)

Corrector:

,n + 1

i.j-^

jR+1

'i+i,j
- Un+1

n+1

(4.2-6)

For Eq. (4.2-2)

Predictor:

Un + 1AT

+ n — I Cw,)" U/ T A « I " 1 -
y 2An

AH(4.2-7)
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Corrector:

n + 1TT n TT n + 1 AT n+1 _ n+1
U + U - r| —— G - G
~ i,j ~ i,j y An t ~ '.J+1 ~ i»J

Where

AT

\n

n £*• i (W2)n+1
•y An ' ~ • •(4.2-8)

mm

P :

min

I
2

PJ ,.pj •

- T

(4.2-9)
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(V ).

' 7 p V2 AH

mm

PJJ.J-1
2 An

PJ: :
J±J

i.j+1 ~-pj i,.i-1
2 An

(4.2-10)

(W ). . =

m

m

2 fnl

- 3"fc

m

(4.2-11)
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(W )- . = -2-1,J

m

u n

'y. .

PJ;.J+|

nl 2

. .
'.j

ml 2

y n

nrt 2

Pjj.j-l
An

- T. .
LJ-2

+ k

(A.2-12)

and U, F and G are given by Eqs. (3.1-12) to (3.1-14) in Table 3-2.

Note: The metric coefficients at locations mid-way between grid points

(e.g., 5 ) are evaluated by averaging, i.e.,

-j_i • + x- • I+1.J I,J(4.2-13)
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the first derivative of pressure in the direction normal to the wall

equal to zero.

The zero first derivative boundary conditions for temperature and

pressure were approximated by using one sided differencing formulas.

For example, the pressure boundary condition on the left piston given as

3P
=0

ot,

was approximated by

P - P

(4.3-1)

(4.3-2)

which reduces to

P . =P, . (4.4-3)
1»J 2,j

By using approximations of this type for the derivative boundary

conditions and by using the equation of state for an ideal gas

P=pRT (4.3-4)

the FDE's at the boundary grid points were derived. These FDE's are

summarized in Table 4-2.

The dependent variables at the boundary grid point located at the

intersection of lines C=^(0,t) and n=n(H2) (see Fig. 4-2) are double

valued. At this point, the FDE's were given by

P1P,JP PIP-1,JP

e = e
•IP.JP IP-1,JP

,JP

,P,JP
(4.3-14)

when used in conjunction with Eq. (4.2-14) and by

P = P
1P.JP KIP,JP-1

61P,JP ~ 6|P,JP-1

,P,JP

V,JP =°
(4.3-15)

when used in conjunction with Eq. (4.2-15).
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Table 4-2. Finite difference equations at boundary grid points

For i = 1; j = 1 to JL-1 (see Fig, 4-2)

2,J
R * T

LP

m = p * V
LP

n . = 0

p * R * T
LP

'1.J(T -
(4.3-5)

For i = 2 to IP-1; j = JL

P = P i,JL i,

m =0
i,JL

n = 0
i,JL

i.JL-1

I,JL~ (T - i)
(4.3-6)

For i = IP; j = JP-t-1 to JL-1

m!P,j

n!P,j=

!P-1,J
- i)

(4.3-7)
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For i = IP+1 to IL; j = JP

Pi.JP

n. = 0 i.Jp

(T -
(4.3-8)

For i = IL; j = 1 to JP-1

P

P,, - = IL.j R * TRP

m!L,j = PIL,j* V

n,, . = 0

p * R * T
IL.j K V

(4.3-9)

For i = 2 to IL-1; j = 1

l,2

e . . = e.. „ i >2(4.3-10)
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Table 4-2. Continued

For i = 1; j = JL

P = P
1.JL 2,JL-1

m =0
1,JI-

= 0

2,JL-1

!I,JL~ (T - 1)(4.3-11)

For i = IP; j = JL

P = P
IP,JL 1

m,P,JL

IP,JL- i)(4.3-12)

For i = IL; j = JP

PIL,JP PIL-1,JP-1

m,L,JP

IL,JP- 1)
(4.3-13)
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4.4 Solution Pr o c ej u r e

This section describes how numerical solutions at the grid points

and time levels can be obtained by using the FDE's derived in Sections

4.2 and 4.3.

