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Abstract of Dissertation Presented to the Graduate School
of the University of Folorida in Partial Fulfillment of the

Requirements for the Degree of Doctor of Philosophy
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By

Yuanshan Sun

May 1990

Chairman: Peter K. Wblfle

Major Department: Physics

A matrix method of solution for a set of coupled Boltzmann equations

and its applications to the thermal transport across boundaries in superfluid

3He and the femtosecond relaxation of laser-excited electrons in GaAs are

presented in this dissertation. In the first part, the temperature and normal

fluid velocity of superfluid 3He between parallel plates have been calculated

in the presense of a stationary heat flow normal to the plates. The system is

modelled by Landau-Boltzmann equation and a diffuse scattering mechanism at

the boundaries. In the hydrodynamic regime the temperature jump at the wall

turns out to be small, but is replaced by a large amplitude exponential regime

of macroscopic characteristic length. The three Onsager coefficients proposed

recently by Grabinski and Liu are determined. In the Ivnudsen regime the

thermal boundary resistance is found to increase exponentially with decreasing

temperature. The case of 4He is briefly discussed.

In the second part, the transient distribution functions of laser-excited

electrons in the P and L valleys are presented by solving a set of coupled rate

equations resulting from the coarse graining of the Boltzmann equation. The

vi



distribution functions obtained from this new method agree extremely well with

those obtained from the more computationally intensive Monte Carlo approach.

On a longer time scale, oscillations occur in the distribution functions and agree

with those obtained from hot luminescence spectrum. The separation in energy

between the peaks of the electron distribution in the conduction band clearly

shows the role of polar optic phonon scattering in the relaxation processes.

Our results also show that a shoulder-like feature in the luminescence spectrum

above 0.3eV is not due to the emission of an 8meV TA phonon as originally

suggested.
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CHAPTER 1

INTRODUCTION

The Boltzmann equation deals with physical kinetics in the wide sense of

the microscopic theory of processes in nonequilibrium system.^ Even though

the Monte Carlo approach has been emphasized recently in solving the integro-

differential Boltzmann equations because of the difficulty and limitation of ex-

act analytical solutions, 3
it is still worthwhile to explore the analytical methods

of solution both for physical and mathematical considerations. 4 ’®’® A matrix

method of solution for a set of coupled Boltzmann equations and its appli-

cations to the thermal transport across boundaries in superfluid 3He and the

femtosecond relaxation of laser-excited electrons in GaAs are presented in this

dissertation, which is organized as follows, in essentially two parts. In the first

part related to the superfluid 3 He, we consider a stationary process. This pro-

cess involves normal flow and superfluid counter flow and is therefore a coupled

mass flow and heat flow problem.

There has been considerable interest recently in the flow of quantum liq-

uids in restricted geometries.” For one, the interpretation of flow experiments

in terms of bulk properties of the liquid requires knowledge of the effect of the

boundaries. Secondly, the nature of the interaction of a quantum liquid with a

solid surface is an interesting problem in its own right, which is still largely un-

explored. One may distinguish two different situations, depending on whether

the influence of the interaction of the particles in the liquid with the boundary

disturb the thermodynamic equilibrium state of the liquid over a short or long

1
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range. For flow channels of extension large as compared to the mean free path

£ of thermal excitations a hydrodynamic description supplemented by appro-

priate macroscopic boundary conditions is adequate. In the opposite limit, the

so-called Knudsen regime, a microscopic description in terms of a distribution

function for thermal excitations becomes necessary.

In experiments on liquid ®He investigating the stationary Poiseuille flow

through capillaries,® the damping of torsional oscillators®’
1 ® and vibrating wires

immersed in the fluid
,

11 and the propagation of fouth 1 ^’ 1 ^ and first
1,1

’
1 ® sound,

it has been found that a pure hydrodynamic description becomes inadequate

at low temperatures, when the mean free path of the thermal excitations be-

comes comparable to the characteristic dimensions of the experiment. Under

these circumstances the interaction of the thermal excitations with the walls

of the container must be taken into account more rigorously than by imposing

a simple hydrodynamic boundary condition, for example, requiring the fluid

to stick to the wall. In the regime of small deviations from hydrodynamics,

one may relax the sticking condition to allow for fluid slip, characterized by a

characteristic length, the slip length, defined as the velocity of the fluid at the

wall to its spatial derivative, 1 ® when the mean free path of thermal excitations

is comparable to, or even larger than the dimensions of the container, hydro-

dynamic theory has to be abandoned. In this case a full kinetic description

in terms of a distribution function for quasiparticles in momentum space is

inevitable.

While transverse flow has been studied extensively, including the effect of

different types of interaction of the thermal excitations with the channel walls

for both normal and superfluid quantum liquids,
1 ' — 21 both the slip length and
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the complete distribution functions have been calculated in a transverse flow

situation. 18,1 ^

Flow in the form of thermal counterflow in a superfluid has not yet attracted

similar attention. In this work, for the first time, the macroscopic boundary

conditions and the thermal boundary resistance in the hydrodynamic regime,

as well as the thermal counter flow in the Knudsen regime for the diffuse

scattering model of a surface have been calculated.

If we assume the boundary to be inpenetrable for quasiparticles, the mass

flow of the quasiparticles has to be balanced by a superflow in the opposite

direction, such that the total mass flow is zero. Thus we address the question of

boundary effects on normal counterflow. This counterflow problem, since the

normal component carries the entropy and hence the heat flux, is automatically

a coupled heat and mass flow problem. In general a temperature gradient will

be set up.

It was shown recently by Grabinski and Liu22,28 that even in the hydro-

dynamic regime the macroscopic boundary conditions for the case of thermal

flow are more complex than previously thought. In particular, they found that

the boundary conditions suggested by Khalatnikov2^ are not general enough

when dissipation is taken into account. The general hydrodynamic boundary

conditions derived by Grabinski and Liu22 relate the entropy flow /q and the

superfluid mass flow j s (in the rest frame of the normal fluid) at the boundary

to the temperature jump AT and the normal fluid velocity gradient (dvn /dx)

as

/o = aAT + c
(
avn + Pff')/p (i.i)

js = cAT + b(av'n + 0g')/p (1.2)
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Here we are considering, for definiteness, a wall on the left and the super-

fluid on the right of the surface at which the above equations should be applied.

AT is the temperature jump at the boundary, vn is the normal fluid velocity, g

is the number current density in the laboratory frame, p is the number density,

fo is the entropy flux density in the rest frame of the wall, j s is the super-

fluid number density in the normal fluid rest frame, a
, [3 are combinations of

shear viscosity rj and second viscosities Cl,2,3 :
^ a = g?/

— 2(\p + C2 + (sP^i and

f3
— (j — C,2,Pi a, b, c are surface Onsager coefficients, with a,b > 0 and ab> (?

.

the hydrodynamic formula for the various fluxes are

, ^ . VT
JO = Js - K—

P T
(1.3)

js — Ps(vs — Vn) (1.4)

here s is the entropy density, k is the thermal conductivity, ps is the superfluid

number density, and the velocities are with respect to the laboratory frame.

The derivation of eqs.(l.l) to (1.4) from microscopic theory is an open prob-

lem. Given the temperature of the wall or the entropy flow /, one would like

to calculate the magnitude of the three Onsager coefficients, the temperature

jump at the wall, the normal velocity profile, the thermal boundary resistance

and so on. It requires in principle a microscopic description of the interac-

tion of the quasiparticles of the superfluid with the boundary. At present a

microscopic theory on the atomic scale is not feasible. However, we expect

simple models of the surface such as the diffuse scattering model or the spec-

ular scattering model to account for the qualitative effects of the surface. In

the superfluid state, the interaction of Bogoliubov quasiparticles with a sur-

face may be strongly affected by the possible distortions of the gap parameter
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near the surface^’^ and also Andreev reflections will occur near the wall.^’^

These effects will be neglected here for simplicity.

The kinetic equation of the Bogoliubov quasiparticles is presented first in

this part of the dissertation. By using conservation laws and introducing the

chemical potential /i n of the quasiparticles as a quasihydrodynamic variable,

we obtain a set of coupled integro-differential equations related to the temper-

ature, normal fluid velocity and chemical potential both for the sandwich case

(parallel plate geometry) and the half space case (half infinite geometry).

Secondly, a hydrodynamic limit approach to the coupled equations is cal-

culated, and is verified to coincide with the previous hydrodynamic description

by entropy, thermal conductivity and viscosities. The thermal decay length A

as function of energy gap A/kgT has been obtained and this is very benefitial

in the numerical calculation for the half space case and also in the comparison

of the microscopic results with the hyrodynamic descriptions.

Thirdly, the numerical solutions of the coupled integro-differential equa-

tions are obtained for an isotropic Fermi superfluid. By fitting the numerical

results for a slab of width L in the limit L/£ 1 to the hydrodynamic results

calculated employing the boundary condition( 1.1-2), the Onsager coefficients

a, 6, c have been determined. The sliplength and thermal resistances are ob-

tained by numerical calculations and also by analytic solutions in terms of

Onsager coefficients.

Next, the case of 4He has been discussed briefly. In /JHe case, the number of

quasiparticles is not conserved in collisions, we can drop the chemical potential

from the set of hydrodynamic variables relevant for time-independent flow.

A rigorous bound for ratio vn (oo)/6TW is derived analytically and is in good

agreement with the numerical result.
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In the second part, we treat a nonstationary process. Since the time scale

for electron collision in a semiconductor is typically in the subpicosecond range,

the electron distributions are highly nonequilibrium within half of a picosecond

from photoexcitation. Femtosecond spectroscopy is therefore an ideal tool for

studying the dynamics of carrier scattering processes.
29—31

The femtosecond relaxation process in GaAs has received much attention

in recent years because of its implication in the development of optical devices

and the understanding of the carrier dynamics. 32-35 Optical spectroscopy can,

under the right circumstances, provide more direct information than electronic

circuitry on certain electron scattering events, such as carrier-carrier, polar

optic phonon, and intervalley because of limitations in electronic circuitry

attributable to inherent RC time constants. In principle, time-independent

electronic measurements such as the velocity-electric field curve provide infor-

mation on these scattering mechanisms, but are usually averaged over both

time and energy, therefore limiting quantitative comparisons of experiments

and theory. In addition, the velocity-electric field curve is often dominated by

impurity scattering, thus obscuring the effects of the other scattering mecha-

nisms.

Interband absorption of light in semiconductors gives rise to photoexcited

electrons with an energy eg ~ fiu)ex — A, where fnoex is the energy of the

exciting photon, and A is the gap width. These eletrons are then scattered by

impurities, majority carries, and lattice vibrations, losing their initial energy

and momentum in the process. The electrons may also recombine with holes in

acceptor states. The combination time is usually several orders of magnitude

longer than the scale time for energy and momentum relaxation. These excited
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electrons determine the greater part of the photoluminescence spectrum during

transitions from the conduction band to an acceptor level.

In recent spectroscopy experiments on bulk GaAs, by measuring the nonlin-

ear optical transition, Rosker, Wise and Tang29 investigated the relaxation of

the photoexcited nonequilibrium electron distribution function in the optically

coupled region (OCR) in k space. They found that the relaxation behavior can

be described by a sum of exponentials with three characteristic time scales: a

fast time component of ~ 34fs, an intermediate time component of ~ 160/s

and a long time component of ~ 1600/s. They suggested that T —> L scattering

along with electron-electron scattering is responsible for the fast process, polar

optical phonon scattering is responsible for the intermediate time process, and

a band-filling effect is responsible for the long time process.

In theoretically modeling femtosecond phenomena in semiconductor, the

chief analytic tool is the well-known time-dependent Boltzmann transport

equation. 39 Some of the first work done in understanding the femtosecond

relaxation of carriers was of numerical solutions to the time-dependent Boltz-

mann equation for low energy excitations in bulk GaAs. 3^ In Monte Carlo

simulations, the solution of relaxation for high energy excitations3 ^ and the

solution including intervalley scattering in GaAs39 have been obtained and

discussed in detail/9

Monte Carlo approach has been emphasized in solving the semiconductor

problems 3 because of the difficulty and limitation of the exact analytical solu-

tions. However Monte Carlo codes usually involve extensive amounts of prepa-

ration in writing, and require large-scale computational resources to run. The

simulations are also subject to fluctuations inherent to any stochastic method.

This makes it difficult to extract quantities from the simulations such as the



8

distribution function without noise, especially in regions where the number of

particles is small. Increasing the number of particles can help, but only at the

cost of inceasing the amount of running time. Unequal weighting of simulation

electrons can also be used to reduce fluctuations, but increases the complexity

of the simulation.^

In chapter 8, the band structure of bulk GaAs is described and the possible

scattering mechanisms are reviewed. We will focus on the polar optic phonon

scattering and the intervalley deformation potential scattering and negelect

other scattering mechanisms. A general set of Boltzmann equations for a non-

degenerate two valley system is given and the detailed balance conditions are

discussed.

In chapter 9, a matrix method is introduced in solving a set of coupled

Boltzmann equations. The problem is then converted to the solution of eigen-

values and eivenvectors of a large matrix with elements corresponding to the

scattering kernels in rate equations.

The numerical excitation relaxation results are presented in chapter 10.

The relaxation processes in fast and intermediate time scales are discussed.

On a longer time scale, oscillations occur in the distribution functions and

agree with those obtained from hot luminescence spectrum. The separation

in energy between the peaks of the electron distribution in the conduction

band clearly shows the role of polar optic phonon scattering in the relaxation

processes.

Finally, in chapter 11, the results obtained are summarized and discussed.



