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PREFACE 

This paper is motivated by a desire to lmow a priori if any 

given spectrum line in any given source under any given excitation 

condition is self absorbed and, if so, by how much is the observed 

intensity less than that which would be observed in the optically 

thin case. 
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SECTION I 

WHAT IS SELF ABSORPTION 

When light emitted by an atom at some poir1t in a light source is 

absorbed by the same kind of atom at some other point in that light 

source, the source is said to exhibit self absorption. 

There exists a great deal of divergence between the terminology 

used by plasma physicists studying laboratory plas~.as and astro

physicists studying stellar plasmas.(l5) (l6) 

When a plasma spectroscopist speaks of self absorption or radiation 

trapping, he is referring to any process by which a photon emitted by 

an atom of species A interior to the boundary of the excited: plasma is 

prevented from leaving the plasma by another atom of species A. In

cluded are tho~e processes which astrophysicists call:(4) (3) 

"true selective absorption" 

"coherent scattering" 

an atom absorbs a- photon of energy h~ 

becomes excited and subsequently under

goes a radiationless transition (super

elastic collision) thus decreasing the 

energy of the radiation field in units of 

h v • 

an atom absorbs a photon of energy h v 

and subsequently undergoes a radiative 

transition, emitting a photon of energy 

h V either in a random direction (isotropic 

scattering) or in some preferred direction 

(anisotropic scattering). 

1 



"noncoherent scattering" an atom absorbs a photon of energy hv 

and subsequently emits a photon of some 

2 

other energy h 11' • The excess excita-

tion energy may be lost either through 

emission of other photons (cascading) 

or through electron collisions, 

If all the photons of energy hv produced by a source emerge from 

the source, the source is said to be optically thin at that frequency, 

Another way of saying the same thing is that the local radiative inten

sity does not affect the equations of statistical equilibrium and the 

statistical state of the gas does not affect the local radiation field. 

The foregoing implies that the equations of statistical equilibrium and 

the radiative transfer equation are decoupled, (6) If none of the photons 

of energy h JJ emerge from the source, the source is said to be opti-

cally thick at the frequency V The foregoing is equivalent to saying 

that the radiation field at a point is fixed by only the local value of 

the source function. (6) Where the source is optically thick for all v , 

it is said to be in "local thermal equilibrium" (LTE), and the emergent 

flux is closely approximated by the Planck radiation law. Again the 

equations of statistical equilibrium and the equation of radiative 

transfer are decoupled, (25) 

One may expect self absorption to occur more easily for certain 

types of geometries than for others. For instance, in any source where 

the number of atoms in the ground state increases with distance from the 

center either because the actual density increases or because the 

temperature decreases, the possibility of self absorption is great.(ll) 

Any spectroscopic determination of any physical characteristic of 

any excited plasma requires a lmowledge of the "true" light intensity, 



i.e. that intensity which would be observed if there were no self absorp

tion. Stated another way, to use an optically thin model one must lmow 

what fraction of the photons of a given energy emitted in the solid 

e-~gle subtended by the spectrographic optics do not reach the detector. 

The spectroscopist can rather easily handle the two extreme cases, 

1) opti~ally thin LTE plasmas where all the photons reach 

the detector. 
·, 

2) optically thick LTE plasmas where none of the photons 

reach the detector (as this case would not be visible,(?) in 

practice it is assumed that the amount of energy leaving the 

plasma as radiation does not change the energy distribution 

in the plasma). 

In general, a plasma. will be optically thin at some wavelengths and 

optically thick at others. The intensity at in case 1) will be given 

by 
I = N11 h)) Aui. 

The intensity in case 2) will be approximated by the Planck radi.ation · 

law. 

The problem of determining the degree of self absorption is usually 

circumvented by studying the plasma at a wavelength which is lmown to be 

optically thin. (Jl) There exists a slight ambiguity in the nomenclature 

and often a wavelength at which the plasma is optically thin is referred 

to as itself optically thin, i.e. an optically thin line. 

The number of photons which do not reach the detector is clearly a 

function of density (or pressure), for as the number of particles between 

the radiating atom and the spectrograph is increased, the probability 

that the photon will be reabsorbed and re-emitted in another direction 

also increases. 



SECTION II 

THE EFF.EX:TS OF SELF ABSORPTION 

The most deleterious effect of self absorption is to cause depar-
; 

tures from the optically thin model, thereby invalidating the use of the 

equation I= Nu hv Au 1. for calculating the emergent intensity, I. 

Thus, if there is significant coupling between the equations of statis

tical equilibrium and the equation of radiative transfer it is possible 

for the radiation field to effect changes in the energy density distri

bution of the plasma. (6) This may be seen by observing that the rate 

equations governing the excited state densities contain the three radi

ative transition probabilities, two of which depend on the local inten

sity of the radiation field. This coupling is often large for astro-

physical sources due to the high intensity of the radiation field whereas 

in laboratory plasmas it is usually necessary to consider the coupling 

only for resonance radiation and even then only for plasmas with signifi

cant optical depth. (lO) (lJ) 

The most basic and most easily understood model for a plasma (and 

also the one most likely to be in equilibrium) is the thermal or col

lision dominated plasma. In this model, each excitation or ionization 

is caused by collisions and each de-excitation is by a super elastic 

collision or thre;-body recombination.(l4 ) Since the mass of the elec

tron is so much smaller than that of any other specie in the plasma, 

they have very high velocities compared to the ions and neutral atoms. 