The method for obtaining numerical solutions is prescribed by the

time-split method of MacCormack as follows:

Un+1 = [ L (At ) ]d/2 L(At ) [ L (At ) ] d/2 Un (4.4-1)
n n 55 n n

where the operators L (At ) and L£(At ) are defined by Eqs. (4.2-14) and

(4.2-15), respectively. The parameter d in the above equation is

defined by

d—
At

r
At,

(4.4-2)

where At and At are the maximum time step sizes that can be used to
n t,

obtain stable solutions to Eqs. (4.2-14) and (4.2-15), respectively. If

d given by Eq (4.4-2) is not an even integer, then the value for d is

rounded to the next higher even integer.

When using Eq. (4.4-1) to obtain solutions it is assumed that the

solutions at time level n (i.e. U ) is known and the solution at time

level n+1 (i.e. Un+1 ) is sought. When n=0, Un is given by the initial

condition (Eq. (3.2-12)).

To demonstrate how Eq. (4.4-1) is used to obtain solutions, let

d=2. With d=2, Eq. (4.4-1) becomes

Un+1 = [ L (At ) ] L (At) [ L (At ) ] Un
n n 55 n n

The above equation can be split as follows:

U" = L (At )U
n n

, s
(At )U

(4.4-3)

(4.4-4)

(4.4-5)
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U"" (4.4-6)

One can verify that Eqs. (4.4-4) to (4.4-6) are equivalent to Eq.

(4.4-3) by substituting Eq. (4.4-4) into Eq. (4.4-5) and then

substituting the resulting equation into Eq. (4.4-6).

To obtain solutions, Eq. (4.4-4) was first applied at every

interior grid point to yield an intermediate solution U*. U* at the

boundary grid points were obtained by using Eqs. (4.3-5) to (4.3-15).

Once U* at every grid point had been determined, Eq. (4.4-5) was used to

obtain another intermediate solution U ** at the interior grid points.

U** at the boundary grid points were again determined by Eqs. (4.3-5) to

(4.3-15). Once U** at every grid point had been determined , Eq.

(4.4-6) was used to obtain U at every interior grid point. With Un+

at interior grid points known, Eqs. (4.3-5) to (4.3-15) were used to

determine U at the boundary grid points. Repeating this procedure

yields U at successively higher time levels. This completes the

solution procedure.

4.5 Vectorization of Computer Program

The solution procedure described in the previous sections was coded

into a FORTRAN program so that a computer could be used to find the

solutions. In this study, the computer used was the CRAY XMP located at

NASA-Lewis Research Center.

The CRAY XMP is a supercomputer based on the pipeline architecture.

In order to fully utilize computers with such an architecture, it is

necessary to write the computer program so that it can be vectorized

[42,43]. The details of the programming techniques employed to allow

the computer program to vectorize are given in reference 44 and will not

be repeated here.
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Here, it is noted that the considerable efforts spent in making the

computer program vectorizable increased the speed of the calculations by

a factor of 10.



CHAPTER V

RESULTS

In order to assess the usefulness of the computer program

developed, numerical solutions were generated for the step problem

described in Chapter II. Three types of the step problem were analyzed

and they are as follows (see Table 5-1):

1. Steady flows past a step (cases 1 and 2 in Table 5-1)

2. Oscillating flows past a step: pistons oscillating in phase

(cases 3 and 4)

3. Oscillating flows past a step: pistons oscillating out of phase

(cases 5 and 6)

The parameters which were the same for all cases analyzed are summarized

in Table 5-2.

For each of the six cases analyzed, density, x- and y-components of

the velocity, total energy, temperature and pressure were calculated at

3,111 grid points (i.e., IL=61 and JL=51) and 20,000 time levels. Here,

only results for the velocity are presented to show flow patterns.

In the following three sections (Sections 5.1 to 5.3), the results

of the three types of the step problem analyzed are described.