CHAPTER 2

THERMAL TRANSPORT IN SUPERFLUID 3He

2.1 Two Fluid Model

At room temperature 3He is a harmless inert gas with nearly the same

properties as the more common isotope 4 He, apart from the different mass. As

one cools 3He below its critical temperature of 3.3 K the gas condenses into a

liquid, which behaves rather like a dense classical gas. On cooling further one

finds that liquid 3He (as well as 4 He), unlike all other known liquids, does not

solidify unless a pressure of about 30 bar is applied. This is the first dramatic

manifestation of macroscopic quantum effects in this system. The superfluid

phases of 3He were discovered in an experiment by Osheroff, Richardson and

Lee4 * in 1971. It is remarkable that a major part of the unusual phenomena

so far observed in superfluid 3He can be explained within a Landau-BCS-type

mean field theory allowing for a complicated tensorial order parameter or off-

diagonal mean field.
42-43

The properties of normal liquid 3He in the temperature range from well

below the Fermi temperature Tp of about 1 K to the transition temperature

in the superfluid phases can be accounted for by the Landau Fermi liquid

model. '19-51 q^g model is based on the concept of elementary excitations ac-

cording to which the low-energy properties of an interacting many-body system

can be described in terms of a rarefield gas of elementary excitations or quasi-

particles. Considering that in normal liquid 3He the interparticle distance is

comparable with the range of the interaction forces, interaction effects can be

9
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expected to be very important. However at temperatures T <C Tp the relevant

degrees of freedom are severely reduced by the Fermi statistics. The majority

of particles are frozen into states deep in the Fermi sea. Only a fraction T/Tp

of particles participate actively interaction processes. -b2,53

The prediction of the existence of the superfluid state of liquid ^He as well

as many of its qualitative properties prior to the actual discovery can be con-

sidered a remarkable success of theoretical many-body physics.54-o8 The frame

work of the model to be used is given by combining the concept of the normal

Fermi liquid with the idea of pair correlations underlying the BCS theory. 59

This is done by treating the pair correlation as a perturbation on the Fermi

liquid in the sense that only states within an energy shell kpTc about the

Fermi surface are appreciably affected. Following BCS, we may describe the

condensed state by a properly antisymmetrised product of pair wavefunctions,

keeping the important correlations within one pair, but treating the interac-

tion between pairs in mean field theory. The single-particle excitations with

momentum p ,
spin projection a and energy Epa are called Bogoliubov quasi-

particles. A Bogoliubov quasiparticle is a coherent superposition of a normal

quasiparticle and a quasihole. In contrast to normal quasiparticles the number

of Bogoluibov quasiparticles is not conserved. The change in the quasiparti-

cle spectrum induced by the off-diagonal mean field is obtained by the well

known procedure." The interaction between Cooper pairs in the system can

be described by an off-diagonal mean field Apaa t acting on the Cooper pair

(pa, —pa ;

), given by the superposition of contributions from all other pairs

^pacr ' ~ ^
"

vpp'9p'aa'

p’

(
2 . 1

)
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where vpp
i is the effective interaction between two quasiparticles on the Fermi

surface with momenta p, —p and p', — p' respectively, gpaa ' is the probability

amplitude for finding a Cooper pair with momenta and spins of the constituent

quasiparticles(p<7, — pc/). The quasiparticle spectrum then is

Ep = (e| + A#
A|)i (2.2)

where
<tp
= £p

—
A*. In general Ep is 2 x 2 matrix in spin space. For the class

of pairing states with A proportional to a unitary matrix, which seems to be

realised for ^He (in zero magnetic field), the matrix product AA^ in equation

(2.2) is proportional to the unit matrix and Ep is independent of spin.

The energy spectrum described by equation (2.2) has a gap

|

A
# |= [iTr„(A^A|)]l (2.3)

at the Fermi surface. A,- is therefore referred to as the gap parameter.

At finite tempratures the dominant thermal excitations will be Bogolui-

bov quasiparticles. Since the Bogoluibov quasiparticles are non-interacting

fermions (within the mean field description) their distribution in momentum

space is given by the fermi function

fp, = <,<P
E> + I)

-1
(2.4)

where (3 = (kgT)~^

It turns out that the off-diagonal mean field conventionally called the gap

parameter, is not determined uniquely by the usual self-consistency equation

(gap equation) contrary to the case of s-wave pairing in superconductors. Com-

parison of the magnetic properties of the model states with experiment sug-

gests the identification of the A phase with the so-called ABM (Anderson-
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Brinkman-Morel) state4 ®’'*4’^ and the B phase with the so-called BW (Balian-

Werthamer)state.^ Both the ABM and BW order parameters are complex-

valued, due to the L = 1 (p wave) and 5 = 1 (triplet) symmetry in orbital

and spin space. The ABM state is axially symmetric in position space and

spin space, and in particular the single-particle excitation spectrum is axially

symmetry in momentum space. The BW state is isotropic with respect to si-

multaneous rotations in position space and spin space, but is anisotropic with

respect to relative rotations of orbital and spin coordinates. Especially in the

BW phase, the gap A in the dispersion relation is isotropic.

For many purposes it is legitimate to consider a pair-correlated Fermi liquid

as consisting of two interpenetrating fluids, the fluid of cooper pairs and the

fluid of Bogoluibov quasiparticles. The BCS transition may be thought of as

a Bose-Einstein condensation of pairs. It shares the property of superfluidity

with the genuine Bose-Einstein condensed state. Here the role of the superfluid

component is played by the condensate of Cooper pairs, while the normal

component is represented by the thermal excitations, most importantly the

Bogoluibov quasipaticles. In fact the supercurrent structure is considerably

more complicated than that of an ordinary superfluid,4 * but for many practical

purposes we expect that the straight forward approach followed by Anderson

and Morel, 54,55 ga]jan anc[ Werthamer,^ 1 and later Saslow®2
will suffice. Let

us suppose that the quasiparticle fluid, or normal fluid, moves as a whole with

velocity un ,
the energy of a quasiparticle with momentum p in the rest frame

is given by

Ep(vn) = Ep - p • vn (2.5)
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The mass current carried by the normal fluid is

gn = pf
(
EP - P ' vn) = Pn ' vn + o(v£) (2.6)

po-

where pnij = J2paPiPj(~--$£-) is the tensor of normal fluid density (f(E) is the

Fermi function).

Actually the thermal excitations do not move completely indepndent from

the Cooper pairs. As in the normal state, a moving quasiparticle pushes aside

the particles in its way, which in turn flow back to fill the hole behind the quasi-

particle. This effect is described by the term in the Fermi liquid interaction

involving Ff

.

In the BW state pn is isotropic,

(1 + lF()Y(T)
Pn — i , s

1 + \F{Y(T)
(2.7)

Here Y(T) is Yoshida’s function

Y(T) = j
^Y(p, T ) (2.8)

and
oo

Y(p,T) = i/J
f

d(psech
2(±0Ep ) (2.9)

At low temperatures,

pn/P — (m* /m)(7r/?A)2 exp(—/?A) (2.10)

In the ABM state the normal fluid density is anisotropic with respect to the

axis of the gap t. For simplicity we only consider the BW state in the following

discussion.

The time evolution of the local quasiparticle distribution function npa (r,t)

is described by the kinetic equation'^

dfripa d~ VpCp(7 • V rnpcr • Vpnp(j — I{npcr} (2 . 11
)
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The left hand side of eqation (2.11) accounts for the continuous change of the

distribution due to the streaming of quasiparticles in phase space. The collision

integral I describes discontinuous changes brought about by collisions. The

derivation of (2.11) is given in Appenix A. The comprehensive discussions of

this theory are given in the articles by Baym and Pethick63 and by P.Wolfle. 64

We will investigate this equation in the form related to the specific stationary

problem involving boundary effects as follows.

2.2 Kinetic Equations

The dynamics of a weakly excited superfluid on length scales large as com-

pared to the coherence length is described by a linearized Landau-Boltzmann

equation for a distribution function of quasi-particles fp ,
namely

V,v-^Wp - fyE) = Ip{tfp } (2.12)

where vPx is the group velocity in the x direction, Sfp is the deviation of the dis-

df°
tribution function from the global reference equilibrium, f'p = the deriva-

tive of the Fermi function with respect to the energy E, 8Ep is the deviation

of the quasiparticle energy from the equilibrium value given by equation(15)

of Betbeder-Matibet and Nozieres.^ Actually, there is not needed any explicit

expression for 8Ep in the present static problem. Ip is the collision integral,

which is a complicated function of the distribution, as derived by Einzel and

Wolfle.®® Here the simpliest form of it is used, which satisfies the conserva-

tion laws and captures the essential physics of the problem. For this it can be

written

Ip ~ lout T Iin (2.13)
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where Iout is the “out scattering” collision integral, approximated by the single

time relaxation approximation,

lout —
tf'P

(2.14)

Here 8fL is the deviation from the local equilibrium,

Sfp = 6Jp ~ fUtE, - pxvn(x) - (2.15)

where vn and 8T are the normal velocity and the deviation of the local tem-

perature from the global equilibrium as defined quantitatively below, r is the

moment independent relaxation time. I[n is the “ in scattering”, in general very

complicated and is worked out only for some particular transport problems by

Wolfle and Einzel.®' Doing an analogous task in this case is a formidable task.

Instead the simpliest is used to produce at least qualitatively the physics.

Extend the equation(35) of Ref.67 to the case of finite vn and 8T
,
thus

hn = --f,\pxM*) + Ep^l + ^-Spn (z)} (2.16)
T 1 tip

where

W')=-eH/E^ < 2 ' 17
>

p> p //

here £p = (p — Pf)vF is ^ie normal state quasiparticle energy measured from

the chemical potential. The energy of the quasiparticles is Ep = (£p + A
2
)2

The simplest form of the collision integral obeying the conservation laws

means that it involves only the deviation from local equilibrium. Defining

Sf’l = 6f'p + />*»»(*) + „] (2.18)

(2.12) becomes

op.^fp - fPQd*)\ = T
(2.19)
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where

Qp(x) = pxvn (x) + ^-8p n (x) + Ep
6

'

1'^
(2.20)

£jp 1

This linear equation can be simply solved,

8fp
i+\x) = Cl e~

X
p
lx
+ f dx

,

e- x;
1

(
x-x

')f/Q^ (2.21)

X

8f"} \x) = C2 e
+A

p
lx

+ J
dx'e~Xp

]

( x
'~ x

) ) (2.22)

where \p =| vPx |

r, a “projected” mean free path. Here ± specifies whether

vPx > 0 or vPx < 0. cj,C2 are integration constants. These as well as the lower

limits of the integrations are determined by the boundary conditions. The

“half space” case (half infinite geometry) and the “sandwich” case (paralell

plates geometry), as shown in Fig.l, are treated separately as follows.

2.3 Solution for Half Space Case

Assume that the wall is at x — 0, with the superfluid occupying x > 0,

the quasiparticles scatter diffusely, i.e. emerging at local equilibrium with the

wall. The corresponding distribution function for vPx > 0 is

4+>
(0) = S((EP + 6EP)/(T + STL )) (2.23)

where f(x) =
(
e
x + l)

-1
, 8Ti is the deviation of the wall temperature from

the global equilibrium one, which is taken to be the temperature at x = oo,

i.e., 8T(x —* oo) — 0. Thus by (2.18)(see Appendix C),

*fp
{+
\ 0) = fp(pxvn {0) + -^-^n(O) + Ep

6T{0) ~ 6Tl
) (2.24)

h/p I

The solution of the kinetic equation is therefore

8f'^
+\x) = e~Xp

lx
8f'^

+
\ 0) + J

0

(2.25)
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3He in half infinite geometry (half space).

L L

2 2

o

He between parallel plates (sandwich case).

FIG. 1.
3He in half infinite geometry (half space case) and between parallel

plates (sandwich case).
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Sf?~\x) = J
dx'e~K^'-*)fP0}

(2 ,26
)

oc

To obtain the profiles of 8T(x), vn(x) and 8pn (x), we shall make use of the

conservation laws of momentum and energy, together with the definition of

8pn in (2.17).

(a) Momentum conservation

Notice the fact that either side of equation (2.19), when multiplied by px

and summed over all p, vanishes identically. In particular, by considering the

left hand side,

cm = ^2px vPx (Sfp(x )
~ f'pQp(x)) (2.27)

P

where cm is an ^-independent constant.

It is intuitively reasonable that the quasiparticles will approach local equi-

librium as x —> oo. Thus 8fp(x) —* 0 as x —> oo, and so does 8fp(x )
by(2.18).

It is also clear that vn (x )
—

> vn (oo) = constant
,
and by definition 8T{ oo) —> 0.

From (2.17) 8pn (
oo) —> 0 also. Substituting these results in (2.27) and notic-

ing the appropriate symmetries, cm can be obtained to be equal to zero. It is

convenient to break the sum into Vpx > 0 and vPx < 0 parts, and substitute the

solution for 8fp(x) to (2.27). For the vPx < 0 part, relabel the dummy p = —p.

The integral kernels are defined by

/ d\ n (x) \

Ln (x)

( pI
n

Px&p
Mn(x)

Nn(x)
= E (-/iw 1'-*'* PxEp

$
Pn(x)

\ Qn(x ) /

P
vPx >0

E
P

\ 1 /

The kernels satisfy the relations

dLn(x )

(2.28)

dx
Ln-\(x), etc. (2.29)
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and
oo

J
dx'

L

q(\ x — x'
|)
= 2Zq(0) — L\(x) (2.30)

Then, the equation (2.27) can be written as

0 = -Ki(x)vn (0) - Li(x)6fin ( 0) - Mi(x)
mo) - stl

J
dx'[Ki(x - x')— + Li(x - + M\(x - x),

1 dT(x')

T dx'

[ , >, y-r- / / , dvn (x') r .
,.dun (x') „ , . ,

N 1 dT(x ' ).

dx'i-K^x' -x)-^- ’ +L l(x-x')
, +Ml {x-x')

v h

J dx' dx' T dx'
OO

+ 2Li(0)<Vi(x)+2M1 (0)
8T(x)

(2.31)

00
d ( iThe integrals involving Aq can be collected to form — /dx'A'id x-x' |)-^P,

0

the others can be integrated by parts, e.g., for the ones involving L

j
dx

'

Ll(x _ x')^i _ j
dx'L l(x - x')^)

OO

OO (2.32)

-2Ti(0)^„(x) + Li(x)8^n (0) + J
dx Lq{\ x - x' \)8/j,n (x' )

where the relation of — —Aj(x) has been used. After manipulating

similarly the terms involving M, it can be obtained that

OO

s

8TL [ jJ\ts r\ _ ,
^dvn {x')“ I dx [Ki{\ x-x
|) dx,

0 = -Ki(x)vn (0) + M\(x)-

(2.33)

Lo(\ x-x
I )
8dn(x') - M0 (|

x-x' |)-~^
]

(b) Energy conservation

Either side of equation (2.19), when multiplied by Ep and summed over all

p, is zero. In particular the left hand side yields

cE = Y1 EV CV,\ t} fp - l'p(PxVn(x) + JrfynW + (2.34)
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where eg is a constant, similar to the discussion in momentum conservation,

it is obtained that

CE = X] EPvPx(~ fp)PxVn(°o) = 2M1 (0)u„(oo) (2.35)

P

by carrying out a similar procedure as in (a). Assume that the sum
v

vPr £p

vanishes by particle-hole symmetry. This is because the contributions to the

summation from v
Px \ = vpx 2 ,

cancel each other. The resulting equation reads

2M1 (0K(<x>) = -Pi(i)
CT(0)

r
~ 6Tl

°? , ,T( is (2.36)

+ J
dx'[M0 ( I

X - *' IK(x') - A( \x-x'

0

(c) Definition of pseudo-chemical potential

In a normal Fermi system the number of quasiparticles is conserved in

collisions. But as one passes through the transition into the superfluid state,

the quasiparticle number conservation law is gradually relaxed. This gives a

quasi-conservation law for the number of excitations. Hence, even though the

chemical potential is not a hydrodynamic variable in the strict sense, it can

still be taken as a quasi-hydrodynamic variable.

On the other hand, the coupling of thermal and mechanical variables in

a degenerate Fermi system is greatly reduced by the Pauli principle. In the

temperature region near Tc one may therefore expect the effects of the lo-

cal temperature on the velocity field to be dominated by the influence of the

quasiconservation law involving the chemical potential.