Also because it is the velocity of the colliding particle rather than 

4 
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the momentum which results in the excitation and, in addition, electron 

reaction cross-sections are of the same order of magnitude as those of 

the ions, it is electr~n collisions which dominate the reaction rates.CS) 

The electrons may be expected to have a Maxwellian velocity distribution 

since no mechanism has been found which can support a steady state non

Maxwellian distr1bution.(53) (36) (9) (61) 

This model, however, fails to explain the mechanism by which the 

plasma emits radiation. It must be assumed then that there does exist 

some .spontaneous radiative decay. The cross sections for radiative 

de-excitation are much larger than those of radiative excitation so that 

the net effect of radiation is to upset the equilibrium energy distri

bution. Detailed balancing no longer exists. In addition, since col

lisional excitation cross-sections increase with increasing principal 

quantum number whereas radiative de-excitation cross sections decrease, 

the energy loss is selectively from those states of lower energy. Thus 

we find that LTE relations holll only for levels above the point at which 

radiative de-excitation may be neglected compared to collisional de-exci

tati~n. (5) What now is the effect of self absorption on this energy 

balance? It should be noted that what has ~appened is that detailed 

balancing no longer obtains, for while collisional excitation and col

lisional de-excitation are exact inverses, we have considered no inverse 

for radiative de-excitation. Self absorption supplies this inverse.(30) 

As the optical depth of the plasma increases, an increasing amount of 

the radiation is trapped within the plasma and results in radiative 

excitation, thus helping to restore the equilibrium energy balance. (3z) 

A very important problem exists in the analysis of radiation from · 

sources where significant departures from LTE may be expected (such 

as the solar chromosphere) namely, how can effects due to self absorption 
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be separated from those caused by departures from LTE? Both phenomena 

cause the emitted intensity to be less than that observed from an 

optically thin, LTE plasmar in the first case because some of the 

photons are trapped in the plasma, and in the second because the upper 

levels are underpopulated compared with a Maxwell-Boltzmann population 

distribution. ThowAs and Athay(6) have provided a partial.solution 

to the problem for the case of the solar chromosphere by making obser

vations of line profiles at various heights. This allows them to ex

amine the variation of occupation number and source function with 

height and optical depth. (2l) (28 ) (29) (lB) (l9) (20) (22 ) (23) (24) 
J 

' 



SECTION III 

TESTS FOR AND INDICATIONS OF SELF ABSORPTION 

There exist several ways that one may test for the existence of 

self absorption. In the most general sense, "Any diagnostic technique 

that assumes optical thinness yields to the extent that it gives correct 

answers, a posteriori evidence of optical thinness. ,.(.58) 

One of the most powerful techniques is to determine experimentally 

how the intensity of some spectrum line varies with the number of 

emitters. This variation, I as a function of N, is plotted in some 

standard form and compared to a theoretic plot of the same quantities 

in which self absorption is neglected. Deviations between the two curves 

will serve to indicate self absorption. Several forms of this basic 

relation occur in the literature. 

The Working Curve 

What is perhaps the most straightforward approach to the problem 

is the "working curve" developed by the analytic spectrochemists. (l) (2) 

In the simplest case, this is just a plot of the logarithm of intensity 

(on a relative scale) vs. the logarithm of the concentration (usually in 

parts per million) obtained by observing a set of standards with known 

concentrations. Often ho~ever, to reduce errors due to source fluctu

ation and variation of excitation conditions, the following variation 

is plotted (Figure 1) 

Here on a log-log scale is the ratio of the intensity of the line 

under consideration to a line of the matrix which has about the same 

7 
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Figure 1. Spectrochemical world.ng curves under various conditions 
of self absorption. A: no self absorption. B: resonance shape. C: 
line maxima measured. D: · Doppler shape, total intensity measured 
(after 55). 
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excitation characteristics 1/1
0 

(same upper and lower excitation 

potentials, same transition probability, same statistical weight) vs. 

the assumed known ratio of concentrations Once a curve of 

this form has been plotted from a set of standards, the intensity of 

the line due to the unknown is measured and_hence the concentration is 

determined. By comparing this curve with theoretical curves for various 

source models and line profiles, the amount of self absorption in the 

source may be determined. 

Ideally (i.e. for the optically thin case) the curve will be a 

straight line with a slope of 1 indicating a linear variation between 

the number of atoms and the intensity. For small values of density this 

is the case. However, as the density increases the · amount of self 

absorption increases and the curve deviates from a straight line. 

This method is not very useful for the astronomer or plasma spec

troscopist for in general he will not have readily available a nice set 

of standards(!). In addition, a curve of this kind must be drawn for 

each line under consideration which is a tedious and laborious task for a 

spectrum with the complexity of, say, iron. This method is inconvenient 

from another standpoint, i.e. it is a posteriori. If it is necessary to 

know whether or not the JlOOA iron line is self absorbed for a given 

temperature and density,it is necessary to go into the laboratory and 

perform an experiment before the answer can be determined. 

The Curve of Growth 

A more sophisticated version of the working curve is the "curve 

of growth." It is possible to plot a curve of growth using the inten

sities of either an emission line or an absorption line. 

For the case of emission lines, consider the equation of radiative 

transport: 
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Where I1 is the . specific intensity of the spectrum line and 

where Jv (T) is the source function. If the source is assumed to be 

in LTE then it has a "true absorption" atmosphere rather than a scat

tering atmosphere and J; (T) may be replaced by B)I (T) the Planck 

function, Thus: 

. dI1 - B -I d 't°y - ., ,,, 

the formal solution of which is 

- ~v 

Iv ::. B" ( 1 - e ) • 

The total power radiated in a spectrum line is then 

Assuming that 

I :: / B,(1- e° "'·) clv , 

Mt. 

(3 y does not vary over the line 

I = B.,jc,-e-r"J dv , 
.l""-t 

For small values of "'t',,, , we may expand the exponential term giving 

by the definition of 1:'v 

"t'i, = ~., nL L 

¾~ ;, .I. n ~ 1 ~v d,,,. 
. :IUl1'.t. 

• 

Hence for small values of 1:'J/ , :I/a,, should vary linearly with abundance, 

n. Deviations for linearity indicate self absorption. For large 
0 



values of 't'~, the form of the curve is dependent on the line shape 

parameter a. 

ll 

In the case of absorption lines, a quantity is defined. called the 

equivalent width. (44) <45) <49) <5o) (5l) 

W, = J 1
o ; 

1
• dy 

0 

= j(1 -~•)dV 
0 

Psing Beer's law, 

J -'?'., 
Wi, = (1 - e ) d 11 • 

The equivalent width is plotted against some function of (nfl), the 

optical depth. 