5.1 Steady Flows Past a Step

The first type of the step problem analyzed by the computer program

involves steady flows (cases 1 and 2 in Table 5-1). Figure 5-1 shows

the steady-state flow pattern for case 1 in which the gas flows from the

34



Table 5-1. Summary of cases studied

Case

1

2

3

4

5

6

Frequency of
Piston

Oscillation (Hz)

1250

1250

1250

1250

Phase Shift of
Large Piston

oil (rad)

n
2

n
2

Amplitude of Piston Oscillation

Large Piston
Ai (m)

0.01

n

0.015

Tl

0.01
It

0.01
It

Small Piston
A2 (m)

0.02
it

0.03
it

0.02
it

0.02
it

Maximum Velocity of
Small Piston

(m/s)

26

22

50

75

50

50
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Table 5-2. Parameters which remain constant for all cases

At

R

T0

P0

= 2xlO~7 (sec)

= 1250 Hz

= 0.02 (m)

= 0.03 (m)

= 0.0

= 0.005 (m)

= 0.0025 (m)

= 0.00185 (kg/m sec)

= 2.61 (W/m K)

= 1.4

= 287.0 (J/(kg K))

= 300.0 (K)

= 101000.0 (N/m )
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right toward the left. In this figure, a recirculating flow pattern can

be seen just downstream of the step. This recirculating flow pattern

has been observed experimentally (see e.g., ref. 45).

Figure 5-2 shows the steady-state flow pattern for case 2 in which

the gas flows from the left toward the right. In this figure, no

recirculating flows are observed. For this case, recirculating flows

are not expected near the intersection of surfaces 3 and 4 (see Fig.

2-1) because the Reynolds number is very low.

The fact that the computer program generated the expected flow

patterns for cases 1 and 2 lends some confidence to the usefulness of

the computer program.

5.2 Oscillating Flows Past a Step; Pistons Oscillating in Phase

The second type of the step problem investigated involves

oscillating flows past a step with the pistons oscillating in phase with

each other (cases 3 and 4 in Table 5-1). For these cases, the two

pistons always move in the same direction but the small piston moves

farther than the large piston in order to keep the volume between the

pistons constant.

For these cases, the flow patterns are presented after four

complete oscillations of the pistons. This is because after four

oscillations of the pistons, the numerical solutions generated by the

computer program become periodic and independent of the initial

conditions.

Figures 5-3 to 5-23 show the flow patterns for case 3 during the

fifth oscillation of the pistons. Figure 5-3 shows a large clockwise

(CW) recirculating flow that was formed during the previous oscillation.

As the pistons accelerate to the right, a separation bubble begins to
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form on surface 4 (see Figs 2-1 and 5-4). In Figs. 5-5 to 5-8 this

separation bubble can be seen to persist until the large CW recircu-

lating flow formed during the previous oscillation moves toward the

plane of symmetry and begins to dissipate in Fig. 5-8. Figures 5-9 to

5-13 show the flow patterns as the pistons slow down and come to rest at

their rightmost position. Note that at this time, the large CW

recirculating flow seen at the beginning of the fifth oscillation has

completely dissipated.

As the pistons begin to move to the left, the inertia of the gas in

the region outside the boundary layer continues to carry the gas in that

region to the right. Since the inertia of the gas inside the boundary

layer is less than the inertia of the gas outside the boundary layer,

the motion of the gas inside the boundary layer is more easily affected

by the motion of the pistons. This can be seen in Fig. 5-14 where the

gas in the boundary layer has begun to move to the left while the gas

outside the boundary layer continues to move to the right.

Later, as the pistons moved to the left, a large CW recirculating

flow pattern began to. form on the downstream side of the step (see Figs.

5-15 to 5-23). This CW recirculating flow persisted throughout the

remainder of the fifth oscillation.

In Figs. 5-21 and 5-22 the gas in the boundary layer can be seen to

change direction before the gas outside the boundary layer changes

direction. As noted earlier, this is due to differences in the inertia

of the gas.