Equation (2.17) can be rewritten with the help of (2.18) as

p p *

P

(2.37)
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Considering that particle hole symmetry implies J2P Vp >0 ip = we finally

get

2Q0(0)6nn(x) = -LQ(x)vn (0)
OO

- J
dx'[L0 ( |

x - x' \)—^J
^ ~ iV-l(| x-x'

| )8n n (x')}
^“'38 ^

0

The three coupled integro-differential equations (2. 33),(2. 36) and (2.38)

can be solved numerically to obtain 6T(x), 6fin (x) and vn(x) which will be

presented in chapter 4. The analogous discussion for “sandwich” case is as

follows.

2,4 Solution for Sandwich Case

We consider two walls at ±-j, at temperature differences 6Tr — —6Ti from

our reference equilibium temperature T, chosen to be that at x = 0. It can be

seen as discussed in the last section that the boundary conditions for diffuse

scattering are

^ 0 )
— f'p(PxVn (— -x) + ~S^n (—— ) + Ep

L, ip gT(-j)-6TL
Er

)

fifp
( o )

— fp(.Px vn{~^ ) + -g-fipni—) + Ep
)

(2.39)

(2.40)

here and T/j are the temperatures of the left side wall and right side wall,

again ± distinguish vPx > 0 and vPx < 0. Thus our solution to the kinetic

equation reads

Sfp^
+
\x) = e

X
i

'

1{x+
^Sfp {+\~) + [ dx'e-VH*-*') f'

dQp
}f)

2 J y dx'

6fp
H (x) = e-V<*-

L
2

(2.41)

(2.42)
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Consider the conservation laws and the definition of 8
/
2n (x) to derive three

coupled integral equations:

(a) Momentum conservation

Ep.tfc.Wj - fpQp(x)) = const (2.43)

P

Using a similar derivation as for the half space case, and doing integration by

parts like

x X

— J
dx'L\(x — ~ J

dx'L\(x' — x)
dHn(x')

dx'

= —2L\(0)6[in(x) + L,(x +

2

+ J
dx

1

Lq(\ x - x |)<5pn (:r)

L
2

we obtain the momentum conservation equation

jr / L. . L. . dj L . L.8Tt~ Kl(x + -g W(—2 ) + A i(^ - XK(^-) + Mi(x + - )-jr

L
2

+ j dA-KM x — X
i

I ^
dvn(x')

dx'

+ Lq(\ X - x'
I
)8nn{x') + Mod X - x'

]
= const

(b) Energy conservation

By considering

Y EPvP*(6fp ~ f'pQp(x)) = const

P

as in the above, we find

-Pl(x +^ + +
L
2

+ J
dx'[MQ(\ x - x' \)vn (x') - Pi(\ x - x' ~ const

L
2

(2.44)

(2.45)

(2.46)

(2.47)
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The constant can be determined by putting x = 0 in the left side, thus we get

+W(_x +|)_^ )|
«XitJ*

+
J

dx' {[Mq(\ x — x'
I)
— M0 (|

x
'

l)bn(x')

(2.48)

-[P1(|x-a:'|)-P1(|x'|)]^^} = 0

(c) Definition of pseudo-chemical potential

Using the definition of 8/in (x) and the solution for 8fp (x ), we get

2Q,(0)^„(x) = -i0(x + |>„(-§) +
L0(f

- *K(|)

) (2.49)

-
j

dx'[L0 (\
x-x' ^-l(| x - x' |)^/x n (a:')]

_L
2

There are some useful symmetry relations in this problem. For linearized

solution, it is obvious that the deviations of the wall temperature from the

reference at x = 0 are equal but opposite: 8Ti = —8Tr and 8T(x) is an odd

function of x. By considering the heat transfer it is also clear that vn (x) must

be even in x. A glance at the integral equations will show that 8/in (x) must

be odd in x.

Alternatively we can consider the problem via the kinetic equations. It is

clear that when the wall temperatures are equal and opposite, by considering

an inversion x = — x, one must have 8fp(x)
— 8f-p(—x) :

and by (2.15) and

(2.18), 8fp and 8fp must have the same properties. In summary,

vn (x) = vn(-x )

8T(x) = —8T(—x)

<W(x) = -6nn(-x)

</;
<+)

(x) = sfXh-x)

(2.50)
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with those, the constant in (2.45) equals zero. The symmetry will allow us to

decrease the computation time considerably.



CHAPTER 3
HYDRODYNAMIC LIMIT

3.1 Hydrodynamic Description

When hydrodynamics is applicable to the superfluid 3He between two par-

allel plates and in the presence of a stationary heat flow normal to the plates,

as explained in Ref.22 and 23, the macroscopic quatitities of the system, in

particular the deviation of the temperature from equilibrium, depend on posi-

tion x with a characteristic length scale A = (Ts 1
/na)~\ in the static limit,

here T is the temperature, s is the entropy density, a = — 2(ip + C2 + (3

is a combination of viscosity coefficients®^®, k is the thermal conductivity. Two

other relevant length scales are the size of experimental cell L and the mean

free path ^(T) of the Bogoliubov quasiparticles. Notice that hydrodynamics

does not apply within a few £(T) near the wall. Whether there is coupling

between the walls (i.e. when the sandwich problem does not degenerate into

two half-space problems) depends on whether L > A or L < A. From the

known expressions of the thermodynamic and transport coefficients,®^ we have

calculated X/£ for 3He-B. The result is given in Fig. 2. One can see that A is

large as T —> 0 or Tc ,
the former is mainly due to the exponential increase of

A the latter is due to the divergence of the second viscosity coefficients, and

one sees that \/£ ~^> 1 always. Thus we have three possible limiting regimes:

(1) T » A > In this case hydrodynamics applies to a large region of x,

and since the deviation of temperature from equilibrium, for example, decays

exponentially away from the wall, and since L A, the walls are practically

25
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FIG. 2. The ratio of the thermal decay length A(T) to the mean free
path /(T) as a function of temperature. Plotted is the normalized quantity
A(T)//(T) vs A(T)/(kB T).
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decoupled. In this case the calculations in the two geometries yield the same

information, and are relevant for large sample size and relatively high temper-

atures (except when T —> Tc where A diverges)

(2) A > L ;> t Most realistic experiments of 4He fall into this regime.

While hydrodynamics applies to the appropriate regime in space, the walls are

coupled via the sq-mode. The sandwich calculation is directly applicable to this

case. Fitting the solution to the hydrodynamic equations with the boundary

condition (1.1-2) to the numerical solution, the values of the Onsager coeffi-

cients are obtained. This is the relevant regime at intermediate temperatures

and a narrow region of T as T —» Tc .

(3) £ > L In this so-called Knudsen regime hydrodynamics simply fails,

and the direct solution of the sandwich problem is neccesary. This is always

the case at sufficiently low temperatures, when £(T) diverges. In this case

the analysis of Ref.22 and 23 does not apply, and the calculation should be

compared directly with the experiment.

In 4 He since A is not a hydrodynamic length (~ £) except in a critical

(T —> Tc )
region one only needs to distinguish the cases of L > £ or L < L

To make connections of the microscopic description with hydrodynamic

equations of Khalatnikov,24 the superfluid hydrodynamics in the linear regime

is recalled as follows.

The momentum conservation implies, in this static problem

dP(x
) ,4 .

. ^ <) (fivn (x)- (j>;
- 2Cip + (2 + = 0 (3.1)

where P is the pressure. The fact that the superfluid velocity is time indepen-

dant requires, at zero mass flow,

9
( f

dvn
^

(3.2)



28

here 77 is the coefficient of shear viscosity, (1, £2 and (3 are coefficients of second

viscosity. It follows from the microscopic theory that £1 and (2 are small, of the

order of (Tc/Tp)
2 and may be neglected,

1

^ is the thermodynamic chemi-

cal potential (it is different from the pseudo-chemical potential defined in the

last chapter), related to the pressure and temperature by the thermodynamic

relation

s 1

dfj, = —dT -|—dP (3.3)
P P

Combining (3.1), (3.2) and (3.3) gives

dT ,4 2\d?"vn
^-(3» + C3P )^T=0

The energy flux, on the other hand, gives

(3.4)

where / is a constant,

and (3.5),

/ = svn
k dT

T dx
(3.5)

The thermal decay length can be obtained from (3.4)

A 2 = Ts 2
/ net (3.6)

here a = ^ 77 + (3P
2

- Now under the approximation for the collision integral,

from Ref.67, the expression for the transport coefficients can be defined as

00

<A>=
f

d((-f'(E))A(0 (3.7)

—OO

we have

p
4
fvf e

15n2 h^ E2

PfVF~
3tr2 7i

3T
< >

= eEl,<tL >
9TT2 fr3 E2

< (
2/e2 > 2

< A2 /£'2t

(3.8)

(3.9)

(3.10)
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The entropy density is given by

VAbT + i kBT eEABT + 1

eE/kBT E
(3.11)

After partial integrations, the entropy expression can be rewritten as

To approach the hydrodynamic limit, we consider the equations in the last

chapter (2. 33), (2. 36), (2.38) and (2.45), (2.48), (2.49) for x values which are at

least a few mean free paths away from the walls. We notice that the kernels

defined in (2.28) are functions of x with a length scale of order, or shorter than

vpT
i
where vp is the Fermi velocity. Thus all these kernels have a range of order

of £{T) only. On the other hand, provided
|

x |» £(T) in the half-space problem

or
I

x ~ h I’ I

x A h 1^ ^(-0 the sandwich problem, one expects that the

macroscopic quantities ST(x
), vn (x), 6fi n (x) are relatively smooth functions of

x on the scale of £{T). Applying the above observations to coupled equations

in the half space and sandwich cases, the macroscopic quantities 6T(x), —

6pn {x) can be expanded in Taylor series about x' = x. The lowest order terms

involve only integrals of the kernels, and can be done exactly.

One can see that the terms of the next order in the expansion integrate to

exponentially small terms (in the ratio of the distance of x from the wall to

^(T)), and the next higher order terms integrate to terms with a smaller factor

(^/A)2 . We have then

7

r

2
ft
u vp l

(3.12)

3.2 Hydrodynamic Limit Approach

2A'2(0)^^ + 2L l (0)6p n (x) + 2M!(0)^^ = 0 (3.13)
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2Jtfl(0K(i) - 2P2(0)1^> = ct (3.14)

fl 7 ) ( T I

2Li(0)
—?x ' + 2(Qo(0) ~ ^o(°))^n(i) = 0 (3.15)

for both the half space and the sandwich geometries. The pseudo-chemical

potential 6pn can be eliminated from the above equations, yielding

2Mi(0)
6T(x)

T
[2/\ 2 (0) +

2(Ti(0))
2 ,dvn(x)

Qo(0)-iVo(0)
J

dx
= 0 (3.16)

(3.14) and (3.16) have exact analog in superfluid hydrodynamics. To see this

examining the kernel integrals (2.28)

From the kernel integrals (2.28), one can easily find

£T
E2

£
2

I0n2 ft3

<

D3

)

- Pf
6n2 h^

s

_ P
2
fvF

67T2h^
\ <

„2Pf 1

2'K2 ffi Vf

Pf 1
<

>

>

1
< - >

T

i e
>

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
27Tzh° Vp t E2

For 0) one needs to be more careful. For this purpose the integral over

the magnitude of p is converted to an integral over £, with p = pp + since

the integral is restricted to be near £ = 0 by the f'p
factor. Taking the limits

of £ to ±oo,then substituting £
— — £ in the integral with £ < 0, then

OO

Ml(0) =
/

d«--W«w + b* ~^
o

This result can be expressed as

-f)
3

]
vF

„2PF

2ir2 h^vF
< b >Mi( 0) = (3.22)
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Using these formula one sees immediately that (3.16) is just (3.4) (both

are momentum conservation laws) and (3.14) is just (3.5) (energy conservation

law). We thus have proven that our results reduce to the hydrodynamic ones

in the appropriate limits (for appropriate values of x).

3.3 Thermal Decay Length

Having shown the validity of the hydrodynamic equations, the solution can

be directely written down when the hydrodynamic limit applies. From (3.14)

and (3.16), it can be obtained

d2T Aff(O)

dx2
^2(0)(A 2 (0) Qo(0)-io (0))

ST = 0 (3.23)

The temperature T and normal velocity vn in the static limit according to

hydrodynamics71

ST = T~ex/X + T+e~x/x
(3.24)

We obtain

A
-2 = 27

(

kBT
)2

< (?A-bt )
2 >

r)2 pFvF < (UE)2 >(| +
(3.25)

<(A/£)»>
'

This result is just the same as that obtained from hydrodynamic expression

\ —2 _ 7V
KOt ‘

For the half space, with the wall at x = 0, the temperature and the normal

velocity approach their x —

>

oo value exponentially with the same length scale

A.

6T(x) = T+e~x/X (3.26)

Vn(x) = vn(oo) + ye~x/X
(3.27)
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here 7 = vn (0)— vn (oo). Inspection of (3.15) shows that 6[j,n (x) also approaches

zero with the same length scale

6fin {
x )

= 8nn(0)e~
x/X (3.28)

The coefficients T+ and 7 can be related to /q via the a, b
,
c coefficients, which

have been introduced by Grabinski and Liu.^>^

For the sandwich case one can proceed similarly to find the solution to the

hydrodynamic approach as

8T(x) = 2T~sinh(~) (3.29)
A

»„(*) = »„(0) + (-^)(1 - cosh(-
x

)) (3.30)

Accordingly, the temperature profile across a solid wall shows a jump at

the wall, followed by an exponential decay regime of length A.



CHAPTER 4
NUMERICAL SOLUTIONS

4.1 Half Space Case

In this chapter the numerical solutions to the kinetic equations for '^He in

the half space case and the sandwich case are obtained. For the half space

case, the coupled equations (2.33), (2.36), (2.38) can be solved by standard

matrix method. The integration in the coupled equations is divided into N

subregional integrations and the whole integration equals the summation of N

subregional integrations. In the numerical calculation for the half space case,

several aspects should be considered, (i) a cut off in the spaeial integration at

some value xj^j is introduced, (ii) the value vn (oo) in (2.36) is not a given value

and should be determined by our calculation, (iii) the kernel jV_i(l*-*
#

l)m

(2.38) is divergent as x —> x 1
.

To resolve these difficulties, notice that when x^j f’(T), we are in the

hydrodynamic regime and the hydrodynamic solution (3.13-15) applies near

XM- Therefore, if h is the discretization interval and j is an integer, from

(3.27) we obtain

vn(xM - jh) = vn (oo) - (vn (oo) - vn{xM ))e^
h/X (4.1)

or

/ \ f \ ,

vn(xM )
- vn(xM - jh)

vn (oo) = vn (xM ) + — jh/\ _ I

L
(4 -2

)

33
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To improve numerical accuracy we typically use j = 1,2, 3, 4 and take the

average. Thus the information which is needed for the x > xj^ regime is

“folded” back to x < x^. The discretization then results in a closed set of

linear equations, and is solved by a simple inversion.