The form of this result suggests a relationship between W~ and 
1/av . (54) What this relationship is may be seen by considering 

· Kirchoff's law. <33) 

I= I ( V , T) A 
0 0 

= I ( V
0

, T) J, d\/ 
0 

line 

( \1 o' T) /c1 -~ = I - e ) dv • 0 

line 

Here, A( V) is the absorptivity of the source at V • The integrated 

absorptivity is just the equivalent width, hence the intensity and 

equivalent width are related through the Planck function and a measure

ment of either one will yield the other. Thus a curve of growth can be 
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constructed using either expression. ('.34) (J5) For most laboratory 

plasmas it is more convenient to measure intensity (with the exception 

of flames where it is possible to use a continuous background source to 

produce absorption lines). 

We will return to the curve of growth in the next section where 

examples will be gi van and it will be shown how to use the curve to 

determine certain physical parameters of the plasma. 

The Duplication Curve 

The duplication curve is a relation which has been used almost 

exclusively by groups studying flames< 56) though arc work<42) has been 

done. The basic idea behind this method is the following; a mirror is 

placed behind the source which serves to focus the light received in a 

solid angle Sl back onto the source. In the optically thin case 

with allowance made for the reflectance of the mirror at the wavelength 

under consideration, twice as nmch light will reach the spectrograph 

when the mirror is used. Let r1 be the intensi ~y without the mirror ~n 

the system and r2 be the intensity with the mirror, Define a quantity, 

As 1'~ approaches infinite (optically thick case), D tends to zero while 

for 1:'v = 0 (optically thin), D approaches 1. D is then plotted against 

some function of the concentration. This curve is the duplication curve. 

For large values of '1'~ , the .form of the curve varies according to 

the line shape parameter a, It should be noted that the duplication 

curve is just the derivative of the curve of growth. 

When using this method, the reflectance of the mirror at the~

length under consideration must be carefully measured. In addition, if 
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spacially resolved measurements are being attempted it is necessary to 

reinvert the image of the source in order to obtain correct orientation.<42) 

Of course, all optical elements used to effect the inversion must have 

their reflectance or transmission properties measured at the wavelength 

under consideration. 

If the duplication factor Dis !mown in absolute measure, the 
A 

relative loss in emission due to self absorption Iv I.- 1 , where I.., 
" 

is the relative intensity normalized to the value of the Planck function 
..... 

at the same l/ and T, may be determined by (I'I) - I ) = ½ (1 - D) if 

(I.., -1) is small~ compared to unity. <57) As long as (I.,, -1) ~ 0.1 this 

relation does not depend noticeably on the line shape parameter a. 

It is to be noted that in inhomogeneous sources into which class 

most laboratory plasmas fall (arcs, plasma jets, etc.) where the 

excitation may be crudely described by a two-zone model with a high 

excitation "filament" surrounded by a lower excitation "atmosphere'' 

the optical path is really increased by a factor of three. Photons 

produced in the high excitation core must traverse the atmosphere 

(reversing layer) once to reach the spectrograph directly whereas the 

photons reflected from the mirror must pass through the cooler atmos-

phere three times. 

We will return to the duplication curve in Section IV where exam

ples will be given and it will be shown how the curve may be used to 

determine certain physical parameters of the plasma. 

The Reversal Curve 

Another curve which is of the same general form is the "reversal 

curve." ( 55) Consider a spectrum line with center frequency v. and 
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an intensity distribution within the line given by f~ 
is the radiation density. The absorption in a given thickness is 

proportional to f~ , TJ~ , the number of atoms capable of 

absorbing the radiation of frequency V ,the properties of the individual 

atom and the interactions of that atom with the surrounding particles. 

We may write 

1 

where P.. ( ))J X) is a distribution function representing the number 

of photons absorbed at each frequency )I at each position x within the 

source, i.e. the absorption profile. ~ ( \J,X) is normalized, for all 

x. 

J Fi (>J,x)dv - ! 
1.we 

• 

It can be shown that (Appendix I) 

'"Y],_ (X) • 

Thus from 1) we have 

Integrating gives 

fv (r-) ~ f· er·.) e J(P[- hv~ G,uj~, (X) P.. (v,x) Jx] • 
. r. . . 

The above is the plane wave solution. To deal with spherical waves 

produced by a point source, f ll ( r.) must be replaced by 

f•(v,r) giving 
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Considering a normalized emission distribution function, the above may 

be written in terms of intensities such that the intensity at r is 

2 I.,(t)=Io ~ (V,r.) expf bi!•c'3'"l.Q,_ c~) P .. (11,X) h] 

Under certain conditions(3l) (B) (?) we may assume that 

i. e~ 'the shapes of the emission and absorption lines are the same. 

For simplicity assume P( v, X ) is independent of x and may be 

written Py • Cowan and Dieke(5S) define a quantity f' 

in terms of which equation 2) may be written 

I,, = ro Pv exp [- -p A, ] • 
P11 • . 

· For the case of no absorption, p = 0 and I.,, assumes the form of the 

distribution (shape) function Py. 

More general expressions may be derived for the intensity of a 

line of arbitrary shape in any. given source model (Appendix III). If 

it were possible to know a priori the shape of a given line and its 

.p value, it would then be a simple matter to correct the <:>bserved 

intensities for self absorption and get the unabsorbed (optically thin) 

intensity. To see how critically the line intensity depends on the 
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-p value it is instructive to plot Iv vs. V for various values 

of p assuming a natural dispersion profile (Figure 2). 

It is evident that I° ;> I corresponds to self reversal. It is 

also distressingly evident that the line profile for -/' = 0 · 5". which 

gives an intensity reduction of about forty percent could hardly be 

distinguished froTu the shape of a line with no self absorption. In 

an attempt to provide a workable expression for p , Hefferlin(.54) 

(Appendix II) has derived for the resonance line shape 

• 

This expression has been tested (Section V) with rather disap

pointing results. The calculated value of p tends to be drasticalJ_y 

overconservative. A possible ca.use of the disparity is a poor choice 

of source model. Hefferlin(l?) is working on a more sophisticated 

source model which may clear up many of the points of divergence. 

Extensive work has been done, mainly by th~ Russians(3S) (39)(4o) 

(4l) (43) (46 ) (4B) comparing the models of Cowan and Dieke<55) with 

various laboratory sources. This work seems to indicate the necessity 

of constructing more sophisticated source models (model atmospheres).(l2) 

Much can be learned from the astrophysicists along these lines. One may 

now draw a. "reversal curve" by plotting log 1/1
0 

versus log p for 

various source models and line profiles (Figure 3, Figure 4, Figure 5). 