Figures 5-24 to 5-44 show the flow patterns for case 4. Case 4 was

calculated by using the same geometry as case 3 except the amplitude of

piston oscillations was 1.5 times greater. This resulted in higher

piston velocities, and therefore, higher gas velocities.
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Figure 5-24 shows the flow pattern at the beginning of the fifth

oscillation for case 4. Due to the higher piston velocities, there are

two recirculating flows remaining from the previous oscillation. As

seen in Figs. 5-24 to 5-29, the counterclockwise (CCW) recirculating

flow causes the gas to enter the smaller side of the region more nearly

parallel to the x-axis so that the flow does not separate on surface 4.

In Figure 5-30 the CCU recirculating flow is seen to have dissipated as

the pistons reach their maximum velocity and begin to slow down.

Figures 5-31 to 5-34 show the gas moving to the right as the

pistons continue to slow down and come to a stop. In Figs. 5-35 and

5-36, it can be seen that as the pistons begin to move to the left, the

gas in the boundary layer changes direction before the gas outside the

boundary layer. This is due to differences in the inertia of the gas

inside and outside of the boundary layer. Note that at this time the

large CU recirculating flow seen at the beginning of the fifth

oscillation has completely dissipated.

As the flow accelerates to the left (see Figs. 5-37 to 5-39), a CW

recirculating flow begins to develop downstream of the step. As can be

seen in Fig. 5-40, the flow continues to the left and pushes the CW

recirculating flow to the left, causing a CCW recirculating flow to

develop in the upper corner near the intersections of surfaces 2 and 3

(see Figs. 2-1 and 5-41). In Figs. 5-42 to 5-44, these two recircu-

lating flows can be seen to grow in size and strength as the flow begins

to change direction.

5.3 Oscillating Flows Past a Step: Pistons Oscillating Out of Phasja

The third type of the step problem investigated involves

oscillating flows past a step in which the pistons are oscillating out



40

of phase (cases 5 and 6 in Table 5-1). In these cases the pistons move

according to Eqs. (2-1) and (2-2) with the value of a^ being 7t/2 for case

5 and -it/2 for case 6. Similar to cases 3 and 4 the small piston

traverses a greater distance than the large piston. Cases 5 and 6

differ from cases 3 and 4 in that the volume between the pistons is no

longer constant since the pistons are oscillating out of phase. For

both case 5 and case 6 the peak velocity of the small piston is 50 m/s.

The flow patterns for these cases are again presented for the fifth

complete oscillation of the pistons to allov; the effects of the initial

condition to be eliminated and a periodic solution to prevail.

For case 5 the value of ax in Eq. (2-1) is t/2 and the value of a2

in Eq. (2-2) is zero. Since a-i does not equal a2 (i.e. the pistons are

oscillating out of phase), there is periodic compression and expansion

of the gas in the region between the pistons. The flou patterns for

case 5 are shown in Figs. 5-45 to 5-65.

In Fig. 5-45, the large piston can be seen moving to the right

while the small piston is stationary resulting in compression of the gas

between the pistons. Figures 5-45 to 5-48 show the gas moving to the

right and a separation bubble forming on surface 4 (see Fig. 2-1).

Figures 5-45 to 5-47 show the small piston accelerating to the right

while the large piston is slowing down. In Fig. 5-48 the velocity of

the small piston is seen to become greater than twice that of the large

piston, allowing the gas in the region between the pistons to expand.

The expanding gas continues to move to the right as seen in in Figs.

5-48 through 5-53 even though the large piston begins to move to the

left in Fig. 5-50. At this point, both of the recirculating flow

patterns present at the beginning of the fifth oscillation have
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Figure 5-1. Flowfield for steady flow case
The peak velocity of the fluid in the smaller side of
the region is about 25 meters/second

X

Vi

Figure 5-2. Flowfield for steady flow case
The peak velocity of the fluid in the smaller side of
the region is about 22 meters/second
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^ N, N.
N. N. \ \. \ \ V \ i \^ J \ « \e 5-3. Flowfield for t = 0.0032 seconds

This is 0.0 radians after the end of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second

N. N,

;•
i>
t
i

N,

N.

^ \ V

" 4

X \. \

\

Figure 5-4. Flowfield for t = 0.00324 seconds
This is pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.72 meters/second
The velocity of the small piston is 15.45 meters/second

J
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Figure 5-5. Flowfield for t = 0.00328 seconds
This is 2pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.69 meters/second
The velocity of the small piston is 29.39 meters/second
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N,
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t

*»

X

*
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Figure 5-6. Flowfield for t = 0.00332 seconds
This is 3pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is 40.45 meters/second
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N, N.