In order to treat the singularity of kernel 7V_i(| x — x 1

|) properlv, the

integral is divided into N subregional integrals, for example

oo

j dx’MM X - X
1

I)^1
0

After discretization, then

oo

j dx'UM

6'+h

= - E /
dS"M0(6-i

0<6<6 '

/,

S’+h

E /
dS"M0(6" - 6)

6<6"< 1 l

rfTV")

6T(6")

(4.4)

and thus only the kernel parts are integrated and the approximation 6T(S") =

(ST(S' + h) + 6T(S'))/2 is used. By using (2.29), (4.4) becomes

oo

fdx'M„(Ix-x'D^E
0

= 2 [M,(< - (S' + h ))
- Ml (6 - <')]- '

~

+ +~ (4-5)

0< 6< 6 ‘
Z1

+ J] [M\{8' + h-6)-Ml (S'- 6)}-
T{6' + h) + 8T(y)

6< 6’< 1
2T
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In this way the integral of kernel N_\(

|

x — x'
|)

is converted to the summation

of Nq(\ x — x'
I) terms, which are convergent in the calculation region. Then

the singularity of N\(\ x - x'
|)

is now treated exactly.

The results for the half space calculation at T/Tc — 0.85 are shown in

Fig. 3. Due to the limit of the numerical calculation capacity, the discretization

of space stops at x = 40£(T), £(T) is defined as £{T) = [Ep(uPr )

2
/p/ Ep /p]

1/2
-

Further we simply take £{T) = ^(Tc)e
A/^r

,
and the “extrapolation” discussed

above is used. All the material constants are from Ref. 72. The comparison of

the numerical result and the hydrodynamic limit which is obtained by fitting

the relation of (3.26) to the numerical data far away from the boundary is

shown in Fig. 4. The hydrodynamic limits are well-obeyed a few £{T) away

from the wall. 6T(x),vn (x) are rather monotonic, with the kVT heat trans-

port near the wall gradually taken up by the increasing Tsvn (x) contribution.

8/jn(x) is increasing as one moves away from the wall, but shows a rather pe-

culiar non-monotonic behavior near the wall. The reason for this is due to the

rapid increasing of local equilibrium density of quasiparticles within the length

of several mean free paths towards the wall. Then the density deviation of

quasiparticles to the local equilibrium value decreases and the quasichemical

potential increases as one moves very close to the wall. Since this “half space”

geometry carries less information than the “sandwich” case, the discussion of

the sandwich case is as follows.

4.2 Sandwich Case

For the sandwich case the space is simply discretized with the help of the

symmetry (2.50), resulting in a closed set of linear equations at the discrete x
,

and —L/2 < x < 0. Here another problem arises: at x = 0 all the equations
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FIG. 3(a). Temperature profile of supcrfiuicl 3 He-Z? at T = 0.85TC in half
infinite case. l(T) is the mean free path.
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FIG. 3(b). Velocity profile of superfluid 3 He-I? at T = O.S5Tc in half infinite
case. l(T) is the mean free path.
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FIG. 3(c). Pseudo-chemical potential profile of 3 He-i? at T — 0.85Tc in
half infinite case. l(T) is the mean free path.
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x/l(T)

FIG. 4. Deviation of the temperature profile of the hydrodynamic approach

(dashed line) to the numerical result (solid line) for
3He-B at T = 0.2TC in half

infinite case. /(T) is the mean free path.
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(2.45), (2. 48), (2.49) are trivially satisfied when the symmetry relations (2.50)

are used. However, if N discrete points are put on x = — L/2 to x = 0 then the

x ~ 0 value for vn (x) is still necessary, and three more equations are needed. To

resolve this “difficulty”, consider if the symmetry relations (2.50) are not used

and the whole space ^ > x > —^ is discretized, then it can be seen from the

equations (2.45,2.48,2.49) that (2.50) must be satisfied. Therefore when one is

using (2.50) in (2.45,2.48,2.49), equation (2.50) represents a condition which

should be kept, or else some information would be lost. While ^

has been put in, <5T(0) = 0 and 6fi n ( 0) = 0 are then the two missing equations.

Hence it is neccessary to add these equations by hand and to complete the

coupled equations.

One may wonder that the above “difficulty” is inherent in the use of

Xy Pxvpx &fp = ca and ^ EpVpx Sfp = c5 as conservation equations, as for the

half space the x = 00 value has to be used to fix the constant ca and cj, and

they are also responsible for the trivial equations for the sandwich at x = 0 .

Using Y,Px6f’p = 0 and Yh EpSfp — 0, the momentum and energy conserva-

tion under collision, would solve both these problems. However, using these

equations produces an even greater difficulty. For example in the sandwich

case one would obtain

0 = - 2K0 (0)vn (x)
M0 (x + ^) + Mg(—x + j)

T
(6T(~)~STL )

L/2

+ / dx'{K_i(\ x - x' \)vn(x') - [Lg(\ x - x'
\)

-L/2

Lq(x + 7 ) + Lq(-x + diin (x') M0 (|
x - x'

\)
dT(x')

2
J

dx' T dx'
i

(4.6)

One may easily verify that (4.6) is equivalent to (2.45) by simply taking the

derivative of the latter, and using integration by parts.
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To see the difficulty one tries to show the hydrodynamic limit from (4.6).

Using the same argument as in Sec. 3. 2, one notices that the lowest order expan-

sion of the Vn(x') term under the integral is exactly canceled by —2Kovn (x),

the next order term in the expansion vanishes in the hydrodynamic regime,

1

2

while the third order term survives and gives a term involving
,
one would

obtain

rr (ri
^d2 Vn(x)

0 = — 2A'2(0)—^ + 2T 1(0)^^ +
ax z ax

d^n(x) 2A'I\(0) dT(x)
(4.7)

dx T dx

which is just the derivative of (3.13) as one may expect. However, this shows

that in a numerical calculation (i) the lowest and next order terms have to

cancel so that no spurious extra term arises and (ii) the second derivatives are

represented to sufficient accuracies to produce the hydrodynamic limit (4.7).

This is rather non-trivial, and that is why we prefer rather special choice of

deriving our integral equations.

In the discretization the intervals are always in the range of h < £(T) so

that the unknown varibles (6T(x) etc.) vary slowly from one pont to the next

at least in the hydrodynamic regime. The same procedures as those in the half

space case can be used. In each interval one pulls the thermodynamic variables

outside the integral and the integral of the kernel can be done exactly. Hence

only kernels with subscripts one larger than those that appear explicitly in

(2.45,2.48,2.49) are involved. One can check from their definition (2.28) that

all these kernels are well defined and their momentum sums can be calculated

without difficulty.

Fig.5 at T/Tc = 0.5, shows 6T(x), vn (x), 6fi n(x) for three values of L/£(T),

chosen for three different regimes as discussed in section 3.1. For L/£(T) =

4 x 10^, L > A(T) > £(T), it is apprarent that an exponential decay of 8T(x)

occurs at the wall. For L/£(T) = SO (A(T) ~ 250£(T)), A(T) > L(T) > i(T)
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and hydrodynamics applies. It follows from (3.29) and (3.30) that 6T(x) is

approximately linear and vn(x )
approximately quadratic in x. In this case

the “s-q modes” near the two walls couple strongly with each other. In both

these two cases the temperature jumps at the wall (and hence the conventional

Kapitza resistances) are small compared with the temperature changes inside

the fluid. Near (but not too near) to the walls, it is easy to check that the

—kVT term essentially carries all the heat flow.

Since for a superfluid, a uniform VT is not a solution to the hydrodynamic

equations, this VT is gradually converted to the Tsvn term (the s-q mode).

Although the result that the temperature jump at the wall is small may be

specific to our boundary condition (which allows a maximum heat transfer

between the fluid and the wall), it does call for more careful theoretical and

experimental treatments of Kapitza resistancce of superfluid ^He.

For the last case, L/l(T) — 0.5 one is in the Knudsen regime L £(T).

Here the mean free path of the quasiparticles is actually larger than that of

the size of the system, and quasiparticles are bouncing from one wall to the

other, exchanging the energy. Nowhere does the hydrodynamics apply, and the

<5T(x), un (x), and
6fj,n (x) should be understood as that defined from the local

energy, momentum and number density.

Now the numerical solution to the kinetic equations for '^He is obtained.

By doing the numerical calculation at several values of L{L ~ A l(T)) it is

possible to find the surface Onsager coefficients a, b and c.
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FIG. 5(a). Temperature profile of superfluid 3 He-I? at T = 0.5TC in a slab
of width L for three values of L/l (/ is the mean free path).
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2.0

0.0

FIG. 5(b). Velocity profile of superfluid 3 He-i? at T = 0.5TC in a slab of
width L for three values of L/l (/ is the mean free path).
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FIG. 5(c). Pseudo-chemical potential profile of 3 He-i? at T = 0.5TC in a
slab of width L for three values of L/l (l is the mean free path).



CHAPTER 5
MACROSCOPIC BOUNDARY CONDITION

5.1 Entropy Flow and Superfluid Flow

In normal fluid, all one needs is the value of the entropy flow /, which fixes

the thermal gradient at the boundary, / = — (k/T)T,

(0), and yields uniqueness

of the solution to the hydrodynamic equations. In superfluids, however, there

are two flow fields here, vs and vn ,
even in the hydrodynamic regime, the

macroscopic boundary conditions for the case of thermal flow are more complex

then previously thought. Two related aspects of this are

(i) That the entropy / in a superfluid is the sum of a convective and diffusive

component / = svn — (
K/T)^(s entropy density, k thermal conductivity) and

(ii) That in the static limit, the temperature T(x) and normal velocity

vn (x) in the presence of a stationary entropy flow / vary according to (lin-

earized) hydrodynamics71
-
72 as T - Too = T~ex/X + T+e~x/x and svn =

*(T - T^) + /• Here A is a characteristic length associate with conterflow,

given by A2 = an/s^T, where a = ^r/ — 2(q p + C2 + ( 3 is a combination of

viscosity coeficients, p is the mass density, and R = k/TX. In this chapter all

symbols denote values in hydrodynamic description.

Accordingly, the temperature profile across a solid wall shows a jump at

the wall (within the Knudsen layer of thickness ~ £) followed by an exponential

decay region of width A (“A regime”). As we will show in chapter 7 A ~ £ for

superfluid 4He, but A ~
(
TF/T)£ > £ for superfluid 3He as we discussed in

section 3.2.

46
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Thus, for
4He the A regime can not be seperated from the Ivnudsen regime

and it is perfectly reasonable to introduce a single temperature jump as in

the study of sound propagation in 4He as suggested by Khalatnikov24 to give

the whole load of thermal transport to vn = f/s and neglect the dissipative

terms. In the case of '^He, on the other hand, the question is how the entropy

flow is divided up into the convective and diffusive parts and which fraction

of the total temperature jump (and even its sign) is due to the exponentially

varying parts (Tg). This is determined by the boundary conditions and has

been calculated in chapter 2 and 4 for diffuse scattering of quasiparticles at

the wall.

The general hydrodynamic boundary conditions derived by Grabinski and

Liu relate the entropy flow /q and the superfluid mass flow js (in the rest

frame of the normal fluid) at the boundary to the temperature jump AT and

the normal fluid velocity gradient dvn /dx, as given in (1.1-2)

(1.1-2) is a general boundary condition, essential to supplement the bulk

(not necessary static) differential hydrodynamic equations in order to find a

solution (the derivation of the Onsager relation, see Appendix C). In the rest

frame of the interface, g may be eliminated, yielding

/0 = aAT +—^ (5.1)
p dx

js = cAT +—^ (5.2)
p dx

Here for definiteness, consider a wall on the left and the superfluid on

the right of the surface at which the above equation should be applied. AT

is the temperature jump at the boundary, vn is the normal fluid velocity, p

is the number density, /q is the entropy flux density in the rest frame, a

is combinations of shear viscosity i) and second viscosities Cl,2,3 : a =
I

7
?
—
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2CiP + (2 + C3p
2

,
o, 6

,
c are the (surface) Onsager coefficients, with a,b > 0 and

ab > <?

.

The hydrodynamic formula for the various fluxes are /q = -
p
js — k

Js = p«(cs
— vn ). Here s is the entropy density, k is the thermal conductivity,

ps is the superfluid number density, and the velocities are with respect to the

laboratory frame.

Let us first ignore the cross coefficient c, then (5.1) is a relation between

the heat flux and the temperature jump at the boundary, and is thus the usual

Kapitza type of relation and (5.2) is a linear equation involving vn and at

the wall. This is the most general type of boundary condition for a quantity

that obeys a second order differential equation in the bulk, and is analogous

to the transverse flow case.*®’^ The coefficient c represents the fact that the

heat and normal fluid flow are coupled.

In 4 He, they combine to yield only one, the Kapitza resistance, for all

conceivable experimental situations. Thus the boundary conditions reduce to

those of Khalatnikov, supplemented by T'( 0) = 0. In superfluid
'5 He, all three

Onsager coefficients remain independent and hence relevant to the interpreta-

tion of different experimental situations.

5.2 Onsager coefficients

The relation of Onsager coefficients a, b
,
c with the temperature jump at

the wall and entropy flux for the half space case has been discussed in Ref.22.

In the hydrodynamic regime

T(x) = T+e~ x/X

f = svn
K dT

T dx

(5.3)

(5.4)
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Substitute (5. 3), (5.4) to (5.1), (5.2), noticing a = ~“T
as derived i

3.2 (3.25) and R — ypj, f = const
,
it can be obtained that

/ = oAT + c<7(-T+)

~Pvn = cAT + ba(— T^~ )

and then the entropy expression

f R-- + -T+ = cAT + ba(-T+)

here o = s/p, and

AT _ ba

^

-f co + R

f (
ab — c2 )cr2 + Ra

T+ a + ca

f (ab — c2 )er 2 + Ra

For the sandwich case, consider symmetry condition (2.50)

ST(x
)
= 2T~sink—

A

Substitute (5.10) to (5.1) and (5.2) then

/ = aAT + 2coT~sink—s
2A

js = cAT + 2boT~sink—s
2A

with (5.4), (5.12) can be written as

CAT + 2h,T-s,nhL = -
p(
L +

thus

AT . _ ,

L

o T= {2Kcosh— + 2(ba
1 + ca)sinh—}/D

J 2A

T~
-j- = ~(a + ccr)/T>

section

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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(5.16)

and also

a ca2sinh-^j

c<j b<j^2stnh-^ 4- k2coshi^
(5.17)

This means that if the Onsager coefficients a, 5, c are known, the tempera-

ture profile across the half space and also other quantities can be obtained. But

in the macroscopic hydrodynamic description the Onsager coefficients a, b
,
c are

phenomenological coefficients. To determine a, b, c one needs a microscopic the-

ory. Based on the results of chapter 4, by fitting the numerical results in the

limit L/Z 1 to the hydrodynamic limit calculated employing the boundary

condition (5.1-2), we can determine the Onsager coefficients a, b
,
c.

For the half space case, noticing that we have two equations (5.8) and (5.9),

one finds that it is impossible to determine all the three unknown quantities.

For the sandwich case, from eq.(5.17), one has independent equations for dif-

ferent L. The obtained a, 6, c values should satisfy all those equations including

those in the half space case, i.e. (5.8-9).