Line Profile 

.The simplest (but by no means the most reliable) method for deter

mining if an emission line is affected by self absorption is to examine 

the profile of the line. In cases of extreme self absorption the lines 
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Figure 2. Line shapes with varying degree of self absorption 
as expressed by the absorption parameter p. The lines are plotted 
so that the unabsorbed line in each case would have the shape 

. shown for p e: 0 (after 55). · 
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Figure J. Reversal curve for Resonance line shape (after 55). 
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Figure 4. Reversal curve for Doppler Lin~ Sqape (after 55). 
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I is total intensity. B: same for Doppler shape. C: arbitrary 
shape; I is intensity at center of line. D: arbitrary shape; 
I is intensity at line maximum (after 55). 



21 

show a characteristic dip in intensity at the line center. This case is 

called "self reversal." It is possible to have self reversal in iso

thermal as well as noni.sotherni.al sources!?) <28 ) <26) (2?) The stark 

broadened lines of hydrogen show a central dip due to the absence of a 

central stark component which should not be confused with possible self 

reversal. When a central dip is not observed, it is not necessarily 

safe to conclude that self absorption effects are negligible. The 

profile of a line with 40 percent self absorption is almost indistin

guishable fro~ the unabsorbed profile except for the difference in 

integrated intensity. Thus the absence of self reversal is a necessary 

but by no means sufficient condition for disregarding self absorption. 

Boltzmann Plot 

If nothing is known about the temperature or density in a source, 

the first thing which is often done is to make a so-called Boltzmann 

graph. This is a plot of (essentially) intensity versus the excitation 

energy of the upper level. In making this plot the follovdng assump

tions are made about the source in question: 

1) thermodynamic equilibrium 

2) optical thinness 

( these requirements will be relaxed later). In particular, what is 

required is a Boltzmann distribution of particles in the various energy 

states and a source isothermal to the extent that it makes sense to 

speak of an "average" temperature. (58) 

Using the equation for the intensity of an optically thin line, 

I:: '2 he ~z. ju t!_L No exp [- E.u/ ] 
p me U(r) /~ Te , 

where 

No = J f1 ( r) cJ r- , 



22 
\l 

Multiplying 1 by -----=-"-• taking common logarithms of both sides and 
ju t1>1.. 

converting E from ergs to eV gives u . 

~ b --------. ,----, 

:: (- ;feo) £. +- /1/. ) 
U (T) 

giving the equation for a straight line 

J = m"i. + b 

Thus in a plot of y versus x, i.e. log T A3 vs. E the slope of the 
311 flJt. u 

(hopefully) straight line will be -5040 thereby yielding T
8

, and 

Te they intercept (E = 0) gives u 

or 
M _ Il3

~ ucr~ 
~ - 2. rre.i. '}IJ~\,. , 

yielding N if I has been measured in absolute units. We now ask 
0 . 

what the effects will be of relaxing assumptions 1 and 2 • 

. If a temperature gradient exists in the source but the energy 

distribution at any one point is still Boltzmann (referred to as local 

thermal equ.i.librium), model atmospheres for the source can be con

structed to see how the Boltzmann plot is affected. Hefferlin(J?) has 

done this for an atmospheric arc by assuming families of curves for 

T (r) and n (r). He examined 20 models, e o 

_ Te (r) = Te (o) exp[- ;a.1. J + 3Do 

/ 110 (r) _)m f _r_)m _ 1 \. n. ( o) / "" \ R -

Te (o) = 530() 0
/{ 

11. (o) = I 0 1
' -at oms cwt?, 

' 

p =-1, l/!>, 41 £; 6 

n,:: ½ ¼ I "' 3-.,, 2, ),c.) 

) 
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and computed the intensities of the lines arising from each energy 

level E
1 

of an imaginary ato1d.c species in the arc. Boltzmann graphs 

were plotted for each model. All the resulting curves were linear 

-yielding a value for T& very near the central value. 

[ ~ (o) - ;: :_ 5"0 °K :t 20 °K] 

This rather unexpected (though welcome) result is due to the decrease 

in both T and n causing a drastic reduction in the ability of the gas 

to radiate and is vital for our next consideration. 

We consider now the effect of finite optical depth, i.e. what 

will self absorption do to the points on the graph? Self absorption 

causes I the observed intensity, to be less than the optically thin 

intensity for the same excitation conditions. Thus the effect of self 

absorption is to drive the points toward smaller "y" values. However, 

since the lower excitation levels are more subject to self absorption, 

the upper levels appear overpopulated with respect to the ground state; 

the net effect is to give values of Te. which are too high. What is 

necessary then is to draw a curve representing the true Te and N. 

of the source and ascribe the vertical scatter to self absorption. 

Unfortunately, it is usually just this Te and N. which is being sought 

in mald..ng a Boltzmann graph. What is usually done is to draw an 

. envelope above and to the right of the data points, <37) perform an 

iteration~52) and ascribe the remaining vertical scatter to self 

absorption. This method mu.st be used with care, however, for other 

factors may also induce vertical scatter such as errors in intensity 

measurements. 

Blackbody Ceiling 

Comparing the absolute intensity of a spectrum line with the 
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intensity of the blackbody ceiling (value of B~) at the same wave

length and same excitation temperature gives information about possible 

self absorption.<59) As the intensity of a line approaches the black

body ceiling, it is said to saturate, the optical depth becomes infinite, 

and the source radiates at that wavelength with the intensity given by 

the Planck function. Another way of saying th~ same thing is that when 

the intensity has reached the- blackbody ceiling, adding more atoms 

(increasing the concentration) causes no further increase in intensity 

because (due to the infinite optical depth) none of the photons given 

off by the additional atoms will ever leave the source but will all 

be reabsorbed. 

It should be noted that nonresonance lines in laboratory sources 

are usually several orders of magnitude less than the blackbody ceiling. 

Therefore, if the specific intensity of the line is near the blackbody 

ceiling at the same wavelength and excitation temperature, the line may 

be saturating and should be examined with special care. 



SECTION IV 

USING SELF ABSORPTION TO DETER.MINE 
ABUNDANCE AND lJNE SHAPE PARAMETER a 

Self absorption may be used to determine abundances for resonance 

lines with fairly high oscillator strengths. <47) (56) There is, how

ever, no restriction with respect to temperature and wavelength. 