N. N,

*» N,

Figure 5-7. Flowfield for t = 0.00336 seconds
This is 4pi/10 radians after the end of the previous cycle
The velocity of the large piston is 23.78 meters/second
The velocity of the small piston is 47.55 meters/second

x. N.

Figure 5-8. Flowfield for t = 0.00340 seconds
This is 5pi/10 radians after the end of the previous cycle
The velocity of the large piston is 25.00 meters/second
The velocity of the small piston is 50.00 meters/second
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Figure 5-9. Flowfield for t = 0.00344 seconds
This is 6pi/10 radians after the end of the previous cycle
The velocity of the large piston is 23.78 meters/second
The velocity of the small piston is 47.55 meters/second

Figure 5-10. Flowfield for t = 0.00348 seconds
This is 7pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is 40.45 meters/second

1
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Figure 5-11. Flowfield for t = 0.00352 seconds
This is 8pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.69 meters/second
The velocity of the small piston is 29.39 meters/second

Figure 5-12. Flowfield for t = 0.00356 seconds
This is 9pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.72 meters/second
The velocity of the small piston is 15.45 meters/second
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Figure 5-13. Flowfield for t = 0.00360 seconds
This is 10pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second

Figure 5-14. Flowfield for t = 0.00364 seconds
This is llpi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.72 meters/second
The velocity of the small piston is -15.45 meters/second
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Figure 5-15. Flowfield for t = 0.00368 seconds
This is 12pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is -29.39 meters/second

»N \s N

Figure 5-16. Flowfield for t = 0.00372 seconds
This is 13pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is -40.45 meters/second
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Figure 5-17. Flowfield for t = 0.00376 seconds
This is I4pi/10 radians after the end of the previous cycle
The velocity of the large piston is -23.78 meters/second
The velocity of the small piston is -47,55 meters/second

Figure 5-18. Flowfield for t = 0.00380 seconds
This is 15pi/10 radians after the end of the previous cycle
The velocity of the large piston is -25.00 meters/second
The velocity of the small piston is -50.00 meters/second
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Figure 5-19. Flowfield for t = 0.00384 seconds
This is 16pi/10 radians after the end of the previous cycle
The velocity of the large piston is -23.78 meters/second
The velocity of the small piston is -47.55 meters/second

Figure 5-20. Flowfield for t = 0.00388 seconds
This is 17pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is -40.45 meters/second
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Figure 5-21. Flowfield for t = 0.00392 seconds
This is 18pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is -29.39 meters/second
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Figure 5-22. Flowfield for t = 0.00396 seconds
This is 19pi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.73 meters/second
The velocity of the small piston is -15.45 meters/second
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Figure 5-23. Flowfield for t = 0.00400 seconds
This is 20pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second
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\e 5-24. Flowfield for t = 0.00320 seconds

This is 0.0 radians after the and of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second
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Figure 5-25. Flowfield for t = 0.00324 seconds
This is pi/10 radians after the end of the previous cycle
The velocity of the large piston is 11.58 meters/second
The velocity of the small piston is 23.18 meters/second
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Figure 5-26. Flowfield for t = 0.00328 seconds
This is 2pi/10 radians after the end of the previous cycle
The velocity of the large piston is 22.04 meters/second
The velocity of the small piston is 44.09 meters/second

X,
s.