In the hydrodynamic limit, if 6T(±^),vn(±^) denote the values of the

temperature and velocity extrapolated to the walls, and AT denotes the ex-

trapolated jump at the wall, i.e. AT = 6T(%) - 6TR ,
and 6T(%) - 6TR =

~ then one may introduce the following dimensionless variables.

s{T)kB8TL
(5.18)

(5.19)

(5.20)
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b = b<r
2

s(T)vF
(5.21)

2Tp
C = C<7——

s(T)vp
(5.22)

here,a = s/p
,
Tp = ppvp/2kg. Substituting (5.18-5.22) and the relations

/ = svn(-—) - RT~2cosh^ (5.23)

T{~) = -2T~sinh^ (5.24)

to (5.17) one finds

aAT — c(l — AT) = / (5.25)

cAT - 6(1 - AT) = --F-p n(/-^ (5.26)
kgbl L

The results for a,5,c are shown in Fig. 6. The quantity a is large and positive,

whereas b and c are small, b is positive and c is negative. This leads to (i) the

temperature jump at the wall being negligible compared to the amplitude T+’~

of the exponential decay in the A layer and (ii) the boundary condition at the

wall being / ~

With the a,b,c values and boundary condition (5.1-2), the hydrodynamic

description of transport phenomena of ^He becomes possible and transparent

as mentioned in section 5.1. The significance of the Onsager coefficients will

be discussed again in the next section and in chapter 6.
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FIG. 6(a). Surface Onsager coefficients a as a function of temperature.
Plotted are the normalized quantities a(2TF /svF ) vs A(T)/T.
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0.05

A(T)/(kBT)

FIG. 6(b). Surface Onsager coefficients b as a function of temperature.
Plotted are the normalized quantities ba 2 (2TF /svF )

vs A(T)/T.
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0.00

A (T)/(kBT)

FIG. 6(c). Surface Onsager coefficients c as a function of temperature.
Plotted are the normalized quantities ccr(2TF /svF )

vs A(T)/T.
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5.3 Slip Length

As mentioned in section 5.1, the Onsager relation (5.1-2) involing vn and

at the wall is a general type of boundary condition. In this section we

consider another method to describe the macroscopic boundary condition.

As a first correction to hydrodynamics one may introduce the concept of

fluid slip, taking into account that the fluid velocity at the wall is not quite zero

(
in the frame of reference where the velocity of the wall is zero). The distance

from the wall at which the fluid velocity extrapolates to zero is the so-called

slip length £\. Notice that when the mean free path of thermal excitations is

comparable to or even larger than the dimensions of the container, slip theory

is no longer applicable in a strict sense (although it may still give reasonable

results). In the latter case, the so-called Knudsen regime, one must resort to

a microscopic description in terms of a distribution function for quasiparticles

in momentum space.

Analogous to the transverse flow case, 18
’
19

it is possible to define a sim-

ilar concept of slip length relating the velocity gradient near the wall to the

extrapolated velocity at the wall.

M°) = (5.27)

This phenomenological slip boundary condition is only suitable for calculating

corrections to the hydrodynamic description, i.e. for L/£^$> 1. The value

can be obtained from numerical results directly, and it can also be derived from

the a, 6, c values and verified by comparison with that derived from numerical

results.
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1. Half space case. In the hydrodynamic description (3.27),

un(°) = -^(^n(O) - an (oo)) (5.28)

and

£
Aun (0)

A
u„(oo

)
- un (0)

(5.29)

here un (°o) = f/s, substitute (5.6) to (5.29)

^
X(ba 2

^j ca^)
1 — (bcr^lj ca^-)

(5.30)

by using (5.8) and (5.9) it is obtained

* A(g6ct2 — c2a2 — Rea)
?A “ — / . \

K(a + ca)
(5.31)

from numerical calculation we know that aba2 > ca(R -f ca) and

i\ ~ Xba2 /R.

a ca then

2. Sandwich case. From (3.30) it is obtained

"»
'*=-r ~h^ (2T (5.32)

then,

c _ M~i)
(5.33)

That is

_ x
svn(~%)

Yj(—2Ts )sinh^
(5.34)

Notice (5.26), i.e.

-svn(—-) = caAT - ba
2(STL - AT) (5.35)

(5.34) can be rewitten as

£a = A
— ca AT~r

(5.36)
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£a
k

( y
5 ^sinh-^^

Substitue (5.14) and (5.15) to (5.37), then

(5.37)

baz ba z
-f ca L (ba2 + ca) 4

sA = A(— ; coth— -
k a + ca 2A k(g -f ccr)

) (5.38)

a ca
,
ba2

,
for the case of L/2\ not too small, i.e. in the hydrodynamic

regime. ^ ~ A ba'2 /k. This is the same as that in the case of half space.

We should mention here that the Onsager relation and slip length are

macroscopic description of the hydrodynamic boundary condition, and are not

suitable to the Knudsen regime. One can see that in (5.38), if L/2X is too

small, the is not correct, and even turns to be negative.

This slip length, in the light of the calculated a, 6, c values, is essentially de-

termined entirely by the b value. This is because
|

b |~| c
|

and
|

T~ sinh-^j |^>

8T, except for very small L/2A, therefore the off-diagonal c terms can always

be ignored there, and b defines the slip length. The slip length ~ ba2
\/K is

small and of the order of the mean free path £(T), except as T — Tc where it

diverges as A^. The behavior of £A is shown in Fig. 7. Hence near the wall, if

L > £(T), the normal velocity is typically small (fA = 0 would mean vn = 0

at the wall). The value of £A obtained by Onsager coefficients agree with that

obtained by numerical results perfectly well.
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FIG. 7. The ratio of slip length £\{T) to the mean free path l(T
) calculated

from the half space geometry as a function of £(T)/(kgT).



CHAPTER 6
BOUNDARY THERMAL RESISTANCES

6.1 Hydrodynamic Regime

It was demonstrated by Kapitza in 1941 73 that the flow of heat Q from

a solid body to liquid helium producecs a temperature discontinuity AT at

the interface. This phenomenon is now referred to as Kapitza resistance. The

mechanism of heat transfer between classical fluid and solid is well established

due to phonons as suggested by Khalatnikov.^4 The corresponding thermal

resistance with one side replaced by a quantum fluid is still rather controversial,

even when the quantum fluid is not in the superfluid state, even less is known

for the superfluids (see for example, the review by Harrison 7 '*).

The transfer of heat from a solid to the quasiparticles of 3He is probably

a complex process at the interface, energy may be transferred to (a) longitu-

dinal zero sound (b) transverse zero sound (c) particle-hole excitations or (d)

single-quasiparticle excitations. An extension of acoustic mismatch to 3He at

low temperature has been made by Bekarevich and Khalatnikov. 73 The direct

transfer of energy from 3He quasiparticles to paramagnetic atoms in a solid

(CMN in particular) via magnetic coupling as suggested by Peshkov76 and

Wheatley, 77 was first investigated theoretically by Leggett and Vuorio73 and

later by Mills and Beal-Monod. 79

Considering the thermal resistance between electrons and phonons in a

metal or between the spins and phonons in a paramagnetic salt in experiments,

the problem of thermal transport may be even more complicated. 74
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The present investigation will thus focus on the qualitatively new features

of this counterflow induced heat exchange problem. To achieve this aim, we

make the simplest possible assumption, namely that the '^He system is mod-

elled by a single relaxation time Landau-Boltzmann equation and a diffuse

scattering mechanism at the boundaries. It is well known that in '^He since

the surface affects the magnitude of the gap parameter, via pair breaking, 26,27

Andreev reflections^® $2 occur near the wall. This anomalous process will

be neglected in the following calculation, as it is expected to be important only

at rather low temperatures.

Basically, at low temperatures the excitations in liquid helium have wave-

lengths and mean free paths much larger than the size of the container, or

in most experimental cases, the size of the finely divided particles or pores

between the particles. Thus the hydrodynamic description for bulk liquid he-

lium is not appropriate at low temperatures, and special consideration of the

boundary thermal resistance for the Knusden regime is necessary as we will

show in section 6.2.

The boundary thermal resistance is defined as the temperature of the wall

relative to the temperature of ®He at infinite distance divided by the heat flux

for half space case,

p_. . . _ 6TL - 8T(oo)
K-Thalfspace ~

V
(
6 . 1

)

and is defined as the temperature difference between slab divided by the heat

flux for the sandwich case,

RTsandwich —
*Tl - STR

Q
(6.2)

Q here is the total energy flux (consider symmetry relation, 8Tr = —8Ti).
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The proper Kapitza resistance (for a review, see Ref. 74) associated with

the temperature discontinuity AT at the boundary is usually defined as Rj^ =

AT/Tf, where T is the temperature of 3He at a reference point, / is the

entropy flux. Since AT turns out to be small except in the Knudsen regime,

Rr will, in general, be small.

In this chapter both the hydrodynamic regime and the Knudsen regime are

considered, and the thermal resistances will be recalculated from the Onsager

coefficients and compared with that obtained from numerical results.

In the hydrodynamic regime, the thermal resistance can be calculated by

the temperature and velocity profile for both the halfspace and the sandwich

cases.

1. Half space. The thermal resistance can be written as

Rf =
STL

Ts(T)vn (oo)

entropy s(T) is given in (3.12) and substitue into (6.3), it is obtained

kBT' kB6TL

here

<

oo

(-L )2 >= / ^A(_L)2hgT’ J ^dE^kgT’
—OO

The critical temperature Tc and energy gap of 3He satisfy^

AS = lKkBTtanh{^(l^-)\(T± - 1)1]

(6.3)

(6.4)

(6.5)

(6 .6 )

as T —> Tc ,
A —>• 0, from (3.12) then

s(T) =
7T
2 *(Tcx£

c
) < <

kBT
(6.7)
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Rt =_ (S>t/(sTO»f)

<£ )
2 < <dr )

2 > (*$&)
2. Sandwich case. In the sandwich case, the entropy flux / is given in

(3.5), the thermal conductivity k is given in (3.9) and A is given in (3.25). It

is convenient to calculate the entropy flux / at the middle of the slab (x = 0)

for L £, the hydrodynamic regime.

The temperature profile is given in (5.10) and

/
/ \ ^ d-L ' .= svn (0) - \x=0 (6.9)

then

/ =
1 Pp < £

2 >
2h3 vp T

vn(0)

PfvF < rj2 > (-2T-) 1

(

27 < (j/kBT )

2 >
37r2 ft

3 T2 VjrT ppVf 9
,

_<(tj/Ey>
5 ^ <(A/E) 2>

A

Substitute (6.10) to (6.8) the thermal resistance from (6.2) is

Rj' =

(6.10)

(
6 . 11

)PF«n(o ,
/3<(^/fcBT) 2>a / _2TrA

^ ' <(A/n)2>

vn (0) and Ts can be obtained by the hydrodynamic fitting of the numerical

results of temperature and velocity profile. Other parameters can be calculated

by simple integrations.

6.2 Knudsen Regime

In a usual experimental situation the width of the slab L is fixed. At

temperature T = Tc ,
L L As the temperature decreases, the mean free

path £ increases exponentially,®® >67,83 approximately as

£(T) = £(Tc)e
A/kBT

(
6 . 12

)
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here, A(T) is given in (6.6), so that the 3He in the slab enters the Knudsen

regime as the temperature is low enough, and a microscopic description is

necessary. Recall the energy flux equation in chapter 2 (2.47) and the kernel

relation of (2.29), resulting in the expression for the heat flux

0

Q =
2{J

dx'M0 (\ x' \)vn (x')

L
2

0

-/ dx
,
PM x'\)JT(I') _ L

T dr'
U

2

,m-k:
(6.13)

6TL

_L
2

Notice that s = 2Mi(0)/T and k = 2P2(0)/T from (3.9), (3.12) and (3.19),

(3.22) in the case of L £. Using the same method as in section 3.2, expand

Vji(x
)
and dT(x )/dx 1

in Taylor series about x 1 = 0, then the hydrodynamic

approach (6.9) can be repeated. The last term of the right side in (6.13) is

a kind of boundary effect and influences the total heat transfer from the wall

to the superfluid. Fig.8 shows the total resistance RT as function of Tc/T

for the half space and the sandwich in the case L < A(T) always. For the

half space case the result is indistinguishable from a straight line with slope

A(T = 0)/Tc ,
i.e. Rt oc exp(A(T = 0)/T) over the whole temperature range.

For the sandwich case, at high temperatures £(T) < L < A(T) the resistance

drops as the temperature decreases, untill ^(T) ~ L where hydrodynamics

breaks down. In the low temperature Knudsen regime L < £(T), Rj* increases

exponentially as T lows, RT oc exp(A/kB T).

6.3 Results From Onsager Coefficients

In the last chapter we have shown that the Onsager relation gives a correct

boundary condition to describe the hydrodynamic picture of superfluids and
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gives temperature and velocity profiles. In this section we will derive the

thermal resistance from Onsager coefficients.

1. Half space case. The definition of thermal resistance is rewritten as

&TLRf
Tf

(6.14)

here 8Tp — AT -fi (
—Ts ), under the assumption that the wall is in the left

side, superfluid 3He is in the right side. Substitute the (5.8-9) to (6.14), then

„ 1 R -fi a -fi 2ca + 6<x
2

RT =
7p
-

771 2TT (6.15)
1 Ka + (ab — cz )a z

Notice the renormalized relations (5.18-22)

1 s(T)vp a 1 + (6 — c2/a)az /k

Substitute the relation (6.7-8) to (6.16) finally,

Rts(T. )v f =
7f2 ^3 1 1 1 1 + (a + 2c<7 + ba2 )/R

(££>(S)
2

<(*fT)
2 > a 1 + (i-c?/a)<r*/K

( ' >

In the Onsager relation (5.1-2) for 3He, a > ba2 ,ca, k. Rt in (6.15) can

be expressed as

Rp
A

(6.18)

with high accuracy. Substitute A
-2 = ^ in (6.18), it is obtained that RT =

|(o/kT) 2 . The T dependence of Rp is seen to be dominated by the entropy

density s
,
which leads to an exponentially growing thermal resistance at low T

A
Rt = \(\)^TclCN{Tc)]{TA)-\(alKT)he^ (6.19)

where Cpr(Tc )
is the specific heat in the normal state at Tc and (cv/kT) 1 /2 ~

Tf/TcVf is a T-dependent limiting value. Now the exponential dependence of

Rp in half space obtained by numerical rsults can well be understood, and the

result of (6.17) agrees exactly with the numerical calculation as it should be
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2. Sandwich case. The thermal resistance is defined

Ry
26TL
Tf (6 .20

)

here, 8TL - AT+ (-2Ts )sinh Substitute (5.14-15) to (6.20), it is obtained

(6 .21
)

r _ 2 k + (a + ba2 + 2ca)tanh-^j

T Ra + (ab — c2 )cr2tanh^
as discussed in the last section,

Ry = 7T
2
/3 1 2 k + (a + fta

2 + 2ccr)tanh-^

(p^f) (fy
2 < (ifr)

2 > a « + (aft - c2)a2tanh^

for the same reason that a 6cr
2
,c<7, k, and with high accuracy

(6 .22
)

Rt = (2Aln)tanh~ (6.23)

In the limit of wide slabs, L A, Ry = (2/s)(a/kT) as discussed in last

section. In the intermediate regime defined by £ < L < A, the thermal

resistance becomes proportional to L and inversely proportional to the thermal

conductivity

Ry = L/k (6.24)

Since k is approximately proportional to 1/T in the whole temperature range^®,

then Ry oc T in this regime. In other words, the thermal resistance Ry is

expected to decrease with decreasing temperature, untill the mean free path

increases sufficiently to become comparable with L.