In order to calculate abundance it is necessary to lrnow the Doppler 

width, the oscillator strength, and the physical path length, J.. 
Self absorption measurements also allow calculation of the "a paramete1'," 

the ratio of damping to Doppler broadening. (56) 

Method Based on the Shape of the "Curve of Growth" 

The double-logarithmic plot of the intensity of the line as a 

function of the concentration C, is called the "experimental curve 

of growth." This curve shows a typical convex curvature due to self 

absorption and is characterized by the positions of its initial and 

final asymptotes of C ~ O and C _. oo respectively. The experi

mental curve of growth should be superposable on one of the "theoretic 

curves of growth" by a shift parallel to both axes of plotting. The 

theoretic curve of grovrth is a plot of 1'Y vs. \/1,1 • The theoretic 

curve is completely determined by the a-parameter. The a-parameter is a 

function of the particular ld.nd of atom, the line considered, the 

temperature, the plasma composition, and the pressure. From the super

position of the experimental curve on one of the theoretic, the value of 

the a-parameter and the atomic abundance in the plasma. can be derived. 

25 
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The theoretic curve of growth has two asymptotes given by{3J) (34) 

Y= whe fl 

-z. Yi. Y =- \ ~:f- ?: a. J when '1:,1 _:,, a>a • 

The ordinate of the intersection point, Ys, is given by{JJ) (34) 

Y, = .2a.. 
The accuracy of this method _in determining the a-parameter is about 

8-10 percent. Figure 6 clearly shows that the determination of t..rie 

a-parameter can be successful only for a-values of the order of 1. 

In this case the shape of the curve of growth in the region between 

the corresponding curves of growth are mutually very similar in shape 

and an accurate determination of the a-parameter fails in this case. 

Method Based on the Duplication Curve 

According to the definition, the theoretic duplication curves 

{i.e. Das a function of concentration in the plasma) may be calculated 

fro~ the corresponding curve of growth for a certain value of the 

a-parameter. 

The "experimental duplication curve" c~n be obtained by plotting 

{double-logarithmically) the D factor measured for a resonance line 

as a function of the concentration, corrected for reflection losses. 

The D-curve is in principle a differentiated curve of growth and has 

two horizontal asymptotes, namely, the initial asymptote: D = 1.00 
..!. 

and the final asymptote: D = 2 2 -1 = 0.415. For values of the 

a-parameter lower than 1.0, the D-curve shows a typical minimum 

{Figure 7). The experimental D-curve should be superposable on one of 

the {double-logarithmic) theoretic D-curves by a shift parallel to both 

axes of plotting. The D-factor has then only to be lmown in relative 
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Figure 6. Some theoretic curves of growth for a sinele spectral 
line for a-parameter values ranging from O.O to 5.0 (after 56). 
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Figure 7. Some theoretic duplication curves for a single spectral 
line for a-parameter values in the range of O.O - 5.0 (after 56). 



measure. From this comparison the value of the relevant a-parameter 

and that of the atomic content of the plasma. may be derived. 
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If the relevant a-parameter is known this method yields the actual 

atomic content. A.."l advantage of t.his method is, that it yields the 

correct concentration also in the case that the curve of growth would be 

distorted by ioni7ation. The derivation of the a-parameter in the above 

way is not always accurate, however. In the range of a-values where the 

D-curve has a minimum, we may obtain a rather accurate a-parameter value 

f:rom the depth of the minimum with respect to the final asymptote. 

However, if a~ 1, the method fails since the minimum disappears. For 

the application of the above method a large number of theoretic D-curves 

(for a-parameter values in the range 0.5.0) has to be available. A 

genuine advantage is, however, that only relative intensity measurements 

are necessary. <62) 

The duplication curves show a minimum value in the finite region 

for a~ 1. The smaller the a-parameter value concerned, the deeper the 

mi.nimu.'Tl of the corresponding D-curve. For a ~ 1 the D-curves have no 

minimum point. 

Method Combining the Curve of -Growth 

with the Du.plication Curve(56) 

The value of the a-parameter and of the atomic concentration may 

be found by measuring simultaneously the experimental curve of growth 

and D-curve. The D-factors measured have to be converted into absolute 

values by correcting for losses· at the reflection. 

In the experimental curve of growth the ordinate of the point of 

intersection of the two asymptotes is determined in relative measure. 

Denote this point byJ
1

• For several abundances in the environment of 

the concentration corresponding to the intersection point, the ordinates 
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J, are read from the experimental curve of growth. The corresponding 

D-factors are also experimentally determined. Denote these by Di. From 

the theoretic curve of growth with a certain a-parameter the abscissa 

value(= N, apart from a constant factor) is derived, which belongs to 

a theoretic value Y1 , for which holds: (where Y is the 
s 

ordinate of the intersection point of the asymptotes of the theoretic 

curve of growth concerned). This procedure is repeated for different 

values of the a-parameter. In a similar way the abscissa values cor

~esponding to the measured values Di are derived from the theoretic 

duplication curve, again for the different a-values. For each con

centration considered we may construct now two (double-logarithmic) 

curves of a-parameter versus atomic concentration, which follows from 

the experimental value of j· /1, and D1 , respectively. The inter-

section point of both curves yields N for the relevant abundance and 

a (see Figure 8). 

For this method the accurate determination of the experimental 

curve of growth~ in particular, the relative position of its asymptotes 

is required. Furthermore, the experimental D.;.factors have to be known 

in absolute measure. For the application of this method we need 

theoretic curves . of growth and duplication curves for a-parameter values 

ranging from O - 5.0. 

It should be noted, however, that only relative intensity measure

ments have to be made. Calibration with a background source or knowledge 

of the properties of monochro~tor, filters, etc. are not required. The 

above procedure may be repeated for different abundances. This provides 

an internal check on the determination of the a-parameter (which should 

be relatively independent of abundance) and on the determination of N 

(which should be proportional to the abundance). 