Figure 5-27. Flowfield for t = 0.00332 seconds
This is 3pi/10 radians after the end of the previous cycle
The velocity of the large piston is 30.35 meters/second
The velocity of the small piston is 60.68 meters/second
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Figure 5-28. Flowfield for t = 0.00336 seconds
This is Api/10 radians after the end of the previous cycle
The velocity of the large piston is 35.67 meters/second
The velocity of the small piston is 71.33 meters/second

Figure 5-29. Flowfield for t = 0.00340 seconds
This is 5pi/10 radians after the end of the previous cycle
The velocity of the large piston is 37.50 meters/second
The velocity of the small piston is 75.00 meters/second
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Figure 5-30. Flowfield for t = 0.00344 seconds
This is 6pi/10 radians after the end of the previous cycle
The velocity of the large piston is 35.67 meters/second
The velocity of the small piston is 71.33 meters/second

Figure 5-31. Flowfield for t = 0.00348 seconds
This is 7pi/10 radians after the end of the previous cycle
The velocity of the large piston is 30.35 meters/second
The velocity of the small piston is 60.68 meters/second
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Figure 5-32. Flowfield for t = 0.00352 seconds
This is 8pi/lO radians after the end of the previous cycle
The velocity of the large piston is 22.04 meters/second
The velocity of the small piston is 44.09 meters/second

-* N.
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Figure 5-33. Flowfield for t = 0.00356 seconds
This is 9pi/10 radians after the end of the previous cycle
The velocity of the large piston is 11.58 meters/second
The velocity of the small piston is 23.18 meters/second



60
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Figure 5-34. Flowfield for t = 0.00360 seconds
This is 10pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second

Figure 5-35. Flowfield for t = 0.00364 seconds
This is llpi/10 radians after the end of the previous cycle
The velocity of the large piston is -11.58 meters/second
The velocity of the small piston is -23.18 meters/second
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Figure 5-36. Flowfield for t = 0.00368 seconds
This is 12pi/10 radians after the end of the previous cycle
The velocity of the large piston is -22.04 meters/second
The velocity of the small piston is -44.09 meters/second

Figure 5-37. Flowfield for t = 0.00372 seconds
This is 13pi/10 radians after the end of the previous cycle
The velocity of the large piston is -30.35 meters/second
The velocity of the small piston is -60.68 meters/second
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Figure 5-38. Flowfield for t = 0.00376 seconds
This is 14pi/10 radians after the end of the previous cycle
The velocity of the large piston is -35.67 meters/second
The velocity of the small piston is -71.33 meters/second
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»

Figure 5-39. Flowfield for t = 0.00380 seconds
This is I5pi/10 radians after the end of the previous cycle
The velocity of the large piston is -37.50 meters/second
The velocity of the small piston is -75.00 meters/second
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Figure 5-40. Flowfield for t = 0.00384 seconds
This is 16pi/10 radians after the end of the previous cycle
The velocity of the large piston is -35.67 meters/second
The velocity of the small piston is -71.33 meters/second
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Figure 5-41. Flowfield for t = 0.00388 seconds
This is 17pi/10 radians after the end of the previous cycle
The velocity of the large piston is -30.35 meters/second
The velocity of the small piston is -60.68 meters/second
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Figure 5-42. Flowfield for t = 0.00392 seconds
This is 18pi/10 radians after the end of the previous cycle
The velocity of the large piston is -22.04 meters/second
The velocity of the snail piston is -44.09 meters/second
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Figure 5-43. Flowfield for t = 0.00396 seconds
This is 19pi/10 radians after the end of the previous cycle
The velocity of the large piston is -11,60 meters/second
The velocity of the small piston is -23.10 meters/second
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Figure 5-4A. Flowfield for t = O.OOAOO seconds
This is 20pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.0 meters/second
The velocity of the small piston is 0.0 meters/second
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Figure 5-45. Flowfield for t = 0.00320 seconds
This is 0.0 radians after the end of the previous cycle
The velocity of the large piston is 25.0 meters/second
The velocity of the small piston is 0.0 meters/second

Figure 5-A6. Flowfield for t = 0.00324 seconds
This is pi/10 radians after the end of the previous cycle
The velocity of the large piston is 23.78 meters/second
The velocity of the small piston is 15.45 meters/second
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Figure 5-47. Flowfield for t = 0.00328 seconds
This is 2pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is 29.39 meters/second

Figure 5-48. Flowfield for t = 0.00332 seconds
This is 3pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.70 meters/second
The velocity of the small piston is 40.45 meters/second
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Figure 5-49. Flowfield for t = 0,00336 seconds
This is 4pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.73 meters/second
The velocity of the small piston is 47.55 meters/second