For L <C i, in the Knudsen regime, the hydrodynamic description breaks

down. In Fig.8, InRy is shown as a function of Tc/T for a slab of width

^ ~ 10£(TC ). In the neighborhood of Tc ,
Ry oc T, as discussed above. Below

the crossover temperature 0.5TC into the Knudsen regime, Ry oc exp(A/kgT).

For the sandwich, at high temperatures where hydrodynamics applies, the
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agreement of the thermal resistances from Onsager coefficients and from nu-

merical results is so good that the difference (< 10
—

4

in the log scale, i.e.

percentage difference of less than 0.01%) can not be shown on the plot. At

lower temperatures, i.e. the Knudsen regime, the difference increasing as the

temperature lowers, reaching 0.18 (~ 2% difference) at the temperatures that

is investigated. Notice that at the low temperatures (in the deep Knudsen

regime) equation (6.21) gives a good approximation Rj* = 2/aT, i.e. the

boundary resistance is dominated by the temperature jumps AT, the internal

temperature change only furnishes a small correction.

It is also interesting to discuss the proper Kapitza resistance associated with

the temperature discontinuity AT at the boundary, which is usually defined

as Rft = -jrj

.

Since AT turns out to be small except in the Knudsen regime,

Rk general be small. In terms of the surface Onsager coefficients a, 6, c

one may express RK as RK ~ (aT) _1
,
using a > ba2

,
co

.

Experimental data84 ’
85 appear to be consistent with RT oc exp(A/kB T),

although an accurate comparison is difficult due to the complexity of the ge-

ometries employed and the uncertainties in the determination of the boundary

surface area. More data on the thermal boundary resistance for slabs of dif-

ferent thickness are needed in order to test the predictions of our theory in

detail.
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FIG 8. Thermal resistance RT across a slab of width L = 10l(Tc ) (solid
line) and boundary resistance for a single surface bounding a half space volume
of He- 1? (broken line). Plotted is the logritlun of Rts(Tc )vf vs Tc/T.



CHAPTER 7
DISCUSSION OF 4He CASE

7.1 Kinetic Equation for 4He in Phonon Case

At T = 2.18AT, 4He undergoes a second order phase transition. At tem-

perature below the phase transition point, liquid 4He has a number of unusual

properties, of which the most important is superfluidity. This phenomenon

was discovered by Kapitza in 1937. 8^ Liquid 4He obeys the Bose statistics and

is called Bose liquid. Based on the Landau quantum liquid concept,8L88

temperature T = 0, the whole liquid flows without friction, but for T / 0, the

excitations present in the liquid will be reflected at the wall and will transfer

part of their momentum to the wall. Because of this, that part of the liq-

uid that is carried along by the motion of the excitations will behave like a

normal viscous liquid. Therefore in a superfluid two independent motions can

take place simultaneously, superfluid motion with velocity vs and normal part

motion with velocity vn .

From neutron scattering experiments89 it has been possible to deduce the

excitation spectrum of quasiparticles in 4 He. The part of the spectrum for

small momentum k is the phonon regime and as p tends to zero the slope is

the velocity of sound in the liquid, the part of the spectrum near the minimum

is called the roton regime. 8^ For phonon part the dispersion relation is e = cp
,

c is the sound velocity. For roton part the dispersion relation can be expressed

as e = A +
,
where A and pq are the energy and momentum coordinates

of the minimum and p> is a constant related to the curvature at the minimum.

68
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It is an important feature of the spectrum that only the low energy excitations

are phonons. In the following discussion, we only consider the phonon part in

the calculation.

The Boltzmann equation for the distribution function in momentum space

of 4He is of the same form as (2.12) and the boundary condition as (2.23), but

the chemical potential from the set of hydrodynamic variables relavant for the

time-independent flow is dropped, because the number of quasiparticles is not

conserved in collision.

For the half space case the coupled momentum and energy conservation

equations are

oo

Ki(x)vn (0) + J dx'[Ki(\ x-x'
\)

,
dvn(x')

dx'

-m x - x' |)^I =

OO

2Mi(0K(oo) - J
<Ar'[M0(| x-x' |j.>„(.>:')

- A (| x - x' = -A(x)-
CT(°)

r
- STi

(7.1)

(7.2)

For the sandwich geometry, the momentum and energy conservation equations

become

L f
[Ki(- + x) - Kii- - x)\vn(-~) + I dx'Ki(\x-x'

|)

dvn(x')

dx 1

L
2

L
2

(7.3)

- J
dx'M0 (\ x-x' |)^^ = [Mi(| +x)~ Mi(~ - x)}

STr

L
2
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+ *) + A(|
- *) - 2P1 (|)]-

CT(-^-^
L
2

+ J dJ[Pi(\ X - x'
I)
- P,(| x' |)]^g

_L
2

L
2

- J
dx'[M0 (\ x-x'\)- M0 (|

*' DM*') = 0

_L
2

The kernels I\ n (x),Mn (x) and Pn (x) are defined as in (2.28). In the linear

phonon regime, the energy spectrum e = cp
,
where c is the sound velocity. The

mean free path i is assumed to be p independent for simplicity. The numerical

results of temperature and the velocity profiles are shown in Fig. 9.

Notice that in 4He case, the thermal characteristic length A is comparable

to the mean free path. This is in contrast to a superfluid Fermi system, where

the coupling of flow to the heat bath is weak, such that the healing length over

which the temperature change relaxes become very long compared to the mean

free path. Thus for
4He, the A region can not be separated from the Knudsen

regime and it is perfectly reasonable to introduce a single temperature jump

at the wall as done usually.

7.2 Bounds for the Ratio v„(oo )/6Ti

With a very reasonable assumption, one can in fact obtain bounds for the

ratio vn(oo)/6Tp as follows, using

»»(0) = Moo) - J
dx'^^1

0

ST( 0) = ST(oo) - f dx'^p-
J ax'
0

(7.5)

(7.6)
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FIG. 9(a). Temperatue profile of superfluid ^He for phonon regime.
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FIG. 9(b). Normal velocity profile of superfluid ^He for phonon
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One may rewrite the equations analogous to (2.33) and (2.36) as

I\i(x)vn (oo) +
oo

+ J
dx,{

dvn(x )

[
A-

l(-| x _ x
>

|)
- K\(x)\

0

- M0 (|
x-x'

|

)^[6T(x') - <5T(oo)]} =

and

(7.7)

Mi(x)vn (oo) + Pl(x)~-^1 + j
<(r'{I^[Pi(| I - x'

|)
- />!(!)]

0

-M0(\x-x' |)Mi') - t>„(co)]} = -2A7,(0)t>„(oo) +

(7.8)

Assuming a monotonical dependence of vn (x )
and 6T(x) and using Ki(x) <

-^l(O)) P\{x) < Pi(0),Mo(a:) > 0, it follows by putting x = 0 and noticing that

<5T(oo) = 0 in (7.7) and (7.8), that

A'l(0)u„(oo) - > 0 (7.9)

Mi(0)un (oo) - Pi(0)^f < 0 (7.10)

then we get

Ml(°) M°°) Pi(0)

A'l(0)
-

1 6Tl/T Mi(0)
(7.11)

Both the left and right sides define weighted averages of the quasiparticle ve-

locities, depending on the energy spectrum. For a phonon system with linear

energy spectrum, the bounds can be evaluated from the kernel integrals (2.28)

and finally,

4 ^n(oo)/c 3

3 STl /T 2
(7.12)

These are rigorous bounds for the ratio vn(oo)/8TL . The numerical result

shows that this ratio equals 1.41, which is within the above bounds.
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As mentioned in the last section there is no possibility to distinguish the hy-

drodynamic regime from the Knudsen regime, since the thermal characteristic

length A is comparable to the mean free path. If the hydrodynamic description

is still used in the calculation of the ^He case, it can be shown that the hydro-

dynamic prediction is beyond the bounds. Using the hydrodynamic description

of ST(x) from (3.26)

ST(x) = ST(0)e~ x/x
(7.13)

and the energy flux conservation (3.5), then

vn{x) = un (oo)
sTA

<ST(0)e"
r/A

(7.14)

where k is the thermal conductivity, s is the entropy and A is given by the

expression A-2 = Ts 1
/na as before.

If the conventional boundary conditions u„(0) = 0, T(0) = TL for the

hydrodynamics are used (assuming a negligible temperature jump at the sur-

face), the ratio
| |

would be (5/3)2, which is beyond the rigorous

bounds (7.12). The thermal decay length can be obtained from (7.7) and (7.8)

with the same procedure as in the discussion of the 3He case.

dvn Mi(0)
/v 2 (0>

dx
-ST = 0

P2(0)dvn / N

—

T

~dx.
Mi(0)vn(x) = const

d2T M2
(0)

dx"2 P2 (0)712(0)

M2
(0)

ST = 0

(7.15)

(7.16)

(7.17)

_
P2(0)A-2 (0)

(7 ' 18)

Substitute the kernel expressions to Af2(0),P2(0) and -Ti 2 (0 ) ,
then it is easy to

obtain that A = (3/5) 2 which is of the order of the mean free path. This

then

and

1
—2
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fact means that the hydrodynamic equations are not suitable to describe the

temperature variation near the wall, and moreover, that variation should rather

be incorporated in an effective boundary. Thus, instead of the three Onsager

coefficients, they may be combined to yield only one, the boundary thermal

resistance,

PT -
8Tl

Tsvn (
oo)

and this value is 0.68/sc from the numerical results.



CHAPTER 8
FEMTOSECOND RELAXATION IN BULK GaAs

8.1 Band Structure

For many applications there is a need to know the band structure in a

substantial part of the Brillouin zone. The bottom of the conduction band

in GaAs type of semiconductors is degenerate. The valence band consists of

two fold-degenerate subbands of heavy and light holes. Below the subbands of

heavy and light holes, lies the so called spin split-off subband. 99
’
91 The majn

features of the band structure in cubic semiconductors are summarized in table

2.2 in Ref.92.

The important features of the band structure of GaAs are the satellite

minima at the L points separated from the T valley minimum by an energy

A ~ 0.3eU. The spherical V valley has a mass of 0.067m e . The L valleys are

ellipsoidal, and the masses are not known well, although the density-of-states

mass in the L valley has been estimated93 ’
94

to about m\ ~ 0.2m e - 0.5m e .

The band structure for bulk GaAs 40
is shown in Fig. 10. The excitations

in the conduction and valence bands from the allowed optical transitions for a

2eV laser are shown by open circles.

In bulk GaAs only three 2eU transitions are possible, one each from the

heavy, light and spin-split-off hole bands. There are only three narrow distinct

optical coupled regions (OCR) in bulk GaAs on the order of the laser pulse

width (35meU). The OCR are the regions in k spsce in the conduction and

valence bands for which optical transitions are possible. The two OCR’s in
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the conduction bands resulting from the light and heavy holes lie above the

threshold for transfer into the L valleys, and the highest energy electrons from

the heavy hole band transition are capable of scattering into the X valley.

We start the calculation with the initial distribution of three energy peaks

centered at 0.11, 0.39 and 0.46eF, corresponding to transitions from the spin-

split-off, light hole, heavy hole bands respectively as shown in Fig. 11(a), the

solid line. The initial peak shape is determined by the experimental lineshape

of the laser and has a full width at half maximum of 40meV. The height of

each peak is determined by the joint density of states for the transition and the

intensity of the laser pulse. At high excitation intensities, saturation effects

tend to equalize differences in transition strengths. There is little difference

in the heavy and light hole transitions because away from the band edge,

where this transition take place, band warping causes the two bands to have

approximately the same effective masses.

8.2 Scattering Mechanisms

The scattering mechanisms considered are polar optical phonon (POP),

intervalley deformation potential, acoustic phonon, ionized impurity, plasmon,

electron-hole and electron-electron interactions. Approximations made in the

scattering rate calculations are described below. We will focus on the polar

optical phonon scattering and intervalley deformation potential scattering and

neglect other scattering mechanisms.

The optical phonon scattering rate included assumes an equilibrium phonon

population and is unscreened. For subpicosecond experiments the use of an
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FIG. 10. The band structure of bulk GaAs from Ref. 96. The excitations
in the conduction and valence bands from the allowed optical transition from
a 2eV laser are shown by open circles.



79

equilibrium phonon population is a good approximation, since on a femtosec-

ond time scale at room temprature relatively few phonons have been emitted,

and a nonequilibrium phonon population can not be established. Interval-

ley phonon scattering is calculated using a deformation potential constant of

109eVycm as determined by Littlejohn et al.
95 for bulk GaAs. Because of

higher effective masses and collisional broadening, the T and L valleys are

assumed to have three dimensional density of states.

Acoustic phonon scattering is treated only in the elastic and intrasubband

approximation. This is a reasonable assumption at room temperature since

the acoustic scattering rate is small in GaAs and the energy exchanged in

an acoustic phonon collision is much small than in a POP scattering. Thus,

change in the electron distribution function due to acoustic phonon scattering

is insignificant and is neglected in this calculation.

Electron-hole scattering is considered in the same manner as ionized im-

purity scattering because of the large effective mass ratio between electrons

and holes in GaAs. 99 The effect of the holes on the relaxation rate is therefore

lumped together with the effect of the impurities. This method treats electron-

hole scattering as elastic, which is also supported by calculations of the energy

loss rate of electrons to holes in bulk GaAs." Electron-electron scattering in

or with satellite-valley electrons is nearly elastic since the mass of the satellite

valleys is much greater than the T valley mass. These types of elastic scattering

should not influence the energy loss on a femtosecond time scale and are also

neglected.

Plasmon scattering is not included in our calculation, although it is more

important in two dimensions than in three dimensions because the plasmon

frequency goes to zero with wave vector in two dimensions, making it possible to



80

emit plasmons at a much lower energy. For the highly nonequilibrium electron

distributions found in 2eV photoexcitation experiments in undoped materials,

after initial photoexcitation, there are few low energy electrons within the T

valley. The nature of the plasmon mode for a highly nonequilibrium electron

distribution, which can not be described by an effective electron temperature,

is then unclear without a detailed many body calculation which goes beyond

the scope of the present investigation.

The dynamics of the system is modelled with parabolic T and L valleys

and a coupled set of Boltzmann equations one for the T valley and one for the

L valley. A general set of Boltzmann equations for a nondegenerate system

with two coupled valleys is

= - EKf/rfe) - wfiM'v))
t'

(8.1)

-£K£/i
k'

Jif
= - Y.(w$h{tk) - wfthM)

k '

(8.2)

-E(WkUd'k) -KL
kfr(tk>))

k'

where /p is the distribution function on the T valley and /p is the distribution

function in the L valley. The W is the transition rate which scatter from states

on the left to states on the right, for example, W^jt, is the transtion rate for

scattering from a state in the L valley with momentum k' to a state in the T

valley with momentum k. The 11 £ and Wj^

y

are the polar optical phonon

scattering rates.