Figure 8. Graphical interpolation procedure for deriving the 
a-parameter and the absolute abundance N, by combining the 
curve of growth with the duplication curve (after 56). 
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Figure 8 illustrates the graphical interpolation procedure for 

deriving the a-parameter and the absolute abundance N, by combining 
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the curve of growth with the duplication curve. For three abundances 

plots are given that relate the assumed (yet unknown) a-parameter to the 

abundance Nin the flame as derived with this a-value from, on the one 

hand, the curve of growth and the relative emission values measured 

(yi/y) and from the duplication curve and duplication factors 
s 

measured (D. ), on the other. 
1 

The intersection of both plots should yield the true a-parameter 

of the line in question and the true atomic abundance. 



SECTION V 

EXPERI~TAL DETERMINATIONS OF 
SELF ABSORPTION IN A PLASMA JET 

In an attempt to compare various optical thiclmess tests with 

experiment, data was taken by HefferlinC 59) on a D.C. plasma jet 

operating with Mp seeded argon gas in the laminar mode at atmospheric 

pressure. The plume was studied at the nozzle and one inch down

stream. Absolute intensities were measured and compared to the 

intensity of the blackbody ceiling and also to the optically thin 

intensity allowing calculation of the integrated optical depth 

parameter p. The raw data is given along with details of the cal

culation of the p parameter, and blackbody ceiling comparison. 

At the nozzle of the plasma jet (? = O ) , the optical thinness 

was .tested in the following ways: (Figure 9) 

A Boltzmann plot was constructed giving the following results: 

MnI: optically thin because points fell in straight 

line as shown on Figure 10. 

MnII: optically thin because points fell in straight 

line as shown on Figure 10. 

All other species were ambiguous due to too few points or 

not enough spread along the Eu axis. 

· The integrated optical depth parameter p was calculated 

(see calculations in. Table I): 

HI1 40% of optically thin intensity expected. 

NI: (1013 cm-2) 18% of optically thin intensity expected. 
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Figure 9. . The Plasma Jet and Optical System 
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Figure 10. Boltzmann plot for :Y.in I and Hn II (after 59). 



NI1 

ArI: 

ArII: 

MnI1 

16 -2 ' (10 cm ) heavy self reversal. 

no measurable self absorption. 

56% of optically thin intensity expected. 

80% of optically thin intensity expected 

(3,000°K or 12,000°K). 
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MnII: no measurable self absorption. 

Comparing absolute specific intensity of a line with that of the 

Planck function at the same wavelength and excitation temperature 

gave the following (see calculations in Table II): 

No measurable self absorption except for ¥ml and then 

only if lower temperature obtained. 

Observing the line profile showed that: 

The ArI line at 763.5A reported reversed under similar 

. c~nditions by Olsen(60) was scanned and photographed 

under sufficiently high resolution that the absence of 

significant "dip11 was certain. 

One inch down the flow stream (Z = l"), the optical thinness was 

tested in the following ways: 

Boltzmann plot: 

+ N2 1 optically thin because the points fell in a straight 

line. No other species had enough measurable lines. 

Integrated optical depth parameter p (see calculations in 

Table III): 

HI: no measurable· self absorption. 

ArI: 80;6 of the optically thin intensity expected. 

ArII: no measurable self absorption. 

¥cl: no measurable self absorption. 

Comparing the absolute specific intensity of a line with that of 



the Planck function at the same ·wa.velength and excitation temperature 

(see calculation in Table IV): 

no measurable self absorption for any species. 

As can be seen, the self reversal para.meter p, tends to be over

conservative by about an order of magnitude compared with other self 

absorption tests. Since this test is such a strong function of 

source model, an effort is being made(.54) to calculate this parameter 

for various alternative models, 
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TABLE I 

Details of Calculations for 
Self Reversal Parameter p, at Z = 0 

HI NI HI 

l,(A) * 4500 4500 4500 

.4 ,\ ( cm) * 11 X 10-8 1 X 10-8 1 X 10-8 

gr*+ 101 
J 3 

( -2)* 1014 10131 101w N cm 
0 

E:i_(ev) 10.0 10.0 10.0 

* T (•K) 12,000 12,000 12,000 
e 

/' 

log p o.486 1.005 4.005 

log I/I cf, -o.4 -0.8 Large 
0 

l Self @ ! l absorbed? 

Self @ 

reversed? Some Yes Heavily 

. e2. I , • .f.. /,f. exp[:- E /4 ] ;:,- - - 7o u L iTe. -:--- »IC AY 
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TABLE I (Continued) 

Ar I Ar II Y.m I Mn II 

4500 4500 4500 4500 

3 X 10-8 1 X 10-S 1 X 10-8 1 X 10-8 

-2 10·· 10° 10° 101 

1017 1017 1013 1013 . 

11.8 17.0 o.o+ 3.0 

12,000 12,000 Any+ 12,000 

-1.383 0.252 -0.650 -1.196 

o.o -0.2 -0.1 o.o 

No No No No 

No Very No NO 
Little 

* approximate because chosen before experimental data were all in 
and/or done for typical case. 

+ . -
not a fu.nction of temperature since exponential becomes unity 
for E1 = O. 

+also assumed - 1.0, g0 = 4.o. 

~owan and Dieke (1948) p. 4)4. (.5.5) 

@ Cowan and Dieke (1948) p. 401. <55) 



Specie 

HI 

Ar I 

Ar II 

Mn I 

Mn II 

* 

TABLE II 

Details of the Calculations to Compare Line Center Specific In·tensity with 
Planck Function at Same Wavelength. Lines Selected were the Most Intense 
and/or Illustrated Typical Lines in a Given Spectral Region. Z = 0. 