Figure 5-50. Flowfield for t = 0.00340 seconds
This is 5pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.00 meters/second
The velocity of the small piston is 50.00 meters/second
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Figure 5-51. Flowfield for t = 0,00344 seconds
This is 6pi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.73 meters/second
The velocity of the small piston is 47.55 meters/second

Figure 5-52. Flowfield for t = 0.00348 seconds
This is 7pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is 40.45 meters/second
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Figure 5-53. Flowfield for t = 0.00352 seconds
This is 8pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is 29.39 meters/second

Figure 5-54. Flowfield for t = 0.00356 seconds
This is 9pi/10 radians after the end of the previous cycle
The velocity of the large piston is -23.78 meters/second
The velocity of the small piston is 15.45 meters/second
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Figure 5-55. Flowfield for t = 0.00360 seconds
This is 10pi/10 radians after the end of the previous cycle
The velocity of the large piston is -25.0 meters/second
The velocity of the small piston is 0.0 meters/second

Figure 5-56. Flowfield for t = 0.00364 seconds
This is llpi/10 radians after the end of the previous cycle
The velocity of the large piston is -23.78 meters/second
The velocity of the small piston is -15.45 meters/second
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Figure 5-57. Flowfield for t = 0.00368 seconds
This is 12pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is -29.39 meters/second

Figure 5-58. Flowfield for t = 0.00372 seconds
This is 13pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is -40.45 meters/second
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Figure 5-59. Flowfield for t = 0.00376 seconds
This is 14pi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.73 meters/second
The velocity of the small piston is -47.55 meters/second
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Figure 5-60. Flowfield for t = 0.00380 seconds
This is 15pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.00 meters/second
The velocity of the small piston is -75.00 meters/second
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Figure 5-61. Flowfield for t = 0.00384 seconds
This is 16pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.73 meters/second
The velocity of the small piston is -A7.55 meters/second
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Figure 5-62. Flowfield for t = 0.00388 seconds
This is 17pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.69 meters/second
The velocity of the small piston is -40.45 meters/second
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\e 5-63. Flowfield for t = 0.00392 seconds

This is 18pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is -29.39 meters/second
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Figure 5-64. Flowfield for t = 0.00396 seconds
This is 19pi/10 radians after the end of the previous cycle
The velocity of the large piston is 23.78 meters/second
The velocity of the small piston is -15.45 meters/second
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Figure 5-65. Flowfield for t = 0.00400 seconds
This is 20pi/10 radians after the end of the previous cycle
The velocity of the large piston is 25.0 meters/second
The velocity of the small piston is 0.0 meters/second
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Figure 5-66. Flowfield for t = 0.00320 seconds
This is 0.0 radians after the end of the previous cycle
The velocity of the large piston is -25.0 meters/second
The velocity of the small piston is 0.0 meters/second
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\e 5-67. Flowfield for t = 0,00324 seconds

This is pi/10 radians after the end of the previous cycle
The velocity of the large piston is -23.78 meters/second
The velocity of the small piston is 15.45 meters/second
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Figure 5-68. Flowfield for t = 0.00328 seconds
This is 2pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is 29.39 meters/second
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Figure 5-69. Flowfield for t = 0.00332 seconds
This is 3pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is 40.45 meters/second
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Figure 5-70. FLowfield for t = 0.00336 seconds
This is 4pi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.73 meters/second
The velocity of the small piston is 47.55 meters/second

Figure 5-71. Flowfield for t = 0.00340 seconds
This is 5pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.00 meters/second
The velocity of the small piston is 50.00 meters/second
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Figure 5-72. Flowfield for t = 0.00344 seconds
This is 6pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.73 meters/second
The velocity of the small piston is 47.55 meters/second

•* x

•>« X

•» x

Figure 5-73- Flowfield for t = 0.00348 seconds
This is 7pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.69 meters/second
The velocity of the small piston is 40.45 meters/second
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Figure 5-74. Flowfield for t = 0.00352 seconds
This is 8pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is 29.39 meters/second