TT .pp 2tt
,
2Tre^TiL00V , 1 1 \ 1

k,k' = V0 q2e
~
~e^^

N°p +
2 ^ ^

_ eW ± Tlwop) (8 .3 )
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^k,k' an<^ ^k\' are ^ie intervalley optical deformation potential scattering

rates*"

wLr . .

2* .
*2P%7

*>*' n
x 2V0p0 huj0

W + ^ ± jM^')
— e{k) + A ± fuvo) (8.4)

where Nop = [
exp(hu>op/kBT

)

- 1]
_ 1

,
N\ = [exp(hu0/kB T) - 1}~

l
,q = jfe - jfe',

and the values used for the material constants are Cqo = 10.92, eq = 12 . 9
,
£ =

2.3, the optical phonon energy ?iwq = 36meU, the gap between the minimum of

T and L valleys App = 300meU. The coupling constant Dj j. = 10 x 108eU/cm,

the density of GaAs pq
— 5.36g/cm^ and 7 is the number of final equivalent

valleys.

8.3 Detailed Balance

The collision integrals in the coupled equations (8.1-2) must vanish when

evaluated for the equilibrium Maxwellian distribution, otherwise the system

can never reach equilibrium

dfr,eq

dt

dfL,eq

dt
Icoll— 0 (8.5)

Usually it is assumed that detailed balance holds. This means that

= W£r
t/rie,(et,) (8.6)

Kt'h,etkk) = Wt,
L
t fL,cqM (8.7)

wlLk'h,«,(<=*) = IV$fL,cqM (8.8)

i.e. in equilibrium, all the individual scattering processes balance each other

pairwise." This assumption holds in equilibrium provided that the transition

rates are given by the golden rule. Actually, out of equilibrium, detailed balance

need not hold but one usually assumes that the scattering rates are not affected
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by the external field. Clearly, this assumption of detailed balance is more

restrictive than need be and there may be cases in which it is not valid. We

shall use the assumption in the calculation, being aware that less restrictive

models may apply.

With the assumption of detailed balance it is obvious that the total number

of particles in both valleys is conserved in the collision processes

E(^ U +^f I coll) = 0 (8.9)

k

The Maxwellian distribution functions /r,eg( eft)i fL,eq( ek )
in eq.(8.5) are pro-

portional to exp[-{ek - pp)/kB T] and exp[-(ek - PL)/kB T] with the mass

of the respective valleys. The chemical potentials characterizing the two local

equilibrium functions are assumed to be equal, pp = //p, thus

'fLeq(ty)
= eXP^ €k '

~ C*)/**T] (
8 - 10

)

Of course similar relations hold for equilibrium distribution functions in the

same valley.



CHAPTER 9
SOLUTION OF BOLTZMANN EQUATIONS

9.1 Coupled Boltzmann Equations

In the case of polar optical phonon scattering, to characterize the strength

of the interaction one usually introduces the dimensionless Frohlich coupling

constant ap defined by

z
,

m i 1 1

“P = T-SnT-

~

—

)

(9,1)
He 2kg

9

op £0

0

£q

In general, if ap < 1 the electron-phonon coupling is considered weak, if ap ~ 5

intermediate, and if ap > 10 strong. 92 The ap for the T valley in GaAs is

about 5. The electronstatic nature of the interaction is such that the forward

scattering is favoured so that this mechanism is strongly anisotropic. The

treatment of this scattering is again simplified by the constancy of the phonon

energy in the transition. At high electron energy, the total scattering rate for

polar optical scattering decreases with inceasing energy due to the electrostatic

nature of interaction. 199

In the intervalley scattering, the phonon wavevector q involved in the tran-

sition is very close to the distance in the Brillouin zone between the minima

of the initial and final valleys. Given these two valleys, q is almost constant,

and therefore for a given branch of phonons, also the energy involved in the

transition is approximately constant. 92

S3
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The coupled Boltzmann equations (8.1) and (8.2) can be expressed as

d/r

dt

oo

+ sL,r(eki €k')(fr(£k) ~ y’
e&k

\ fL^k'))}J L,eq\^k')

dfL

dt

with

oo

/ <MSi,j(<t ,
e*0Udn) -

+ Sr,L(et,<*)(/l(e*) - 7^4-H/r( et'))]
JT,eq\ ek')

(9.2)

(9.3)

‘S’r,r( eib5
e
jb

/
)
=M

(
ekitk')Nop{>(e

ifc/
-

ejt - Uuop )

+ M(
eki ek')(Nop + l)^(cjfc/ - £jt + ^op)

^£,r( e*’ e
fc') =L(ek , tk')NiS(ek , - ek - Tkvq + A)

+ £( e/b T'X-^l + 1)%*' ~ ek + + A)

SL,L( ek, ek') —K(eki ek')NopS{zk' ~ ek
~ huJop)

+ K(ek ,
eki)(Nop + 1 )6(ek > - ek + Uuop)

ST,L( eki ek')
=p

(
eki ek')Nl6(tk' ~ ek

~ &*>0 ~ A)

+ P( eki ek')(N1 + 1)Kek'
~ ek + huQ - A)

and the kernel integrals

(9-4)

(9.5)

(96)

(9.7)

/
2 2 777
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—

2
2tt 2
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7re
2 hwop

2
£?p Too f))4£Q

(9.8)

L
(
ek,tk') = -4tt(

i

22m r
2 9

h ^ ^ h ^2VoPo^^O
)4

1

-^ (
e

Ar 5 ^k 1
)

,
2 2m r

2

_ 2tc , 27re
2 ha;

h-2nJ desine
{^-)^~^{~ - i-M,Vq £fy2

v

£oo £0

1

. 22mp2
27r t^Dlik -

^k ,€k') ~ ~4^ n3 2V0pohu^^'

(9.9)

(9.10)

(9.11)
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here gp and qi are defined as

2TTip

~w (
ek

- ek')
2

n 2
- e

/fc
')

2

(9.12)

(9.13)

The coupled rate equations (9.2) and (9.3) are related to the nonstationary

processes and can be solved by matrix method as we will show in the next

section.

9.2 Matrix Method Solution

The initial distribution of linear excited electrons is in an energy range

about 0 — 520meF in T valley, as shown in Figll(a), the solid line. In the

relaxation process high energy electrons may transfer from T valley to L valley

by absorption or emission of phonons. Recent Monte Carlo simulation results^

show that T — L scattering dominates the shift of electrons out of the heavy

hole OCR. For the L valley the electrons transfer from the F valley located

mainly at the bottom of the valley. Hence it is possible to cut the infinite up

limit of integrations in (9.1) and (9.2) to a finite value.

Then we can apply the standard Matrix method to the coupled integro-

differential equations by dividing the energy range of T valley into n intervals

and the L valley into n intervals also. Thus we have a vector of distribution

function of / with n+1 elements for T valley and n+1 elements for L valley. The

integral in the coupled equations (9.2) and (9.3) then equals the summation of
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subregional integrals.

(9.14)

for i = l,n + 1, and

(9.15)

for i = n + 2, 2n + 2.

The right hand side of (9.14) and (9.15) can be expressed as S /. S is

a matrix with elements corresponding to the subregional integrals in (9.14)

and (9.15). These subregional integrals are easy to calculate because of the 6

functions in (9.4-7), the coupled L and T valley rate equations can be expressed

by

This linear system can be solved^ by obtaining the eigenvalue A
j
and

corresponding eigenvector Vjj of the matrix S, then the energy distribution

aj is the coefficient to be determined by the initial condition. Vjj is the ith

= Sf
df

(9.16)
dt

f( e
i )
— 'y

]
a
j Vij

e J (bi — 1 • • 2n + 2
) (9.17)

j

element in eigenvector Vj.
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Substitute the initial distribution to (9.16), we need to solve a set of linear

algebraic equations

vijaj = /0 (e*-) (9.18)

Va = f0 (9.19)

to obtain the coefficients in (9.16).



CHAPTER 10
RELAXATION PROCESSES

10.1 Numerical Results

The time evolution of the distribution function during the first 60/s after

excitation in bulk GaAs in the T valley is shown in Fig. 11(a). The main effect

on this time scale is the reduction in the number of electrons that are in the

heavy and light hole peaks. This reduction comes primarily from the transfer

of electrons into the L valleys. There is some transfer into the X valleys, but

this is negligible compared to scattering into the L valleys since the X valley is

higher in energy. The distributions of electrons for the same time scales from

the Monte Carlo simulation^ are also presented in Fig. 11(a). One can see

that the distributions obtained by the matrix method agree extremely well with

those obtained from the more computationally intensive Monte Carlo approach.

Fig. 11(b) shows the distribution functions in L valley of the same time scale.

The two peaks are corresponding to the reduction of initial excitations in T

valley due to the intervalley scattering.

Fig. 12(a) shows the energy distribution in T valley for 100/s to 400/s

after initial excitation. On this time scale, we see a lowering of the total

energy of the distribution. This occurs mainly through polar optical phonon

and L — V scattering. As can be seen from the Fig. 12(a), there is a decrease

in the number of electrons in the OCR on the time scale as electrons emit

polar optical phonons and are scattered out of the OCR. Fig. 12(b) shows the
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distribution functions in L valley in the same time scale. We can also see the

lowering of the total energy of the electrons compared with Fig. 11(b).

Fig. 13(a) shows the energy distributions in V valley for 1000-3000/s after

initial excitation. The energy distributions in L valley for the same time scale

are shown in Fig. 13(b), the electrons relax to a thermal- like distribution.

The distribution function of hot electrons /(ec ) can be obtained from the

hot electron photoluminescence spectrum.^ The particular shape of the spec-

trum is determined by the distribution function of the photoexcited electrons,

acceptor holes and also by the transition probability. The energy distribution of

the free carriers can be reconstructed from the spectrum of the band-impurity

radiative recombination, provided that the probability for the corresponding

transition is known. This probability is proportional to the square of the mod-

ulus of the carrier wave function at the center in the momentum representation.

The band to acceptor transition probability is approximated by^^

|

a(k)
|

2
oc 1/(1 +x)4

(
10 . 1

)

where x = m cec(k)/m a, mc and ec(k) are the mass and the energy of elec-

trons in the T minimum, is the acceptor ionization energy and 777^4 is the

hole mass. A simple relation is valid between luminescence energy hu> and ec :

ec = Tiuj — (A — e^).

The density distribution of electrons in T valley averaged over 7000/s after

initial excitation obtained by matrix method is shown in Fig. 14. For com-

parison, the function n(ec ) = /(ec )g(ec ) evaluated^ from the hot electron

photoluminescence spectrum is shown in the same figure, here g(ec ) is the den-

sity of states. One can see that oscillations occur in the distribution functions

and agree with those obtained from luminescence spectrum. The separation in



90

energy between the peeks of the electron distribution in the conduction band

clearly shows the role of the polar optic phonon scattering in the relaxation

process. A weak shoulder-like feature near e = 300meV in the distribution

function is very similar to that occurs in the experimental spectrum. It seems

that the shoulder-like feature is related to the T — L transition accompanied

by the emission of optical phonons and is not necessary due to the emission of

TA phonons as originally suggested.^ 2

The separation in energy between the peaks of the electron distribution is

decided by the energy of polar optical phonons, hence the oscillational feature

is not very sensitive to the temperature. The hot electron photoluminescence

spectrum obtained in the experiment for liquid nitrogen temperature is of the

same nature as that at liquid helium temperature.^ The calculation result of

density distribution for temperature at T=20K is shown in Fig. 15.

10.2 Nonparabolicitv

For values of k far from the minima of the conduction band and from the

maxima of the valence band, the energy deviates from the simple quadratic

expression, and nonparabolicity occurs. ^.92

For the conduction band, a simple analytical way of introducing non-

parabolicity is to consider an energy wave vector relation of this type.^2

/i \
ki
2 k2

e(1+M) = ^r ( 10 -2
>

a is a nonparabolic parameter, for bulk GaAs, a = 0.64/eV (in table 2.2

Ref. 92), then

n2

de( 1 -(- 2ae) = — kdkm (10.3)
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The effect of nonparabolicity on density of states can be calculated by

oo oo

J
k^dk = j

, 22m*2 i i
_

de—p—

g

2 (l + ae) 2 (l + 2ae) (10.4)

The nonbarabolicity of band structure does not change the main features

of the distribution function, see Fig. 16. But it should be considered for detail

comparison with the shape of photolumiscence spectrum.
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The energy distribution of photoexcited electrons in bulk GaAs in the T
valley from Ref. 96 during the first 60fs after excitation in 20fs intervals.

FIG. 11(a). The energy distribution of photoexcited electrons in bulk GaAsm the T valley during the first 60fs after excitation in 20fs intervals. For
comparison, the upside graph shows the results from the Monte Carlo approach.
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FIG. 11(b). The energy distribution of photoexcited electrons in bulk GaAs
the L valley during the first 60fs after excitation in 20/s intervals.
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The energy distribution of photoexcited electrons in bulk GaAs in the T
valley from Ref. 96 for 100 — 400/s after excitation.

FIG. 12(a). The energy distribution of photoexcited electrons in bulk GaAsm ^ne T valley for 100 — 400/s after excitation. For comparison, the upside
graph shows the results from the Monte Carlo approach.
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FIG. 12(b). The energy distribution of photoexcited electrons in bulk GaAs
in the L valley for 100 — 400/s after excitation.
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FIG. 13(a). The energy distribution of photoexcited electrons in bulk GaAs
in the T valley for 1000 — 3000/s after excitation.
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FIG. 13(b). The energy distribution of photoexcited electrons in bulk GaAs
in the L valley for 1000 — 3000/s after excitation.
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The distribution function of photoexcited electrons from Ref. 109.

FIG. 14. The density distribution of photoexcited electrons in bulk GaAs
in the T valley averaged over 7000/s after excitation.
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FIG. 15. The density distribution of photoexcited electrons in bulk GaAs
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FIG. 16. The density distribution of photoecited electrons in bulk GaAs
in the T valley averaged over 7000fs after excitation at effective temperature
T = 300/iT, the nonparabolicity effects are taken into account.



CHAPTER 11
SUMMARY AND DISCUSSION

In summary, in the first part of the dissertation we have solved the kinetic

equations of the quasiparticles for superfluid 3He-B and the phonons of 4He and

obtained the temperature and normal velocity distributions by using conser-

vation laws and introducing the chemical potential /j.n of the quasiparticles in

3 He. We have also investigated the effective hydrodynamic boundary condition

for a superfluid-normal fluid counterflow problem, assuming a diffuse scatter-

ing mechanism at the boundary and neglecting the deformation of the order

parameter near the boundary. We obtain for the first time the macroscopic

boundary condition and the thermal boundary resistance in the hydrodynamic

regime, as well as the thermal counterflow in the Knudsen regime. In the hy-

drodynamic regime the Kapitza temperature jump at the wall is in general

small compared to the temperature variations within the fluid.