Line Wave
Length (A) 

6562 

4861 

4158 

4272 

4)45 

4426 

4879 

2836 

2830 

2892 

2933 

3.78 X 1012 

4.C)4 X 1011 

3.51 X 1012 

9.14 X 10ll 

3.68 X 10ll 

1.97 X 1012 

8.86 X 10ll 

3.68 X 1012 

1.51 X 1012 

) 0 24 X 1012 

5.86. x 1012 

12,000 

12,000 

12,000 

12,000 

12,000 

12,000 

12,000 

12,000 
3,000 

12,000 
J,000 

12,000 

12,000 

BA (T) (erg/sec ster cm2cm) 

1.90 X 1015 

4.10 X 1015 

5.84 X 1015 

5.44 X 1015 

5.25 X 1015 

5.03 X 1015 

4.06 X 1015 

16 7.70 X 1010 2.81 X 10 

9.49 X 10i6 
2.79 X 10 

9.36 X 1015 

9.29 X 1015 

Estimated, ahead of final results, as average temperature through a diameter at Z = o. 
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TABLE III 

Details of Calculations for 
Self Reversal Parameter p, at Z = 1" 

HI NI Ar I Ar II Mn I Mn I 

A(A) * 4500 4500 4500 4500 4500 4500 

. * A>..(cm) 11 X 10-B 11 X 10-B 3 X 10-8 1 X 10-8 1 X 10-8 1 X 10-8 

gr*+ 101 101 10-2 10° 101 10° 

-2 * 1013 1010 1017 1015 1011 108 N (cm ) 
0 .. 

E
1 

(ev) 10.0 10.0 11.8 17.0 o.o-t- o.o+ 

T (°K>* 9.500 9,500 9,500 9,500 Any-t Any-t 

log p -2.194 -5.194 -0.039 -2.750 -2.848 -5.828 

log I/I ~ o.o o.o -0.1 o.o o.o o.o 
. 0 

Self @ 

absorbed? No · No Very No No No 
little 

Self @ 

reversed? No No No No No No 

-p= 
e~ , 1ufu,. 

N11 e~p [,- E'-fleTe] -----me. AV 7• 

* approximate because chosen before experimental data were all in and/or 
done for typical case. 

+not a function of temperature since exponential becomes unity for~= 0. 

+also assumed ''"/ju = 1.0, g
0 

= 4.0. 

iCowan and Dieke (1948) p.434. (55) 

@Cowan and Dieke (1948) p. 421. <55) 



Specie 

Ar II 

Mn I 

* 

TABLE IV 

Details of the Calculations to Compare Line Center Specific Intensity with 
Planck Function at same Wavelength • . Lines Selected were the most Intense 
and/or Illustrated _Typical Lines in a given Spectral region. Z = l". 

Line Wave-
IA (erg/sec ster cm2cm) T (°K)* (erg/sec ster cm2cm) Length (A) BA (T) 

4806 1.21 X 101 9,000 1.72 X 10l,5 

4880 6.02 X 101 9,000 l.69 x lol.5 

4033 1.36 X 10 2 9,000 2.16 X lOl,5 

4052 ,5.9 X 10 0 9,000 2.15 X 10l,5 

Estimated, . ahead of final results, as average temperature through diameter at Z = l". 
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TABLE V 

Spectral Line Intensities ( -1 -1 -2) ergs sec ster cm 

Z = 0 Z = l" 
·specie Line A log gf Intensity FWH11 A Intensity F1v1fM A 

HI CI +.71 5.8 X 10_5 12.0 

a -.02 3.3 X 10_5 48.0 

y -.4.5 2.8 X 10.5 86.o 

A:r I 41.58 • .59 -1.841 1.2 X 10.5 2.8 
- 4 4164.18 -2.771 9.1 X 10 3.8 

4181.88 -2.491 4 2.0 X 10 4.0 

4200.68 -1.862 9.6 X 103 2.8 

42.59.36 -2.051 4._5 X 103 3.8 

4266.29 -2.425 4 3._5 X 10 3.8 

4272.17 -2.309 3.3 X 103 3.0 

4300.10 -2.327 . J.3 X 103 3.0 

434.5.17 -2.620 4.5 X 103 1.0 

4510.73 -2.517 4 2.1 X 10 4.8 

A:r II 5062.07 -0.508 1.7 X 103 1.1 

5009.35 -0 • .558 2.1 X 103 1.0 

4879.90 -0.21.5 3.3 X 103 1.0 

4847.07 -1.172 60.0 2.0 

r 4806.07 +0.082 1.2 x 104 1.0 11.0 0.9 

4764.90 -0.329 3.3 X 103 1.0 12.0 1.0 

4609.60 +0.367 J.3 X 103 0.9 4.2 o.6 

4.589.93 +0.070 2.1 X 103 1.2 

4.579.39 -0.326 4 4.5 X 10 1.0 

4426.01 +0.450 9.3 X 103 0.9 
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TABLE V (Continued) 

... 

Z :i 0 Z = 1" 
Specie Line A log gf Intensity FWIDf A Intensity FWHM A 

4379.74 -0.172 7.6 X 103 1.0 

4013.87 -0.328 3.3 X 103 0.9 

·Mn I 4055.21 +0.31 7.2 0.9 

4052.47 +2.40 5.9 1.0 

4048.76 +0.12 7.2 1.0 

4041.36 +0.60 15.0 1.0 

4034.49 -0.79 101.0 1.0 

4033.07 -0.62 137.0 1.0 

3926.47 + .50 3.5 X 103 0.9 

3161.04 + .06 4 
2.2 X 10 1.2 

3047.04 + .68 2.3 X 103 1.0 

2836.31 - .50 4 1.7 X 10 1.0 

2830.79 - .05 1.3 X 109 1.0 

Hn II 3488.78 0.24 1.3 X 103 o.8 

3482.91 o.43 1.2 X 103 0.7 

3474.04 0.51 2.5 X 103 1.0 

J460.33 0.52 2.5 X 103 o.8 

3441.99 o.80 4.8 X 103 0.7 

2949.20 0. 9-1- 4 9.1 X 10 0.7 578.0 1.0 

2939.30 o.84 4 6.8 X 10 0.7 616.0 o.6 

2933.06 0.72 4 3.8 X 10 o.6 368.0 o.6 

2892.39 0.70 4 2.3 X 10 0.7 

2889.58 1.15 8.1 X 103 0.7 

2879.49 o.84 8.0 X 103 0.7 
+ 

N2 0-0 sequence 1.3 X 105 6.38 X 103 
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· a - natural damping ratio, the ratio of the natural breadth 

-- ~ ~L ( 
0 2 ) Yi. • to the Doppler breadth _ ~ ~ 

J> 

Aul - the Einstein coefficient of spontaneous emission (sec-1 ). 

· · B,, - Planck blackbody function ( erg cm-2 cps -l) 
2 hV:, > 

cz. el)¼Te - I • 
B:i.u -Einstein coefficient of absorption (cm3 erg-l sec-1 ). 