Figure 5-75. Flowfield for t = 0.00356 seconds
This is 9pi/10 radians after the end of the previous cycle
The velocity of the large piston is 23-78 meters/second
The velocity of the small piston is 15.45 meters/second
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Figure 5-76. Flowfield for t = 0.00360 seconds
This is 10pi/10 radians after the end of the previous cycle
The velocity of the large piston is 25.0 meters/second
The velocity of the small piston is 0.0 meters/second

Figure 5-77. Flowfield for t = 0.00364 seconds
This is llpi/10 radians after the end of the previous cycle
The velocity of the large piston is 23.78 meters/second
The velocity of the small piston is -15-45 meters/second
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Figure 5-78. Flowfield for t = 0.00368 seconds
This is 12pi/10 radians after the end of the previous cycle
The velocity of the large piston is 20.23 meters/second
The velocity of the small piston is -29.39 meters/second

Figure 5-79. Flowfield for t = 0.00372 seconds
This is 13pi/10 radians after the end of the previous cycle
The velocity of the large piston is 14.69 meters/second
The velocity of the small piston is -40.45 meters/second
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Figure 5-80. Flowfield for t = 0.00376 seconds
This is I4pi/10 radians after the end of the previous cycle
The velocity of the large piston is 7.73 meters/second
The velocity of the small piston is -47.55 meters/second
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Figure 5-81. Flowfield for t = 0.00380 seconds
This is 15pi/10 radians after the end of the previous cycle
The velocity of the large piston is 0.00 meters/second
The velocity of the small piston is -50.00 meters/second
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Figure 5-82. Flowfield for t = 0.00384 seconds
This is 16pi/10 radians after the end of the previous cycle
The velocity of the large piston is -7.73 meters/second
The velocity of the small piston is -47.55 meters/second
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Figure 5-83. Flowfield for t = 0.00388 seconds
This is 17pi/10 radians after the end of the previous cycle
The velocity of the large piston is -14.69 meters/second
The velocity of the small piston is -40.45 meters/second
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N\e 5-84. Flowfield for t = 0.00392 seconds

This is 18pi/10 radians after the end of the previous cycle
The velocity of the large piston is -20.23 meters/second
The velocity of the small piston is -29.39 meters/second
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Figure 5-85. Flowfield for t = 0.00396 seconds
This is 19pi/10 radians after the end of the previous cycle
The velocity of the large piston is -23-78 meters/second
The velocity of the small piston is -15.45 meters/second
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Figure 5-86. Flowfield for t = 0.00400 seconds
This is 20pi/10 radians after the end of the previous cycle
The velocity of the large piston is -25.0 meters/second
The velocity of the small piston is 0.0 meters/second



CHAPTER VI

SUMMARY

A computer program was developed, using MacCormack's time-split

method, to find numerical solutions for the conservation equations of

mass, momentum, and total energy. The conservation equations used were

those valid for two-dimensional, unsteady, laminar flow of an ideal

gas. The program was written in generalized coordinates so that it

could be easily applied to a variety of problems by using the

appropriate coordinate transformations.

The computer program was then used to study oscillating flows over

a step where the oscillation was induced by two oscillating pistons, one

on each side of the step. To demonstrate the usefulness of the computer

program for studying oscillating flows over a two-dimensional step, the

computer program was used to generate the velocity fields for three

types of flows past a step. The three types of flows studied were

1. Steady flows past a step

2. Oscillating flows past a step with the pistons oscillating in

phase

3. Oscillating flows past a step with the pistons oscillating out

of phase

The velocity fields generated for each case studied were presented in

graphical form.
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The velocity fields generated for the oscillating flows over a step

had several interesting features. Some of these interesting features

are summarized as follows:

1. When the direction of piston motion reversed, the gas in the

boundary layer changed direction before the gas outside the

boundary layer changed direction

2. Recirculating flow patterns similar to those occuring in steady

flow over a backstep occured when the gas moved from the

smaller side of the region to the larger side of the region

3. Separation bubbles formed in the inlet to the smaller side of

the region for the lower velocity cases

4. Two areas of recirculating flow formed when the gas moved from

the smaller side of the region to the larger side of the region

in the higher velocity case

5. Separation bubbles did not form in the entrance to the smaller

side of the region for the higher velocity case due to the

second area of recirculting flow
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