In essence, in 3He almost all the heat load leaves the surface in the form

of diffusion current proportional to a temperature gradient, whereas in 4 He,

for T not too close to Tc ,
the heat is carried by the normal fluid flow. This

conclusion is important in explaining two extreme situations. Firstly, in the

study of sound progation in 4He II, one may follow Khalatnikov24 to give the

whole load of thermal transport to rn = f/s. Secondly, the other extreme,

with vs vn — 0 in the rest frame at the interface where T 1

carries the whole

load, Brand and Cross 104 were able to account for the large damping that is

observed in U-tube experiments 105 of superfluid 3He.
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More realistic boundary conditions are needed for the quantitative com-

parison with the experimental results.

(i) Boundary with both diffuse and specular scatterings. For a microscop-

ically rough surface one may expect elastic scattering with a broad angular

distribution to be dominant. For the transverse flow, by assuming purely dif-

fuse scattering one may account for only part of the discrepancy*®® of the

viscosity in the pseudoisotropic B phase of superfluid 8He between experimen-

tal results*® and theoretical prediction.*®^ For the case of superfluid-normal

fluid counter flow normal to the surface, the effects of specular scattering need

to be further investigated.

(ii) Andreev scattering. A microscopic treatment of Andreev scattering for

the case of a specularly scattering surface has been given by Kieselmann and

Rainer.

^

8
It has also been considered in the context of quasiparticle ballistics in

the A phase*® 8 and at the A-B phase transition.*®9 At low temperature one has

to take into account the effect of the suppression of the order parameter near

a solid boundary on the scattering of Bogoliubov quasiparticles. It has been

shown^® that this scattering process increases the transverse flow of excitations

between parallel plates and determines the damping in a torsional-oscillator

experiment.* 8 The consideration of Andreev scattering in our problem is given

in Appendix C.

However, we speculate that the effective boundary condition will be essen-

tially unchanged for the following reasons. In ®He the amount of heat carried

by the wall via normal flow is being controlled by Vn. The slip length how-

ever, is expected to be of the order of mean-free path, and therefore so long as

L > ^(T), it is always a good approximation to have vn ~ 0 at the boundary.

The normal fluid heat flow near the boundary will be important only when this
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slip length and hence £ is comparable to T, i.e. when we approach the Knud-

sen regime, where the hydrodynamic approach itself fails. We expect Andreev

reflections will increase this slip length, but we do not expect that this length

will become macroscopically large. This speculation is in agreement with the

analysis of the U-tube experiment,^4 where one can account for the damping

observed by assigning the entire heat load at the surface to the gradient in

temperature and putting vn — 0 at the boundary.

In 4He, when T is not too close to Tc ,
effectively we are always “outside the

s-q mode”, and therefore the heatflow is essentially all carried by the normal

flow. This is expected to be a general feature, except when T —» Tc where A(T)

diverges.

In the second part of the dissertation we have calculated the transient dis-

tribution functions of laser-excited electrons in the T and L valleys by solving

a set of coupled Boltzmann integro-differential equations. The electron-polar

optical phonon and Y — L intervalley deformation potential scattering mech-

anisms are taken into account. The fast relaxation process is dominated by

Y - L scattering. On the intermidiate time scale, the Y valley electrons lose

energy mainly by optical phonon emissions. The distribution functions ob-

tained from matrix method agree extremely well with those obtained from the

more computationally intensive Monte Carlo approach. On a longer time scale,

oscillations occur in the distribution functions and agree with those obtained

from hot luminescence spectrum. The separation in energy between the peaks

of the electron distribution in the conduction band clearly shows the role of

polar optical phonon scattering in the relaxation processes. Our results also

show that a shoulder-like feature in the luminescence spectrum near 300mey
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is related to the T — L transition accompanied by the emission of polar optical

phonons and is not due to the emission of TA phonons as originally suggested.

A number of unsolved questions in the simulation of the femtosecond relax-

ation processes have been discussed in Ref.40. Here we mention those dealing

with approximations made in performing theoretical modeling.

In the calculations we have neglected the role of holes in determining the

transmission spectra. Away from the band edge the nonlinear absorption is

proportioanal to

a = «o(l - fe(t) ~ fh (t)) (11.1)

Thus measuring the transmission of the probe pulse provides information on

both the electron distribution and the hole distribution. Neglecting the effect

of the hole distribution function on the femtosecond relaxation spectra is a

major assumption that is not necessarily valid, but is based on the following-

reasons. Because of larger effective masses, the hole OCR is close to the valence

bands, and the holes are closer in energy to thermal equilibrium than the

photoexcited electrons. Also the hole-hole and hole-phonon scattering rates are

significantly faster than the electron-electron and electron-phonon scattering

rates'*
8

. From estimates of electron-electron scattering, the hole scattering time

should be on the order of tens of femtoseconds. Since the holes scatter more

often and are close to equilibrium, the estimated effect of the holes on the

relaxation spectra occurs on a very short time scale, typically quicker than the

duration of the pump pulse. This makes it difficult to observe the effect of

the hole thermalization in pump-prob experiments where pump and probe are

at the same energy. However, if the probe is at a different energy as in the

recent femtosecond pump-continuum probe experiments,**
-

*** then the effects

of the holes might be observable. Once the holes thermalize, it is the electrons
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which are the dominant contribution to the femtosecond spectra. Further

work is needed to determine the extent to which holes affect the femtosecond

transmission spectra.

Another effect neglected in our calculations is band gap renormalization

(narrowing) as the electrons are excited into the conduction band by the pump

pulse. Typically in bulk GaAs for doped semiconductors is estimated 11 '1 to be

about 12meV for density of lO^cm-

3

,
and has been observed as a function of

time as the electrons are injected into the conduction band. 113 How the band

gap renormalization changes for electrons injected with energies high above

the band bottom is not well known. If it is the same or lower than the band

bottom, one may expect a 10 - 15meV shift in the band gap during a high-

intensity pump pulse changing the OCR measured by the probe pulse. In

the experiment,33 the OCR is at least 35meV wide in bulk GaAs. Therefore,

a 15meR shift in the band gap should not significantly alter the calculation

results. However, more calculations are needed to verify this.

Since the photoexcited electrons are highly nonequilibrium and can not be

properly characterized by an effective temperature, the uniform temperature

which we defined in the phonon distribution function introduced in this cal-

culation is only a kind of approximation. The energy separation between the

peaks of the oscillations in the distribution of photoexcited electrons is decided

by the polar optical phonon frequency. The temperatue of the phonons effects

the shape of the distribution as shown in Fig. 15. Hence it may be considered

as a possible method to determine the effective temperature of the approxi-

mate equilibrium phonons by comparison of the calculation results with the

luminescence spectrum.
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The initial distribution of laser excited electrons in this calculation is under

such assumption that the laser pulse is instantaneous. A more realistic model

of laser beam is a continuous wave as cos2u>t type. This effect should be taken

into account for further calculation.

Recently the dependence of the intensity of heavy hole peak of hot lumi-

nescence on the laser photon energy has been measured. 114 This relation can

also be obtained by extending our present calculation to different laser ener-

gies. In doing so we need to calculate the initial distribution of photoexcited

electrons by using the k • p matrix 115
,
the double-6-function integral 116 and

the appropriate opotical transition matrix elements 111 as discussed in Ref. 11 7.

Hot electron luminescence spectrum has been used to obtain the band

structure information and the deviation from the k • p calculations. 117-119

The determination of the intervalley scattering rate by the hot electron pho-

toluminescence spectrum 114 needs further investigations.



APPENDIX A
LANDAU-BOLTZMANN EQUATION

For slowly varying phenomena in space and time, the wavelength of the

disturbance is much longer than the Fermi wavelength \p = 2 ttjkp and the

frequency is much less than the Fermi frequency, the quasiparticles may be con-

sidered as classical objects. 120 The change in time of the distribution function

n
£

is then given by

Q

ih
~dt
<k

\

n
\

k
' >=< k

I [u n ] I

k' > (A.l)

where < k
|

n(t)
\

k' >—< a|a^ > is the distribution function matrix in

momentum space in a nonequilibrium state. It is convenient to introduce the

mixed representation, where the particle-hole amplitude < a^a/,/ > is described

in terms of relative and total coordinates

*) =X e
'ff < 4+ft-! > (

A - 2
)

9

The function n^(f, t) describes the local momentum distribution in space

and time. The energy operator is given by its matrix < k
|

e
|
k' >. Then

consider a quadratic term, < k
|

he
|
k' >, take k -> k + | and k' k - f,

—

¥

—> ^ ^

<k\he\k' >=J2<k + ^\h\k-^ + Q><Q + k-l\e\k-l > (A.3)

Q

here we introduce as the local quasiparticle energy.

< k
|

he
|

k' >

= X/ dSr
i nl+s(’

d

3
r2% 4 ,(*2

(A -4)
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Expand in small
<f, Q,
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f

then

€
t+<fcf - H + 2

~ & '

< *
|
fie

|

fc' > = J
d:,

r
l
/'ri [n

i: + |
Vi.njV 2 ]<

(A.5)

(A.6)

-iQ-r2

(A.7)

-?Ki

and

Y,
ei^< *

I
™

I

k> >= /
rf
3
rid

3
r2 [n^(ri)^(r2 )

-

(A.8)
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For < &
|

eh
|

>, we can do similar calculation and obtain the Landau-

Boltzmann equation

Ql
n

i

^
'k
ek(r,t)V r nj;(r,t) - V k n%(r, *)V r C£(r, t) = (A.9)

Effects of dissipation are accounted for by the collision integral
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APPENDIX B
ONSAGER RELATION

The energy flux normal to the interface, to quadratic order, and with van-

ishing shear flow, is given as22

Ql =TLfL +(av'n + 0g')js/p (B.l)

for the superfluid on the left (T), x < 0, and

Qr = Tr/r (B.2)

for the solid on the right (R), x > 0. Here, js = ps (vs - vn ), a, (3 are

combinations of shear viscosity g and second viscosities Cl 2 3 : a — ~
2C] p +

C2 + C3 P
2

i P —
Cl ~ C3 P- An additional summand in Qr, proportional to the

longitudinal component of the stress field has been set equal to zero, because

since it is a measure of the energy required for displacing a particle from the

bulk solid to the surface, 121
it should vanish at the interface. Besides, keeping

it only leads to a boundary condition for the solid. Another summand ~g was

eliminated by going to the rest frame of the interface (only when one deals

with melting or evaporation 122-124 is the mass current across the interface

nonzero). The mass and entropy flow, and /q in the rest frame are related

to the respective quantities of the lab frame by gg = g — pu — 0, fg = / — su =

~ajs ~ kT' /T, where u is the interface velocity. Now, the energy flux in the

rest frame is continuous across the interface; hence

Rs = -TA/0 = /0AT + (av'n + Pg')j8/p (B.3)
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where AA = Ai~ Ar and A = (Ai + Ar)/2 for T and /q, and Rs/T denotes

the surface entropy production. Therefore we can set

/o = aAT + c(av'n + f3g')/p (B.4)

js = cAT + b(av'n + pg')/p (B.5)

with the surface Onsager coefficients a,b > 0, and c
2 < ab. Eq.(B.4), (B.5) and

g = pu are the most general boundary conditions compatible with conservation

laws and irrersible thermodynamics.



APPENDIX C
BOUNDARY CONDITION FOR <5/"(+)

For general consideration of the microscopic boundary condition, we in-

troduce distribution function fp^\x) for quasiparticles moving away from the

wall (velocity vx > 0) and fp \x) for quasiparticles moving towards the wall

(vx < 0). At the wall we assume the distribution functions and Sfp ^ to

be related by^2

fp
+
\°) = T—

^

—|

2 (P I

R
I P') I

vp'x I fp~\ 0) (C.l)
I

VP* I

p
,

Yi
<0

here the quantity (p |

R
\

p') is the transition probability for scattering of

quasiparticles from momentum state
|

p' > to stste
| p > and is independent

of the deviation from global equilibrium.

We treat only the case when the scattering conserves particle number.

Under stationary condition the incoming and outgoing total particle current

density must be equal, consequently we have the normalization condition

(p\ R \p') = 1 (C.2)

P
vPx ^ 0

so that

X I

vp. I fp
+)

(°> = x I V, I 4 ’(<>) (0.3)

VP*>° v r<0
Px

generally (p |

R
|

p') can consist different scattering mechanisms, diffuse, spec-

ular, Andreev, et ah. The scattering function must be nonnegative. Fur-

thermore, the global equilibrium distribution must obey (Cl). A sufficient
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condition for this is
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(p I
R

I
p')

I v» 1 4 = (-?'
I

R
I
-p)

I

Op.
I /? (C.4)

for vPx > 0, vPx < 0. This is the reciporocity relation for boundary scattering. *

In the case of elastic scattering the transition probability include a delta

function ensuring conservation of local energy.

(P I

R
I P

1

) = (P I

R
|

p')8[Ep(r ,
t
)
- Epl (r

, *)] (C.5)

where Ep(r,t
)
may contain the effect of the local chemical potential, velocity

field or magnetic field. For the special case of completely diffuse scattering

at the boundary, the simplest possible model for the transition probability is

given by

(P I

R
I P') =1 vPx |

R08(Ep - Ep,) (C.6)

where Rq = (vpNp/4:)~ l from the normalization condition (c2). However it is

more convenient to directly write down f^
+
\ since by definition, f^

+
\o) is in

equilibrium with the wall

4
+)

( 0) = f((Ep + &Ep)/(T + ST))

= f°(,Ep ) + f'p
(6Ep -pTL )

then

Sfpt0) = f'p(SEp - prL )

From

^(0) = Sfp(0) - f'p
(8Ep - Px vn { 0) - Ep^p-)

we can obtain

*/p(0) = fUpxVni 0) + Ep
^ r(Q)

^
bTh

(C.7)

(C.8)

(C.9)

T
(C.10)
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6fp
i+\o) = 6f'p(0) + f'p^6pn

(C.ll)

— fp(Px vn{ 0) + ~-Spn + Ep —
L^P 1

sm - sTi

T 1

generally we can write down the distribution function as

/<+) (0) =a(f(Ep) + fp(Ep - A6TL ))

I /,/
\o) (

c -12)

o < a is the fraction of diffuse scatterings, (p |

R
|

p') is the “remainder”

of the reflections. The renormalization condition with the conserevation of

Bogoliubov quasiparticle number becomes

At low temperature one has to take into account the effect of the sup-

pression of the order parameter near a solid boundary on the scattering of

Bogoluibov quasiparticles. As first shown by Andreev80
for s-wa.ve supercon-

ductors, quasiparticles close to the gap edge are reflected from a solid wall

by action of the spatial variation of the gap parameter. It is remarkable that

this reflection process take place via a transition from one particle-hole branch,

where > 0, to the other one with £p < 0, such that the group velocity is

reversed vp —> —iy, but the momentum p is hardly changed. We may describe

these processes by a model form for the transition probability

p
vPx >0

(C. 13)

(p |

i?
| p )q — ./Vp*Ra(Ep)6(£p + £p

i)6(p — p) (C.14)

where Np is the density of states at the Fermi level.
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The reflection amplitude R^(Ep )
may be calculated from the Bogoliubov-

de Gennes equations once the gap profile A(x) is known82
. More fundamen-

tally, Ra(E) follows from a self-consistent treatment of the boundary value

problem. 125,126
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