Bul - Einstein coefficient of induced emission (cm3 erg-l sec-1 ). 

D - duplication factor = A ½
0 

• 

E:i_ _ lower energy level ( ev). 

E _ upper energy level ( ev). 
u -

E . tat· t nu ( r) (y)- exci ion parame er = rfL. (r) 

flu - absorption oscillator strength. 

ful - emission oscillator strength • 

FwHM -full width at half maximum of a spectrum line (cps). 

g - statistical weight of the grourid state • 
0 

g1 - statistical weight of the lower state • 

~ - statistical weight of the upper state • 

HWHM -half width at half maximum of a spectrum line(cps) • 

I - integrated intensity (ergs cm-2 ster-1 ) = Jz.,, dv. 

I., - specific intensity ( ergs cm - 2 cps-l ster -l) • 

I 
0 

specific intensity of an optically thin line 

( -2 -1 -1) ergs cm cps ster • 
.,I\ 

I~ specific intensity normalized to the blackbody ceiling. 
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I ( V )-value of the specific intensity of an optically thin line 
0 0 

J 
0 

at the line center. 

spectral density of the continuous background radiation. 

Assumed constant over the absorption line width. 

(ergs cm-2 ster-1 ) 

Jy source function; the ratio of emission to absorption 

( -2 -1 -1) coefficient ergs cm cps ster • 

· -16 -1 k - Boltzmann's constant= 1.38 x 10 erg deg • 

ky mass absorption coefficient (cm-1). 

~K - degrees Kelvin. 

1~ .t -physical path length (cm). 

LTE local thermal equilibrium--occurs when the energy 

distribution at a point is described by the Haxwell

Boltzmann relation. 

-m - electron mass= 9.108 x 10-28 g. 

M atomic mass (g). 

N number density. 

p integrated optical thickness parameter. 

P~ line shape parameter (profile) (cps-1). 
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P (V.)-value of the absorption line shape parameter at the center a 

of the line, averaged through the source. 

P
8
(~.,X)-absorption line shape parameter (profile) as a function 

of position (cps-l cm-1). 

r - distance from axis •. 

. T gas kinetic temperature (°K). 

T electron excitation temperature (°K). 
e-

T electron excitation temperature averaged over the 
e 

optical path. 
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U (T)- partition function. 

u - distance from line center (cps) = \/-Yo 

- equivalent width (cps) = J:t 0 -rv d'Y 
.Io 

X - distance along optic axis (cm). 

the ordinate of the experimental curve of growth for an 
, 

abundance near that corresponding to the intersection 

point of the asymptotes. 

y - the ordinate of the point of intersection of the asymptotes . . s 

of the experimental curve of growth. 

Y1 - the ordinate of the theoretic curve of growth for a value 

of "2:'~ near that corresponding to the intersection point of 

the asymptotes. 

Y - the ordinate of the intersection point of the asymptotes 
s 

· of the theoretic curve of growth. 

y - number density of atoms exterior tor capable of absorbing 

the line = J 3:-:,) dx 

& - damping constant. 

b - Doppler width. 

~ Y - an increment of frequency (cps) .

A .A - an increment of wavelength (cm). 

v f gkTJY'Z. ½ A Y0 - the Doppler breadth (cps)= 7:0 M (kz) z. 

C. \lL. - the natural breadth (cps) = A.,1.. / 
/2.TT 

f'v - the radiation density • 

. 'tv - optical depth = ~~ r} L .,f 
. P(u.) 

,,µ - = -f' P(o) 

..fl - solid angle. 
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APPENDIX I 

Consider absorption from a continuum where f~ 
constant over the line. 

The time rate of absorption ig 

By definition, 

d E. = nL ()() !3,." f h v., dt 

is essentially 

where N1 (x) is the density of atoms capable of absorbing the line. 

_Since we assume that f is independent of Y and 

J Fi (Vix) dv = I 
'-IN! 

thus 

or .1.. :::: ( h Vo C.13· 1.\1 ) ) 1t nL (X • 
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APPENDIX II 

Derivation of an expression for the self absorption parameter p, 

for the case of a resonance profile in a source with cylindrical 

symmetry. <55) 

1 

multiply by Nu A.,1. 
N., A"L 

2 

4 

N,. p.., (v.) 
Nu C 

h14 A.,1. Nv 

0,.. 

N'" Po. cv .. > 
Nu C 

--
'),_ 

~I) 

5 Assuming that the shape of the absorption line is not a 

function of position 

• CO 

= ½ P.. (Y,) ~. L~(X) dx 
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=- PQ, <v.) 

. 6 assuming a· resonance profile 

a.s v --.. v. 

p~ = .:~ 

7 HWHM is at 

8 

9 
8Tr h y,! [ ~ ... - 9L, e h¾r.. ]-'- -'- hvo 2 j i1 " It, c Tt S' 

[ 
_ s ir1.e2. v: r ] 

" Au ... - -m cJ r"c. Nu 

J
+oo . 

NL = f '11. (.r-) ch· 
-00 

l
+oo 

Nv:: nvc.r)clr 
Clo 
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12 = e,'I. I l~ l,_ . - £~/4 r.; 
-,p me: -- Nu e e 

A >I U(T) 

J.s 
13 • 

'I, !u .fu,_ - E"/4 
,p= e I 4'v e lTe. -me AV lo 



APPENDIX III 

Define 

and 

-n.., (r)::; 

then let 

and · 

From equation 2, Section III, we may write 

It immediately follows that 

representing an average over the source. 
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Assuming again that 

and setting 

P., (l'iX) =- Pt (V, X) = A, 

u. ::: l) - Vo 

P,, -- PCu..) 
ye get 

I cu.>; lo Pc"-) f 'ii< r-) ex pf -r-, ~> rt (x) dx) d r • ~00 p loo 
• 1-oo" P(o) 

Defining 

. r 

µ cl,(., =- -r.> Pcu...> 
/ / P (o) 

the absorbed shape function for the integrated density through the 

whole source 
oO 

'J =1 n;_ <x> dx 
r 

and 

£ C~J = 
-n,., < ..- > 

nl. (r) 

it follows that 

where P(u) specifies the line shape and E(y) specifies the source 

model. 
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